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Setting: G is a finite subgraph of Z2.
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Setting: G is a finite subgraph of Z2.
Potts model with g > 2 stateson G = (V,E): o € {1,...,q}" with probability
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Setting: G is a finite subgraph of Z2.
Random Cluster model: parameters ¢ > 1 and p € [0,1] on G = (V, E):

1
w € {0,1}F with probability Ppca(w) = p°@)(1 — p)c) gk@),

p,G,q
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Setting: G is a finite subgraph of Z2.
Random Cluster model: parameters ¢ > 1 and p € [0,1] on G = (V, E):

w € {0,1}F with probability g/é (W)=
P»G,q

Infinite volume measures on Z? may be defined by taking limits:

P og—— P, and O, —— 0 < ol
P.G.q - oo PG.q o TP pP.q = T p,q
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Setting: G is a finite subgraph of Z2.
Random Cluster model: parameters ¢ > 1 and p € [0,1] on G = (V, E):

1 :
w € {0,1}F with probability ~ ®%¢ (w) = po)(1 — p)e@) gk @),

p,G,q Zp,G,q

Infinite volume measures on Z? may be defined by taking limits:

0 0 1 0 1
(O] Gqﬁcb and (Dp,Gqﬁq)p,q' q)png)

Phase transition in terms of infinite cluster (®, 4 increasing in p)

subcritical phase I supercritical phase
of b 11
no infinite cluster, ¢ infinite cluster exists,
connections decay exponentially finite clusters decay exponentially
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Setting: G is a finite subgraph of Z2.
Random Cluster model: parameters ¢ > 1 and p € [0,1] on G = (V, E):

w € {0,1}F with probability %z (@) = =—p" (1 - p)g K w)

qu
P»G,q

Infinite volume measures on Z? may be defined by taking limits:

0 0 1 0 1
® P.G.q - oo (D and (Dp,Gq G 72 ¢p,q' ¢P’q < q)P,q

Phase transition in terms of infinite cluster (®, 4 increasing in p)

subcritical phase E} supercritical phase
of b 11
no infinite cluster, ¢ infinite cluster exists,
connections decay exponentially finite clusters decay exponentially

Theorem (Beffara, Duminil-Copin 2012)

On 72, p. = lﬁﬁ (in other words p. = psq, the self-dual parameter).
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¢p(0 > 00) ) 6p(0 < 0)

- d -—p
0] Pe 1 0] e 1
Theorem (Duminil-Copin, Sidoravicius, Tassion 2015)
Phase transition: either one or the other. J
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¢p(0 > 00) ¢p(0 ¢ 00)
Two critical
measures
. ©p. - supercritical
@p, - critical 0 .
¢, - subcritical
/ - %/ Pe -
0] Pe 1 0] e 1
Theorem (Duminil-Copin, Sidoravicius, Tassion 2015)
Phase transition: either one or the other.
Continuous phase transition: . or discontinuous:
0 _ 41 . 0 1.
og_bc_dj‘-" . ° Pc7é¢pc'
@ in ¢p. connections decrease e in ¢ connections decrease
polynomially; exponentially,
@ no infinite cluster for ¢, ; @ infinite cluster in qS!l,c.
o strong RSW type estimates.
loan Manolescu (University of Fribourg) Random Cluster g > 4 14th Feb. 2017 4/13



¢p(0 > 0)

¢p(0 < 00)

Two critical
measures

. ©p. - supercritical

0] Pe

Theorem (Duminil-Copin, Sidoravicius, Tassion 2015)

Phase transition: either one or the other.

Continuous phase transition:

0 _ 41 . 0 1.

og_bc_dj‘-" . ° Pc7é¢pc'

@ in ¢p. connections decrease e in ¢ connections decrease
polynomially; exponentially,

@ no infinite cluster for ¢, ;
o strong RSW type estimates.

When q € [1,4]
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.. or discontinuous:

@ infinite cluster in gb!l,c.
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?p(0 4> 00) ) ép(0 ¢ 00)

Two critical
measures

'« ®p. - supercritical
@p, - critical 0 -
i - subcritical

0] Pe 1 0] e 1
Theorem (Duminil-Copin, Sidoravicius, Tassion 2015)
Phase transition: either one or the other.
Continuous phase transition: ... or discontinuous:

0 _ 1. 0 1.
og_bc_d)c' ) ° Pc7é¢pc'
@ in ¢p. connections decrease e in ¢ connections decrease
polynomially; exponentially,

@ no infinite cluster for ¢, ; o infinite cluster in qS!l,c.

@ strong RSW type estimates. (HDC MH.MG.IM VT 201 7)
When q € [1, 4] ...when g > 4
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Theorem (H. Duminil-Copin, M. Gagnebin, M. Harel, [.M., V. Tassion)

The phase transition of RCM on the square lattice with q > 4 is discontinuous.

Moreover, if X > 0 satisfies cosh(\) = /q/2, then

OA,

L1 >
§(a) = lim ——loggf o | Q\f =2+2Y E tanh(kx) >

k=1

_1 w2
Asq 4, &(q) N8€XP<— q_4)-

oA,

ha | QU | =e0 (= gy o)
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Relation the six vertex model.

T
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A brief introduction to the six vertex model.

Configurations: On a part of Z?: orient each edge s.t. each vertex has
exactly two incoming edges.

S —

Weight: gmthe . patha ., Nt

loan Manolescu (University of Fribourg) Random Cluster g > 4 14th Feb. 2017

7/13



A brief introduction to the six vertex model.

Configurations: On a part of Z?: orient each edge s.t. each vertex has
exactly two incoming edges.

S —

C C
- 1
Probability: ——gMm T . pistna . cnstie
Zov
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A brief introduction to the six vertex model.

Configurations: On a part of Z?: orient each edge s.t.

exactly two incoming edges.

S —

Probability: Zia’“*”2 . pt L s
6V

We limit ourselvesto a=b =1 and ¢ > 2

2 2 . .
(A_E’JEL’T’C<—1: anti-ferroelectric phase).
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A brief introduction to the six vertex model.

Configurations: On a part of Z?: orient each edge s.t. each vertex has
exactly two incoming edges.

T T

A Y A \ A A
. 1 >
Probability: 7Cﬁ5+nﬁ Y A Y A A 4
6V < > > > a | =
A A \ \ A A
We limit ourselvesto a=b =1 and ¢ > 2 - -«
2,42 2 ) . A A Yy A A \
(A=TEE=S<—1: anti-ferroelectric phase). A B S B R
M|y o & & v 4
Torus Ty, with M — oo then N — oo. Il e i A i R
’ A A \J A A Y
Y A A A Y A
A A \ A A Y
A Y A \ A A
N

loan Manolescu (University of Fribourg) Random Cluster g > 4 14th Feb. 2017 7/13



A brief introduction to the six vertex model.

Configurations: On a part of Z?: orient each edge s.t. each vertex has
exactly two incoming edges.

T

A \ A \ A A
. 1 >
Probability: 7Cﬂ5+nﬁ Y A Y A A 4
6V <> > > << =
A A \ \ A A
We limit ourselvesto a=b =1 and ¢ > 2 S TN I P T -
2, g2 2 . . A A Y 4 A Y
(A:E’JFZL’TC<—1: anti-ferroelectric phase). R I NPT B I P
M|y o & & v 4
Torus Ty pm, with M — oo then N — oo. R T
? A A \ A A \
\ A A A \ A
A A \ A A \
A \/ A \ A A
N

loan Manolescu (University of Fribourg) Random Cluster g > 4 14th Feb. 2017 7/13



A brief introduction to the six vertex model.

Configurations: On a part of Z?: orient each edge s.t. each vertex has
exactly two incoming edges.

T

A \ A \ A A
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Probability: 7Cﬂ5+nﬁ Y A Y A A 4
6V <> > >t a< =
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From random cluster to six vertex.

loan Manolescu (University of Fribourg) Random Cluster g > 4 14th Feb. 2017 8 /13



From random cluster to six vertex.




From random cluster to six vertex.

loan Manolescu (University of Fribourg) Random Cluster g > 4 14th Feb. 2017 8 /13



From random cluster to six vertex.

loan Manolescu (University of Fribourg) Random Cluster g > 4 14th Feb. 2017 8 /13



From random cluster to six vertex.

o]
Y A YV 4 A
Y Y A A
L Y A A Y
LY A Y 4 Y
L A Y v
L Y 4 v
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From random cluster to six vertex.
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Y A YV 4 A
Y Y A A
L Y A A Y
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From random cluster to six vertex.

loan Manolescu (University of Fribourg) Random Cluster g > 4 14th Feb. 2017 8 /13



From random cluster to six vertex.

wro(w) = pX (1 — pag) <) gk()
o(w)

_ E sd k(w

= (1= p)l® (22) 7 @

|E| w w
— () ) gt
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From random cluster to six vertex.

wro(w) = pX (1 — pag) <) gk()
o(w)

_ E sd k(w

= (1= p)l® (22) 7 @

|E| 2k(w)+o(w
= () v
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From random cluster to six vertex.

= ( 1+f) \/a2k(w)+o(w)
q
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From random cluster to six vertex.

|E| v (w)+2s(w
— (i) g g
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From random cluster to six vertex.

wro(w) = pX (1 — pag) <) gk()
o(w)

_ E sd k(w

= (1= p)l® (22) 7 @

|E| 2k(w)+o(w
= () vt

|E| v L(w)+2s(w
— (1+1\/5) \/a\ \\/a( )+2s(w)
- C \/af(w)+2s(w)
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From random cluster to six vertex.

WRC(W) -C \/af(w)+2s(w)
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From random cluster to six vertex.

wre(w) = C \/GZ(N)HS(“’) Wo(w®) = exp [£ x total winding],

where cosh A\ = @
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From random cluster to six vertex.

w? W
wre(w) = C \/GZ(N)HS(“’) Wo(w®) = exp [£ x total winding],
=C ¢*@) (@)MW) Z We(w®) where cosh A = 2
ik Va= et et
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From random cluster to six vertex.

w? W
wre(w) = C \/GZ(N)HS(“’) Wo(w®) = exp [£ x total winding],

=C qs(w) (@)éo(w) Z wo (w®) where cosh A = ?

c:e%+e_%:,/2+\/6

loan Manolescu (University of Fribourg) Random Cluster g > 4 14th Feb. 2017 8 /13



From random cluster to six vertex.

&l

Wo(w®) = exp [% X total Winding],

C qs(w) (@)éo(w) Z wo (w®) where cosh A = ?
wO
c:e%+e_5 =./2+./9
wov(@) = @@ = 37 e (w)
'el
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From random cluster to six vertex.

w? W
wre(w) = C \/GZ(N)HS(”) Wo(w®) = exp [£ x total winding],

=C qs(w) (@)éo(w) Z wo(w®) where cosh A = @

c:e%+e_%:,/2+\/6
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From random cluster to six vertex.

)
&l

Wo(w®) = exp [% X total Winding],

where cosh A\ = @

c:e%+e_%:,/2+\/6

Conclusion: Z WRC(W)<%>50(W)C]—S(UJ) =C Z wev ().

wWENRC GEQsv
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WENQRC
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Correlation length for s.d. RCM

Z WRC(W)(%)%(UJ)C]_S(UJ) =C ZG\/(N, M)
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Z WRC(W)(%)eO(w)q_S(w) =C ZGV(N, M)

WENQRC

Random Cluster g > 4

Pl|y) M Nexp(—

Correlation length for s.d. RCM

£§(N)
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Correlation length for s.d. RCM

Z WRC(W)(%)eO(w)q_S(w) =C Z@\/(N, M)

’ WENQRC
" Pls) | Nexp(——), as M — oo.
N
: €(N) = €(q), as N — oo.
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Correlation length for s.d. RCM

Z WRC(W)(%)eO(w)q_S(w) =C Z@\/(N, M)
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Correlation length for s.d. RCM

: lo(w)  —s(w
} > whe(w)(Z) Mg = € Zoy (N, M),
/', wEQRC
; M
\ Plly) M| ~ - M .
\' 'l> exp( é.(N))y as — OO
N
' €(N) = €(q), as N — oo.

CZW2N M) < 3 wre(w) (&) g <ac Z/ (v, m)

WEQRC
vertically winding loop

where ZX(N, M) wa

with k up arrows
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Correlation length for s.d. RCM

h lo(w) —s(w
,l Z Vch(w)(%) 0( )q 5( ) = C Z6V(N7 M)
/’ wENRC
N : M
\ Plis) M| ~ - M )
| } oo~ ). s M x
Lo N
' £(N) = £(q), as N — oo.

CAYTINM < T o)) < ac 24y

WEQRC
vertically winding loop

Conclusion: P

N/2— N/2—
N <A U B VA U )
Zev(N. M) ZP(v M)

=z ~4

N
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The transfer matrix of the six vertex model.
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Definition of the transfer matrix

Two rows of vertical arrows: Wy, W,
how to complete the line between?

If Wy £ W,, start by the differences. . .
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Definition of the transfer matrix

Two rows of vertical arrows: Wy, W,
how to complete the line between?

* * If Wy £ W,, start by the differences. . .

T
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Definition of the transfer matrix

Two rows of vertical arrows: Wy, W,
how to complete the line between?

* If Wy £ W,, start by the differences. . .
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Definition of the transfer matrix

Two rows of vertical arrows: Wy, W,
how to complete the line between?
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Definition of the transfer matrix

Two rows of vertical arrows: Wy, W,
how to complete the line between?

If Wy £ W,, start by the differences. . .
At most one possible completion
(when Wy and W, are interlaced).
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Definition of the transfer matrix

Two rows of vertical arrows: Wy, Vs,
how to complete the line between?

If Wy #£ W,, start by the differences. . .
At most one possible completion
(when Wy and W, are interlaced).

If Wy =Wy,
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Definition of the transfer matrix

Two rows of vertical arrows: Wy, Vs,
how to complete the line between?

If Wy #£ W,, start by the differences. . .
At most one possible completion
(when Wy and W, are interlaced).

If Wy =Wy,
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Definition of the transfer matrix

Two rows of vertical arrows: Wy, Vs,
how to complete the line between?

If Wy #£ W,, start by the differences. . .
At most one possible completion

(when Wy and W, are interlaced).

If W1 = W5, two possible completions.
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Definition of the transfer matrix

Two rows of vertical arrows: Wy, Vs,
how to complete the line between?

If Wy #£ W,, start by the differences. . .
At most one possible completion
(when Wy and W, are interlaced).

If W1 = W5, two possible completions.

2 if Wy = Wy,
V(W W,) = ( ¢ differences iy, £ W, and Wy and W, are interlaced,
0 otherwise,
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Definition of the transfer matrix

Two rows of vertical arrows: Wy, W,
how to complete the line between?

<_+ + If Wy £ W,, start by the differences. . .
+ + At most one possible completion
(when Wy and W, are interlaced).

If W1 = W, two possible completions.

2 if W =W,
V(Wq,Wy) = ¢ # differences iy, £ Y, and Wy and W, are interlaced,
0 otherwise,
Total weight of configuration with vertical arrows Wy, ..., Wy,

VW, W) V(W y_1, Vi)
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Definition of the transfer matrix

Two rows of vertical arrows: Wy, W,
how to complete the line between?

<_+ + If Wy £ W,, start by the differences. . .
+ + At most one possible completion
(when Wy and W, are interlaced).

If W1 = W, two possible completions.

2 If W1 == \U2a
V(Wq,Wy) = ¢ # differences iy, £ Y, and Wy and W, are interlaced,
0 otherwise,
Total weight of configuration with vertical arrows Wq,..., Wy, on torus :

VW, W) V(W o1, V) V(W g, W)
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Definition of the transfer matrix

Two rows of vertical arrows: Wy, W,
how to complete the line between?

<_+ + If Wy £ W,, start by the differences. . .
+ + At most one possible completion
(when Wy and W, are interlaced).

If W1 = W, two possible completions.

2 If W1 == \U2a
V(Wq,Wy) = ¢ # differences iy, £ Y, and Wy and W, are interlaced,
0 otherwise,

Total weight of configuration on torus: V € Mow v

Zov(N, M) Z V(W1 Wa) - V(W1 W)V (W, W) = Tr(VM),
Vi, Wy
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Block structure of V:

1

0

0

< 0 up arrows

} 1 up arrow

} N/2—1 up arrow (N/gf_l)

] N/2 up arrow (NA/[2)

Blocks V!X corresponding to lines with k up arrows

loan Manolescu (University of Fribourg)
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Block structure of V:

< 0 up arrows

E‘:‘ } 1 up arrow
V[%—l] O } N/2—1 up arrow (N/gf_l)
V — V[%] ] N/2 up arrow (NA/[2)

sl

Blocks V!X corresponding to lines with k up arrows

VIKl non-negative entries & irreducible = the Perron Frobenius theorem applies

loan Manolescu (University of Fribourg) Random Cluster g > 4 14th Feb. 2017 12 /13



Block structure of V:

< 0 up arrows

E‘:‘ } 1up arrow
V[%—l] O } N/2—1 up arrow (N/gf_l)
V — V[%] ] N/2 up arrow (NA/[2)

sl

Blocks V!X corresponding to lines with k up arrows

VIKl non-negative entries & irreducible = the Perron Frobenius theorem applies

Let Al > A > A9 pe the eigenvalues of VIK

Tr(VI)M = (/\E,"])M + (A[f])M + (A[z"])M F...
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Block structure of V:

< 0 up arrows

E‘j } 1up arrow
V[%_u O } N/2—1 up arrow (N/;]_l)
V = V[%] ] N/2 up arrow (NA/[2)

sl

Blocks V!X corresponding to lines with k up arrows

VIKl non-negative entries & irreducible = the Perron Frobenius theorem applies

Let Al > A > A9 pe the eigenvalues of VIK

Te(VI)M = (/\g"])M(l +0(1— M)
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Block structure of V:

< 0 up arrows

E‘j }1 up arrow
V[%_u O } N/2—1 up arrow (N/;]_l)
V = V[%] ] N/2 up arrow (NA/[2)

sl

Blocks V!X corresponding to lines with k up arrows

VIKl non-negative entries & irreducible = the Perron Frobenius theorem applies

Let Al > A > A9 pe the eigenvalues of VIK

M
ZM(n, m) Zwﬁv = (VI = ()" (14 01 - M)

with k up arrows
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Conclusion
Free energy (6V model):

f(1,1,¢) = lim 1

am . log Zev(NV, M)
— 00
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Conclusion
Free energy (6V model):

1 1
F(1,1,6)= lim ——log Zsy(N,M) = lim lim mmgzg@/”(/v,/w)

N—oo MN N—oco M— o0
— 00
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Conclusion
Free energy (6V model):

1 1
f(1,1,¢)= lim ——logZsy(N,M)= lim lim mbg(AEN/ﬂ)M

N—oo MN N—oco M— 00
—00
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Conclusion

Free energy (6V model):

1
f,1,6)= lim —— AN/

, 1
Njw MN |og Z6V(N7 M) - Nllj]oo N |og
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Conclusion

Free energy (6V model):

1 1
f(1,1,¢)= lim —Iome/(N,/VI):A}TOONbgABND](N)

N— oo MN
—00
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Conclusion

Free energy (6V model):

: 1 N/2
f(]-y]-,C) ,Vlllm W |OgZ6\/(N M) Nllm N |og/\£) / ](N)

A Z e kA tanh (k)

E +

k=1
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Conclusion

Free energy (6V model):

: 1 N/2
f(]-y]-,C) ,Vlllm W |OgZ6\/(N M) Nllm N |og/\£) / ](N)

A Z e kA tanh (k)

E +

k=1

Correlation length (Random Cluster model)

¢ Hq) = lim lim —MlogIP> '

N—oo M— o0

L=as™~
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Conclusion

Free energy (6V model):

f(1,1,c)= A/Ilﬂ;noo m log Zgv (N, M) = ||m Ny |0g/\E,N/2](N)

N\>/

bl k’\t h(kA
+Ze an )

k=1

Correlation length (Random Cluster model)

1z v m
¢ Hq) = lim lim ——Iogf’v—(’)
N—oo M—oo M Zé’\\jﬂ](/v’ M)
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Conclusion

Free energy (6V model):

f(1,1,¢)= I|m 7|0gZ5\/(N M) = ||m N|0g/\yv/2](/\/)

—)00 MN
M—

r\)\y

k=1

Correlation length (Random Cluster model)

1 ZIN2=1
€ Hq) = lim lim —— log =Y (N, M)
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Conclusion

Free energy (6V model):

f(17 1, C) lﬂ;noo W |0g Z6\/(N M) = |Im N |Og/\£,N/2](N)
M=
A e tanh (k))
=3t
k=1
Correlation length (Random Cluster model)
[N/2—1] N/2—1
¢ (q) = lim lim —ilog Zov (V. M) _ li | gAg / ](N)

N—oo M—oco M Zé’\\jp](/v’ M) o N—>moo e /\E)N/2](N)
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Conclusion

Free energy (6V model):

f(1,1,¢) = I|m WlogZW(N M) = I|m

M~>oo

N\>/

Correlation length (Random Cluster model)

N/2—1
W2 (N, my

N/2
-  log A2 ()

k=

bl k’\t h(kA
+Ze an )

1

; A )
& (g)= lim lim ——log >2——=——"—== lim —log —7m——"
N—oo M—oco M Zé’\\jp](/v’ M) N—00 /\E)N/2](N)
oo fo%e) 4
=a+2) &5 ) tanh(k\) Z >0
k=1 —o (2k + 1)sinh (%)
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Thank you!
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