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Abstract

We study the isotropic six-vertex model on Z? with spectral parameter A €
[~1,—1/2], that is, with weights a = b = 1 and ¢ € [V/3,2]. We show that the
associated height function converges, in the scaling limit, to a properly scaled full-plane
Gaussian free field. The result extends to anisotropic weights a # b upon using a
suitable embedding of the lattice.
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Part A
Introduction

1 Motivation

1.1 Phase transitions in a nutshell

Physical systems undergoing a continuous phase transition can often be understood mathe-
matically through lattice models, in which the microscopic degrees of freedom are encoded
by variables attached to the sites, edges or faces of a graph. These models serve as ef-
fective descriptions of the underlying physical interactions while remaining amenable to
rigorous analysis. In this framework, k-point correlation functions correspond to limits of
expectations of products of local operators (][, O&?>5. In this context, (-)s encodes the
correlations of the model on a lattice of mesh size 8, uy, ..., u; are points in space, the O
are (potentially different) observables measuring local propertles of the system near the

origin 0, and 01(”) are the translates of these observables to the points u; so that O(l) i
measurable in terms of the behaviour in a small neighbourhood of u;. In the sequel, we
suppose each observable to be centred.

Away from the phase transition, correlations are extremely weak: for any collection of
distinct points, the correlation functions decay exponentially fast in the separation distance
(here of order 1/§) between the points uq, ..., ux. In other words, individual observables
decorrelate fast and become asymptotically independent.

At a continuous phase transition, however, asymptotic independence still occurs, but
correlations are expected to be much stronger. The k-point functions exhibiting a power-law
decay with the distance:

k

lim 6~ (cateon) ( H )s = Cow o (ur, ..., ug) (1)

for certain non-trivial functions Coa)  ow) and critical exponents o; = ai(O(i)) determining
the rate of algebraic decay of the correlators at large distances.

The functions Cpa) o are predicted to be invariant under dilations and rotations,
as well as universal in the sense that they do not depend on the specific local interaction
potential appearing in the definition of the lattice model. One purpose of statistical
mechanics is to group models undergoing continuous phase transitions into universality
classes with matching critical exponents «; and limiting functions Co(1)7_..70(k).

The very ideas on the behaviour of systems at continuous phase transitions date back to
the foundational works in theoretical physics from the mid-1960s to the early 1970s, notably
those of Fisher [Fis67; Fis66; Fis64|, Kadanoff [Kad66|, and Widom [Wid65b; Wid65a],
culminating in Wilson’s renormalisation-group theory [Wil71la; Wil71b]. The predictions
have been tested extensively against perturbative calculations in a wide range of settings,
effective models, and experimental data, as well as through numerical simulations [Kad-+67;
EF63; DS57; Bak61; El-+12; KPS14].

1.2 The CFT conjectural limit of lattice models

It is not a priori clear what the hypothetical universality classes should be. One line
of thought, originating in the works of Patashinskii and Pokrovskii [PP64] and later
Polyakov [Pol68; Pol70b; Pol70a, is that universality classes should be captured by quantum



field theories that are invariant under not only scaling and rotations, but also conformal
transformations. Such quantum fields theories are called Conformal Field Theories (CFTs).
This led to the following loosely stated conjecture.

Conjecture 1. The scaling limits in the sense of Equation (1) of two-dimensional statistical
mechanics models undergoing a continuous phase transition, are given by the correlation
functions of a CFT.

In general dimension, the additional requirement of being invariant under conformal
maps is not so restrictive, since the local conformal group is finite-dimensional and thus
imposes only limited constraints. However, as observed in the groundbreaking work of
Belavin, Polyakov, and Zamolodchikov [BPZ84], the situation improves dramatically in
two dimensions: there, the conformal group is infinite-dimensional and the resulting local
conformal symmetry leads to the integrability of numerous CF'Ts in the plane; we refer to
the mathematically-oriented textbook [Gaw]| for details.

Two-dimensional CFTs are classified by their central charge ¢ € Rsg. After extensive
investigations in the 1980s and 1990s, these theories turned out to be amenable to a
substantial degree of analysis on physical grounds [Tes19; DMS97]. On the mathematical
side, apart from the numerous early developments (cf. [Gaw; Seg88]), there has recently
been a renewed interest in these CFTs within the probability community, driven by the
development of the Schramm-Loewner Evolution [Sch00; Law14| (and the associated models
constructed from it [SW12; MS16; She09; MS20; GRV16|) as well as by rigorous techniques
based on |Dav+16; RV14; GRV19].

In many cases, one can provide a rather detailed description of the CFTs correlation
functions. The understanding of the CFT with ¢ = 1 — the free boson model, known to
mathematicians as the Gaussian free field — is straightforward thanks to its Gaussian nature.
In particular, Wick’s rule expresses k-point correlations in terms of products of 2-point
correlations, which significantly streamlines their analysis. We refer to [She07; BP25| for
details on this specific case. The rational CFTs, notably the minimal models corresponding
toc=1-— 6% with p,q > 2 coprime integers, are also very well-understood thanks to
algebraic structures specific to these central charges [DGT24; DW25; GZ26; Fje+06; FRS02;
FRS04a; FRS04b; FRS05]. For ¢ > 25, the theory is well developed, as in [Tes95; Tes01],
and more recently in the mathematics literature in [DS11; BP25; DS11; DS11; Gui-+24].
Fully determining the correlations of CFTs still is the a subject of intense study both on
the physical and mathematical sides, see e.g. [Ang+21; KRV20; Gui+24; CRV23; GZ26;
DW25].

Today’s understanding of CF'Ts, even though not fully exhaustive, is very impressive.
Still, even if one were given a complete and rigorous description of all two-dimensional
CFTs, a thorough understanding of the continuous phase transition exhibited by a given
lattice model still requires the following two challenging steps:

(i) identifying which CFT (that is, which value of the central charge ¢ and which
representation of the corresponding CFT algebraic structure), if any, captures the
relevant limit at criticality;

(i) identifying which correlation functions of that CFT describe the limits of the k-point
functions of the chosen local observables. Concretely, in the setting of Equation (1),
this amounts to identifying the functions Cya)  or Wwith appropriate correlation
functions of the CFT in question.

1.3 From discrete to continuum

In order to go in this direction, two principal strategies have been developed over the years.



1.3.1 Extracting information from the transfer matrix formalism

For models that admit a transfer-matrix formulation, analysing the leading eigenvalues of the
transfer matrix 717, of a system of size L with periodic boundary conditions, yields valuable
information about the limiting behaviour. It is well known that the exponential growth
rate of the largest eigenvalue of T; determines the free energy of the model. Moreover,
as argued heuristically in [Aff86; BCNS86|, the finite-size correction to the free energy —
equivalently, the subleading correction to the principal eigenvalue — produces a constant that
is interpreted, conjecturally, as the central charge of the conformal field theory expected to
govern the model’s behaviour at criticality.

Additional information can be extracted from the large-L asymptotics of the subleading
eigenvalues of the transfer matrix and the so-called translation operator (both of which
will appear in this paper). In particular, conjectural equations relate the spacing of these
eigenvalues to the possible values of critical exponents associated with local observables.
The above physical picture is thus rather comprehensive, although it does not specify
which critical exponent corresponds to a given lattice correlation function. This last step is
typically achieved, at a physical level of rigour, through symmetry considerations. We refer
to [Car86; Car08| for reviews.

While constructing a transfer matrix from a local Hamiltonian is often straightforward,
extracting the large-volume asymptotics is an arduous task. For a generic model, this
problem is hopeless — even at a heuristic level. However, the situation improves dramatically
for integrable models of two-dimensional statistical mechanics [Bax82].

The simplest example in this direction is the two-dimensional Ising model in vanishing
external field, originally solved by Onsager [Ons44| and later revisited in many different
ways (see [MW14; Dum23| for historical accounts). Kaufman [Kau49| and later Lieb-
Schultz-Mattis [LSM61] observed that the Ising model becomes equivalent, through a
simple algebraic transformation, to a model of non-interacting (or free) fermions. This
free-fermionic structure explains, to a large extent, the particularly simple exact solvability
of the model. In particular, it leads to a closed and fully explicit formula for the eigenvalues
of its transfer matrix, see for example [Bax82| for a modern treatment. This analysis
provides evidence that the scaling limit of the model at criticality is governed by the
conformal field theory with central charge ¢ = 1/2.

The situation is considerably more involved for other integrable models of two-dimensional
statistical mechanics undergoing continuous phase transitions. These models are genuinely
interacting, meaning that no simple mapping reduces them to free fermions. They remain
solvable in the sense that their transfer matrices can be diagonalised in a relatively explicit
manner, but doing so requires solving a system of Bethe Ansatz equations, determin-
ing which solutions correspond to the dominant and and to the tower of sub-dominant
eigenvalues, and analysing their behaviour as L tends to infinity.

In the mid-1980s and 1990s, substantial effort produced, on heuristic grounds, expansions
of the top eigenvalues of the transfer matrix for a wide range of integrable two-dimensional
models at criticality [DV95; dW85; IKR89; KB90; KBP91; KWZ93|. Although non-rigorous,
this body of work yielded extensive conjectures for the central charges and critical exponents
governing the scaling limits of many integrable lattice models.

A main obstacle to full mathematical rigour lies in the difficulty of proving the con-
densation of Bethe roots, a property originally conjectured by Hiilten [Hul38|. Significant
progress was made in [DS09; Dum+21; Dum+22; Gus80; Gus85; Koz18|, culminating in
the first rigorous derivations of expansions of top eigenvalues for the transfer matrix of the
six-vertex model [Koz18| and for the staggered six-vertex model [FGK25]|, which arises in
the analysis of the XXZ spin-1/2 chain at finite temperature.



1.3.2 Discrete holomorphicity and conformal invariant scaling limits

A second strategy roots in the development of discrete holomorphicity. The development
of boundary CF'Ts, which incorporate the effect of boundary conditions, has significantly
deepened the physical analysis of conformal field theories. The intuition that studying
physical systems in planar domains can reveal additional structure has led, within the
mathematical literature, to major breakthroughs in our understanding of the scaling limits
of two-dimensional models. The idea is to harvest the fact that conformally invariant (or
rather covariant) families of correlations in the continuum are often harmonic or holomorphic
solutions of certain boundary value problems. It is therefore natural to expect that in a
certain sense, discrete ancestors to these correlations are discrete harmonic or holomorphic
solutions to the corresponding discrete boundary value problem. This observation proved
successful for a few models during the first decade of the millennium.

One of the early rigorous proofs of conformal invariance concerns domino tilings,
which possess an underlying free-fermionic structure. Kenyon [Ken00; CKPO01| established
conformal invariance in the scaling limit for the height-function distribution of domino
tilings on bipartite Temperleyan planar graphs by showing that certain observables are
discrete holomorphic and satisfy a Dirichlet boundary value problem. He further proved
the convergence of the height function (seen as a distribution) to the Gaussian free field,
corresponding to the CFT with central charge ¢ = 1 (the free boson). This analysis was
extended to periodic isoradial graphs in [Til07], a class preserving exact solvability and
discrete holomorphic structure.

In 2001, Smirnov [Smi01| proved the celebrated Cardy formula [Car92| for Bernoulli site
percolation on the triangular lattice. Smirnov’s argument relies on a certain approximately
discrete holomorphic observables satisfying certain boundary conditions, which can be shown
to converge to the solution of the continuum analogue of this boundary value problem.
This major achievement led to a very precise description of the critical regime, including
the determination of critical exponents and links to ¢ = 0 CFT [LSW02; Smi01; CNO7;
CNO06; CN26; CF24].

In 2004, Lawler, Schramm, and Werner [LSW04| derived the conformal invariance of the
loop-erased random walk and the associated Uniform Spanning Tree (UST) by exploiting
properties of the discrete Green function, making the approach close in spirit to strategies
above. Note that the UST is closely connected to the dimer model and also enjoys a
free-fermionic structure.

In 2008, Smirnov [Smil0] and Chelkak-Smirnov [CS12] developed a discrete-holomorphic
framework for fermionic observables of the two-dimensional Ising model, showing that
they converge in the scaling limit to holomorphic solutions of appropriate Riemann-Hilbert
boundary-value problems. Extensions of this method to isoradial graphs yielded robust
convergence results for fermionic observables and demonstrated universality and conformal
symmetry in the scaling limit. Further developments led to a multitude of scaling-limit
results for interfaces [Che+14], the energy-density observable [HS13|, its n-point generalisa-
tions |[Hon], spin correlators [CHI15|, and eventually correlation functions corresponding to
primary CEFT operators [CHI22|. These works collectively yield the link to the ¢ = % CFT.

1.4 Beyond the free fermion point

Except for Bernoulli site percolation [Smi0O1] and a reverse-engineered model known as the
harmonic explorer [SS05], all rigorous progress on scaling limits achieved so far concern
models that reduce to non-interacting (free) fermions. Yet the main appeal of the CFT
universality conjecture (Conjecture 1) for continuous phase transitions lies precisely in its



breadth: it is intended to encompass genuinely interacting models, far removed from any
structure reminiscent of free theories. However, once interactions are present, the analysis
becomes considerably more intricate.

Rigorous progress has been achieved for small perturbations of free-fermionic models,
such as weakly interacting dimers. These results rely on constructive renormalisation,
the rigorous embodiment of Wilson’s renormalisation-group program. Initiated in [PS],
this method has been further developed to establish scaling properties for a variety of
perturbative models [Mas04; GGM12; BFM14a; BFM14b; GMT17; GT19|. While these
works represent a significant advance, they remain confined to perturbative regimes: the very
nature of constructive renormalisation makes it extremely difficult to reach non-perturbative
settings or scaling limits far from free fermionic ones.

In this light, the genuinely interacting integrable models of two-dimensional statistical
mechanics form a natural testing ground for Conjecture 1. These models are not equivalent
to free fermions except, possibly, at isolated parameter values, and they possess a rich
algebraic structure arising from the representation theory of quantum groups. This structure
manifests in key identities such as the star—triangle relation [Ken99; DLM18| and in the
commutativity of families of transfer matrices [Bax72; STF79]|, providing powerful tools
that are unavailable for generic models.

A particularly prominent example of a genuinely interacting integrable model is the
siz-vertex model; see, for instance, [LW80; Bax82].

This paper provides the first scaling-limit result for the siz-vertex model across a substan-
tial range of parameters. Specifically, for A € [—1, —%], we prove that the height function
of the full-plane model converges to the Gaussian free field as the mesh size tends to zero.
Although our result is currently restricted to the full-plane setting, it constitutes an important
first step towards a more general framework for establishing scaling limits of planar models,
as it applies to a broad class of genuinely interacting models. As such, it belongs to a larger
program aimed at determining the behaviour of critical lattice models in two dimensions
deep in the interaction regime.

It is of course premature to discuss the proof (especially since we did not yet introduce
the model nor the result properly) in full detail, but let us briefly indicate that the argument
draws on ideas inspired by both the transfer-matrix formalism and discrete holomorphicity.
In this sense, it synthesises elements of the two historical approaches outlined above.
Roughly speaking, we exploit the properties of a certain spectral measure that encodes the
averaged behaviour of the eigenvalues of the transfer matrix and shift operator, and use
this to show that the k-point correlations of the six-vertex model are harmonic in the limit.
To achieve this, we combine the rotational invariance of the model obtained in [Ave+a]
with a novel analysis of spectral properties. This constitutes the main innovation of the
paper. The harmonicity, combined with an analysis of the behaviour near singular points,
allows us to identify these limiting k-point correlations, which can then be bootstrapped to
obtain stronger modes of convergence. To be more precise, our proof begins by establishing
convergence only along certain suitable sub-sequences. It ends up being sufficient to deduce
the full result, which in turn retroactively ensures that passing to sub-sequences was
unnecessary.

The ability to extract such sub-sequential limits is in fact another main innovations
of the paper. The framework in which we work permits the use of qualitative estimates
for the model — reminiscent of the RSW-type theory familiar to percolation specialists
(we shall discuss RSW theory in depth) — to obtain compactness and extract convergent
sub-sequences of the spectral measure mentioned above. This strategy resonates with



what made the proof of Cardy’s formula for Bernoulli site percolation on the triangular
lattice possible. In [Smi01], Smirnov goes around the problem of having observables that
are only approximately holomorphic by showing that RSW-theory enables one to extract
sub-sequential limits for these discrete observables, which end up being holomorphic. A
leitmotif emerges: in order to move beyond the ‘ultra-integrable’ cases of models possessing
a free-fermion structure in which exactly discrete harmonic or holomorphic observables
can be found, one likely needs to work in a setting where the absence of exact discrete
harmonicity or holomorphicity can be compensated by a priori estimates that ensure the
existence of sub-sequential limits. The objects introduced in this paper illustrates the
advantage and the potential of such a perspective.

2 Statement of our main result

This section formally introduces the model and states the main results.

2.1 Definition of the six-vertex model

In this paper, the six-vertex model is defined on graphs which locally look like the
square lattice graph. We start with a definition on tori. For M,L € Z>4, let Ty =
(V(Tw,1), E(Tar,1,)) denote the toroidal square grid on the vertex set V(Tay 1) := (Z/MZ) x
(Z/LZ), with edges placed between vertices at Euclidean distance 1 from each other.

An arrow configuration w is an assignment of an orientation to each edge. An arrow
configuration is said to satisfy the ice rule (or be a siz-vertex configuration) if every vertex
has exactly two incoming and two outgoing edges. As a result, there are six possible
arrangements of incoming and outgoing edges around each vertex, labelled according to
Figure 1.

Definition 2.1 (Six-vertex model on the torus). For parameters aj, as, by, bs,ci,co > 0,
the weight of an arrow configuration w on Ty z, is given by

Wev(w) = 1[w satisfies the ice rule] - aj'ay?*b]?bgy*c]?cy, (2)

where n; denotes the number of vertices in V(Tys 1) of type ¢ in w. The Gibbs measure
Pr,, , on arrow configurations w is given by

Py, , )] = o Wy (@), (3)

ZTM,L

where Zr,,, is the unique constant, called the partition function, rendering Pr, , a
probability measure.

The weights were taken to be positive reals for a probabilistic interpretation. In this
work, we further specialise to the case where

al] — ag = a; b1 = b2 =: b; Ci = C2 = C, (4)

I i i i i

1, a; 2, as 3, by 4, by 9, C1 6, co

Figure 1: The six vertex configurations with labels and weights.



which renders Wgy (w) invariant under flipping all orientations in w. The parameters a, b,
and c are always fixed in this article, which is why they do not appear in notations. It is
standard to introduce the spectral parameter defined by the formula

a? +b? - c?

A =A(a,b,c) = o (5)

The model may be extended to infinite volume in the following fashion. Any configuration
on Tz, that obeys the ice rule has the same number of left-arrows on each vertical column
— we call this preservation of horizontal arrows. A configuration is called balanced if, for
every vertical column of horizontal arrows, the number of left-arrows equals the number of
right-arrows. Write {balanced} for the collection of balanced arrow configurations satisfying
the ice rule. From now on, L is always even, so that balanced configurations exist.

For A < —1, the six-vertex model is known to be in a localised regime, implying trivial
limiting behaviour [Dum-+21; RS22; GP23|. Therefore, we focus in the whole paper on the
case A > —1, which corresponds, when a = b =1, to ¢ < 2. We shall derive the following
know result en passant in Lemma 18.7).

Theorem 2.2 (Infinite-volume six-vertex model). Fiza=b =1 and c € [1,2]. The weak
limit of the measures Pr,, , [-|{balanced}] exists when the limits are taken in the following
order: first M tends to infinity, and then L tends to infinity. We denote it Py2 and call it
the six-vertex measure in the plane with slope zero. It is invariant under the automorphism
group of 7.

This result asserts that P2 is the unique probability measure on arrow configurations

of the square lattice graph Z? such that
lim lim Pr,, , [A|{balanced}] = Py2[A] (6)

M—oo ]

L—oo

for any event A that is measurable in terms of the orientation of finitely many edges of the
square lattice graph Z2?. The measure P;> may be characterised in several other ways. In
addition to the above description, it is also the weak limit of P, , as M, L tend to infinity
in arbitrary fashion, it is the unique ergodic Gibbs measure which is invariant under a
global arrow flip, and it is the unique minimiser of a free energy functional related to the
six-vertex model. The last two equivalent statements do not play a role in this work.

Theorem 2.2 and the above equivalences follow from the general analysis of height
functions in [She05] combined with delocalisation of the height function. Delocalisation
was first derived at ¢ = 1 [Cha{21], ¢ = 2 [GP23], and ¢ € [(2 4 21/2)1/2,2] |Lis21], before
the full range c € [1,2] was covered in [Dum+24]| via a Bethe Ansatz argument, and later
in |[GL25| using a percolation approach.

2.2 Height function of the six-vertex model

A height function is a function h : F(Z?) — Z on the faces F(Z?) of the square lattice
which differs by exactly +1 between any two adjacent faces. We also require the face on
the north-east of the origin to have an even height.

We will consider height functions up to addition of an even constant. Formally, consider
two height functions A’ and h equivalent if there exists some constant a € 27Z such that
h'(u) = h(u) +a for all u € F(Z?). Gradients of height functions are simply the equivalence
classes of height functions for this equivalence relation. For all practical purposes, we
identify gradients of height functions with any representative of the equivalence class.
Finally, we shall write also h for the piecewise constant function

h:R?* = Z, (x,y) — h(the face whose bottom-left corner is (||, |y])), (7)



Figure 2: The six-vertex configuration and gradient height function are related such that
the higher height is on the left of each arrow.

and, for any § > 0, we define the scaled height function h(®) : R? — Z, u + h(u/§).

Definition 2.3 (Height function of a six-vertex configuration). Full-plane six-vertex
configurations are in bijection with gradient height functions. More precisely, we associate
any six-vertex configuration w with the height functions for which the height of the face on
the left of each arrow is one unit higher than the height of that on its right; see Figure 2.

The multi-point correlation functions of gradient height-functions will be the core
observables in our study of the six-vertex model’s height function.

Definition 2.4 (Six-vertex multi-point correlation functions). The k-point correlation

function of the six-vertex model assigns to the vector u = (uy,ul, ..., ug, u}) € (R?)%
whose 2k coordinates are built out of points ui,u), ..., ug, up € R?, the quantity
k
@k(u) = EZQ H (h(u;) — h(uz))] , (8)
i=1

where h denotes any height function associated with the six-vertex configuration sampled
according to Pz2. Moreover, for § > 0, the scaled k-point correlation function is defined as

' (w) 1= Oy (ur /6,1 /5, .. ur /5,1l /6). (9)

The k-point correlation function is well-defined, as the integrand in the expectation is
depends only on the gradient of the height function. We immediately recognise a few basic
properties of ®;, which we often use without further mention:

o O, = <I>](f) = 0 for k£ odd since h and —h have the same distribution,
e &, and @,&5) are antisymmetric under swapping u; and w},
e &, and @)25) are invariant under permuting the pairs {u;, u},
e &, and CIDI(f) satisfy the following additivity property for any uq, u}, u] and for any
fixed v = (ug, ul, ..., ug, up):
O (ur,ul,v) + O (u), uf,v) = Ok (ur, v, v). (10)

Although one primary object of interest is the k-point correlation, we will also treat
the height function h as a random distribution. To that end, we introduce the distribution
defined by integrating h against test functions.

Definition 2.5 (Six-vertex test functions). A generalised test function is a finite, compactly
supported, signed measure ¢ on R? with ¢(R?) = 0. For any generalised test function ¢,
define

(hD, ) = / 1O (2)dg(x) = / h(x/8)dp(x). (1)

Observe that (A9, y) is a gradient measurable random variable because ¢(R?) = 0. We
may therefore interpret it as a random variable.



2.3

Background on the Gaussian free field

With the model in place, we next describe the scaling limit that will ultimately arise. Write
| - | for the Euclidean norm on R2. Define the full-plane Green function Gpe as

Gpe :RQXRQ—M—OO,OO], (x,y)»—)—%log\y—x!. (12)

Our main result below says that as § tends to zero, the random height function ~(%) obtained
from P2 converges (up to scaling by a constant o = o(A)) to the Gaussian free field (GFF),
which we denote I'. There are various mathematical ways to view the GFF depending on
the desired regularity of the object; here, we need the following three (which resonate with
Definitions 2.4 and 2.5). For more details on GFF, see |[BP25].

Definition 2.6 (GFF definitions). We consider three perspectives on the GFF.

(i)

(iii)

Multi-point correlation functions. For any k > 1, define
Dy = {(ui,uf)iz1,..k € (R* x R*)* Vi £ j, {us, ui} 0 {uy, v} = 0}, (13)

and define the functions

VI Dy 5 R ue > (=17 [T Gre(ai,ay), (14)
a, T ijeET
where:
e The sum over a runs over maps {1,...,k} — {ui,u),..., up, u}} with a; €

{uiv u;} )
e c(a) € Z/2Z is the parity of the number of indices ¢ such that u; is chosen,
e The sum over 7 runs over all pairings of {1,...,k}, that is, all partitions of
{1,...,k} into pairs (i.e. sets containing two points).
These are precisely the correlation functions corresponding to a Gaussian process
with covariance Gpe. Notice that \IkaFF = 0 when k is odd since 7 is then empty.
Finite-dimensional marginals. We say that a generalised test function ¢ has finite
Dirichlet energy if [ Ggz(u,v)de(u)de(v) < co. For any finite family ¢ = (¢1, ..., ¢n)
of finite Dirichlet energy generalised test functions, introduce the associated n x n
covariance matrix X(¢) defined via

Se)s i= [ Gl 0)dps(u)dps(v) (15)

We then think of ((I', ¢;)); as a random variable having the law N (0, X(¢p)).
Random element of a negative regularity Holder space. Fix a € (—1,0) and
a bounded open set U C R?. Recall that the Hélder space C*(U) of regularity o on
U is the completion of C2°(IR?) with respect to the semi-norm

- lleay : C(R?) R, [ > swp e [ flafdeta), (10
(57¢)e(0=1]x71((_1=1)2)7
support(p)CU/e

where T (U) denotes the set of generalised test functions whose support is included in
U and T1(U) C T(U) the set of such test functions whose density is 1-Lipschitz. We
view I' as a random element in C%(U) such that, for any finite ¢ = (1, ..., px) with
;i € T(U) for every i, the law of ((T', ;)); is N(0, X(¢)).
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2.4 Statement of the main result
Three modes of convergence are considered.

Definition 2.7 (GFF convergence). Consider some fixed value o € R>q as well as a random
gradient height function A : R? — R in some probability measure P. We say that the scaling
limit of h is o' or o - GFF if all of the statements below hold true.

(i) Convergence of multi-point correlation functions. For any & > 1, <I>,(f) converges
uniformly on compact subsets of Dy to Uk\I/SFF as ¢ tends to zero.

(ii) Convergence of finite-dimensional marginals. For any family ¢ = (¢1,...,¢5)
of finite Dirichlet energy generalised test functions, the law of ((h(%), ¢;)); converges
weakly to N (0,025 (¢p)) as d tends to zero.

(iii) Convergence in law in a negative regularity Holder space. For any a € (—1,0)
and any open bounded U C R?, the law of h(®) converges to that of oI in C*(U) as
0 tends to zero. Finally, we also require convergence in the classical Besov spaces
By ,(U) and Sobolev spaces W*P(U) for any p € [1,00) and ¢ € [1, 0] (see Section 8
for details).

We are now in a position to state our main result.

Theorem 2.8 (Scaling limit of the six vertex model with isotropic weights). The scaling
limit of the siz-vertex model’s height function on Z? witha=b =1 and V3 <c < 2 is
o - GFF, where

2 1
0'2:

= : 17
arccos A arcsin g (17)

Let us comment on our requirement on the parameters. In terms of A, the previous
theorem covers the regime —1 < A < —%. The restriction on the isotropic case (i.e., with
weights a = b = 1) is lifted in Theorem 3.3 below. Recall that the isotropic six-vertex
model with ¢ > 2 (A < —1) is known to be in a localised regime. Theorem 2.8 is expected
to hold true for all c € (0,2] (i.e., A € [-1,1)) and was previously obtained at the free
fermion point ¢ = v/2 (A = 0) in [Ken00] and for ¢ close to v/2 in [GMT17].

Two aspects of our proof require lower bounds on c. First, the Fortuin—Kasteleyn—
Ginibre (FKG) property for several representations of the six-vertex model requires that
c > 1. This property is used to obtain regularity of our objects at various stages of the
proof. Second, our proof relies on the asymptotic rotational invariance of the multi-point
correlation functions @y, which was obtained in [Ave+a| using the corresponding random-
cluster model [Dum+20]. For that result to apply, the random-cluster model must exhibit
the FKG property, which requires ¢ > /3.

An extension of this asymptotic rotational invariance result to ¢ > 1 is conceivable, for
instance by using the above-mentioned representations of the six-vertex model. This would
immediately allow the extension of Theorem 2.8 to the interval 1 < ¢ < 2 (corresponding
to —1 < A < 1/2). However, circumventing the absence of the FKG inequality for the
representations of the six-vertex model appears to be a formidable challenge, placing the
case 0 < ¢ < 1 beyond the reach of current methods.

3 First applications of our result

The six-vertex model in the regime —1 < A < 1 lies at the crossroads of a large family of
two-dimensional lattice models. It is closely related to the dimer model, the Ising and Potts
models, the critical random-cluster model, loop O(n) models, Ashkin—Teller models, random
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permutations, and quantum spin chains [FK72; Nie82; GP23; Lis22; MW68]. While it is
not yet clear how much information can ultimately be extracted from the GFF convergence
established here, several significant applications are already available.

3.1 Ceritical exponents of other two-dimensional lattice models

Thanks to the Baxter—Kelland-Wu (BKW) correspondence [BKW76], the six-vertex model
is intimately connected, at its continuous phase transition, to the critical random-cluster
model — also called the Fortuin-Kasteleyn (FK) percolation — introduced in [FK72|. Our
main result enables the following consequences for random-cluster models.

e One-arm exponent «;. For the random-cluster model with cluster-weight ¢ € [1,4],
|Che-+b] obtains the existence and value of the one-arm critical exponent o, describing
the decay of the probability that a vertex connects to distance n. In turn, this derives
the classical exponents 1, ¢, and § governing the behaviour of the two-point function,
the cluster-size tail at criticality, and the ghost-field connectivity; see |[Che+b]| for
details.

e Two-arm exponent ay. For the random-cluster model with ¢ € [1, 4], [ADH] obtains
the existence and value of the two-arm exponent «s, describing the probability that a
vertex lies on a primal/dual interface extending to distance n. As a consequence, one
deduces the fractal dimension of any sub-sequential scaling limit of critical interfaces,
in agreement with the predicted CLE(k); see [ADH] for details.

e Energy exponent ¢. For the random-cluster model with g € [4—¢, 4] (for some small
value of ¢), the articles [Che+a; Ave+b| determine the so-called influence exponent ¢,
which controls the covariance of observables at criticality. Combined with the scaling
relations established in [DM22], this yields the thermodynamic critical exponents «,
B, v, and v, governing respectively the behaviour of the free energy, the spontaneous
magnetisation, the susceptibility, and the correlation length.

Finally, since the random-cluster model is coupled to the Potts model, all the above
critical exponents transfer directly to the two, three and four state Potts models. These
results were already known for two-state Potts case, better known as the Ising model, but
are new for the three- and four-state Potts models.

We expect that more results can be obtained in this direction, both for the random-
cluster model and other models.

Remark 3.1. We stress that the critical exponents obtained here do not rely on evaluating
the top eigenvalues of the transfer matrix. Instead, they harvest Theorem 2.8 which is
based on an analysis of the average behaviour of certain eigenvalues, well-separated from
the spectral edge. In this sense, our approach circumvents the major difficulty of providing
a rigorous justification for computations of the leading eigenvalues.

3.2 Scaling limit of specific random-cluster observables

Harvesting the BKW correspondence [BKW76] allows one to derive the scaling limit of
certain random-cluster observables at criticality. In particular, the characteristic function
of six-vertex test functions <h(5),<p> can be expressed as the expectation — under the
random-cluster model — of a product of suitably twisted weights associated with the loops
of a percolation configuration. More precisely, if 4 = 5= arccos(y/g/2) and cos,(-) :=
cos(- + 2mp)/ cos(2mp), then

ESY [ei<h(6)"p>} = qﬁ(;Zz,q[ H coSy, (gp(int(ﬁ)))} , (18)

el
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where ¢s72 , denotes the law of the ensemble £ of loops on 872 arising from the loop
representation of the critical random-cluster measure with cluster-weight ¢, and where
int(¢) is the interior of the loop /, i.e., the bounded connected component of R? \ £ when ¢
is viewed as a continuous simple path. Variants of this identity have appeared repeatedly
in the literature; see, for instance, [Dubl1]. We refer to [Ave+a| for more details on this
formula.

The convergence to the Gaussian free field yields the following corollary, which underpins
the derivation of the critical exponents presented in the previous section.

Corollary 3.2. Fiz q € [1,4]. For every finite Dirichlet energy generalized test function e,

l dsze 4| [T cos, (elint(t))] = exp (= 30? [[ Gaalow)p(@)pwidzay), (19
Lel

o

where 0 = 2/ arccos(—

).

3.3 Applications to the anisotropic six-vertex model

The universality of the the random-cluster model derived in [Dum+20] enables us to transfer
our main result to the anisotropic six-vertex model (weights a # b). It is customary to
parametrize (a, b, c) in the following way: let ¢ = arccos(—A) and 0 € (0,7) be the unique
angle such that, if 1 > A > —1

asin% =sin((1 — %)C), bsin 5 = sin oe c= 2008%. (20)

and if A = —1,

a=2"% b

(21)

|
DO
BISS
(¢]
|
DO

The parameter 6 encodes the natural embedding of the square lattice; # = 7/2 encodes the
isotropic case. More precisely, let

Ly : R? —» R?, (z,y) — (x + cos()y, sin(8)y). (22)

The combination of the universality result of [Dum-20], the consequences of the Baxter—
Kelland—Wu coupling obtained in [Ave+a|, and Theorem 2.8 implies the following result.

Theorem 3.3 (Scaling limit of the six vertex model with general weights). The height
function of the siz-vertex model on LgZ? with a,b,c > 0 such that A € [—1,—1/2] is
converging in the sense of Definition 2.7, Items (i) and (ii) to o - GFF, where

2 1 2

2

o- = = N - . (23)
arccos A arcsing (7 — ()

Note that we do not claim convergence in the sense of Definition 2.7(iii), i.e., in Holder
spaces. This omission is purely technical. In order to keep the paper to a reasonable length,
we chose to rely as much as possible on the so-called spin representation of the six-vertex
height function (discussed at length below). Establishing the necessary RSW theory of
this spin representation is relatively direct in the isotropic case but is not available the
anisotropic setting. While [Ave-+a| works directly in the anisotropic regime, it does not
provide the regularity estimate required here (see Remark 10.1 for further discussion).
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4 Overview of the proof and ingredients

We give below a roadmap to the proof of our main result, Theorem 2.8. Theorem 3.3 will
be derived from Theorem 2.8 in Section 10; outside of that section, we only consider the
isotropic case a=b = 1.

4.1

Overview of the proof structure

The proof of the convergence result in the isotropic case (Theorem 2.8) consists of four steps
performed in Part B, informally described as follows. We say that h converges to o - GFF
along some sequence (d,,)n tending to zero if each of the convergences in Definition 2.7 holds
true along that sequence of scales.

1.

Theorem 6.1 asserts that the two-point function @gs) satisfies a dichotomy: either

CIDgS) converges to o2 - \IlzGFF for some o > 0, or such a convergence holds true along
two sub-sequences with two distinct values of o.

. Theorem 7.1 enables one to pass from two-point to multi-point correlation functions

in the following sense: if along some sub-sequence (y,)n, @g(s") tends to o2 - \IngF,

then CID,(;;") tends to o* - \IIEFF for every k. This extends the dichotomy of Theorem 6.1
to all multi-point correlation functions.

. Theorem 8.1 states that if along some sub-sequence (dy ), all correlation functions

converge to those of o - GFF, then the limit of h(®) is ¢ - GFF (in the sense of
Definition 2.7). This extends the dichotomy of Theorem 6.1 to all modes of GFF
convergence.

. Theorems 4.3 and 4.4 jointly imply that if for some (8,)n, h(®*) converges to

o - GFF, then 02 = 2/ arccos A. This makes the dichotomy collapse to a single case,
and completes the proof of the main result.

To compactly state the proofs of these steps in Part B, we rely on four proof ingredients
which are used as “black boxes” in Part B (see Table 1). These “black boxes” are developed
in Parts C-E. In short, they are described as follows.

1.

4.

Rotational invariance. The correlation functions are asymptotically rotationally
invariant. More precisely, any sub-sequential scaling limit of the correlation functions,
is rotationally invariant.

. Glimpse of scale invariance. A suitably chosen “observable” converges in the

scaling limit, and we can calculate its limit explicitly.

. Regularity estimates and qualitative behaviour. We establish suitable bounds

on the correlation functions which hold true at all scales.
Spectral representation of correlation functions. Correlation functions may be
expressed in terms of the spectra of two commuting transfer matrices.

The first two ingredients (rotation invariance and a weak form of scale invariance) echo

Ingredient 1: Ingredient 2: Ingredient 3: Ingredient 4:
Rotation Scale Regularity of Spectral
muariance muariance correlations  representation
Step 1: Two-point X X X
Step 2: Multi-point X X X
Step 3: Test functions X
Step 4: Finding o X X

Table 1: Use of the proof ingredients in the global proof steps
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the discussion at the beginning of the paper and are consistent with physics predictions,
especially those arising from the renormalization-group formalism. We emphasize, however,
that these properties are not obtained through a rigorous renormalization-group analysis.
The third ingredient (regularity estimates) corresponds to qualitative bounds expected for
generic continuous phase transitions.

The fourth ingredient is more mysterious. We interpret it as follows. Since the work of
Polyakov |Pol68; Pol70b; Pol70al, it has been predicted that conformal invariance should
follow from rotation, scale, and translation invariance (the latter being trivial for our
model), provided the theory also satisfies a suitable locality principle. While our spectral
representation does not directly yield locality of the observables, it allows us to relate the
effect of applying the Laplacian to correlation functions at different spatial positions. Even
if a priori of a different kind than locality, this remarkable feature provides the additional
structure needed to carry out our analysis.

The subsections below formally describe these ingredients so that they can be used as
black boxes in Part B, and proved in later parts.

4.2 Ingredient 1: Rotation invariance

The following result serves as a key external input for the paper. It states that k-point
correlations functions are invariant under rotations in the limit as § tends to zero.

Theorem 4.1 (Rotation invariance of k-point correlations [Ave+a]). Fiz v/3 < ¢ < 2.
Then, for any k € 2Z>1 and any compact set K C Dy,

lim sup sup ‘@,(f) (u) — <I>l(f) (Iu)‘ =0, (24)
0=0uek 1

where the second supremum is taken over all isometries I : R? — R2.

This is the origin of the restriction ¢ > /3. Indeed, [Dum+20] proves asymptotic
rotational invariance for the critical random-cluster model with cluster weight ¢ € [1,4].
Through the Baxter—Kelland—Wu (BKW) correspondence [BKW76], this range of ¢ matches
the regime ¢ € [v/3,2] of the six-vertex model. In [Aveta, this correspondence is used to
transfer the asymptotic rotational invariance from the critical random-cluster model to the
six-vertex height function.

We expect Theorem 4.1 to hold for all ¢ € (0,2]. For c € [1,2], we believe that there
may exist a proof following [Dum-+20], but working directly with the six-vertex model
rather than its FK-percolation representation. The arguments of the present paper would
extend verbatim to ¢ € [1,2] if Theorem 4.1 were available in that parameter range.

For ¢ < 1, although convergence to the GFF is still expected, the six-vertex model lacks
positive association, and several steps of the proof (related to Ingredient 3) fail (in their
present form) without this positive association.

4.3 Ingredient 2: A glimpse of scale invariance

It may be natural to expect that, in addition to rotational invariance, scale invariance is an
important ingredient in identifying the scaling limit. While having such a property would
simplify considerably our argument, it seems currently out of reach of direct techniques.
Still, a glimpse of scale invariance is provided by the fact that the free energy or surface
tension of the six-vertex model with a slope is twice differentiable at zero slope. Indeed, its
second derivative will be identified as the limit of a certain quantity as the scale § tends to
zero. The convergence of said quantity will act as our indicator of scale invariance.
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Below, we make the previous claim explicit. Let us start by recalling the definition of
the free energy.

Definition 4.2 (Free energy). Fix ¢ > 0. Define the free energy at slope s € [—1,1] via

. . 1 I |Ls/2]
£(6) = Jim_tim s tog (Zny, oo, [{af7 = Y2 ]) (29
where [ is the number of left arrows minus the number of right arrows on any given vertical
column of horizontal edges.

While the height function may not be defined for unbalanced six-vertex configurations
on the torus, I/ML should be interpreted as its average slope in the vertical direction.
Note that f :[—1,1] — R is an even function thanks to the symmetry by flipping all arrows.

Twice differentiability of the free energy was proved in [Dum-+22| for the six-vertex
model with ¢ € (0,2] using Bethe Ansatz techniques. It was used in [Dum-+24| to
prove the delocalisation of the zero-slope six-vertex model for ¢ € [1,2]. By further
harnessing [Dum-+22|, we explicitly compute the second derivative of f at 0 — see Section 24
for c € [1,2].

We use this result as a starting point for a two-step analysis, summarised in the
following two results. The first step shows that the second derivative is indeed related to
scale invariance of our actual six-vertex model: it determines the amplitude of the GFF
limit (assuming such a limit exists). In the second step, we turn the characterisation of
[Dum-+22] into an explicit computation.

Theorem 4.3 (GFF-LDP correspondence). Fiz ¢ € [1,2]. Assume that the siz-vertex
model has a sub-sequential scaling limit of the form o - GFF. Then,
1
2
_ , 2%

) 2
Theorem 4.4 (Computation of f”(0)). Fiz c € [1,2]. Then, f is symmetric and twice
differentiable at s = 0, with

£"(0) = —% arccos A = — arcsin(c/2), (27)
where the relation between ¢ and A is given in Equation (5).

Jointly, the two theorems prove that any sub-sequential scaling limit that is a multiple
of the GFF must have the explicitly computed variance.

Let us briefly comment on Theorem 4.3. The formula 0 = —1/f”(0) would boil down
to a “back of the envelope” calculation if the topology of the sub-sequential convergence
towards o GFF were strong enough to include convergence of probabilities of large deviation
events. Unfortunately, the topology is not compatible with events whose probability decays
exponentially fast to zero, and we must therefore obtain the formula by different means.
We shall derive the formula by essentially expressing the probability of a large deviation
event as the product of many probabilities of GFF events that are compatible with the
topology of the sub-sequential convergence.

4.4 Ingredient 3: Regularity estimates and qualitative behaviour

The recently developed Russo-Seymour—Welsh (RSW) theory for the six-vertex model
implies a circuit estimate for a suitable percolation representation of the model. This
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RSW theory was first developed in [Dum-+ 24| using the Bethe Ansatz. The representation
employed here first appeared in |Lis21; Lis22|. The corresponding circuit estimate follows
from [Dum-+24] and was later obtained independently in [GL25] through a different approach
not relying on the Bethe Ansatz. We will later return to these aspects in more detail.

For the purpose of this introduction, we adopt the following principle: this paragraph
records the consequences of the representation and the circuit estimate without describing
the representation of the circuit estimate explicitly, so that they may be treated as black
boxes in Part B. All statements below will be proved in Part D.

First, define the scale separation functions for any {a,a'}, {b,t'} C R%:

dist({a,a’}, {b,V'})

b, b)) =1 2
S]RZ({CL,O,},{ ’ }) Ogmin{|a’—a!,\b’—b|}’ ( 8)
1 v dist({a,a'}, {b,V'})
: b, b'}) =1 — . 29
SRz({CL,CL},{ ) }) 0og min{|a’—a|,]b’—b\} ( )
Recall that | - | denotes Euclidean distance in these formulas; dist denotes the Euclidean

distance between the two sets (that is, the minimum distance between any point in the
first set and any point in the second set). The first function is truly invariant under scaling;
the second function is more adapted to the discrete setting as it allows the pairs of points
to overlap.

The following estimate bears a resemblance to Equation (14) and forms the basis of our
qualitative analysis of correlation functions.

Theorem 4.5 (Regularity estimate). For any k € 2Z>1, there exist constants ay, > 0 and
Cr, < oo such that for any c € [1,2] and u € (Z?)?F,

e~k Sp2 ({us b {u uj}) if Sge ({us, ui}, {uj, u’}) > 20k2,
|¢k<u>\sckZH{l o T dw ) 2 208
T ijer e RQ({uiaui}v{ujvuj}) if SRQ({uiyui}7{ujauj}) < 207,
(30)
where ™ runs over pairings of {1,...,k}.

The previous theorem has the following important corollary, which follows immediately
from the additivity property in Equation (10).

Corollary 4.6 (Precompactness of correlation functions). Fiz ¢ € [1,2] and k € 2Z>;. Let
(6n) denote any sequence tending to zero. Then the following two are equivalent:

(i) CI’gS") converges to Wy pointwise on a countable dense subset of Dy;

(ii) <I>,(€5") converges to Wy, uniformly on compact subsets of Dj,.
)

In this case, we say simply that <I>,(§6" converges to Wy on Dy.

Moreover, supg ]@Ef)] is finite on Dy, and therefore the family (cb](f))(; s precompact in
this topology. Finally, any sub-sequential limit is continuous on Dy.

Proof. The proof follows by carefully manipulating the regularity estimate (Theorem 4.5),
the definition of the scale separation functions (Equations (28) and (29)), and additivity
(Equation (10)).

We first claim that, for any neighbourhood N' C D}, of some compact set K C Dy, we
may find some dg > 0 such that

sup @) (v)| < sup B(u) (31)
veK, §€(0,80) ueN
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where B(u) is defined as

_akS]RZ ({ulvu;}v{uﬂﬂ/}) f S . / . ,- > 201{32
ay 11 {e J i Sga (tui, ugh, {u, uzh) 2 2087,

32
1V —Sga({u;, u}, {u],u;}) if Sge({ui, u}}, {u],u;}) < 20k2. (82)

T ijET
This claim is convenient: it does not take into account the integer restriction in Theorem 4.5,
and it does not involve the function S{RQ.

To prove the claim, we first want to find a dg > 0 such that:

e For any v € K and 6 € (0,dp), the point |v/6] € (Z2)%* with all coordinates rounded

down still lies in (61N C Dy,

e For any 6 € (0,d0) and u € (§~1)N, Equations (28) and (29) coincide for any i # j.
The first item holds true by basic topological considerations. For the second item, it is
easy to see that (28) and (29) coincide on (6~ 1)N for small enough & by compactness of A,
simply because dist({u;/0,u;/0}, {u;/d,u}/6}) > 1.

It is easy to derive the claim from the two above items. Notice that B inherits scale-
invariance from Sg2, and therefore the left side of (31) is bounded by supyepr, sc(0,6,) B(w/0) =
supyuen B(u). This proves the claim (Equation (31)). We will now derive the statements
in the corollary from this claim.

First, it follows immediately that sups \CI’gS)] is bounded on Dj. For the other two
statements (locally uniform convergence towards a continuous function), it suffices to prove
that for any point w € Dy, and £ > 0, there exists a neighbourhood N C Dy, of u and some
do > 0 such that

sup |80 () — 39 (v)| <e. (33)

veN, 6€(0,60)
This difference can be written as a telescopic sum of 2k terms, where each term is of the
form <I>,(f)('v’ ) — @,(f) (v") for some v’ and v” that differ in only one entry. In that case,
we can apply additivity (Equation (10)) to write this difference as a single correlation
function @,(f)(w) where w has the property that two points are very close (since N is
a tiny neighbourhood of u) and the other points are fixed. Equation (31) then tells us

that <I>,(f)(w) can be made as small as desired by shrinking A. This implies the desired
statement. O

The following cylinder estimates are straightforward adaptations of Theorem 4.5. Below,
ey, 2 is the two-point correlation function on the cylinder Z x (Z/LZ), see Subsection 4.5
below for details.

Corollary 4.7 (Regularity estimate for the cylinder). There exist constants C,c € (0, 00)
such that for every c € [1,2], L € 2Z>1 and k € Z>1,

|Pcy1, ,2((0,0), (k,0), (2k,0), (3%,0))| < C, (34)
|Pcy1, 2((0,0),(0,£), (k,0), (k,£)| < C(/k)"  for 0 < £ < min{8k,L/2}. (35)
A more subtle manifestation of the RSW theory takes the form of a mixing estimate. It

is standard that RSW estimates induce polynomial mixing estimates between scales. Here,
we state a non-optimised version in terms of the multi-point correlation functions.

Theorem 4.8 (Mixing estimate). Fiz c € [1,2], k € 2Z>1. In this theorem, we consider
u = (uM, u?) € Dy with u) = (uy,u),uz,ub) and u® = (us,...ul); we consider each
of the 2k points fized, except for the first point uy; which is variable. Then there exists some
constant C = C(u}, ug,u,...) < 0o such that

lim sup lim sup @l(f) (u) — @gs) (u(l))‘b,(i)Q(u(Q)) <C. (36)

UL —uU2 6—0

18



Next, we state two intermediate results which are useful in Part E, where we identify
the variance of the limiting GFF. These intermediate results are stated in terms of (random)
subsets of F(Z?). We endow such subsets with nearest-neighbour connectivity: faces are
neighbours if and only if they share an edge. We identify a path of such faces with the
union of the line segments connecting the centres of the faces, so that we may view such
paths as subsets of R2.

Theorem 4.9 (Arm exponents). Fiz c € [1,2]. There ezists a constant ¢ > 0 such that for
any k € Z>o and R,r € Z>4 satisfying R > 2r,

Jda € 27Z such that the two sets of faces {h + a < 0} and k2
< .
Fae H{h—i—a > k} both contain paths from [—r,r]* to O[-R,R)*[| — (r/R) (37)

The last intermediate results follows directly from the representation (and not the
RSW theory). Informally, flip domination says that if h is below some fixed m € 27Z on a
closed circuit of faces, then, on the faces surrounded by this circuit, h — m is stochastically
dominated by m — h. The formal statement is slightly more involved, owing to the gradient
nature of the six-vertex height function.

Theorem 4.10 (Flip domination). Fiz c € [1,2]. Consider the following setup:

e v is an arbitrary self-avoiding F(Z?)-circuit,

o [, C F(Z?) denotes the faces strictly surrounded by vy (not those visited by ),

e m € 2Z denotes the mazimum of 2[1h|p ], so that h — m is gradient measurable,

o & is any gradient event measurable in terms of h‘F(ZQ)\F., with positive probability.
Then, for the measure Pyz|-|E], the height function (h —m)|k, is stochastically dominated
by (m — h)|r,. More precisely, for any bounded increasing function X, we have

Ez2 [X((h—m)|p,)|€] < Ez2[X((m — h)|g,)|E]. (38)

4.5 Ingredient 4: Spectral representation of correlation functions

The purpose of the next few paragraphs is to state a spectral representation (which is a
consequence of the transfer matrix formalism) as it is used in the core of the proof, without
going into detail on how it is obtained. The spectral representation does not rely on the
Yang—Baxter equations or the Bethe Ansatz. We start with a definition of the six-vertex
model on the cylinder.

4.5.1 Six-vertex model on the cylinder

The transfer matrix can be used to derive identities in the six-vertex model on a cylinder.
Recall that Pr,, , is the six-vertex measure on the torus Tps,p. For L even, let Cyl;, denote
the graph on the vertex set Z x (Z/LZ) with nearest-neighbour connectivity. The definition
of a balanced six-vertex configuration extends to the cylinder: a six-vertex configuration
is called balanced if, in each column of horizontal edges, there are exactly L/2 arrows
pointing to the right and L/2 arrows pointing to the left. The event of balanced six-vertex
configurations is denoted {balanced} like before. The following lemma forms the starting
point of our spectral representation (it is proved later on in Equation (195)).

Lemma 4.11 (Cylinder measure). Fiz ¢ > 0. The weak limit of Pr,, [-|{balanced}] as
M — oo exists and is denoted Pgy, -
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Recall that Theorem 2.2 implies that when c € [1,2], Pcy), converges weakly to P2 as
L tends to infinity.

Balanced six-vertex configurations w on Cyl; are in bijection with gradient height
functions h : F(Cyl;) — Z. To see that this is true, we remark that any oriented loop
on the dual graph of Cyl; intersects the same number of left- and right-pointing arrows
(relative to the orientation of the loop), thanks to the ice rule and the balanced condition.
We may extend the domain of such gradient height functions to R x (R/LZ) (via an analogue
of Equation (7)) and to R? by a simple lift.

Recall Definition 2.4. For any w = (uy,u},. .., u, u}) € (R?)%, we shall write

k
Dy, k(u) == Ecy, [H ))] : (39)

i=1

4.5.2 Spectral representation of the two-point function

Let us introduce some more notation. For w = (u1, u}, ..., ugk, uby) € (R2)%¢ define z;, v,
z;, and y. such that

u; —u; = (zi, i) and Uj41 — u; = (x;,y;) (40)

We say that a sequence (u1,u), ..., us, ub,) is horizontally ordered whenever z;, 2} > 0 for
all i, and horizontally strictly ordered whenever z; > 0 and , > 0 for all .

Theorem 4.12 (Spectral representation of the two-point function). Fizc > 0 and L € 2Z~y.
Then, there exists a finite positive measure g, on Rsg X R such that

By, 2(u) = / ((1 _a)®2eiby: _ 1) (1 — ) e~itvt (1 . a)‘“e_ibyl) dpr(a,b) (41)

for any horizontally ordered w = (u1,u},uz,ub) C Z2, and which is supported on the set
(0,2] x [—m, 7| and invariant under the map (a,b) — (a,—b). Furthermore, ur({|b| €
(0,27/L)}) = 0.

The measure puy, is called positive to distinguish it from signed or compler measures.
We shall later see that py is a finite sum of Dirac masses induced by the spectrum of
the transfer matrix of the six-vertex model. The measure is therefore referred to as a
spectral measure. The heart of the proof of our main theorem will be to study the full-plane
two-point function @9 via an appropriate limit (as L tends to infinity) of the measures pp.

4.5.3 Spectral representation of general observables

We shall derive an expression for general observables similar to (41), but less explicit. At the
heart of this expression is a crucial symmetry under reflection and the associated reflection
positivity.

To describe it, let R := {3} x R C R? denote the reflection line. The definition is
chosen such that R traverses face centres (and not vertices). Let 1 : R? — R? denote the
reflection with respect to R. Let F~(Cyl;) denote the cylinder faces on the left of R, and
let F(Cyl;) denote the cylinder faces on the right of R; the faces whose centres lie on R
are included in both sets. The function { is also interpreted as an involution on F(Cyl; ),
and acts on height functions via k! := ho 1.

Remark 4.13. It is important that { is applied to the height function, not the arrows.
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Let 24 denote the set of local observables, that is, real-valued random variables X which
are measurable in terms of the restriction of the gradient of h to finitely many faces (such
observables are necessarily bounded). Let

AF := {X € 2 : X is measurable in terms of hlpx(cyl,) }- (42)
Notice that the reflection 1 may be interpreted as a bijection from A~ to AT, via
XT: b X(h). (43)

Finally, for any v € Z>( x Z, define the (translation) map 7, : Z? — Z2, u +— u + v, which
is extended to A" via

7 AT = AT X (hs X(hoTy)). (44)

Remark 4.14. To better grasp the definition, consider the following example.  Let
(wr,ul, ... uk, 1) C (Zso+ 3) x (Z+ 3) denote a family of centres of faces in F*(Cyly).
Then:

e The observable X defined via X : b~ [[;(h(u}) — h(u;)) belongs to AT,

e For any v € Z>( x Z, we have 7,(X) € AT with 7,(X)(h) = [[,(h(u; 4+ v) — h(u; +v)),

e We have XT € 2~ with XT(h) = [T,(h((u))T) = h(u])).

(3 (2

We now state the main theorem about the spectral representation of general observables.

Theorem 4.15 (Spectral representation of general observables). Fiz ¢ > 0. For any triple
(X,Y,L) €A™ x AT X 2Z>1, there exists a finite complez-valued measure ux vy 1 supported
on [0,2) such that:

(i) For any k >0,

By, (X 700 (V)] = [ (1= @) duxv s (o), (15)
(i) (Cauchy—Schwarz inequality) px xt ;, and py+ v, are positive measures and
Ecy, XY < lluxy o? < lexxioll - ey v ol = Eop, [XXTEcy, [YTY] (46)
where || - || denotes the total variation metric.

Note that (45) holds true and is non-trivial for £ = 0. The second property can be
understood as a reflection positivity property, see e.g. [Bis09] and references therein.

5 Organisation of the paper

The paper is organised into four parts, according to Table 2. Recall from Section 4 that
Part B contains the main proofs and depends on all of the four ingredients. The other parts
are independent of one another, except that Ingredient 2 (Part E) relies on some ideas
developed in Ingredient 3 (Part D). Ingredient 1 (the rotational invariance of Theorem 4.1)
was proved in prior work, and no part is dedicated to it.

Part B
Proof of the main results

This part implements the main proofs as outlined in Section 4. The ingredients stated
formally in the introduction are used as external inputs. The main results of Sections 6,
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Part Content Techniques External inputs

B Main proofs measure theory; Ingredients 1-4
(Theorems 2.8 and 3.3) complex analysis

C Ingredient 4 elementary;
Spectral representation linear algebra

D Ingredient 3 percolation [Dum-+24] (or [GL25])

Regularity estimates

E Ingredient 2 percolation; [Dum-+-22]
Glimpse of scale invariance complex analysis and Ingredient 3

Table 2: Organisation of the paper: content, techniques, and dependencies of each part.

7, and 8 are Theorems 6.1, 7.1, and 8.1, respectively, and they correspond to Steps 1-3
outlined in Section 4. Sections 6-8 may be read independently of one another. Section 9
then combines these results to prove the main result in the isotropic case (Theorem 2.8).
Section 10 presents the proof of the anisotropic case (Theorem 3.3). The value of ¢ € [v/3,2]
does not play a role in the proofs and is omitted from notations.

6 Sub-sequential GFF limits for the two-point function

6.1 Statement of the theorem and outline of the proof

Section 6 is dedicated to proving the following result.

Theorem 6.1 (Dichotomy for the two-point function). One of the following two properties
holds true:
o There exists some o € R>q such that @gs) converges to o
compact subset of Dy as § tends to zero,
e There exist two distinct 0,0’ € R>g and two sequences (0p)n, (01,)n tending to zero

QIIIQGFF uniformly on every

such that CI>(25”) and @gdil) converge to a>USTY and (o) USTY respectively, uniformly
on every compact subset of Dy as n tends to infinity.

Remark 6.2. The theorem does not assert that all sub-sequential limits are multiples of
\IJQGFF We believe that its proof allows for the possibility of other sub-sequential scaling
limits, such as, for example, 02\I/§F LSS (0)? %, where W is the two-point correlation
function of a massive GFF.

Let us sketch the proof. The first step (Subsection 6.2) consists in taking the limit
as L tends to infinity and taking a scaling limit along a sub-sequence in the spectral
representation formula from Theorem 4.12 for the two-point correlation function of the
six-vertex model on the cylinder. By compactness arguments, this yields a limiting two-point
function Wy and a positive measure p on Rsg x R, invariant under (a, b) — (a, —b), such
that for every w = (ug,u}, ug, uy) € (R?)* satisfying some simple geometric constraints,

Uy (u) = / (efaxribm B 1) ot —iby; (1 B 6%14@1) dpu(a,b) (47)

(recall Equation (40) for a definition of (x1, y1, 2], ¥}, 2, y2) associated with such a u). The
measure p fully encodes the two-point function Wy, and our aim is to analyse its structure.

22



Assuming we may differentiate under the integral, applying the Laplacian at any
argument of Wo produces a factor a? + (ib)? in the integrand, which hints that harmonicity
of W5 in each argument on Dy is equivalent to the concentration property u[{b? # a?}] = 0.
In fact, it is a simple exercise (see also the proof of Theorem 9.1) to check from the
expression above that Wy = o2 - WGFY for some ¢ > 0 if and only if u[{b? # a®}] = 0 and
the density of the first marginal of u is % da.

We will not be able to establish these two properties of y directly. The key ingredient
we do exploit, however, is the rotational invariance of Wy (Theorem 4.1), which provides a
collection of identities relating values of Wy at different points. These identities translate into
constraints on the joint distribution of a and b under p — see (78) and (87). By combining
them with certain analyticity properties (of the function I defined in Subsection 6.3), we
will derive in Subsection 6.4 that

pl{a® < v*}] = 0. (48)

One might hope that Theorem 4.1 would also yield the opposite bound u[{a? > b*}] = 0,
thereby implying u[{b? # a®}] = 0. The density of the first marginal would then follow
readily from the rotational invariance constraints, thus determining p up to multiplicative
constant. Unfortunately this is not the case: as pointed out in Remark 6.2, one may
construct an entire family of scaling limits consistent with rotational invariance and all
regularity assumptions, but for which u[{b? # a®}] # 0.

Although (48) is insufficient to uniquely determine Wy, it is nonetheless enough to show
(see Subsection 6.5) that the large-scale and small-scale behaviour of ¥y is compatible with
that of two-point correlation functions of the GFF. In particular, if W5 is not a multiple
of \Ifg}FF, then its sub-sequential scaling limits at large and small scales must be distinct
multiples of \I/g'FF This yields the dichotomy of Theorem 6.1.

6.2 Compactness of the spectral representation

Here and below, we keep the convention from Equation (40) for (x1,y1,), v}, 2, y2)
introduced in the introduction for every horizontally ordered w. Recall from Theorem 4.12
that

Dy, 2(u) = /Xiiscr(a,b)duL(a, b) (49)

where
X (a,0) 1= (1= @)™ — 1) (1= a)"he ™™ (1 (1)) (50)

for any horizontally ordered w = (u1,u},us2,ub) € (Z*)*. This subsection proves that the
family (ur)r belongs to a compact space of measures, which allows us to derive a spectral
representation for the sub-sequential scaling limit of the two-point function.

6.2.1 A compact space of measures

In this section, we introduce a compact space M of measures satisfying some scale-invariant
qualitative bounds, and then show that the cylinder measures py belong to this space.

Definition 6.3 (The compact space M, ). For ¢,C € (0,00), let M. denote the set
of positive measures v on Ry x R, invariant under (a,b) — (a, —b) and satisfying the
following bounds:

(i) v[{a € (a,2a)}] < C, for any a > 0,
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(ii) v[{(a,|b]) € (0,a) x (8,28)}] < C(a/pB)¢, for any 8 > a > 0.
We endow M, ¢ with the weak (or vague) topology, that is, the topology making the map
v — v|[f] continuous for any continuous function f : Ryyp x R — C whose support is a
compact subset of Ry x R.

We now show that the cylinder measures p;, belong to M, ¢ for suitable constants
¢,C € (0,00).

Lemma 6.4. There exist constants ¢, C' € (0,00) such that, for every L, the measure jur,
belongs to M. c.

From this point on, we fix such a pair ¢,C € (0,00) once and for all, and we write
M := M, ¢ in what follows.

Proof. Reflection symmetry suggests that some w € (Z?)* are special: namely those u
where the first two points are chosen on the left of some vertical reflection line, and where
the last two points are the reflections of the first two points. This leads to Y& being real
and of constant sign, which is crucial for the proof. We shall fix L throughout.

Step 1: Checking (i) in the definition of M. For k € Z>( and ¢ € 2Z>, set

_ uh o k 0
YTlu | T ke 0 (51)
uly 2k+¢ 0
so that
Xiiscr(a7b) — _(1 — a)£<1 — (1 — a)k)Q <0. (52)

We now split the argument in two cases depending on the value of «. First, consider
the case a < 1/16. Let k = £ € [~, ] N 2Z. Then, for any (a,b) € [,20] x R, a

- 18 4o
short computation gives that |x{ (a,b)] > 1/1000. Also, Corollary 4.7 implies that
|®cy1, 2(u)| < C uniformly in L and «. Combining the claims of the two last sentences

and x5 (a, b) < 0 leads to

nelfa € [, 20]}] < ~1000 / st (a0, b)duy (a, b) = 1000y, »(u)] < 1000C.  (53)

For the case a > 1/16, simply set k£ = 1 and £ = 0 and use a similar strategy to get
prlfa € [1/16,00)}] < 256|@cyi, 2(u)| < 256. (54)

On the right we used that height differences are bounded by 1, and thus |®cy1, o(u)| < 1.

Step 2: Checking (ii) in the definition of M. We will prove the existence of constants
¢, C' > 0 such that

prl{(a, b)) € (0,a) x (8,28)}] < C(§)° fora < & and g = J; (55)

with 1 < ¢ < L/2 integer. Condition (ii) may be deduced from (55), together with point (i)
above and the fact that pup is supported on {(a,b) : 0 < a <2 and 27/L < |b] < 7} (see
Theorem 4.12), by simple algebraic manipulations.
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Fix values of o and /3 as in (55) and choose some even integer k € [i, ﬁ] Set

(31 0 0
I K A
e M ][0 (56
ub k ¢
so that 1 = 9 = 0 and 2} = k and
ydiser (g b) = 2(1 — a)*(1 — cos £b) > 0. (57)

Then, for any (a,b) € [0,a] x [3,20], a short computation gives that x5 (a,b) > 1. Also,
Corollary 4.7 implies that [Py, 2(w)| < C'(a/B)¢ for some constants C’, ¢’ € (0,00) that
are uniform in L, o, and 3. The conclusion follows by the same argument as in point (i). O

We now start manipulating the measures in M. By construction, these measures have
the property that
sup /(a A d)dv(a,b) < cc. (58)
veM
This means that the function a/\% is a good domination function for applying the dominated

convergence theorem. In the following lemma, we collect a few more properties of M. We
leave it as a straightforward exercise to the reader.

Lemma 6.5 (Properties of M). We have the following properties:
(i) M is a compact topological space,
(i) Suppose that f:Rso x R — C is a continuous function such that

sup(a V ¢)|f(a,b)| < oo, (59)
a,b

then the function M — C, v — v[f] is continuous,

(11i) Let (vn)n C M denote a sequence of measures, and let (fn)n denote a sequence
of continuous functions f : Rsg x R — C such that sup,, 4 (a V 1)|fn(a,b)| < co.
If (vn)n converges to v and (fn)n converges uniformly on every compact subset of
R<g X R to a function f, then

Tim vl fa] = vlf] (60)

6.2.2 Passage to the full-plane limit of cylinder measures

In this section, we analyse the limit of the cylinder measures as L tends to infinity. Since
the measures uy, belong to M, we may fix, once and for all, a sub-sequential limit po, € M
of the sequence (ur)r. The full sequence (ur)r, may actually be shown to converge — for
instance using (61) and the uniqueness of of the L — oo limit of the two-point function
stemming from the existence of the full-plane measure — but this fact will not play a role
in what follows. Therefore we simply work with a fixed sub-sequential limit.

The full-plane two-point correlation function may then be expressed in terms of o as
in the case of the cylinder.

Lemma 6.6. For any horizontally ordered sequence u C Z* with {y1,y2} 3 0, we have
By () / 35 (g b) dyas (a,b). (61)
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Proof. Suppose that u satisfies the assumptions of the lemma. Using the full-plane limit of
the six-vertex model (Theorem 2.2), we obtain

. (49) .. ;
Dy(u) = Jim D, o(w) ) lim [ (62)

L—oo

Since pp, is supported on (0, 2] x R, we may insert the indicator 1[a < 2] and write

By () = lim ppfi]a < 2] ) (63)
L—o0
Because y; = 0 or y2 = 0, we have 1[a < 2] - X3 = O(a A 1) (see Equation (50)).

Lemma 6.5 therefore implies that
Ba(u) = poo[Lfa < 2] - xG>]. (64)

The proof is completed by discarding the indicator 1[a < 2|, which is justified by the fact
that poof|al > 2] = 0. This property is inherited from the corresponding bound for the

measures gy, by the definition of M and a second application of Lemma 6.5. O
u\1 uy  ub
I | ,
u :
= y2 =0
L’Y\J
zy >0

Figure 3: The spectral representation passes to the scaling limit when the points u €
(R2)? satisfies the geometric constraints of the figure: the pairs of points cannot overlap
“horizontally” (in the figure, 1 > 0 and 2 > 0), and one pair must line on a horizontal
line (in the figure, yo = 0).

6.2.3 Passage to the scaling limit

We now pass to the scaling limit by letting the mesh size of the lattice tend to zero. For
any v € M and ¢ > 0, denote by v(®) € M the measure defined by

VO(U) = v(8U) (65)

for any measurable subset U C R~y x R. By construction, for every integrable function f,
/ f(6a,éb) dv® (a,b) = / f(a,b)dv(a,b). (66)

Foru = (z,y) € R?,set u/§ := (|z/8], |y/5|) € Z?, and for any w = (uy, ), ..., ug, u}) €
(R%)2* for some k, write w/d := (u1/d,u}/9,. .. up/d,u}/8) C (Z*)%.
The following notion will be used throughout.

Definition 6.7 (Convergence sequence). A convergence sequence is a sequence of positive
reals (0p,), tending to zero such that ,ug”) converges in the compact topological space M.

We denote by p its limit. The dependence on (6,), will always be clear from context.

26



Convergence sequences exist by compactness of M. Moreover, from any sequence of
scales (0],), tending to zero, one may extract a convergence sub-sequence (dy,)p,.

To state the next result, we introduce a variant y of the function Y45 from Equa-
tion (50): for any u = (uy,u}, ug, uh) C R?, define

Xu(a7 b) — (efa:vzfibyz B 1)efam’171byi (1 B efa:plfibyl). (67)

Lemma 6.8 (Spectral representation of the sub-sequential scaling limit). Let (d,)n be a
convergence sequence. Then, for any horizontally strictly ordered w = (uy,u}, ug, uy) € (R?)?

satisfying {y1,y2} 20

V() = lim @5 w) = [l b) dufa,b) (68)
n—oo

Remark 6.9. Compared to (61), we require above that the points be horizontally strictly

ordered. This additional strictness is necessary because, under scaling, one must also control

the behaviour of x,, for large values of a, and this geometric requirement is precisely what

ensures that such behaviour is properly handled.

Proof. For notational simplicity we assume that the points u belong to (Z2)%* c (R?)2?*,
that 1/0, € Z for all n, and that yo = 0. Since w is horizontally strictly ordered and due to
the smoothness of u + x4 (a,b), the bounds in the definition of M and the Holder nature
of the correlators, these assumptions are harmless.

The proof would be easy if i was supported on {a < 1} (meaning that all eigenvalues
of the transfer matrix were non-negative). The negative eigenvalues, corresponding to

€ (1,2], make the proof slightly more technical.

For any n, split @ggn)(u) = P, + N,, depending on the contributions of positive and

negative eigenvalues respectively:

Puim [ X (@) dpncla ) (69)
{a<1}

N, := / Xoish (a,b) dptoo(a, b). (70)
{1<a<2}

To conclude, it suffices to show that P, tends to [ xu(a,b)du(a,b) (as n — c0), and N, to
Zero.

Step 1: Limit of N,,. Recall from the definition of M that ps[{1 < a < 2}] < co. By

discr

writing out xg, o explicitly, it is easy to see that

X5t (a,b)| < 4(1 — )™/ (71)

For any fixed a € (1,2), the bound on the right converges to zero as n tends to infinity.
Thus, using the dominated convergence theorem, the only contribution to the limit can
come from an atom at a = 2. However, p[{a = 2}] = 0. Indeed, writing e; = (1,0), one
has, as k tends to infinity over the odd integers,

®5(0,€e1, (k+1)er, (k+2)er) = —/a2(1 — a)fdpso(a, b) = 4pool{a = 2}]. (72)

But we know that the correlation functions on the left tend to zero, thanks to our regularity
estimate (Theorem 4.5). This concludes Step 1.
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Step 2: Limit of P,. We may write
P, = / XI5 (8pa, 6,b) Al (a, b) = / fnla,b) du) (a,b), (73)
{a<1/6n}

where f,,(a,b) :=1[a < 1/6,] - Xii/sgi (6na, dpb). By working out an explicit expression for
fn, it is straightforward to see that f,, converges on every compact subset of R<g X R to x4
as n tends to infinity. Also, the fact that {y1,y2} > 0 implies that sup,, , ,(aV )| fula,b)| <

00. Since ,ugi") tends to p (by hypothesis), the convergence of P, now follows from

Lemma 6.5. O

6.3 Consequences of rotational invariance

Let us briefly recap what we did so far. We introduced the compact set of measures M
described in Definition 6.3 and studied some of its properties in Lemma 6.5. This enabled
us to prove that any sequence of mesh sizes tending to zero has a “convergence sub-sequence”
(6n)n along which, for some p € M,

Uy(u) = lim &) (u) = / Xu(a, b) dp(a, b) (74)
n—oo

for any horizontally strictly ordered w = (uy,u),ug,uy) € Dy with {y1,y2} > 0 (see

Equation (67), Lemma 6.8, and Figure 3).

In this section we study the properties of the sub-sequential scaling limits u of the spectral
measures [0, in particular the consequences of the rotational invariance of Theorem 4.1.
These are specifically manifested in (78), which will eventually lead to Theorem 6.1.
Rotational invariance will be used again in the proof of Theorem 7.1, but we consider (78)
to be its main consequence.

Set C4 := {z € C: Re(z) > 0}.

Definition 6.10. To a convergence sequence (d,)n, associate the following functions:
F:Ci xR—C, (z,y) — /ae_‘”_iby du(a,b), (75)
S
Ir :Rog = R, s — —/ F(z,0)dz. (76)
1

The bounds in the definition of M ensure that the above functions are indeed well-
defined. In the definition of I, the integral is taken with a sign, so that I:(s) = —F(s,0)
for all s > 0.

We gather a few properties of F' first.

Lemma 6.11. For every convergence sequence (0p)n, the function F satisfies the following
properties:
(i) For any horizontally strictly ordered (uy,u}, ua,ub) € (R?)*, we have

lim 2W(us, ui, uz,uz + (£,0)) = Fla1 + 1,3 + 1) = Flai,p). - (77)
(i) The function F is continuous on C4 x R.

(iii) For any fivzed y € R, the function F(-,y) is holomorphic on C,

(iv) For any (x,y), we have |F(z,y)| < F(Re(x),0), and F(x,0) is decreasing in x € R,
(v) We have limg_,o F(x,0) = 0.
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Proof. All properties follow from (68), the bounds in the definition of M and the dominated
convergence theorem with the dominating function a A % O

We now turn to properties of Ir. Recall that | - | is the Euclidean norm on R2.

Lemma 6.12. For every convergence sequence (0n)n, the functions F and Ip satisfy the
following properties.
(i) The function Ip is analytic.
(it) For every u = (ui,u},us,uy) € Do, the limit ¥a(u) := lim, oo @gén)(u) is well-
defined and equals

Wy(u) = Ip(Jug — wal) + Ir(luy — wi]) — Ip(Jug — wy|) — Tr(|uy — uil). (78)
(iii) For any (x,y) € Rsg X R, we have

F(z,y) = =0:(Ir(|(z,y)]))- (79)

Remark 6.13. Note the similarity between (78) and the expression of the GFF correlation
function (14). That ¥y(u) may be decomposed as a sum of four terms depending on the
pairwise differences of u is a simple consequence of (68) — at least for u to which (68)
applies. That the terms only depend on the Euclidean norm of the differences is a crucial
fact, which encodes the rotational invariance of the scaling limits (Theorem 4.1).

Proof. Analyticity of Ir follows from the properties of F. We turn to proofs of (ii) and
(iii).

Define R2 := {(x,y) € R?: £2 > 0}. Recall that Wy is well-defined and expressed in
terms of u for all horizontally strictly ordered w with y; = 0 or y2 = 0 — see Lemma 6.8
The proof has four steps. First, we prove that for fixed (u1,u},uz) € (R%)? x R2, the
function Wa(uy,u}, ug, - ) is well-defined and C* on Ri. Second, we prove Equation (79).
Third, we prove Equation (78) on R? x R? x Ri X Ri when yo = 0. Finally, we extend
Equation (78) to all of Ds.

Step 1: Definition of WUy(uy,u),us, -). Readers may help themselves with Figure 4. Fix
(u1,u}) € (R%)2. Let us first prove well-definedness of Wa(uq,u}, -, -) on (R%)2. Fix two
points ug, u € (Ri)Z. Let U denote an open set containing the line segment between usg
and u), and such that its closure is a compact subset of R% (see Figure 4). Let 6 : R? — R?
denote the rotation by a sufficiently small angle so that fuy,6u} € R? and U C Ri. We
may now find a path from wug to uf, consisting of finitely many straight line segments S C U,
which each have the property that either S is horizontal or 65 is horizontal (see Figure 4).
Write S_ and S for the starting point and endpoint of S, respectively. By additivity of

@gén), we get o s s
n u —
(1)2 (’U,) = E (I)Q(gfvivﬁaﬁ) (80)
S

As n — o0, all terms in the finite sum converge: if S is horizontal, then the term converges
by Lemma 6.8; if S is horizontal, then the term converges by applying Lemma 6.8 to the
rotated system and using Theorem 4.1.

We now prove that Wa(uy,u},us, -) is C* on U. By Lemma 6.11(i), the horizontal
partial derivative exists and is continuous (we also use the additivity property of ¥s). By
applying the same reasoning to the rotated system, we find that the partial derivative
in the direction #~'e; (with e; = (1,0)) also exists and is continuous. Since the vectors
{e1,07te1} span the tangent space of R?, we conclude that Wo(uq,u},uz, -) is C* on U.

29



up ®

Figure 4: In Step 1 in the proof of Lemma 6.12, we prove that Wo(uq,u}, -, -) is well-defined
and C' on (R2)? by using Lemma 6.11 and rotation invariance of W.

Step 2: Proof of Equation (79). Readers may help themselves with Figure 5. Set
uy = (0,0), us € R%2, and uy = —(n — 1) - ug for some large n > 1. As before, let
(], 9]) = u2 — u}. Recall Equation (77) from Lemma 6.11. There are two observations to
make.

First, the dominated convergence theorem implies that lim,,_,~ F(na],ny;) = 0, and
therefore

nh_)noloi% %\Il2(u1a ullv uz, uz + (¢,0)) = nh_ggo (nxllv nyll) - F(:Ellayi) = _F(x37yi) (81)
Second, we proved above that u) — Wa(uy,u},us, uh) is totally differentiable on R?.
Furthermore, by Theorem 4.1, it is invariant under the reflection orthogonal to the line
containing ui, uj, and uy. We conclude that the partial derivative at ug orthogonal to
this line is zero. It is therefore natural to decompose the partial derivative we analysed
above into two: one along the line and one orthogonal to the line. The derivative along
the line can be rewritten in terms of the function F'(-,0), using the rotation invariance of
Theorem 4.1. By doing so, we get

lim %\PQ(Ul,Ull,UQ,UQ + (g,0)) = (ax/1|(:v’1,yi)|> (F(n - |uz|,0) — F(|uz|,0)). (82)

e—0

By sending n to infinity, the first term disappears by dominated convergence, so that

lim lim émz(U/l,Ull,Ug,UQ + (,0)) = — (396/ |(m'1,yi)|> F(|usg|,0) (83)
n—oo e—0 1
= 8a:’1 [IF(’(xlhyi)’)]? (84>

where the second line follows from the definition of Ix.

Combining (81) and (84) yields —F(z,y;) = O (IF(|(z7,y1)])) as desired.
Step 3: Proof of Equation (78) on R? xR% xR2 xR% when y, = 0. Fix (u1, u}, u2) €
(R2)?xR3. If u) = uy, then both sides of Equation (78) equal zero. To extend Equation (78)
to every u), € Ri on the same horizontal line as wq, it suffices to prove that the horizontal

partial derivatives of both sides with respect to u} are equal. This follows from Equations (77)
and (79).
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Figure 5: Step 2 in the proof of Lemma 6.12

Step 4: Proof of Equation (78) to all of Dy. The left and right of Equation (78) are
compatible with respect to the additivity property first introduced in Equation (10), and
under applying a fixed isometry of the plane to all four points. One may therefore extend
Equation (78) from (R%)? x (R%)? to all of D,. O

6.4 Concentration on the sub-diagonal

For every convergence sequence, the function W, is entirely determined by the function Ip
introduced above. The problem therefore reduces to identifying Ir. If Ir happens to be a
multiple of log, then ¥4 is a scaled version of \I'g'FF, the two-point function of the GFF.
The remainder of this section is devoted to analysing Ir. The analysis consists of two
steps. First, we show that for any convergence sequence, the corresponding measure p
is supported on {|b] < a}. In the second step, we use this information to derive further
properties of I, which ultimately yield the dichotomy stated in Theorem 6.1. The first
step is essential and constitutes a central component of the article. We establish it now.

Theorem 6.14. For every convergence sub-sequence (0y)n, we have p[{|b| > a}] = 0.

We start with two remarks motivating the proof. In the argument, we leverage these
two perspectives and the definition of F' in terms of u to derive Theorem 6.14.

Remark 6.15. The fact that F' is the horizontal partial derivative of a radially symmetric
function imposes strong constraints on F'.

Remark 6.16. Consider the definition of F' and suppose for a second that |b| = a almost
everywhere. Then for any (z,y) € R, we get

Fla,y) = / ae=7=1 4,1, b) = Re < / ge—oa=illy du(a,b)> — Re(F(z +1iy,0)). (85)

Although we will not really justify that |b] = a, the above perspective suggests that the
expression F'(z + iy, 0) provides an interesting, alternative way to pass two-dimensional
data to F'.

Below, we shall use basic complex analysis tools such as holomorphic extensions and
contour integrals. Issues such as singularities (poles) and branch cuts then become important.
In this context, we shall write /- for the unique branch cut

Vi (C\Rep) = Cy (86)

which maps positive real numbers to positive real numbers. This means that we explicitly
discard real nonpositive function values for the function /- .

Lemma 6.17. For any (x,y) € C4 x R, we have

F(z,y) = \/:%yzp(\/ﬂ T 42,0). (87)
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Proof. If x is real, then this follows from Equation (79) in Lemma 6.12. For fixed y, both
sides in Equation (87) are holomorphic functions in z € C,, thanks to Lemma 6.11(iii).
Since they coincide on the positive real axis, they must be equal for all x € C_.. O

The following auxiliary lemma is a standard computation of a Fourier transform. We
omit the proof.

o2 sin(at)
2402 ¢

Lemma 6.18. For fired o, € Ry, the Fourier transform of satisfies

o?  sin(at) _y, bto
bt g4 — oW qQy = 7. (1] -] < a7\ (p 38
[am e —r [ geobay —x- @] | <ol g (69

—
for any b € R.

Proof of Theorem 6.14. Since ae™® is a strictly positive function on R+, it suffices to prove
that, for any A > 1, we have

F(1,0) = /aeadu(a, b) = /]l[|b| < Aajae™*dp(a,b). (89)

Fix A > 1. The idea is to mollify the indicator and apply a double Fourier transform, so that
extra factors appear that are compatible with the general definition of F' and Equation (87).
First, for 0 > 0, define J, as the integral on the right in Equation (89) but with a mollified
indicator:

7, ;:/((]1“ | < Al « 5= M) (8) ) ae~dp(a b). (90)

By dominated convergence, J, converges to the integral on the right in Equation (89) as o
tends to infinity. Thus, to prove (89), it suffices to show that

J, —— F(1,0). (91)

T—00

Plugging in the formula of Lemma 6.18 above yields

JU:/</R o’ Sin()\at)e*ibt dt)ae*“d,u(a,b). (92)

t2 402 7t

Since the integrand is of order O(ae™%/(1+t?)), which is integrable in this product measure,
we can apply Fubini’s theorem to the product measure dt ® u. Rearranging yields

Jo = ! / Lo </sin()\at)ae“ibtd,u(a, b))dt. (93)

; R ; t2 + O'2
Using that sin(Aat) = (e — e7A%) | the definition of F' gives
2i / sin(Aat)ae * Pldpu(a,b) = F(1 —iXt,t) — F(1 +i\t,t) = F_(t) — F.(t) (94)

Plugging this into our previous expression for J, enables to write

0.2
Jo= o |y (P - Fu(t)dt. (95)

omi Jp t 12 + 02

We are going to use complex analysis to study this integral, see the Figure 6 for the different
poles and integration paths.
Let us make some remarks regarding Equation (95).
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pole at oi,
avoided in the argument

R+ gi—

\. ..... f——————— simple pole at 0 appearing
R— _/U after splitting the functions

Figure 6: The paths v} and 4. run along R and surround 0 using a small half-circle in the
upper and lower half-plane, respectively. The function F_ — Fy is analytic on the strip
IIm(z)| < o, hence J, may be written as its integral along ;. When replacing the integral
of F_ along 7 with that along 71, one should take into account the pole of F_ at 0.

e Equation (87) implies that

1+iMt
Fy(t) = F 1 £1iXt)? 4 t2,0). 96
+() = e PO E N 4 7,0) (96)

e The function F_ is a priori defined on R. We may extend F_ and (96) as equal
holomorphic functions on the open set N_ D R, where N_ C C is the largest subset
of C such that the square root in the definition of F_ is well-defined. Indeed, a soon
as the square root is well defined, F(1/(1 £1i\t)% + ¢2,0) is also defined, as the square
root takes values in C,. Similar considerations apply to F., which extends to a
holomorphic function on the similarly defined N .

e The integrand in Equation (95) is a holomorphic function on (N_ NNy ) \ {£0oi}. In
particular, there is no simple pole at t = 0, because the factor 1/t is cancelled by the
vanishing difference of holomorphic functions F_(t) — F.(t).

Let 7= and v denote the following paths:

e ~_ first runs from —oo to —¢ along R, then follows a half-circle of radius € in the
lower half-plane from —e to €, and finally runs from ¢ to +o00 along R,

e 7 is defined similarly, except that the half-circle runs in the upper half-plane.

If € € (0,0) is so small that a ball of radius 2¢ around 0 is contained in N_ NNy, then the
Cauchy integral theorem yields

1 1 o2

ot |- T gz F-(t) — Fi()dt. (97)

o =

We now argue that the functions Fy are uniformly bounded on v . First, since they are
continuous, it suffices to bound these functions on R. But that is easy, since for real ¢, we
get |Fu(t)] = |F(1 x£iXt, t)| < F(1,0) < oo (see the bound in Lemma 6.11(iv)). We may
now split the integral in Equation (97), which yields

1 1 o2 1 o2
Jy = — ———F (t)dt — ——F (t)dt ). 98
27Ti<[y5tt2+0'2 (*) /ysttQ-i-aQ +<)> (98)

For the integral on the left, we would like to replace the path 7= by . The integrand is
holomorphic in the region enclosed by the two paths, except for a simple pole at ¢t = 0. By
the residue theorem, we get

/ 1o 5 (t)dt = 27iF. (0)+/ 1o 5 (t)dt (99)
ot T oz
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Since F_(0) = F(1,0),

J, = F(1, o)+21m</;t2102 /%t ()dt> (100)
— F(1,0) + ~Tm (/ 1o p (t)dt) , (101)

s N tt2 o2

since the two integrals in the first line are equal up to complex conjugation. We will now
prove that

1 o2
lim —-———F_(t)dt = 0. (102)
o—oo J + tt2 + o2

Recall that F_ is a holomorphic function on N_ D R, and that F_ is uniformly bounded
on R by F(1,0). The following claim asserts an even better control on the function F_.

Claim. All of the following hold true:
(1) The set N_ contains HT := {z € C : Im(z) > 0},
(11) The function |F_| is uniformly bounded on HT,
(iii) For any s € HT, we have limy_o0 F_(05) = 0.

We shall first see that the Claim implies Equation (102). By another application of the
Cauchy integral theorem, and a change of variables t = s,

/1 byt = /R 1o o = /R Ll pesds. (103)

+ tt2 4 o2 +1tt2+02 +%1552+1

By the dominated convergence theorem, the right-hand side tends to zero as o — oo, which
implies Equation (102) and Equation (91) follows. Thus, the proof is complete, modulo the
Claim which is proved below. O

To conclude this section, we prove the claim invoked in the argument above. Notice
that we have not used the property that A > 1; we shall do so now (we use that A\ —1 > 0).

Proof of the Claim. Introduce a: C — C, t +— (1 — iAt)? + 2 so that

F_(t) = 1\/_&5 F(\/a(t),0). (104)

We now make some simple observations (see also Figure 7).
e For any t € C\ R.q, we have Re(v/#) > 1 if and only if ¢ is on or to the right of the
parabolic curve

{A+it)?:teRy={1 —t>+2it: t c R} C C. (105)

e From the definition of «(t), it is immediate that a(t) lies on or to the right of this
parabola for real ¢. Thus, we get Re(1/a(t)) > 1 for any t € R.
e For x € R and y € R>¢, we may write out a(x + iy) explicitly:

alr +iy) =1+ 22y + (A2 = 1)(y? — %) — 2iz(A + (A2 = 1)y). (106)
From this, it is immediate that:
Re(a(z +iy)) > Re(a(x));  [Im(a(z +iy))| > Im(a(z))]. (107)

In particular, since a(x) lies on or to the right of the parabola, a(x + iy) also lies on
or to the right of the parabola. We conclude that Re(y/a(t)) > 1 for any t € HT.
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\_\%parabola
{Re(v?) > 1}
Figure 7

We have now proved N_ D HT, i.e. Property (i) of the claim. Also, with the help of
Lemma 6.11(iv) we get that, on HT,

|F(\/a(t),0)] < F(Re(v/a(t)),0) < F(1,0). (108)
This yields Property (ii) since the factor (1 —i\t)/y/«(t) is also bounded on H*. It remains
to establish Property (iii). Fix s € H" and set t = gs. The factor (1 —iA\t)//«(t) stays

bounded like before; it suffices to show that Re(a(os)) converges to infinity as o tends to
infinity, so that Lemma 6.11(iv) implies that

|F(\a(os),0)] < F(Re(y/a(os)),0) = 0. (109)

The explicit formula for a(os) above enables us to choose € = ¢4 € (0, 7) such that, for
any R > 0 and sufficiently large o,

alos) e {re? : 0 e (—(m —¢e),m — &), r > R?}. (110)

By the standard way of viewing the square root (half the angle, square root of the modulus),
this implies that

lim inf Re(\/a(0s)) > sin("5%) - R. (111)
T—00
Since R was arbitrary, the limit is infinite. O

Remark 6.19 (The role of A > 1). Since our main result implies that u[{a # b}] = 0,
we may wonder how the argument fails when A < 1. In that case, A> — 1 < 0, and
Equation (106) implies that «(t) has a zero in the upper half-plane at some point ¢t = iy
with y > 0. The function F_ (Equation (104)) exhibits singular behaviour around this
point, which breaks the above argument.

6.5 Derivation of the dichotomy

For any convergence sequence, we know that the associated analytic function I is decreasing,
since Ih(z) = —F(x,0) < 0. If Ip(s) < —logs, then Wy oc WGFY by Equation (78) of
Lemma 6.12. To derive the dichotomy of Theorem 6.1, we must understand what happens
when the analytic function I is not of this form. It turns out to be beneficial to encode
the property that Ir(s) o< —log s in terms of a new function =, defined as

E:Rsp — Rxq, s = —slp(s) = sF(s,0). (112)

Note that Ip(s) «x —log s if and only if = is constant. We now prove the following result
on =.
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Theorem 6.20. For any convergence sequence (dp,)n, the function = is bounded and
—E/(s) = sAIp(|u|)|luzse, = 3/(a2 —b*)e * du(a, b) > 0. (113)

In particular, 2 is a non-increasing function.
Before diving into the proof, let us extend the applicability of Lemma 6.8.

Lemma 6.21 (Extension of Lemma 6.8). Let (6,), denote a convergence sequence. For
every w = (u1,uy, uz, uh) € (R2)* whose first coordinates of uy and vy are strictly smaller
than those of uy and uf,

Uy(uw) = lim &L (u) = / Yau(a,b) du(a,b). (114)
n—00

Proof. Fix u satisfying the assumptions of the lemma. Above, we proved already that ¥s(u)
exists, and that the function ., is p-integrable. Indeed, any term of the form 1 — e~a*~1%¥
is of order O(a) thanks to Theorem 6.14. Thus, the left and right of Equation (114) are
well-defined; it remains to prove equality.

Set e; = (1,0). We may use the additivity property to write the height difference
h(ub/6y) — h(u2/d,) as the sum of height differences along the following path:

U U9 + nep ub + neq ub,
- = — — ==, 115
o 5n o, On, (115)

Set 8™ := (u1,u), ug, ug + ney) and " := (ug, u}, uh + ney, uy). We claim that

\I’Q(u) = lim (\Ifg(sn) + \Ijg(tn)). (116)

n—oo

For this to be true, we must justify that the correlation function of the middle step in the
path does not appear. Yet, it tends to zero thanks to the regularity estimate (Theorem 4.5).

We may therefore apply (twice) the case where the two last points are on the same
horizontal line to get

Uo(u) = lim [ (xsn + x¢n)(a,b) du(a,d). (117)

n—oo

Finally, the dominated convergence theorem, where we use Theorem 6.14 to find the desired
dominating function, enables us to insert the missing part of the function x, to get

Va(u) = [ vula,b) dua,b) (118)
This concludes the proof. O

Proof of Theorem 6.20. To see that = is bounded, recall from the definitions that

[1]

(s) = s/ae_aS du(a,b). (119)
The bounds on p € M thus imply that = is bounded.
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We now focus on proving (113). The equality on the right of (113) is Theorem 6.14.
For the equality on the left, note that the radial symmetry of I (|- |) enables us to replace
Oz by 50y, to get that

—Z/(8) = Ip(s) + sIi(s) (120)
= (0 + 80ua) I (|(2, Y) )| (2,y)=sex (121)
= 5(0yy + Oua) Ir (|(2, 1) )| (2,9) =51 (122)
= SATE(ful)user (123)

To get (113), it only remains to justify that
Alp(ul)mser = [ @ = )7 dpfa, 1), (124)

Set u; = —ney, uj = (0,0), ug = sey, and uy = ug + (x,y) (with |(z,y)| tiny). Using
Lemma 6.21 and letting n tend to infinity gives

n—0o0

lim W (g, uf, uz, uh) = / e~93(e " _ 1) dpa(a, ). (125)

Using Lemma 6.12 and letting n tend to infinity, we get another expression for the left-hand
side of the previous equality:

lim Wo(uy,u),us,ub) = Ir(|ser + (z,y)]) — Ir(|se1]). (126)

n—oo

Equalling the two previous identities gives

Ir(|ser + (z,y)]) — Ir(|sei]) = /6‘“8(6_“_”"” — 1)dp(a, b). (127)

Now, calculating the Laplacian in (z,y) at the point (0,0) yields

ATp([u]) s, = / (a® — B)e~" dpu(a, ). (128)

We used that we may differentiate under the integral thanks to the dominated convergence
theorem, using that a A 1 is integrable, and that |b| < a (Theorem 6.14). O

Before concluding the proof of the dichotomy, we summarise what has been established
so far. For any sequence (9, ), tending to zero, we may extract a sub-sequence (¢/,),, and
find some analytic function Ir : R~y — R such that all of the following hold true:

e For any u € Do,

Uy(w) = lim ®y(w/dn) = Ip(|uz—us|)+Ir(|uy— v |) = Tr(|uy =) = Ip (jug — ).
(129)
e The function —sI}(s) is nonnegative, bounded, and non-increasing.
We are now ready to prove the dichotomy result.

Proof of Theorem 6.1. We start by observing that trivially at least one of the following
three statements must hold:
(i) Either there exists o such that for every convergence sequence (3, )y, Ir = —Z- log,
(ii) Or there exist two different o, 0’ and two convergence sequences (dy,), and (0,

(')

2
5. log,

that Ir is equal respectively to —% log and —
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(iii) Or for some convergence sequence (dy )y, the function I is not proportional to — log.
The first two cases clearly enter into the framework of the dichotomy of Theorem 6.1.
Indeed, Lemma 6.12(ii) then implies that q)gé") converges to its GFF counterpart. As a
consequence, (i) corresponds to the first case of the dichotomy, and (ii) to the second.
To conclude the proof, we only need prove that (iii) also implies the second case of the
dichotomy. From now on, fix some convergence sequence (d,,), such that I'p x —log.

Using Theorem 6.20, define 0,0’ € R>( such that
02 ( O_/)Q

_ . _ ! . _ ! _\T )
ﬁ—lﬂ% SIF(3)>SIEEO slp(s) = P

(130)

From the properties in the previous lemma we see that, for any s € R, we get

2 N2
lim [p(0s) — Ip(0) = — L logs;  Tim Ip(0s) — In(0) = — T logs.  (131)
6—0 21 O—00 2

In particular, Lemma 6.12(ii) implies that for any u € Dy,

lim lim ®% (u) = 0> WGFF (u); lim lim &9 (u) = (6/)205 F (u).  (132)

6—0 n—o0 ©—00 N—00

This means that we can take two “scaling limits of the sub-sequential scaling limit” : one
obtained by “zooming in” and the other by “zooming out”. We present the zooming-in
construction; the zooming-out case is analogous.

Fix a dense countable family (uy); of quadruplets in Dy. Choose a sequence (6)g
tending to zero such that, for every k,

s (Opw;) — 2 TS (w;)| <+ Vi<k. (133)

Next, choose an increasing sequence (ny)i such that, for every k, o, /60 < % and
B0 (Opus) — To(Opus)| <L Vi<k (134)
With this choice the sequence (dy, /0k)r satisfies
|05 () — 2 WG ()| = |05 () — o2 UG (u)| <2 Wi<h  (135)

On,. /0 . . . .
Hence, for every i, the sequence (@; e/ k)(uz)) converges pointwise as k tends to infinity to

. On, /0 .
o?WSFF (u;). By Corollary 4.6, this means that <I>é /%) converges to o> USTF uniformly on

compact subsets of Dy. The same construction yields a sequence converging to (o’ )Q\Ilg;FF
O

7 Sub-sequential GFF limits for multi-point functions

This section is dedicated to proving the following result.

Theorem 7.1. Fiz 0 € R>o and a sequence (0y,)y, tending to zero. Consider the following
statement for fized k:

uniformly on compacts subsets of Dy,. (136)

If this statement holds true for k = 2, then it holds true for all k € Z>;.
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Recall Corollary 4.6, which guarantees precompactness. Hence, after passing to a
sub-sequence, we may assume that the functions converge. Throughout this section, we
therefore fix o and (d,,), such that:

é.
° <I>é ")\DQ converges to 02\I/g}FF,

° @26”)\% converges to some continuous function Wy.
It suffices to prove that ¥y = a’“\IJkGFF for every k.

The proof goes in two steps. First, we prove that the scaling limit ¥ of the <I>,(€5") is
harmonic in each coordinate, harvesting the concentration of the measure p on {b = +a}.
Once harmonicity has been established, we identify W) = ak\IlkGFF as the unique function
that is harmonic and satisfies a few other properties (limit at infinity, behaviour when
merging points) that WUy possesses. The second step uses induction on k, with the base case

k = 2 being our hypothesis.

7.1 Harmonicity
Proposition 7.2. The function W, is harmonic in each coordinate.

In order to prove this proposition, we introduce the set
H = {u= (ui,ul,...,uguy) € Dy : VU is harmonic in u; at u}. (137)

Since W, is naturally invariant or antisymmetric under various permutations of its arguments,
it suffices to show that H = Dg. Observe also that, for harmonicity in u;, the position of
u} plays no role. We begin with the following lemma, which asserts that as long as u; does
not lie in the convex hull of the points wug, uj, . . . , ug, u), harmonicity basically follows from
the arguments established so far.

Lemma 7.3. We have
Zo = {u= (uy,ul, ..., up,u)) € Dy : uy & ConvexHull({ug, ub,...})} C H. (138)

Proof. Fix u € Zy. Let C, C R? denote the circle of radius r > 0 centred at ui. It suffices
to prove that if r is smaller than the distance from u; to the convex hull, then

T:—/ U (uq, s, ug, uh, ug, uy, ...)ds =0 (139)
Cr

(the integral is just the uniform probability measure on C.).

By applying an isometry of the plane, we may assume without loss of generality that
C, is strictly on the left of the vertical axis {0} x R, while the convex hull is strictly on the
right of this axis.

To prove that T = 0 we are going to use the spectral representation of general observables,
the Cauchy—Schwarz inequality (Theorem 4.15), and harmonicity of UQ\IIgFF. For fixed n,
introduce the following observables belonging to 20~ and A (cf. Equation (42)) respectively:

X, (h) = / (h(s/3.) — bun /3,) ds: (140)

k
Yo (h) = || (h(uj/6n) — h(ui/by)) - (141)
=2
By Theorem 4.15, we have
[Ecyt, [XaYall < /Eoy, [XoX1Eoy, [YHY.) (142)

39



The left-hand side converges to |T| as we take L and then n to infinity. It suffices to prove
that the right-hand side converges to 0 in the same double limit. Yet,

(XnX1)(h) = (Jo, (A(s/6n) = h(ur /80)) ds) (fo, (h1(s/6n) = T (u1/,)) ds) . (143)

The Ecy), -expectation of this random variable tends to zero in the double limit by uniform
convergence and harmonicity of UQ\I’g;F F

It remains to demonstrate that the expectation of YILYn stays uniformly bounded in
the double limit. But this is obvious since it tends to the bounded function

Wop—o(uz, .y up, uf, (u)T, (uh)T, ., (ug)T, (uf)T) < oo (144)

Here, we remind that (u)’ has been introduced in Subsection 4.5.3 and corresponds to the
reflection of u over {3} x R. This concludes the proof. O

We now extend harmonicity from Zy to all of Dy (see Figure 8 for an illustration). We
start by a technical lemma.

Lemma 7.4. Suppose that @ € Dy, may be obtained from w = (uy,uy,. .., u,u)) € Dy by
choosing a line L C R? such that u; and w, lie strictly on the same side of L for each i, and
then moving all points on one side of the line by a distance of Ao € R>( perpendicularly
away from L.

Then, u € H whenever Ng C H for some neighbourhood Ng of @.

Proof. By applying an isometry of the plane and permuting the different {u;,u}, we can
assume without loss of generality that L = {0} x R, that the pairs {u;,u;} lie on the left of
L for ¢ < £ and on the right of L for ¢ > ¢, and that we move the points on the right of L
to the right by Ao € R>o.

Set e; = (1,0). For s € R? and A € R>q, define
o w™N = (ugyr + e, wpq + ety ... uf + der). (145)

— / .
u % = (U, s, ug, Uy, . .., Uy);

For any r > 0, we let C). denote the circle of radius r around u;. We claim that the function

T (\) = / Ty (us, ut) ds (146)

satisfies Y, (0) = O for small enough r, which would establish the harmonicity and the
lemma.

Fix r at least so small that the convex hull of C; does not intersect L or U;js1{u;, u,}.
Since T, : R>g — R is a continuous function and T,(A) = 0 for A = A¢ and 7 small enough
and Ny C H, it suffices to demonstrate that Tr|(0,00) is an analytic function.

For fixed n, introduce the following observables belonging to 2~ and 2T respectively:

¢
X, (h) = ( S (h(s/8a) = B(ur /) ) [ (i /60) = h(uif62)) s (147)
1=2
k
Yo (h) =[] (h(uf/6n) — h(ui/6y)). (148)
i=0+1
Theorem 4.15 implies that for any A > 0,
T,(\) = lim lLim [(1—a)?)dux, v, 1, (149)

n—o0 L—o00
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Figure 8

where p1x,, v, 1, satisfies the following bound on its total variation

i, el < /By, [XnXhEcy, [Y1Y ) (150)

Now, Theorem 4.5 gives the following. Since there is some constant C' < oo such that
Eg2 [Xn XL Ez2 [YLY,] < C? for any n, we may find a complex measure px,y on [0, 00]
such that ||pux v| < C and px y is a sub-sequential limit in the weak topology on complex
measures on the compact set [0, o] of the family (yx, v,,1.6,)n, @ L and then n tend to
infinity.

In particular, these statements imply that for any A > 0, we have

T,(\) = / e dux v (a). (151)

Then, TT|(07OO) is the Laplace transform of a finite complex measure on [0, co], or equivalently
the linear combination (with complex coefficients) of four Laplace transforms of finite positive
measure on [0,00]. It is automatically analytic. O

We are now ready to prove full harmonicity.
Proof of Proposition 7.2. Consider the set (see Figure 8)

D}, :={u €Dy : Hin lwi — uj| > 1000k* max |} — u;|}. (152)
17£] 1

We proceed in two steps. We first show that D) C #H, and then show that Dj, C H, which
is equivalent to the claim.

Step 1: proof that D} C H. Recall the definition of Zy from Lemma 7.3. Define
inductively the sets Z;11 (for ¢ € Z>() as the collection of elements u € Dy, obtained from
some u € Z; via the operation described in the previous lemma. By construction, the
previous lemma implies that U; Z; C H.

It suffices to prove that D), C Z,. Fix u € D;.. We can choose two lines L and L’ (see
Figure 8) such that

e R?\ (LUL') is composed of four infinite “triangular” connected components 77, ..., Ty

indexed in clockwise order around the intersection point L N L/,

e u; and v} lie in T7,

e cach pair {u;,u,} (for i > 2) is contained either in 75 or in Tj.

Translate all points in 75 by a distance A > 1 in the direction perpendicular to the line
separating 17 and T5. Next, translate all points in Ty by a distance X\’ > 1 in the direction
perpendicular to the line separating 77 and T}.

After these translations, it is straightforward to verify that u; and u} no longer lie in
the convex hull of the remaining points. The resulting 2k-tuple therefore belongs to Zy. By
definition of the sets Z;, the configuration before the second translation lies in Zq, and the
original configuration w lies in Z,.
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Step 2: proof that D, C H. Fix u = (u1,u),...,uk,u)) € Dy. We write ¥y(u) as a
sum of increments that are of the form W (v) for v € Dj.

Since harmonicity in u; does not depend on the position of u}, we may assume without
loss of generality that u} is extremely close to u;. Let (7i)i=2,... ) denote a family of disjoint
smooth curves [0, 1] — R? of finite length where 7; starts at u; and ends at u}. Then, for
any N € Z>1, linearity of expectation implies that

N N
Up(u) = Y - Y Wplun, g, 12 (55 ), 12 (), - (5, e (R)- (153)

n2:1 nkzl

By continuity, for N sufficiently large, all terms on the right correspond to 2k-tuples in D
Since each term is harmonic in uy, it follows that ¥U(w) is harmonic in u; as well. O

7.2 Characterisation of GFF correlation functions

We are now ready to prove Theorem 7.1. The idea is to proceed inductively.

Proof of Theorem 7.1. We wish to prove that ¥, = ak\I/gFF by inducting on k € 2Z>;.
The base case k = 2 holds true by hypothesis. Now, fix k£ and suppose that the statement
holds true for all £ < k.

Let us gather gather the properties of Wy, established so far. We view Wy as a function
in u; € R?\ Uj»1{u;,u}} while all other arguments are fixed. This function satisfies the
following properties.

e Harmonicity: Wy is harmonic in u; by Proposition 7.2.

e Full-plane asymptotics: U} converges to a constant in R as |uj| — co. Indeed, the
regularity estimate (Theorem 4.5) implies that Uy (u) — 0 as |u1], |u}| — oo, which
implies that Uy (u) tends to a finite constant as ] is fixed and |u1| — oc.

¢ Fusion asymptotics: for any i > 1 and v € {u;, u}}, Theorem 4.8 implies that as u;
tends to v,

() = Wo(ur, uy, ui, w)) Wr—o(((ug, u})) jgq1,y) + O(1), (154)

where Uy = UQ\I/g;FF and ¥p_o = ak*QIIJkGSF by the induction hypothesis.
e Value at one specific point: Uy (u) =0 at u; = uj.
By extension theorems around singularities for harmonic functions [Ces14], these four
properties (harmonicity together with the analysis of the singularities) fully determine the
function ¥y, and yield ¥y = Uk\I!SFF. This completes the proof. O

8 Sub-sequential GFF limits

This section is dedicated to proving the following result.

Theorem 8.1 (Convergence criterion). Fiz 0 € R>q and let (6,), denote a sequence
tending to zero. If for all k € Z>1,

k\IkaFF

<I>,(€6")\pk —— 0 uniformly on compacts of Dy, (155)

n—oo

then the height function converges to o - GFF along the scaling sequence (0y,)y, in the sense
of Definition 2.7.
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Proof. The proof relies on a single input: the regularity estimate of Theorem 4.5. The
theorem is therefore valid for any model for which similar regularity estimates hold.

Fix ¢ € [0,00) and a sequence (d,), tending to zero. Recall Definition 2.7 which
describes GFF convergence. Our objective is to prove convergence of finite-dimensional
marginals, and convergence in law.

Convergence of finite-dimensional marginals. The generalised test functions with
finite Dirichlet energy form a Hilbert space where the inner product is given by the Dirichlet
form. Therefore, it suffices to consider a single generalised test function ¢ with finite
Dirichlet energy, and prove that

(hOn), ) —— N (0,0® [ Gra(u, v) dp(u) dp(v)) (156)
n—oo
in law. Since a normal distribution is determined by its moments, it suffices to prove
that all moments of the random variable (h(%»), ) converge to the desired limits [Bil95,
Example 30.1 and Theorem 30.2|, which is precisely what we will do.
Without loss of generality, we may assume that |¢|(R?) = 2 and ¢ = ¢4 — p_ where
the two measures are probability measures. We first observe that

(10, 0) = [ oD@ dp(w) ~ [ WO () dp-(w) (157)
= [ [ ) = 1 ) g ) ), (158)
Fix k € Z>1. Nothing needs to be proven for odd values of k since the corresponding

moment is zero. We therefore restrict to k& even. In the discrete setting, Fubini’s theorem
can be applied to get

B [(hC), V] = By [( / / WO w)) dpy (uf) d¢(u))k] (159)

On ~
- / 20" (ar) A () (160)
where
dg"(u) == dp—(u1) dp (uy) - - dp—(uy) dp (uf,). (161)
The integrand converges to o - \IISFF as n — oo by our assumption (Equation (155)).

Therefore, it suffices to justify an application of the dominated convergence theorem to
ensure the convergence to the corresponding moments of the GFF.
By definition,

) () = By([1], .., [E]) (162)

where [2] € F(Z?) denotes the face whose lower-left corner is (|21, [22]) for any z € R2.
We shall find a dominating function using the regularity estimate (Theorem 4.5). We may
do so separately for each pairing 7 of {1,...,k} involved in (30). We focus on the pairing
m={(1,2),...,(k—1,k)}. Since the integrals factorise over the pairs, it suffices to prove
that the following integral converges:

—arSn(w) i S, (u) > 20k%;
/ Ag*(u)sup § | i Snlu) 2 208 ; (163)
1V =8/ (u) if Sp(u) < 20k=,
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where S (u) := S@({[?—i], [%]}7 {[52]: [%]}, with # denoting either no superscript or the
apostrophe ’.
Since @¢?(u) is a probability measure, it suffices to prove that

/ d@? (u) sup max{0, -5, (u)} < oo. (164)

By going back to the definitions of Sg2 and Sp., it is quite straightforward to find a constant
71 such that
max{0, -5/ (u)} < max{0, —Sg2(u)} + 7. (165)

Thus, it suffices to prove that
/ max{0, —Sgz(u)} d@?(u) < oco. (166)

Now, recall the explicit formula for Sg2. Since $? is compactly supported, Equation (166)
follows from the fact that ¢ has finite Dirichlet energy.

Convergence in the negative regularity Hélder space. Fix U C R? bounded and
open and a € (—1,0). Tt suffices to prove that the family of random distributions (h(®*)|)
is tight in C*(U), since any sub-sequential limit must then coincide with o - GFF by the
convergence of finite-dimensional marginals proved above.

Furlan and Mourrat established a general tightness criterion for random fields in
negative regularity Holder spaces [FM17, Theorem 1.1]. We apply this theorem (let us
borrow notation from the paper) with 8 = 0 and with some integer p > —é. Notice also
that, since our random function h(%») is stationary, we do not need to take a supremum
over z. Recall that 77((—1,1)?) denotes the set of generalised test functions supported in
(—1,1)? and whose density with respect to the Lebesgue measure is Lipschitz. By [FM17,
Theorem 1.1], it suffices to prove that for any ¢ € T1((—1,1)?), we have

sup Egz[|(h), o) [P] < oc. (167)
0€(0,1)

Naturally, the supremum over n in [FM17, Theorem 1.1] is encoded in our scaling parameter
0, which is why it does not appear explicitly. But Equation (167) was already established
above: the generalised test function ¢ has finite Dirichlet energy since it is Lipschitz, and
the uniform bound in Equation (167) comes from the existence of the dominating function
discussed above. To finish, [FM17, Theorem 1.1] implies tightness in the topological space
induced by all semi-norms (|| - [|ce(y))v, which implies tightness in C*(U) in particular.
For tightness in the Besov spaces By, for a € (—1,0), p € [1,00), and g € [1, o], notice
that the bounds in Equation (167) match the hypothesis in [FM17, Theorem 2.30|, which
implies the desired result. By [BL76, Theorem 6.2.4|, this also implies the desired tightness
in the Sobolev space W*P(U). O

9 Proof of the main result (Theorem 2.8)

Proof of Theorem 2.8. Theorems 6.1, 7.1, and 8.1 jointly imply that, for a=b =1 and for
any fixed ¢ € [V/3,2], one of the following two statements holds true:
e There exists some o € R>g such that the height function converges to o - GFF,
e There exist two distinct standard deviations 0,0’ € R>( and two sequences (), and
(0],)n tending to zero, such that the height function converges to o - GFF along the
scaling sequence (dy,), and to o’ - GFF along the scaling sequence (97,)s,.
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Yet, we may rule out the second case, since o and ¢’ cannot be distinct. Indeed, the
combination of Theorems 4.3 and 4.4 yields that both o2 and (¢’)? should be equal to
1/ arcsin §. Thus, we are in the first case with 62 = 1/ arcsin §. O

We record an additional result that may be useful in future works. Although our proof of
the main theorem required a somewhat indirect route, we are now in a position to establish
the convergence of the spectral measures. In particular, the sub-sequential limiting measure
u introduced earlier is in fact unique, and is simply the limit of the spectral measures.

Theorem 9.1. Fiza=b =1 and c € [\/3,2]. Then, if ur, denotes the measure given by
Theorem 4.12 (cf. the explicit construction in Equation (219) that follows), then

o2

lim lim ,ug) = 5(0b=a + Op=—a) - oma

6—0 L—o0

da. (168)

Proof. Since (p1,)re2z., C M, the family is precompact. It therefore suffices to show that

any subsequential limit p coincides with %(5;,:(1 + Op=—q) - %da.

We invoke the convergence of @;5) to o2 - WSFF . This yields

2
o
Ip(s) —Ir(1) = ~5 log s, (169)

which, together with (79), implies

02

F(s,0) = (170)

ors’
Let us turn to the measure u to see what the previous formula implies. We already know
that p[{|b| > a}] = 0. To prove that u[{|b| < a}] = 0, observe that (113) gives

/(a2 —b*)e *du(a,b) = —Z'(1) =0, (171)

since Z(s) = sF(s,0) = 0%/(27) is constant. We therefore obtain that u[{|b| < a}] = 0.
It remains to identify the marginal in the a-variable and show that

o2

dp(a) = da. (172)

"~ 2ma

By the definition and the formula for F', we get that for every x > 0,

o2
/ ae”“du(a) = (173)

- 2nx’

The right-hand side is precisely the Laplace transform of the measure ;—;ada. Since a o-finite
positive measure is uniquely determined by its Laplace transform, this identifies p and

completes the proof. O

10 Proof for the anisotropic case (Theorem 3.3)

The convergence of multi-point correlation functions and finite-dimensional marginals is
extended to the anisotropic six-vertex models as follows: first express these quantities in
terms of the macroscopic loops of a random-cluster model on an associated isoradial graph,
and then invoke the universality result of [Dum-+20], which ensures that the scaling limit
of the loop ensemble is identical to that of the isotropic case. Consequently, the limiting
correlations coincide with those obtained in the isotropic setting.
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Proof of Theorem 3.3. Fix A € [—1,—1/2]. Consider the six-vertex model with weights
a, b, c given by (20). Throughout this section, we restrict to the regime where A(a, b,c) is
set to be equal to A. By definition of this parametrization, ¢ is fixed and the only remaining
degree of freedom is the angle 6. We write E%\;(ZQ) for the corresponding anisotropic
six-vertex measure on Lg(Z?), and denote by h its associated height function.

The Baxter-Kelland-Wu correspondence [BKW76] maps this six-vertex model on Lg(Z?)
to the random-cluster model on an isoradial graph L(6) (a rotated version of a rectangular
lattice) with the corresponding isoradial weights; see [Dum-+20| for details. The explicit
construction of this random-cluster model will not be needed here. We will only use the fact
that its loop representation is naturally supported on Lg(Z?). Following the notation of
[Dum+20; Ave+-a], we denote by @sp (9,4 the law of the loop ensemble of the random-cluster
measure on 0lL(0) with the relevant isoradial weights.

Convergence of multi-point correlation functions. Fix k € 2Z>; and u € Dy. We
assume without loss of generality that all 2k points in w are distinct. In this section only,
we shall write w = (u1,ug, ..., ug;). Write § for the powerset of {1,...,2k} with subsets
of cardinal 0, 1, and 2k removed.

For a given loop ensemble £ and S C {1,...,2k}, let Ng denote the number of loops
in £ that surround all points in {u; : i € S} and none of the points in {u; : j ¢ S}. For
S = {v}, we write simply N,.

Now |Ave-+a, Proposition 2.5] asserts that we may find real polynomials Pr € R[(Xs)se;]
associated with each R C {1,...,k} such that the following holds true: for every u € Dy,
and every mesh size § for which none of the points lie on edges of 6Lg(Z?) (so that one
may unambiguously decide whether the points z; are surrounded by the loops in L),

k
E%Z(Zz) [H (h(‘s)(U2i—1)—h(6)(u2i))] = Z Ps1(6),q [H(NZi—l—N2i)PR((NS>Se;§) -
i=1 RC{1,...,k} i€ER

(174)
Moreover, [Ave+a, Lemma 4.5] asserts that we may restrict to “large” loops. More precisely,
fix e > 0, and let ./\/’Jbig be the number of loops contributing to A; that are not contained in
the ball of radius € centred at w;. Then, there exists a universal constant ¢ > 0 such that
for every € > 0, the terms on the right in (174) satisfy

D51L(0).q [H(N%—l — Nai) PR((NS)SES)]

i€R

:%L(e),q[H(NZigl — N3®) Pr((Ns)ses) | +O(). (175)

i€ER

Combining the previous two displayed equations, we obtain that the k-point correlations of
the anisotropic six-vertex model can be approximated (with an error tending to zero as e
tends to zero) in terms of a functional depending only on the loops of radius at least € in
the loop ensemble obtained from the random-cluster model on 0IL(#). The universality of
the random-cluster model on isoradial graphs, proved in [Dum-+20], implies that the law of
the loop ensembles for different values of 6 are equal. In particular, the one with angle 6 is
the same as the one with angle 7/2, which is related to the isotropic six-vertex model. We
deduce that for every n > 0 and every compact set K C Dy, there exists do(k, K,7) > 0
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such that for every 0 < d < §p and u € K,

<, (176)

k
IE:(1;4\9/(22) [H (h(a) (ug;) — (%) (ugi_l))] _ (I)](f) (u)

i=1

where we recall that <I>,(€6) (u) denotes the correlation function of the isotropic case. In
particular, uniform convergence of the k-point correlations on compact subsets of Dy, for
the isotropic case # = 7/2 (Theorem 2.8) immediately transfers to the anisotropic case with
arbitrary 6.

Convergence of finite-dimensional marginals. Having established convergence of
the multi-point correlation functions, it is natural to attempt the strategy used in the
isotropic setting. The problem with this strategy is that it requires a dominating function
(for applying the dominated convergence theorem), which we found in terms of uniform
bounds on the correlation functions. At this point, a technical difficulty arises: Theorem 4.5
relies on crossing estimates for the spin representation, and these are not readily available
in the anisotropic case. Implementing such an approach would therefore require revisiting
the entire analysis without the symmetry given by the 7 /2 rotation.

To bypass this issue, we work directly with Equation (18) instead. Let h((f) be the height
function of the anisotropic six-vertex model on Lg(Z?), and fix a finite Dirichlet energy test
function ¢. Recall that if the characteristic function of (h((f), ) converges pointwise to that
of a Gaussian, then this sequence converges to that Gaussian in law in the weak topology.

For a loop ensemble £, define (whenever the infinite product is well-defined)

Ay (L) = [ cosy (int(0)). (177)
lel

Let £ and L’é&) denote the loop ensembles associated with the random-cluster model
on 0L(5) and JIL(0), respectively. Extracting a sub-sequence of (), if necessary, we

may assume that £0») and /J((f") converge in law to loop ensembles £ and L. Let

¢ and ¢§°™ denote their laws. The result of [Ave | a| ensures that for every ¢ € R, the
quantities Az, (L") and A, (L£5°™) are almost surely well-defined and integrable, and
that

con con : n . H it(h(on),
SAG(L)] = lim 65 5 (A (LO)] = lim B [H00]
n n : Sn : it (pOn)
G5 (A (L5™)] = Tim 65,100) Arp (£57)] = Tim BEY o) [ 00740 (179)

where the second equality in each line is simply (18). The universality result in [Dum-+20]
asserts that the two limiting loop ensembles have the same law, and therefore the quantities
on the left are the same. Since we already identified the characteristic function in the
isotropic case, this also implies the desired pointwise convergence of the characteristic
function in the anistropic case. O

Remark 10.1. The fact that we do not get regularity for the anisotropic case explains
why we refrain from stating convergence in Holder spaces, as establishing it would require
substantial additional technical work. Nevertheless, we expect that such a result could be
obtained without encountering any fundamental obstacles.
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Part C
Ingredient 4: Spectral representation of
correlation functions

This part derives the results stated in Ingredient 4, namely Theorems 4.12 and 4.15. The
value of L € 2Z> is fixed throughout this part. The two theorems follow from the basic
symmetries on the cylinder (translation invariance, reflection invariance, and invariance
under global arrow flip). We stress that while the transfer matrix of the six-vertex model
has an extremely rich structure, the purpose of this part is underlining almost the opposite
fact: demonstrating that the properties required for Part B do not require this structure,
and are very general.

11 Transfer matrix formalism

Recall that Cyl;, = (V(Cyly), E(Cyly)) is the nearest-neighbour graph on the vertex set
V(Cyly) :==Z x (Z/LZ). Write E; for the horizontal edges between {i} x (Z/LZ) and
{i+1} x (Z/LZ). The set E; is called the i-th column of horizontal edges. We also write
E;y for the union of E; U E;11 U--- U Ey with the set of all vertical edges between those
columns (i.e. with endpoints in {i + 1,...,7} x (Z/LZ)).

A column configuration is an element k € {:i:l}Z/ LZ encoding arrow orientations in a
column Fj; of horizontal arrows. There are L vertical positions; x; = +1 means that the
arrow in position j is oriented to the right; x; = —1 means that the arrow is oriented to
the left. Write € for the set of balanced column configurations, meaning that > ;K =0.
Similarly, the vertical column configuration along the vertical line {k} x R/LZ is an element
o € {£1}2/F2 encoding arrow orientations of vertical arrows. There are L vertical positions;
a? = +1 means that the arrow between positions j and j + 1 points up; a? = —1 means
that the arrow points down. An arrow configuration on F;; may be written as a family
((/@k)igkg/, (ak)i<k§i’), where the k¥ encode the horizontal arrows in column Ej, and the
o” the vertical arrows on {k} x R/LZ.

For i < ¢ and (,{’ € €, let IP’?;, denote the probability measure on {£1}¥i with
boundary conditions ¢ and ¢/, defined by

ZEPL((KFi<hzr, (@F)icn<i)] = 1[5, 57) = (¢, ¢)] - Lfice rule] - c#leverticest - (180)
where Zéié, is a normalisation factor given by
ZCC’ = Z 1[(s%, 6") = (¢, ¢")] - Lfice rule] - c#{e-vertices}, (181)
(Kk)igkgi’v (O‘k)i<k§i’
We collect a few basic properties.
Lemma 11.1 (Basic properties of the probability measures).

(i) One-step law. For anyi € Z and ks’ € {£1}2/12,

ZEDBD 0 = Lfice rule for (s, o+, )] - elervertices in (.0t} (159)

RK RK
(ii) Composition rule. For anyi < i <i’ and k,k" € {£1}2/12,
Z,il;;//lpﬁgu = Z Z“ /ZZ/lN// ]P)“ ]P)Z/ZH//) (183)
K'eC
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(i1i) Torus measure. We have

Zry; . 1y, [{balanced}|Pr,, , [ [{balanced}] =) ~ Z)VPRY. (184)

KECT

(iv) Reflection symetry. Let i < i’ and let X denote a random wvariable which is
measurable in terms of the arrows in Eyy. (Recall that the arrows encode the gradient
of the height function.) Let X' denote the random variable measurable in terms of
the arrows in E_yy—; obtained by composing X with the reflection of the gradient
over R. Then, o

EY, (X =EGD VX, (185)

K'K
(v) Horizontal shift invariance. Let i <1i' and let X denote a random variable which
is measurable in terms of the arrows in E;y. Forn € Z, let 7, o) denote the shift by
(n,0), and let 7, 0)(X) denote the random variable measurable in terms of E(iipn)(it4n)
obtained by composing X with the shift. Then,

Ef [X] = ELE r,0) (X)). (186)

Proof. The first three follow from bookkeeping manipulations of the sums. The final two
are symmetries of the six-vertex model. O
The previous lemma reveals a Hilbert space structure. Let Q := ¢2(¢) denote the

complex Hilbert space with orthonormal basis (e )xce. Use the symbol t for the Hermitian
conjugate of vectors and operators. Associate a Hilbert space €2; := € to each column of
horizontal edges E;. For each valid triple, that is, a triple (X,4,4"), where ¢ < 4" and where
X is a complex-valued operator depending only on the edges in E;;/, we define the operator
OZ)Z(/ : Qz — Qi/ via

el, o e, = ZUEY [X]. (187)
Within this framework, the above lemma readily implies the following corollary.
Corollary 11.2 (Basic properties of operators).

(i) One-step partition function. The operator t(mw/2) := oi(iﬂ), which corresponds to

the one-step partition function, is independent of the choice of i, and satisfies

eL,1§(7r/2)e,.i = Z L[ice rule for (k, o, k)] - c#ie-vertices in (5, k)} (188)
ae{+1}r

(ii) Composition rule. For any two valid triples (X,i,1") and (Y,i',i"), the composition
(XY,14,4") is a valid triple, and

ol = 04 ook (189)
(i1i) Torus measure. For any valid triple (X,0, M),
Z7yy  Pry,  [{balanced }HEr,, | [X[{balanced}] = Trace oM. (190)
(iv) Reflection symmetry. For any valid triple (X,4,1") where X is real-valued,
(0¥t = ol 0, (191)
(v) Horizontal shift-invariance. For any valid triple (X,i,i") and n € Z>o,

o = oK (192)
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We now turn to the transfer matrix ¢(7/2) itself.

Lemma 11.3 (Basic properties of the transfer matrix). The operator t(7/2) is a Hermitian
Perron-Frobenius matriz with a single block. Therefore, it is diagonal in some orthonormal
basis (v, with real eigenvalues, and the basis may be labelled such that the corresponding
eigenvalues (A, (m/2))x satisfy

Ao(m/2) > [Mi(7/2)] = [Aa(m/2)[ = Ag(m/2) = - - - . (193)
Finally, vo may be chosen such that it has positive real entries in the basis (ex)x-

Proof. The operator t(m/2) is a real symmetric matrix in the basis (ey),. Therefore, it is
Hermitian. It may be checked directly that it is a Perron-Frobenius matrix. It is easy to see
that t(7/2)* has positive entries for sufficiently large k. As a consequence, it has a single

block. The rest follows. O
Define
Tr/2)i= s M/ = T 0K = ok a2 (199)

Remark 11.4 (Lemma 11.3). The eigenspace of T'(7/2) associated with the top eigenvalue
1 is one-dimensional. The convention that vy has positive real entries simply fixes the
complex phase of the normalised eigenvector corresponding to Ag(7/2). The spectrum of
T(m/2) is supported on (—1, 1] since —1 cannot be an eigenvalue of T'(7/2) due to the
Perron—Frobenius property.

By construction, for any valid triple (X, ,4"), we have
I race(o”lt(ﬂ'/Q)M _(i,_i)) L
X = vg X V0.

(195)
Indeed, the rightmost equality is obtained by observing that only the largest eigenvalue of
t(m/2) contributes.
We conclude this subsection by observing that Lemma 4.11 is now straightforward.

Eey [X] = lim Pp.  [X|{balanced}] = Ii
ol [X] [Yaren T, [X|{balanced}] Maso Trace t(m/2)M

Proof of Lemma 4.11. See Equation (195) above. O]

12 Spectral representation of general observables (Theorem 4.15)

Proof of Theorem 4.15. Consider the setting of the theorem, and fix L. Define the embed-
dings

E A 50 X 007 vy (196)
gt At 50l Yol 0% (197)

where 7 is chosen so large that X and Y are measurable with respect to the arrows in E(_;)
and Ey; respectively. The definitions do not depend on i since the composition rule implies
that ‘

vf ON = iT(n/2) OY = of OY (198)

(the proof for £~ is the same). Notice that £~ and £ are linear maps that map real vector
spaces to complex vector spaces.
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Step 1: Definition of yx vy . For X and Y, define the measure px v,z on [0,2) via

XYL = Z (EX(Y)w) (v] €7 (X)) 1 a, (x/2)- (199)
%

(Above, J, denotes the Dirac measure at the point z.)
Step 2: Proof of (i). Using Equation (195) and the composition rule in the first equality,

horizontal shift invariance in the second and the definition of the embeddings in the third,
we get

Eoyl, [X - 7(0)(Y)] = v} D"“i"(y T(r/2)" 95 v (200)
= UO O T(x/2)" O g( 00 Vo (201)
= EF(Y)T(n/2)"E (X). (202)

Using (199), this implies the desired formula
Boy, (X 7o (V)] = [(1- 0)"dpx v 0(0) (203

Step 3: Proof of (ii). For X, reflection symmetry and the definition of the embeddings
imply
EH(XT) = v OF; = v (9")T = (0% vo)' = (€7 (X)), (204)

As a consequence, Hx xt 1 1s & positive measure since for every k,
(€7 (XHop) (vf€7(X)) = (E7(X)Ton) (vf€ (X)) = 1€ (X) v * = 0. (205)

It remains to prove the Cauchy-Schwarz inequality (Equation (46)). Using (203) (for n = 0)
and the definition of the total variation, we obtain

By, (XY = [ux,v,0[0, 2] < luxv.ol < ((5+(Y)vk) (v,ie—(X))‘. (206)
k
Applying the Cauchy-Schwarz inequality to the sum on the right-hand side gives
(Sl tvm) e x ) < (et (v yuel?) (Stedecor). @
k
Using (203) (for n = 0) in the other direction together with the positivity of jx x+ j, gives
D lefe™ OO = xactl = [ i afo) = B, XX (209

Applying the same argument, we similarly obtain

Z 1EF(Y)vg|? = Ecy, [YTY]. (209)

Combining (206)—(209) yields the Cauchy-Schwarz inequality, completing the proof. [
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13 Spectral representation for the two-point function (Theo-
rem 4.12)

Before diving into the proof of Theorem 4.12, let us start by introducing two more operators
— the vertical-arrow and up-shift operators — and discuss their basic properties. To measure
arrow-arrow correlations between vertical arrows, we introduce some new operators encoding
the direction of the vertical arrow between positions j and j + 1. For j € (Z/LZ), set
sj(m/2) := 02!, or equivalently

Qj
elys;(m/2)en = Z0EN o] (210)
= Z a; - 1lice rule for (k,a, £')] - c#le-vertices in (x, e, il (211)
ae{+1}L

Write S(m/2) := 00 = so(7/2)/No(m/2).

Remark 13.1. For Step 3, it suffices to compute the arrow-arrow correlation between two
vertical arrows. We shall see that the general case follows from the addition rule and a
mixing property. We therefore work exclusively with the operator that measures vertical
arrows and avoid introducing operators for horizontal arrows altogether.

Next, define the up-shift operator. For any x € €, we let kT € ¢ denote the column
configuration such that (k); = x;_1. Similarly, we define x* € € such that (x%)" = k. They
are called the up and down shift respectively. Define the up-shift operator T(0) : Q@ — Q by

el T(0)e, := 1[x' = «T]. (212)

By going back to the definition of s;(7/2), it is easy to see that

5;(m/2) = T(0)s0(m/2)T(0); (213)
o _ 3(™/2) _ povigin —j
O, = Ai)(vr/2) = T(0)?S(w/2)T(0) . (214)

Let us now collect some basic properties of these operators.

Lemma 13.2 (The shift operator). The basis (vg)r introduced in Lemma 11.3 may be
chosen such that it diagonalises T'(0) as well. If Ak(0) denotes the eigenvalue associated
with vy, then the Ak(0) are L-th roots of unity, and Ay(0) = 1.

Proof. The operator T(0) is normal since 7'(0) commutes with 7'(0)" = 7'(0)~!. Moreover,
T(0) and T'(w/2) commute thanks to shift-invariance of the six-vertex model. Therefore
T'(0) and T'(7/2) are co-diagonalisable. We suppose without loss of generality that 7'(0)
was already diagonal in the basis (vy),. This can be done without breaking the properties of
(vg)r from Lemma 11.3. Indeed, in Lemma 11.3 we simply chose an arbitrary orthonormal
basis diagonalising 7'(7/2), and then ordered it, but the ordering does not play a role here
(in particular because the eigenspace of the Ag(7/2) is one dimensional).

Since T(0)% = Identity, its eigenvalues are L-th roots of unity. Finally, vg is the
Perron-Frobenius eigenvector of T'(7/2), and we imposed that all its entries in the basis
(ex)r are strictly positive. Since T'(0) has non-negative coefficients (it is a permutation
matrix) in the basis (ey),, this means that the entries of T'(0)vy are also positive. Since
T(0)vo = Ag(0)wo, it forces Ap(0) = 1. O

Lemma 13.3 (The edge measurement operator). The operator S(mw/2) is anti-Hermitian,
and 'UEr)S(TI'/Q)’U() =0.
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Proof. Focus on the first property. It is straightforward to see that so(7/2) is anti-Hermitian,
by going back to its definition in the basis (e, ). Indeed, the definitions imply that

61/80(71'/2)6H = Z aj - Lfice rule for (k,a, ")) - cfH{e-vertices in (@, 1)} (215)
ac{£1}L

= Z aj - L[ice rule for (K, —a, k)] . cHevertices in (v, —a,k)} - (916)
ae{+1}F

= —elso(m/2)ew. (217)

For the second property, notice that Equation (195) yields

U(T]S(w/2)v0 = vg O vy = Ecyi, [the orientation of a fixed vertical edge] =0,  (218)

0

where the expectation is zero since the measure is invariant under a global arrow flip. O

Proof of Theorem 4.12. For any even integer L, define the measure

f
pr = Z W (219)

) . .
_ 2 9(1-Ag(m/2),~ilog Ax(0))
20— My (n/2)

The support of py, is contained in (0,2) x [—m,7), since |Ag(7/2)| < 1 for every k > 0.
This inequality also ensures that the denominator 1 — Ag(7/2) is nonzero for every k > 0,
thereby validating the definition.

The proof now proceeds in three steps. First, we prove Equation (41) under the
constraint that y; = yo = 0. Then, we extend it to the generality of Theorem 4.12. Finally,
we conclude the proof.

Step 1: Equation (41) under the constraint that y; = yo = 0. In this step, we
consider u where u; and ) are on the same horizontal line, and that the same holds true
for ug and u). In that case, Py, 2(u) can be written as a sum of two-point functions for u
with (u1,u}) and (ug, uf) horizontally adjacent. The additivity property of Equation (10)
therefore reduces the problem to proving Equation (41) in this special case.

We work out the left and right of Equation (41). Consider w. When v} —u; = uf, —ug =
(1,0), we are just calculating an arrow-arrow correlation between vertical arrows. Recall
the definition of uy —u} = (2, y}), and that y(u) denotes the second coordinate of u € R2.
For the left-hand side, we get

220
221

Ceyy 2(u) = Eoy, [(h(u) — h(ur) (h(uy) — h(uz))] (220)

= o) 98, T(@/2)" 05, ) v (221)

= o T(0)¥(2) § (7 /2)T(0) YT (7 /2)"1 T (0)Y ) S (7 /2)T(0) ¥y (222)

= 0} S(r/2)T (7 /2)"1T(0) Y15 (m/2) 0. (223)

In the last line we use that T'(w/2) and T'(0) commute. By expanding S(7/2) in the basis
(vk)k, and using the anti-Hermitian property, we get

Doyl 2(w) = =D [l S(m/2)v0*Ap(m/2)" A (0) 7. (224)
k>0

We omitted the k = 0 term since ng(ﬂ/2)v0 = 0 due to flip symmetry (218).
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For the right hand side of Equation (41) we get, using that 1 = zo = 1 and y; = y2 = 0,
2 ) —iby)
/—a (1 —a)*re ™1 dur(a,b)

vT 7 /2)vo|? ) )
Z | liSAk/i/Qo)’) (1 — Ap(m/2))*Ag(m/2)"1 Ak (0) %1, (225)
k>0

This matches the expression we found for ®cy1, o(u).

Step 2 : Equation (41) in the general case. We now relax the condition that each
pair (u;,u}) lies on a horizontal line.

We shall first relax the condition that y; = 0, and then the condition that yo = 0. In
fact, the two proofs are the same, and we focus on the first step.

Fix u such that y; # 0 and y2 = 0. The idea is to write ®cy1, 2(u) as the sum of three
terms, where two terms fall under the umbrella of Step 4, and where the third term is an
error term that tends to zero in a certain limit.

More precisely, we write the height difference h(u}) — h(u1) as a sum of increments
along the path (u1,u; — ney, u} — ney,u}), with e; = (1,0). The first and third steps are
covered by Step 4, thus giving

Doyl 2(u) — Doy, 2 (w1 — ney, vl — ney, ug, uh)
- /((1 —a)® —1) (1 - a)%e (1 (1- a)zle_ibyl) (1—(1—a)") dur(a,b). (226)

Now let n tend to infinity. Since py, is a finite sum of Dirac measures with 0 < a < 2 almost
surely, the right-hand side tends to

/ (1= a) = 1) (1 = @)™ (1= (1= a)™e ™) dpg (a,b). (227)

It suffices to prove that as n tends to infinity, the following error term vanishes:
Py, 2 (ul — ney,u} — ney, us, u’2) = Ecy, [(h(u’l —mney) — h(u; — nel)) (h(u/Q) — h(uz))]
But this expectation may be written as -
vl 09T (7/2)" D10, (229)

where each £; measures one of the two height differences. As n tends to infinity, this tends
to ’UTDQ’U()'Ung’U(), since Ag(m/2) = 1 and all other eigenvalues have a modulus strictly
smaller than 1. But voDlvo = vngvo = 0 as each factor encodes the expectation of a
single height difference, which is zero by global flip symmetry. This proves the case that
y1 # 0 and yo = 0; the general case is proved similarly.

Step 3: Conclusion We constructed the measure py, above, we observed that it is
supported on (0,2) x [—m, ), and we established Equation (41) for all the desired points wu.
The fact that ur[{|b] € (0,27/L)}] = 0 follows from the observation that the eigenvalues
e of T(0) are L-th roots of unity.

Finally, we want to prove that uy is invariant under the reflection (a, b) — (a, —b). But
this is immediate, as we may simply replace py, by its symmetrised version (u7,+fiz)/2 owing
to the real-valuedness of the correlation function, which is invariant under the reflection by
construction and clearly still satisfies all the other properties of Theorem 4.12. O
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Remark 13.4. The above reflection (a,b) — (a, —b) corresponds to applying a complex
conjugation to the weighted eigenvalues of the two operators. Complex conjugation is an
element of the Galois group of the field extension R C C. Since all operators are real-valued
in the basis (e,),, the Galois group preserves the weighted joint spectra of T'(w/2) and T'(0).
In particular, the formula in (219) is itself invariant under the reflection (a,b) — (a, —b).

Part D
Ingredient 3: Regularity estimates and
qualitative behaviour

The purpose of this part is to prove the following intermediate results:

e Existence of the infinite-volume six-vertex measure (Theorem 2.2),

e The results stated in Ingredient 3 (Theorems 4.5, 4.8, 4.9, 4.10, and Corollary 4.7).
These results have already been applied in Part B, and we will apply them again in Part E
(where we derive the remaining missing ingredients).

The proofs in this part are based on the Fortuin—Kasteleyn-Ginibre (FKG) inequality
and the Russo-Seymour—Welsh (RSW) theory. We already mentioned that several repre-
sentations of the six-vertex model satisfy this FKG inequality for ¢ > 1. We found the
spin representation of the six-vertex model the most convenient for formalising the proof
(see [Lis22; Lis21; GL25]). We expect that the proofs can also be written down in terms of
the FKG inequality for the absolute value of the height function (see [Dum-+24]), but we
do not pursue this route here.

This part is organised as follows. Sections 14-16 introduce the spin representation and
its properties. Although the results are more or less known (for the spin representation, the
results may be found, for example, in [GL25]), we still state everything precisely because we
need some subtle variations of the known results, as well as minor extensions. Everything
is written in a self-contained fashion, except for the circuit estimate, which was proved
in [Dum+-24| and [GL25]|.

Once the language and standard results for the spin representation have been established,
we prove the desired intermediate results one by one in Sections 17-23.

14 Spin representation and RSW theory

14.1 Motivation of the spin representation

Recall that h : F(Z?) — Z denotes the height function representation of the six-vertex
model, which is a function differing by +1 on neighbouring faces and which assigns an even
number to the face whose south-west corner is (0,0). We may partition F(Z?) into two so
that h assigns even numbers to F, (the even faces) and odd numbers to F, (the odd faces).

The gradient of h can be recovered from the values of h modulo 4, that is, from the
function

h/AZ : F(Z?) — ZJAZ, x — h(z) + 4Z. (230)

Moreover, this height function modulo 4 can be encoded in terms of a family (0., 0s) €
{£}Fo(Z) x {£3F+(Z*) of spins. Indeed, we may simply define (0., 04) as follows:

e [f = is even, then

@) i {+ if h(z) € 0+ 47, 231)

— if h(z) € 24 4Z;
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e If x is odd, then

(@) i {+ if h(z) € 1+ 42, 23

— if h(z) € 3 + 4Z.

The spin representation of a height function (that is, the height function modulo 4) thus
encodes the height function up to constant shifts by constant multiples of 4. Spins at even
faces are called even spins and spins at odd faces are called odd spins.

The spin representation turns out to be useful because of two reasons:

e The even spins satisfy the Fortuin—Kasteleyn—Ginibre inequality,

e The even spins have a “smallest” and “largest” value, namely — and + respectively,
setting it appart from the height function which is unbounded and has no smallest or
largest value.

Although F(Z?) is a set of faces, we often identify each face with its face centre. This
way we may view F'(Z2) as a vertex set embedded in R?, and we may identify edges between
faces with line segments between face centres. Note that this coincides with the standard
dual graph of Z2, but we avoid referring to it explicitly since several other graphs will
appear later on.

14.2 Formal definition of the spin representation

Definition 14.1 (Even and odd sublattices). We shall identify each face in F(Z?) with its
face centre. The set of even faces F, is endowed with an edge set E, such that the four
neighbours of a face at (i,j) are given by (i £1,j = 1). We shall also simply write F; for
the graph (F,, E,). Similar definitions apply to the odd sublattice F,. See Figure 9.

Definition 14.2 (Even domain). In the context of percolation theory, we shall identify
each edge {z,y} C R? with the straight closed line segment connecting the vertices x and y.
Let 0D denote a finite self-avoiding circuit through the even sublattice F,. We let F,(D)
denote the subgraph of F;, consisting of the vertices and edges which are entirely contained
in the closure of the set of points surrounded by 0D (in particular, 0D C Fo(D)). Its
edge set is denoted E,(D) and its vertex set simply Fo(D). The subgraph Fo(D) C F, is
defined similarly, except that obviously 0D cannot be a subgraph of F¢(D). The triple
D := (0D, Fo(D), Fo(D)) is called an even domain, see Figure 9. We also write F'(D) for
the subgraph of the graph F(Z?) (where faces sharing an edge are neighbours) induced by
the vertex set Fo(D) U Fo(D). We shall not define or use odd domains.

Definition 14.3 (Consistent spin configurations). Let D denote an even domain. A spin
configuration on D is a pair

(0o, 04) € {£}P) 5 {4}F+(D), (233)

We call such a spin configuration consistent if for any edge uv € Eo(D) with dual edge
zy = uwv* € Eo(D) (here dual means intersecting it in its middle), we have

Oo(u) = 0e(V) or oo(x) = 05(y) (or both). (234)
In this case we write o, L g,; see Figure 9 for a consistent spin configuration.

The ice rule and the consistency rule are two sides of the same coin: they are the
necessary and sufficient conditions for the existence of the associated height function.
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(a) The even and odd lattices

(c¢) A consistent spin configuration (d) A positive probability triple (oo, w, g6)

Figure 9

Definition 14.4 (Agreement edges). We also introduce an associated set of agreement
edges
A(os) :={zy € E5(D) : 05(z) = 05(y) }. (235)

We introduce the same notation for g,. Thus, two spin configurations are consistent if and
only if the complements of the agreement edges do not cross each other.

In the definitions below, we use the symbol o« to denote “proportional to;” The reader
should bear in mind that a normalization constant is implicitly present to ensure that the
measures are probability measures.

We would like to define a probability measure M;S in which the random pair (o, 0s)
follows the distribution

ph[(00,04)] o Loolop = +] - Loo L 0] - cHAwo) L #ATe) (236)

We shall prove that this is just a transformation of the six-vertex model with fixed boundary
conditions at parameters a=b =1 and ¢ € [1,2].

We interpret the above formula as follows: o, and o, are independent ferromagnetic
Ising models (on dual graphs), conditioned on the event that their domain walls do not
intersect. The Ising model o, comes with fixed boundary conditions, while o, comes with
free boundary conditions.

After conditioning on o, the distribution of g, may be interpreted as an Ising model,
except that some of its coupling constants are set to infinity (due to the indicator function
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1[0, L 0e]). This conditional Ising model has an FK-Ising coupling. Rather than taking
Equation (236) as a definition, we shall directly define the probability measure /11—; on a
larger space, which also incorporates this FK-Ising coupling. In what follows, the associated
percolation configuration will be denoted by w.

Definition 14.5 (Spin measure). Consider an even domain D. Let Q = Qp denote the

sample space
Q= {+}°P) x {0,1} (D) 5 {£}1+(D), (237)

A typical element is denoted (0,,w, 0s). We often identify w with the set {zy € Eo(D) :
w(zy) = 1}, and use the standard percolation terminology. Below, for an edge zy € Es, let
xy* be the unique edge in F, sharing the same middle. Define the probability measure ug
on (0,,w,0e) € ) by

ph(oo,w, 04)] o L[os|op = +] - 1[OD C w] - 1w C A(0)] (238)
-1zy € wor xy* € A(o,.) (or both) for any zy € Eo(D)] (239)
LettAloe)  (1y#e (1 Ly#Ale)\w). (240)

See Figure 9 for a sample from this measure.
Lemma 14.6. The definition of uj, is consistent with Equation (236).

Proof. For fixed (0o, 0,) one recovers Equation (236) by summing over w. O

14.3 Basic properties of the spin representation

Recall that an edge xy C R? is identified with the straight line segment from z to y. For
example, we view w as a (closed) subset of R?; each edge is represented by a closed line
segment between the two face centres.

Lemma 14.7 (Flip symmetry). Consider the measure uf, conditional on (0o, w). Then the
distribution of oe s given by flipping a fair coin for each bounded connected component of
R?\ w.

Proof. 1t is immediate from the definition of u7, that conditionally on (oo, w), the distribu-
tion of o, is uniform in the set of configurations {#}**(P) satisfying

xy* € A(o,) for any zy € FEo(D) \ w, (241)
see also Figure 9. This leads to the distribution stated in the lemma. O

We now consider the marginal law of the pair (0,,w). This marginal is particularly
useful, as we often disregard the odd-spin configuration o,. For a set A C R?, let f(A) be
the number of connected components of R? \ A.

Lemma 14.8 ((0,,w) marginal). For every (oo,w) € {£}7(P) x {0,1}5(P),

pipl(06,w)] o

1oolop = H1[OD C wllfw C A(o)]2! W e#AlC)—#e (1 _ L)FAL) 99
Proof. The proof is related to the previous lemma. For fixed (0,,w), one needs to count the
number of configurations o, which satisfy the condition in Equation (241). This number if

simply given by 2/)~1 (the —1 is due to the fact that the unique unbounded connected
component is not involved). This leads to the expression in the lemma. O
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We now state a simple combinatorial observation. To understand the law of (oo, w), it is
clearly important to evaluate f(w), that is, to count the number of connected components
of R? \ w. Since w C A(0,), each edge in w connects two spins with the same sign. Thus,
we may write A(c,) = A (0,) U AT (0,) and w = w™ Uw™, where:

e A (0,) and w™ connect faces with oo-spin —,

o AT (0,) and w™ connect faces with o,-spin +,

e No face is incident to an edge of A~ (0,) and an edge of A" (0,),

e No face is incident to an edge of w™ and an edge of w*.

In particular, we observe that the following formula holds:

fwy=-1+ 3 ). (243)

We shall also write @ for the ordered pair of two percolation configurations (w,w; ). We
would like to rewrite the weight in Lemma 14.8 in terms of these new objects. The (long)
expression in the following lemma shows that w? and w; only interact via o, that is, they
are independent after conditioning on oo.

Lemma 14.9. For any (0.,©) € {£}°(P) x {0,1}7(P) x {0,1}5P) we have

ibl(00,@)] oc #A) (244)
< 1[AD € wllfw! C A*(oo)]2/ @) (1)#7 L (1 = H#ATENT) o5

x 1wy © A (00)]2/@) (L)F . (1= HF o) (246)

Proof. This follows from Equation (243) and straightforward manipulations. O

In Equation (243), the simple topology of the plane R? plays an important role; the
equation does not immediately generalise to, for example, the torus. When working with
the torus, we must therefore slightly modify our setup (see Section 18 and Lemma 18.5).

Until now we defined all our measures with + boundary conditions, but they can equally
be defined with — boundary conditions; we write pp, for this measure.

14.4 Six-vertex height function with fixed boundary conditions

The spin representation is directly related to the six-vertex model. Consider an even domain
D and (06,w, 0e) ~ jif,. Given (0o, 04), one recovers the gradient of the height function via
the definition of the spins at the beginning of this section (Page 55). More precisely, for
adjacent faces uv with u € F, and v € F,, then

h(v) — h(u) = oo(u)oe(v). (247)

This defines the gradient of h on F(D) in the measure ;. The gradient is turned into a
non-gradient function by imposing that it equals 0 on 9D.

The function h so defined is a height function on F(D): an integer-valued function
h : F(D) — Z which differs by exactly +1 on adjacent faces and which, as such, preserves
the parity of each face. By Lemma 14.6 (Equation (236)), its law is given by:

15 [h] o L[h|ap = 0] - #AM) (248)

where A(h) C Eo(D) U E4(D) denotes the agreement diagonals. The factor c#4(") is
consistent with the definition of the six-vertex model (Equation (2)) since a =b =1 and
since c-type vertices induce one more agreement diagonal than a-type or b-type vertices.
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Definition 14.10 (Level lines). From now on, for any k € 2Z, write

AF = A¥(h) := {uww € E,(D) : h(u) = h(v) = k}; (249)
Wb = wn Ak (250)

The percolation w* C F,(D) is called the level line of height k.

Notice that

wt = U w”; wo = U w”. (251)

kedZ kedZ+2

Notice that (wk) keoz, does not just partition w: this partition also has the property that
each connected component of w is contained in one w®. If a connected component o of w is
a subset of w*, then h(z) = k for any z incident to c, and we simply say that « has height
k.

Before, we saw that the odd spins can only change sign if they are separated by w-edges
(see for example Lemma 14.7). This immediately implies an intermediate value theorem,
which also motivates the terminology of level lines.

Lemma 14.11 (Intermediate value theorem). Consider the measure u, in some even
domain D. Fiz a target height k € 27 as well as two faces u,v € F(D) and two heights
a,b € Z with a < k < b. Then almost surely, the following statement holds true: if h(u) = a
and h(v) = b and if v : u — v is any continuous path in R? from u to v, then v hits w*.

14.5 Markov property of the spin representation

The spin representation satisfies a Markov property along even domains, a feature that will
be fundamental to the analysis below. We present this property in the current section.

If D and B are two even domains, then we write D C B, and say that D is contained in
B, whenever E,(D) C E,(B). Consider two even domains D C B. Recall the definition of
the sample space Qp (Definition 14.5), and write mp : Q5 — Qp for the natural projection
map (which simply erases the values of the spins and edges not relevant to 2p). Write 75,
for the complementary projection map, so that mp x 7, is the identity map on Qp.

Lemma 14.12 (Markov property). Consider two even domains D C B. For #,b € {£}
such that ,u?;[{aD Cw’}] >0,
o The law ,uﬁ[' {OD C W’} of mp(00, @, 04) is the same as the law py of (06,@, ),
e The random variables Tp and 7%, are independent in uz[- {0D C w’}].

Proof. Take the expression in Lemma 14.9 and insert an extra indicator for the conditional
event. It is then straightforward to work out that the weight factorises over D and its
complement, as desired. O

Since the distribution of o, conditional on (0., ) is very simple (Lemma 14.7), it makes
sense to focus the analysis entirely on (0o, ). From now on, we shall write

Q3 = {£1P) » {0,1}F(P), (252)

For any D C B, we write 7, : 1z — €7, for the associated projection map, and 77%0 for the
natural complementary projection map such that 77, x W%O = 7. Finally, we shall often
drop the subscript o from 0., w, @, and wT for brevity.

We want to prove one more Markov property, for so-called polar domains. A polar
domain is an even domain D together with a partition 9D into two segments labelled 7D
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0~D

otD
Figure 10: A polar domain.

and 0~D. More precisely, we impose that the vertices of these segments partition the
vertices on 0D, and that the edges of the segments partition E(9D) except that the two
edges connecting the endpoints do not belong to any part (see Figure 10).

Lemma 14.13 (Markov property for polar domains). Consider a polar domain (D, 0D, 9~ D)
as well as another even domain B D D. Consider the event

E={0"Dcwt and 0D Cw}. (253)
Let # € {£}. If ,ug (€] > 0, then in the conditional measure v = ,ugﬁ[- |E], there is a Markov
property over 9D for (0o,w). More precisely, ©3, and 71'%0 are independent in v.

Proof. On the event E, the values of o, on 9D are known. Thus, the only factor in the
weight of Lemma 14.9 that may make 73 and 73" interact, is the factor

[T 27" (254)
bet

Notice that on the event E, we have

F(w”) =1+ #conn. comp. of R? \ o’ which are entirely surrounded by 9D (255)
+ #conn. comp. of R? \ w’ which are entirely outside D. (256)

The first term on the right is 73-measurable, and the second term is 73 -measurable,
proving the desired factorisation and independence. O

15 FKG inequality of the spin representation

We now state and prove the Fortuin-Kasteleyn-Ginibre (FKG) inequality. We also discuss
several of its immediate consequences.

Definition 15.1 (Increasing functions and the FKG property). A random variable is called
o-increasing (or simply increasing) if it may be written as an increasing function of the
triple (06, w™, —w™). Notice the minus sign in the last entry; this means that w; -open edges
are lower in the partial order on such triples. A random variable X is called o-decreasing
(or simply decreasing) whenever —X is o-increasing. An event is called o-increasing or
o-decreasing if its indicator function is o-increasing or o-decreasing respectively.

A probability measure p is said to have o-FKG (or simply FKG) whenever

Covy[X, Y] = p[XY] — p[X]u[Y] = 0 (257)

for any bounded o-increasing random variables X and Y which are measurable in terms of
finitely many spins and edges.
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The following statement captures the essence of this subsection.
Lemma 15.2. The measures M% and pp have o-FKG for any even domain D.

This lemma was proved in [GL25|, but we shall state and prove a more general version
of it. More precisely, we shall define lattice events, which are events £ with the property
that conditioning on & preserves FKG. Many events of interest can be partitioned into
lattice events, which is very useful when applying the FKG inequality.

Definition 15.3 (Lattice event). A o-lattice event (or lattice event) is an event of the form

{wlo = ¢} N{oolz = ¢}, (258)

where B and () contain vertices and edges of F;, respectively, and such that B contains all
endpoints of edges in Q. Naturally, we require that ¢ € {0,1}9 and ¢ € {£}?. Notice that
if Q@ = B =0, then & is just the entire sample space.

Proposition 15.4 (FKG inequality). Consider an even domain D and a o-lattice event &.
Let # € {£}. If /ﬁg [€] > 0, then the conditional probability measure uﬁ[- |E] has o-FKG.

We closely follow [LO24, Theorem 2.8] and [GL25, Proposition 4.9]. The reader may
choose to skip this technical proof on a first read. We focus on the case # = +; the proof
of the other case is identical. The proof of o-FKG follows from the following lemma which
is proved below.

Lemma 15.5. Fiz a domain D and a lattice event € such that uh[E] > 0. Then, all of the
following hold true in the conditional measure v := ph[-|E].

(i) The weights of oo satisfy the FKG lattice condition, which implies the FKG inequality

for oo [FKGT1].

(i1) Conditional on o, the percolations wt and w™ are independent.

(iii) Conditional on oo, the law of w™ satisfies the FKG inequality.

() The conditional law of wt is stochastically increasing in oo.

(v) Conditional on o,, the law of w™ satisfies the FKG inequality.

(vi) The conditional law of w™ is stochastically decreasing in o,.

Before proving the lemma, let us derive the FKG inequality.

Proof of Proposition 15.4. As mentioned, we focus on the + case. Fix D and £ such that
pphE] > 0 and set v = ph[-|E]. We apply the so-called tower property for the FKG
inequality.

Lemma 15.5(ii)—(vi) implies that conditionally on oo, the pair (w',—w™) satisfies
the FKG inequality, and that the conditional law of the pair (w™, —w™) is stochastically
increasing in o,.

Now, let X and Y denote two bounded o-increasing functions. Assert that

VIXY] = vy [XY]oo]] > vv[X oo [Y |oo]] = viv[X]ou WY |oo]] = vIXI[Y].  (259)

This standard trick (see [LO24|) is proved as follows. The tower property implies the two
equalities. The first inequality is the conditional FKG of the pair (w™, —w™). Since the
law of (w', —w™) is stochastically increasing in 0., we see that v[X|o,] and v[Y|o,] are
increasing functions of o,. The second inequality then follows from the FKG inequality for
0o (Lemma 15.5(1)). O

Proof of Lemma 15.5. We omit the subscript and write ¢ = 0,. To prove the lemma, we
first find an appropriate decomposition of v and then derive the items one by one.
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Step 1: Decomposition of v. Since £ = {w|g = (}N{c|p = 7} has positive probability,
the edge set Q may be written as the disjoint union
QTuQuq, (260)

where Q¥ = {¢ = 0} and where 7 is equal to +1 on the endpoints of QT and to —1 on the
endpoints of Q. Without loss of generality, 9D C Q. Inserting the indicator functions
for the conditioning event in the expression of Lemma 14.9 yields

Vl(o.@)] o Uolp = 7] - #AO) 2y (,07) 2@V (,07); (261)
where

Vi(o,wb) = 1[Q* C w 1w N QP = g1 [w™ c A% (o))
. (l)#(wiﬂ(Ai(U)\Q))(l — l)#((Ai(U)\Q)\wi)_

C

(262)

Step 2: Proof of (ii). For fixed o, the above weight may be written as a product of
one factor depending only on w™, and one depending only on w™. This implies the desired
independence.

Step 3: Proof of (i). Proving (i) is the most delicate part of the argument; once
it is established, the remaining claims follow easily. To compute the weight of a spin
configuration o, we must sum over w" and w™ in Equation (261). Since in this expression
only 2/ 1Y, (5,w™) depends on w™, and only 2/ )Y_(s,w™) on w™, the sums may be
carried out separately. This is almost the same for w™ and w™. We first focus on w™, and
then explain how to adapt the argument for w™.

The key idea is the following. Conditional on o, the percolation configuration w™
behaves like the dual of a random-cluster model on Fo(D) with cluster weight ¢ = 2,
corresponding to an Ising model on the odd faces via the Edwards—Sokal coupling. The
law and partition function of both the random-cluster model and the Ising model are well
understood, and this correspondence allows us to verify the claims below. For completeness,
we give full detail.

Introduce the couplings

1 w* € QF,
w(0) = 1/c w* € AX(0)\ Q, (263)
0 otherwise.

and the Ising model (on Fq(D)) partition function Ziging(a) with couplings a defined by

Zlsing(a) = Z H (@) MO #F )] (264)

Fe{£1}Fe (D) uwveEq (D)
Our objective is to compute )+ 2@ DY, (o,wT). First, rewrite
2D =2 N 1[5 Lwt], (265)
Fe{+1}Fe(P)

where & | w™ means that & is constant on each connected component of R? \ w*. The
prefactor two on the right compensates for the unbounded face counted in f(w™). Inserting
the previous formula and exchanging the sums yields

Sy gty =2 > S Yi(owh). (266)

FE{£1}Fe(D) wt, 5 lwt
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Although the expression for Y, is lengthy, the inner sum (over w™ L &) is easy to compute.
In fact, the indicators and the requirement w™ L & simply tell us that some edges must be
open or closed. The sum over the remaining edges can be performed independently. By
carrying out this computation, carefully bookkeeping the conditions on w™, one obtains

S "2/ (0,0F) = 221 (T (0)), (267)
wTt

Similarly, one obtains
> WY (0,07) = Ziging(a”(0)) (268)

(contrary to Equation (267), we do not need the prefactor two, as the unbounded face of
R?\ w™ intersects Fo(D) and therefore its sign is already accounted for). Putting the two
expressions together yields

vi{o}] < dfolop = +] - o] = 7] - #AP - Zig (a7 (0)) - Zring(a™ (0))- (269)
We now verify that each factor satisfies the FKG lattice condition:

g(aVa')gla ANa') > g(o)g(o’), (270)

where o V ¢/ and o A ¢’ denote the pointwise maximum and minimum of o and o”.

The first two factors trivially satisfy the condition as they are constant (recall that we
are interested in configurations with positive v = v[-|€]). The third one is classical: the
map o — ¢#4@) corresponds to ferromagnetic Ising interactions and it is straightforward
to check the desired inequality. We now handle Ziging(a™(0)). We focus on +, the case —
being similar. The definition of a™ (Equation (263)) and the inequality ¢ > 1 imply that

(0 V 0') 2 ay,(0) Vag,(0);  aj,(0nd') = aj,(0) Aaj, (o). (271)

Suppose now for a second that the map
a > Zising(a) (272)

satisfies the FKG lattice condition over a € [0,1]%+(P). Since Zigng(a) is increasing in a,
Equation (271) and the FKG lattice condition for (272) imply the desired Equation (270)
for g(0) = Zising(at(0)). The FKG lattice condition for Equation (272) is classical (after
renormalising the partition function in a way that does not affect the FKG lattice condition),
and may be found in [Fr682, Equations (35), (36), (38)], [Cha98, Proposition A.1|, [LO24,
Lemma 6.1 and Equation (7)|, or [GL25].

We have established that all factors satisfy the FKG lattice condition, and therefore
the same holds true for their product v[{c}]. By [FKGT71]|, this implies that o satisfies the
FKG property under v. This completes the proof of (i).

Proof of (iii)—(vi). Let us start with (iii) and (v). Conditionally on o, the percolation
w™ is the dual of a random-cluster model with cluster weight ¢ = 2, which is well-known to
satisfy the FKG inequality. The same holds true for w™.

We now prove (iv); (vi) being derived similarly. Conditionally on o, the coupling
constants of the random-cluster model are encoded in a™ (o). Notice that a™ (o) (the inverse
of the coupling strengths) is increasing in o. This means that law of w™, which is the
dual of the random-cluster model, is stochastically increasing in o. This proves (iv) and
concludes the proof. O
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We now state a classical consequence of the monotonicity properties established above,
enabling to “push” domains “away”, and to compare boundary conditions. It is used to
circumvent the lack of independence in the model. Similar statements can be found in
the theory of Ising and random-cluster models. This result will play a central role in the
probabilistic analysis of the spin configuration that follows.

Corollary 15.6 (Monotonicity in domains and boundary conditions). Consider two even
domains D C B as well as a bounded o-increasing random variable X . Then

up[X] < nplX] < phlX] < ppX]. (273)

Proof. Let M be an even domain containing B which is so big that 9B does not intersect
OM. Then the two events {OB C w*} have a positive probability in ,uj(/l. We claim that

U5 (X = X108 € W] > i [X). (274)

Indeed, the equality is the Markov property, and the inequality is the FKG inequality. This
proves the claim. Similarly, we get

gl X] = 1y (X108 C w] < uf,[X], (275)

leading to
ugX] < p[X). (276)

The other inequalities in the statement of the lemma are similar; for example, on the right
side, we obtain

pg[X] < uglX[0D C vt = ph[X]. (277)

This proves the lemma. O

16 Percolation estimates for the spin configuration

From now on, we shall consistently write

[n] := [-n,n]; [n x m] := [-n,n] x [-m,m]; (278)
Ball,, := [n x n]; Ball, (x) := Ball,, +; (279)
Annulusg , := Ballg \ Ball,; Annulusg ,(z) := Annulusg , +z. (280)

A rectangle is a subset of R? of the form R = [a x b] + x. Its four sides (closed line
segments which are subsets of OR) are denoted Rightp, Topp, Leftg, and Bottomp in the
obvious way.

16.1 Percolation events associated with the spin representation

Recall that we view w' and w™ as random subsets of R? (each edge is viewed as the
closed line segment between its two endpoints). Our objective is to understand the random
geometry of @ = (w',w™). In this section we define some useful percolation events: first
“simple” events (defined in terms of either w™ or w™), then “alternating” events (defined in
terms of both w* and w™).

65



Figure 11: An element of the generic percolation event {A 2B }

PEO D

Figure 12: Elements of Hor(R), Ver(R), Circuit(D \ H), and Arm(D \ H)

Definition 16.1 (Simple percolation events). Define

{A N B} :={S c R?*: SN D contains a path from A to B}; (281)

see Figure 11. Define the horizontal and vertical crossings of rectangles to be the sets
Hor(R) = {Leftr <> Right}; (282)
Ver(R) := {Topp & Bottomp}. (283)

If A C R? is a topological annulus, define the circuit and arm events
Circuit(A) := {S ¢ R*: SN A contains a non-contractible circuit in R? \ A}; (284)
Arm(A) := {S C R?: SN A has a path connecting the boundary components of A}.

(285)

See Figure 12 for an illustration of all four events we just defined.

Remark 16.2 (Combining circuit events). Circuit events are versatile as they can be
combined to create (horizontal or vertical) crossings (see Figure 13); for example, for £ > 1,

we have
k—1

() Circuit(Annulusy 1 ((2i,0))) € Hor([—1,2k — 1] x [1,2]). (286)
i=0
They can also be combined to create more complicated percolation events. For example,
for € Z>1, we may find a subset Z C R? of cardinal #Z = 4r such that

m Circuit(Annulusy ;1 (z)) C Circuit(Annulus,;1,,). (287)
2€Z
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Figure 13: Jointly the three circuits imply the crossing of the rectangle.

It is often quite straightforward (but technically tedious) to construct a set Z whose cardinal
is optimal up to a constant factor. In those cases, rather than giving a precise definition of
Z, we leave the choice to the reader, and refer to this remark instead.

Definition 16.3 (Alternating percolation events). For the following definitions, let SR
denote the set
{(S+,5): 8,5 cR*and S, NS_ = }. (288)

We now introduce our events; R is a rectangle, and A is a topological annulus.
o AltHorg,(R) consists of the elements (S4,5_) € R such that Leftp contains 2k
distinct vertices
si‘,sl_,s;,s;,...,s;,s,; (289)

appearing in descending order, such that each s?ﬁ is path-connected to Rightp via a
path in Sy N R.

o AltVeryi(R) is defined identically: it consists of the elements (S, S_) € 9 such that
Topp contains 2k distinct vertices sf, 51, s;, 89 5., s}f, s, appearing from left to
right, such that each sfE is path-connected to Bottompg via a path in Sx N R.

o AltCircuitgg(A) contains the elements (54, S_) € R such that we may find 2k disjoint
circuits of A, ordered from outside to inside, and where the circuits are alternately
contained in Sy and S_ with the first circuit belonging to S..

e AltArmyi(A) is defined similarly; in this case, the arms are circularly ordered, but
not ordered; there is no notion of topmost, leftmost, or outermost crossing or circuit.

See Figure 14 for an illustration.

We will use these definitions for different sets. We therefore add the following notation.

For any random subset a of R?, write Hor®(R) := {a € Hor(R)}, and similarly for
other events. If o is a random subset of F(Z?), then we think of a as being a subset of
R? defined by the union of all line segments connecting centres of nearest-neighbour faces
belonging to a C F(Z?).

Suppose now that @ = (a*,a™) is a random pair of percolations. Finally, for each of
the four events defined above, we introduce two more notations. Like above, introduce

AltHor$, (R) := {a € AltHoroi(R)}, (290)
#AltHor®(R) := max{2k € 2Z>¢ : & € AltHory,(R)}. (291)

These notations naturally adapt to the other three events.

16.2 Circuit estimate for the spin configuration

Percolation theory has seen remarkable progress over the past sixty years. For planar
Bernoulli percolation, it was shown in the 1980s [SW78; Rus78] (see also [KT25] and
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Figure 14: Elements of AltHors(R), AltVers(R), AltCircuity4(D \ H), and AltArmy(D \ H).
Full lines depict w™; dotted lines w™.

references therein) that at criticality, rectangles with a fixed aspect ratio have crossing
probabilities — that is, the probability that the percolation configuration contains a connected
component crossing the rectangle — that remain uniformly bounded away from both 0
and 1 as the size of the rectangle tends to infinity. This reflects the fact that connected
components in the critical regime qualitatively exhibit scale-free behaviour and possess
fractal-like geometric properties.

Originally developed for Bernoulli percolation, the Russo-Seymour—Welsh (RSW) theory
has become indispensable in the analysis of critical phenomena. Over the past fifteen years,
the theory has been significantly extended to encompass many dependent percolation
models [DHN11; DST17; DT15; DTT18; DMT21; DT19; Lam23; KT23|. In this broader
context, particular attention must be paid to the dependence between the configuration
inside a given rectangle and its exterior. To be applicable, crossing estimates must therefore
be uniform with respect to boundary conditions.

When studying the emergence of large connected components, an especially convenient
geometric setting is that of an annulus rather than a rectangle. In this setting, one asks
whether the percolation configuration contains a path that remains within the annulus and
encircles its inner boundary. We adopt this annular framework throughout the present
section.

The subsection states the key RSW-type input for our percolation-type arguments. The
theorem below yields that w™ satisfies RSW-type estimates, even when boundary conditions
are least favourable (that is, + boundary conditions).

For any rectangle R, we shall write ,uE for ug, where D is the largest even domain
whose face centres are all contained in R.

Theorem 16.4 (Circuit estimate). There exists a constant ceireuit > 0 (independent of
c € [1,2]) such that for any r € [4,00) and x € R?,

MEaH2T @) [Circuit” (Annulusg,,(7))] > Ceircuit- (292)
The same inequality remains true with + and — interchanged.

The result tells us that w™-circuits have a uniformly positive probability of appearing,
even with the worst possible boundary conditions (in the sense of increasing functions).
The uniformity in boundary conditions renders the result very flexible.

The theorem was first proved in [Dum+24, Theorem 1.4]. The article uses an input
coming from the Bethe Ansatz to derive certain crossing estimates, then uses the FKG
inequality (for the absolute value of the height function) to turn these crossing estimates
into circuit estimates.
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A second proof not relying on the Bethe Ansatz was given in [GL25], via a renormalisation
inequality. This technique was first used in [DST17] in the context of the random-cluster
model. The renormalisation inequality essentially asserts that if the theorem is false, then
the circuit probability decays exponentially fast in the radius 7, which in turn implies that
the model is localised (contradicting the known delocalisation).

We now turn to the proof. While Theorem 16.4 is essentially identical to [Dum-+24,
Theorem 1.4]; the two theorems are stated in slightly different settings. We will now
“translate” [Dum-+24, Theorem 1.4] into Theorem 16.4. The reader may choose to skip this
technical proof on a first read. We start with a lemma.

Recall that the event AltCircuity,(Annuluss, ) means that the annulus contains 20
circuits which (from outside to inside) alternately belong to wt, w™, w™, etc.

Lemma 16.5. There exist constants ¢ > 0 and N € Z>q (both independent of ¢ € [1,2])
such that for everyn > N,

ugan(%H) [AltCircuits, (Annulusa, )] > c. (293)

Proof. The first translation problem stems from the fact that boundary conditions are
enforced differently in [Dum+24|. In [Dum+24|, boundary conditions are imposed on the
heights of an F(Z?)-path of adjacent faces, as opposed to an F,-path of diagonally adjacent
even faces which is what we do here.

Fix n € Z>o and let D" denote the largest even domain whose face centres are contained
in Ball(g,,2). Let 4" denote the self-avoiding F'(D")-circuit which surrounds the largest
area (this path alternately visits even and odd faces). It is straightforward to see that, as a
subset of R?, Bally, is surrounded by 7.

Since each face visited by +™ lies on 0D™ or is adjacent to it, we have

H§a11(2n+2> [{[Rln] <1} =1. (294)

This is good news, because the conditional measure 'ugall@ o [-| hly~] has boundary condi-

tions like in [Dum+24|. We may now directly apply [Dum+24, Theorem 1.4] with £ =1
and k = 100, to find a constant ¢ > 0 such that for sufficiently large n,

uﬁaﬂmm [Circuit{hzloo}(AnnuluSQn,n) h‘,yn:| > c. (295)
In particular,
u§au(2n+2) [Circuit{hzloo} (Annulusy, )] > c. (296)

Since Annulusy, , contains a circuit of {A < 10} almost surely, the intermediate value
theorem asserts that we may find w®-circuits at heights k& = 12,14, ..., 98 in the annulus.
This implies the claim since the circuits alternately belong to w™ and w™. O

Proof of Theorem 16.4. Let N and ¢ be provided by Lemma 16.5. We distinguish two cases:
either r < N or r > N.

Step 1: the case r < N. In any measure ,ul‘;, every edge not incident to 9D is w™-open
with some uniformly positive probability n > 0 independent of D and the chosen edge.
Thus, using the FKG inequality for w™, a uniform lower bound is given by 7™ where M is
the supremum over the minimal circuit lengths within annuli with » < N.
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Step 2: the case r > N. Without loss of generality, z € [~2,2]2. Let n = [r]. Then
AltCircuit$, (Annulusgy, ,) C AltCircuity (Annulusy,. - ()). (297)
Thus, the claim implies that

“§a11(2n+2) [AltCircuit$ (Annulusy,. . (z))] > c. (298)

Let v denote the largest self-avoiding w™-circuit in the annulus above (or v := ) if such a
circuit does not exist), and let D., C Bally,(x) denote the corresponding even domain (so
that 0D, = 7). By the tower property and the Markov property, we have

ugaumﬁ) [AltCircuit$ (Annuluss, ,(z))]

= /{v#@} M}SW [Circuit” (Annulusy,,(z))] dM§311(2n+2) V] > e (299)

Since pf[Circuit”  (Annulusy, . (z))] is increasing in D and D, C Bally,(z) almost surely,
we get from Corollary 15.6 that

,ugauw(x) [Circuit” (Annulusy, ,(z))] > c. (300)

This concludes the proof of the second step. Taken together, the two steps establish the
theorem with ceireuit := 77M A c. O

We record an easy consequence of the previous theorem together with the FKG inequality.
This statement will prove convenient later on.

Corollary 16.6 (Circuit estimate). For any r € [4,00) and z € R?, and for any even
domain D such that 0D surrounds Balla,(z), we have

pp [Circuit”  (Annulusg,., (2))|€] > Ceircuit (301)

for any event £ that is measurable in terms of the even spins and edges which do not
intersect Bally,.(z). The same inequality remains true with w™ replaced by w™.

Proof. The event £ may be written as a partition of finitely many o-lattice events which are
measurable in terms of the even spins and edges which do not intersect Bally,(z). Without
loss of generality, we may assume that &£ itself is of this type. Let v C FE, denote the
boundary of the largest even domain in Ball,(z). By the FKG inequality (Proposition 15.4)

for uh[-|€], we get
pp[Circuit” (Annulusy,,(2))|€] > ph[Circuit” (Annulusy,,(z))[€N{y Cw} (302)
— 'U/Eaﬂgr (@) [Circuit” (Annulusg,,())] (303)

> Ccircuit- (304)

The equality is just the Markov property; the inequality on the right is Theorem 16.4. [

17 Full-plane spin representation (incl. Theorem 4.10)

The previous circuit estimate enables us to define a full plane analogue of the spin repre-
sentation.
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17.1 Definition in the full plane

We define an infinite volume version of our spin representation. We also show that the
properties obtained in finite volume extend to the infinite volume setting. Introduce the set

Qg i= {£}7° x {0, 1} x {£}F* (305)

Theorem 17.1 (Full-plane limit). There exists a unique probability measure pzz on Qz2
such that for any random variable X measurable in terms of finitely many spins and edges,
Jim, uplX] = lim, uplX] = uza[X]. (306)

Moreover, uz2 satisfies the following properties:

(i) R2\ w contains uy2-almost surely no unbounded connected components.

(ii) Conditional spin flip property for o® (analogous to Lemma 14.7),

(iii) Markov property (analogous to Lemma 14.12),

(iv) Markov property for polar domains (analogous to Lemma 14.13),

(v) FKG inequality (analogous to Proposition 15.4),

(vi) Circuit estimate (analogous to Corollary 16.6).

Remark 17.2. We have not yet proved well-definedness of P72 (Theorem 2.2). This is
done later, in Section 18, where we also prove that the law of the gradient of h in ugz2 is
precisely Pz2. This motivates our interest in the measure 2.

Before proving Theorem 17.1, we introduce a lemma.

Lemma 17.3. The measures ,u;S and pp, restricted to even spins and edges converge to the
same limit, which we denote pzz .

Proof. Corollary 15.6 implies that for any o-increasing positive random variable X which is
measurable in terms of finitely many spins and edges, the limits

= 1 ~1X]; 0t =i £IxX 307
Dg%QMD[ ] Dg%QMD[ ] (307)

are well-defined (respectively as increasing and decreasing sequences) and satisfy £~ < ¢T.
It therefore suffices to prove the other inequality £t < ¢~. This will be done by showing
that even under p}[X], there is a probability tending to 1 as D tends to Z? (this uses
Corollary 16.6) that there is a circuit in w™ surrounding the vertices that serve to measure
X.

More formally, fix > 4 so large that X is measurable in terms of the spins and edges
in Ball,_o. Define the event A, ,, := Circuit* (Ballgm, \ Ballgn,). Fix m € Z>¢. If D is
an even domain whose perimeter surrounds Ballom,., then Corollary 16.6 implies that

'UJZJS [An7n+1’(An+1,m)C] 2 Ceircuit (308)
for any n =0,1,...,m — 1. By induction, this yields
HlJS[‘AO,m] >1- (1 - ccircuit)m- (309)

The right-hand side tends to 1 as m — oo. Let 7™ denotes the largest self-avoiding
w™-circuit contributing to Ag ., (if the event occurs), and set v := () otherwise. Then

ihla, X = [ XIdeEm < 6 (310)
{ym#0}
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where Dm is the even domain whose boundary is v™. The identity is the Markov property,
and the inequality is again Corollary 15.6. If we first take D * Z? and then m — oo, the
left-hand side converges to £T, proving the desired inequality. This finishes the proof of the
lemma. O

Proof of Theorem 17.1. By reasoning as for the proof of the previous lemma, we observe
that Corollary 16.6 implies that jiz2 ,-almost surely all connected components of R?\ w are
bounded. Lemma 14.7 therefore extends to the full-plane limit, and puz2 may simply be
obtained from pz2 , by flipping coins for the odd spins ¢*® in each connected component of
R?\ w. The properties stated in the result now immediately follow (by passing to the limit)
from the properties of ,ujg and fip,. O

17.2 Flip domination (Theorem 4.10)

Now that the infinite-volume measure is defined, we derive the flip domination property en
passant. (In fact, we only formally prove that the law of h in puz2 and P2 is the same in
Lemma 18.7.)

Proof of Theorem 4.10. The proof is illustrated by Figure 15. Fix the F(Z?)-circuit +y, and
define F, as in the statement of the theorem. Fix n € 2Z. It suffices to prove that, for any
even domain D containing ~y, and for any positive probability event £ C {h|, < n} that is
measurable in terms of Al F(D)\F,» the height function 2n — hp, stochastically dominates
h|p, under pf[- D).

The idea is to simply explore the outermost wy,-loops within ~. Such loops may intersect
; this is not a problem. Conditional on this exploration:

e The unrevealed heights (surrounded by wy,-loop) are flip-symmetric around 7,

e The revealed heights are at most n.
This implies the desired stochastic domination. O

18 Torus and cylinder spin representation (Theorem 2.2)

This section adapts the analysis developed above to the settings of the torus and the cylinder.
While no essential difficulties arise, special care is required in defining the corresponding
measures so as to preserve the FKG property. For completeness, we present the relevant
results below.

Wn

Figure 15: Flip domination: perfect flip symmetry around the height n in the unexplored
region; heights at most n in the explored region.
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18.1 Definitions on the torus

We want to replace fixed boundary conditions outside some even domain D by periodic
boundary conditions on the cylinder Tpy, 1, defined in the introduction. The graphs F(Tys1.),
Fo(Tasr), and Fo(Tpy,r) are defined in the obvious way, in analogy with their definitions
for D in Section 14.

Definition 18.1 (Torus spin measure). For any torus Ty r, let Q = 1, , denote the
sample space
Q= {+}FoTare) 5 10,1} Fe(Tare) o {43 Fe(Tare), (311)

A typical element is denoted by (0,,w,0e). We often identify w with the set {w =1} C
Eo(Th,1), and use the standard percolation terminology. Introduce a new, special event

&g := {the height gain of h along any closed F'(Tys,1,)-circuit, belongs to 8Z}.  (312)

Define the probability measure ur,, , on (0o,w,de) € Q by

K, [(00,w, 00)] X 1f(00,00) € &5 - T [w C A(0o)] (313)
-1jzy € wor zy™ € A(o.) (or both) for any zy € Eo(Tar, )]

(314)

PECHN (%)#w (1 %)#(A(Uo)\w) _ (315)

Remark 18.2. Compare Definition 18.1 with Definition 14.5. The only difference is that
we dropped the first two indicators in Equation (238) (related to the boundary conditions
on dD) and inserted an indicator for the event & (which constrains the height gain on
loops which wind nontrivially around the torus).

Remark 18.3. Samples from pr,, ; are naturally interpreted as six-vertex configurations
on Ty, z, but the induced law is not given by the measure IP’TM’ ,, defined in the introduction.
The reasons are as follows. In Pr,, ,, with positive probability, the arrow configuration
induces a height gain in 27 \ 4Z along some nontrivial loops. For the spin representation to
be well-defined, the height gain along nontrivial loops must lie in 4Z, but in the previous
definition we further constrain the height gain to belong to 8Z (via the event &s). This is
done to make the FKG inequality work (this is discussed below in further detail).

18.2 Markov property and the FKG inequality on the torus

Let us first state a Markov property. The maps mp and 7%, are defined the same as before.
The proof is identical to the original proof (Lemma 14.12).

Lemma 18.4 (Torus Markov property). Consider a torus Ty and an even domain D
such that (as a subset of Tas,) OD is a contractible self-avoiding circuit in Fo(Tpp). For
# € {£}h
o The laws pr,, , [-[{0D C w#}] of 7p(00, @, 04) and /ﬁ; of (0o, w, 04) are the same,
e The random variables Tp and 7§, are independent in pr,, , [-[{0D C w#}].

We also mention an FKG inequality.

Lemma 18.5 (Torus FKG inequality). Consider a torus Tas,1, and an o-lattice event €. If
UT . [€] > 0, then the conditional probability measure pir,, , [-|€] has o-FKG.
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Proof. The proof is entirely the same as the original proof (Proposition 15.4). There is,
however, one critical point where we should pay attention. The decomposition into two
independent Ising models is a bit more complicated due to the nontrivial topology. One
may work out, however, that the decomposition in Equation (261) remains valid on the
torus for the measure y,, , defined above (one should only replace the ambient space R?
by (R/LZ) x (R/MZ) when counting the number of connected components). Crucially,
Equation (261) remains valid thanks to the event & in Definition 18.1, and would fail
otherwise. We refer to [GL25, Section 5] for details. O

18.3 Circuit estimates on the torus

With the Markov property and the FKG inequality, we can essentially bring back our
measures to the finite domain setup discussed before. Let us now describe how to do this.

Lemma 18.6 (Torus circuit estimate). Fiz M, L. Then, for any 4 <r < (M AL)/4 and
z € R?,
Uty [Cireuit”  (Annulusg, - (2))[€] > ceircuit (316)

for any event £ that is measurable in terms of the even spins and edges which do not
intersect Bally,.(z). The same inequality remains true with w™ replaced by w™.

Proof. The proof is identical to the proof of Corollary 16.6. O

18.4 Definition and main properties on the cylinder

Recall the definitions of Cyl; and Pcyy, . The graphs F'(Cyly), Fo(Cyly), and Fo(Cyly) are
defined in the obvious way, in analogy with their definitions for D and Ty p,.

Lemma 18.7 (Torus limits). All of the following statements hold true.
(i) Full-plane limit. For any random variable X which is measurable in terms of finitely
many spins and edges,
M,li%oo IU’T]\LL[X] = pz2[X], (317)
where pze is the measure defined in Section 14 (Theorem 17.1).
(ii) Cylinder limit. For any L € 2Z>1, there exists a probability measure pcy1, on the
sample space

QCylL = {j:}Fo(CylL) X {O, 1}Eo(CylL) X {j:}F'(CylL) (318)

such that for any random variable X which is measurable in terms of finitely many
spins and edges,
J\/}linoo HTps 1 [X] = HKcyly [X] (319)

Moreover, all of the following are true:
e The Markov property (Lemma 18.4) passes to the limit,
e The FKG inequality (Lemma 18.5) passes to the limit,
o The circuit estimate (Lemma 18.6) passes to the limit,
e The conditional spin flip property for o® (Lemma 14.7) holds true,
o As a measure on siz-vertex configurations, jcyl, equals Pcy, .
(i1i) Full-plane as a limit of cylinder measures. We have

i ey, [X] = pzz[X] (320)
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for any random variable X which is measurable in terms of finitely many spins and
edges, due to the first item. If X is also measurable in terms of h, then we furthermore
have

T picy, [X] = iz X] = B [X]. (321)
In particular, Theorem 2.2 holds true.

Proof. The proof of the first item is identical to the proof of Theorem 17.1: one simply
uses the circuit estimate (Lemma 18.6) and the Markov property (Lemma 18.4) to compare
the measure pr,, , with the measure ul'g for a large enough even domain D.

The third items clearly follows from the first two since the limit in the first item may
be taken in any order. We therefore focus on the second item.

Recall from the introduction that {balanced} denotes the event that a configuration is
balanced, meaning that in each column of horizontal arrows, half of the arrows point to the
left and the other half to the right. This event constrains the global topology, and equals
the event that the height gain along any closed F(Cyl; )-circuit that winds in the vertical
direction, but not the horizontal direction, equals 0. The limit

A}igloo Py [ [{balanced }] (322)
is well-defined and equal to Pcy), since we are essentially dealing with a recurrent Markov
chain. We must therefore prove that {balanced} has high probability in the M — oo limit.

We now make one observation. If for some n € Z, the slice [n,n + 1] x (R/LZ) contains
a nontrivial w-path, then the gradient of the height function is zero along that path and
therefore the event {balanced} occurs. Write S,, for this event.

As discussed before, it is easy to find a uniform lower bound 7 > 0 on the probability
that an edge is w'-open, even if we condition on the states of all edges not incident to that
edge. This implies that for any k =0,...,M/2 — 1, we have

:UTM,L[SQkKSO U SQ U 54 U---u SQk—Q)C] > 'f]L, (323)

and therefore
Uy, [{balanced}] > 1 — (1 — nyM/2, (324)

The lower bounds clearly tends to 1 as M tends to infinity.

The first three properties obviously pass to the limit, and the last property was already
proved above. The conditional spin flip property for ¢*® is not obvious (it is not true on
the torus due to the event &), but it is recovered in the limit thanks to the Markov chain
structure of the six-vertex model on the cylinder. O

19 Bounds on crossing counts (Theorem 4.9)

The purpose of this section is to establish a log-linear bound on the number of alternating
rectangle crossings (see the statement below). We also prove the log-quadratic bound on
arm events (Theorem 4.9 in the introduction).

19.1 The rectangle crossings case

We start with a (far from optimal) bound on crossing counts.
Recall that #AltHor* (R) counts the number of alternating horizontal crossings of the
rectangle R.
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Figure 16: Lemma 19.4. Suppose that we want to attach an w™-percolation to an w™-open
boundary segment, but we have conditioned on some “messy” event inside the unions of the
domains D; (the shaded area). The lemma tells us that we can still open part of the circuit
which connects to the boundary. The proof uses the Markov property for polar domains to
remove the conditioning on the adverse event.

Lemma 19.1 (Log-linear bound on rectangle crossing counts). There exists a constant
ain € (0,1) (independent of ¢ € [1,2]) with the following property. For any n € Z>q and
any rectangle R := [w x pw] + u, where w € R>1 and p € R>1, and u € R?,

pzz [{#AltHor® (R) > 2n}|E] < (1 — < )", (325)

where &€ is any event that is measurable in terms of the even spins and edges at a £*°-distance
at least w/5 of R.

Moreover, the same bounds hold with pz2 replaced by pcyi, , provided that 2(p+ %)w <L,
and with the understanding that R is now regarded as a rectangle on the cylinder. Analogous
bounds also hold for vertical crossings of the rectangle, both in the full plane and on the
cylinder.

Remark 19.2. Requiring a macroscopic buffer zone between the rectangle and the spins
or edges used to determine & is standard in this type of result. In fact, the conclusion may
fail without such a buffer if £ is allowed to depend on all edges and spins outside R.

Remark 19.3. In the context of the lemma, summing over n gives that
pzz [#AltHor” (R)|E] < 2¢.”. (326)

For the proof of this lemma on rectangle crossings, we first require a strengthened
version of the circuit estimate in which the annulus is allowed to be partially “scarred”,
provided that the boundary conditions induced on the remaining region are favorable. This
variation is illustrated by Figure 16.

Lemma 19.4 (Partial circuit estimate). Fiz r € [4,00) and x € R?, and consider the
following setup.

e Let (D;); denote a finite family of even domains.

e Let B denote the set of edges in U;0D; that are contained in Bally,(z).

o LetU .= UiEo('Di).
Then, for any event £ measurable in terms of the even spins and edges contained in U, and
such that pz2[€ N {B C w™}] > 0, we have

[h72 [Circuit“’_uu(Annuluszw(as))|€ N{B C w™ }] > ceircuit- (327)

Proof. Without loss of generality, £ is an o-lattice event. Let v denote the smallest
self-avoiding even circuit surrounding Bally,(z). By using the FKG inequality, we may
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Figure 17: When exploring the paths from top to bottom, each time we explore an w™-
crossing, there is a universally positive probability that this crossing connects to the bottom,
blocking any further horizontal w™-crossings from appearing.

furthermore assume that &£ satisfies the following “worst-case” description: v C U, and
E C {v Ccw'}. We now claim that

piz2[Circuit®” Y (Annulusy,. . (2))|E N {B C w™}]
= puz2[Circuit” Y (Annulusy,. . (2))[{y Cw} N {B Cw™}]

328
329

330
331

(328)
(329)
> pze[Circuit”  (Annuluss,,(z))[{y C w™}] (330)
(331)

= Ccircuit -

The equality is the Markov property (Lemma 14.12) and the Markov property for polar
domains (Lemma 14.13). The first inequality is inclusion of events and FKG. The second
inequality is the circuit estimate (Corollary 16.6). O

Proof of Lemma 19.1. Define two sequences of paths, as follows:

° af is the highest horizontal w'-crossing of R,

e «; is the highest horizontal w™-crossing of R below ozj, fori=1,2,...,

° aj is the highest horizontal w™-crossing of R below o, for i =2,3,...,

e If such a crossing does not exist, we set it (and all subsequent ones) equal to 0.
Notice that {#AltHor“(R) > 2n} = {a,, # 0}. For Lemma 19.1, it suffices to prove that
for any ¢, we have

pz2l{ay # 0YEN{af #0} < 1—¢f, (332)

for some fixed ¢y, € (0,1).

We split into two cases, depending on the value of w. First suppose that w < 1000. Let
1 > 0 denote a uniform constant such that the probability that an even spin is + is at least
7, even after conditioning on &£ and all the other even spins. Then

pz2[{all even spins in R below o are valued +}|€ N {a;" # 0}] > (n'0000)7. (333)

Since this event is disjoint from {a; # 0}, any value ¢y, < 7109090 will work.

We are left with the (more interesting) case w > 1000. By applying Lemma 19.4 at least
|100p] times and applying the FKG inequality, we observe that with a uga[- [EN{a;" # 0}]-
probability of at least (cii()r%uit)p , the path oz;r is connected to Bottomp within the rectangle
(see Remark 16.2 and Figure 17). In this case, it is impossible that the event {a; # 0}
occurs.

This proves that the value ¢, = 1000000 A (100

cireuit WOrks. O
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Figure 18: Hlustration of the reduction from annulus arms to rectangle crossings. Each
arm also crosses one of the four rectangles R, Ro, R3, and Ry in the “easy” direction.

/////

///////
////

19.2 The annulus arms case

We now adapt the previous results to the context of arms crossing an annulus. For r € R>4,
R € R>9,, and z € R2, define the random variable

KRJ‘,I“ = (1 - ]lAltCircuitg’ (AnnulusR,T(:v))) N #AItArma’ (ADHUIUSR*LT*Fl(x))? (334)

which, roughly speaking, counts alternating crossings from inside to outside in the annulus.
Notice that this random variable is measurable with respect to the even edges which are
entirely contained in Annulusg ,(x).

Lemma 19.5 (Linear bound on arm exponents). There exists a constant ., > 0 (inde-
pendent of ¢ € [1,2]) with the following property. For r € R>4, R € Rxa,, x € R?, and
n e ZZ(),

12K e = n}€] < (r/R)em” (335)

for any E with pz2[E] > 0 that is measurable with respect to the even spins and edges which
do not intersect Ballr(z).
The same bounds hold true if juzz is replaced by ucyy, , provided that L > 2R.

Remark 19.6. In the context of the lemma, summing over n gives that

/ )drm

K72 [KR,r,x|5] < 1(2%11 (336)

Proof. 1t suffices to consider the case that R = 2™r. We first prove this for m = 1.

Let us start by proving that with uniformly positive probability, Kg ., = 0. Since the
event AltCircuity (Annulusg - (x)) bars any arms from appearing, it suffices to show that
this event occurs with uniformly positive probability. If » < 100 then we may simply choose
two disjoint even circuits in Annulusg,(x), and lower bound the probability that they
are open for wt and w™ (see the part of the proof of Lemma 19.1 where w < 1000). For
r > 100, we may combine 1000 circuit estimates (Corollary 16.6) and the FKG inequality
to show that AltCircuit$ (Annulusg,(z)) occurs with probability at least ¢12%. (see also
the part of the proof of Lemma 19.1 where w > 1000).

To finish the proof for the case that m = 1, it suffices to find constants ¢ > 0 and
N € 20Z>1000 such that for any n € Z>1, we have

pz2[{Kpys > Nn}|E] < e . (337)
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Observe that any continuous path connecting Ball,(z) to 0Ballg(z) must necessarily
traverse at least one of the following four rectangles in the “easy” direction:

Ry := ([br/4,6r/4] X [=Tr/4,Tr/4]) + x (338)

and its images Ry, R3, R4, defined by the rotations by an angle 7, 7, and 37“ around z.
See Figure 18 for an illustration. In particular, we get

{KRryz > Nn} C AltHor%, (R1) U AltVer%, (R2) U AltHor%,, (R3) U AltVerf, (R4) (339)
10 10 10 10

(the division by 10 royally suffices; the safety margin compensates a few crossings that we
may lose by how we set up the definitions). Lemma 19.1 then implies

nz2 [{Kpyre = Nn}|E] < 4(1 — efy) /0. (340)

It is then straightforward to find good values for ¢ and N. This concludes the case m = 1.
For the general case m > 1, we notice that

Kgmrmx < min  Koit1,.9ip 4, (341)
i=0,...,m—1 o
and then use the m = 1 case m times at m disjoint concentric annuli. O

Theorem 4.9 in the introduction is a direct corollary of the following stronger result.
The random variable Kpg,, was defined in equation (334). The following lemma
improves on Lemma 19.5.

Theorem 19.7 (Quadratic bound on arm exponents). For any c € [1,2], there ezists a
constant carm € (0,107%) with the following property. For r € R4, R € R>o,, x € R?, and
nc Zzo,

p2l{ K > n}[€] < (r/R)™m" (342)

for any & that is measurable with respect to the even spins and edges which do not intersect
BallR(x).
The same bounds hold true if pzz is replaced by ucy, , provided that L > 2R.

T T
1
1
1
1

Figure 19: Each arm of the annulus Annuluss, /5 (7) must touch a large number of small
boxes, creating arm events around those smaller boxes.

Proof. Just like in the proof of Lemma 19.5, it suffices to consider the case that R = 2r.
We shall also suppose that x = (0,0); this makes no difference to the proof.

Recall the constant of ¢}, from Lemma 19.5 on the linear bound on arm exponents.
Since Lemma 19.5 already handles Equation (342) for small values of n, it suffices to restrict
ourselves to the case that n = 100 - K - 2 for integers k > 1, where K is a constant to be

fixed later.
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Let 7 := 27%=2 .y The annulus Annuluss, /9 (7) can be tiled by exactly 5 - 22k+2
squares of side length 27. Write S for the set of centres of these squares. Now for any
percolation w C R? which belongs to Arm(Annuluss, /2,r), We may find at least 2F clements
Ui, ..., upk in S such that w € Arm(Annulusy#(u;)) for each i = 1,...,2%; see Figure 19.
By a pigeonhole argument, we get

Korpe >n = Y Kongy >25- K -2, (343)
u€eS

We must prove that the event on the right has a pz2| - |E]-probability of at most 9~ Carmn?

We call a set S’ C S separating if the boxes (Ballgr(u)),cs are disjoint. We shall use
the following input from Lemma 19.5: there exists some fixed constant p > 0 such that,
for any separating S’ C S, the random variables (Ko7 7y )ucs In puzz[-|E] are stochastically
dominated by an i.i.d. family of random variables having a geometric random variable of
parameter p.

Write S for some partition of S into 25 separating subsets. The pigeonhole principle
implies that

H[{;Kw,r,u >25. K - 22k}‘5] < 25%/12%(#[{ ugs:, Korrn > K - 2%}’5]' (344)

The probability on the right may be bounded by the probability that the sum of 5 - 22k+2
i.i.d. geometric random variables of parameter p > 0 is at least K - 22*. By standard large
deviation estimates, this probability decays like e=2* for some constant ¢ > 0, provided
that K is some sufficiently large fixed constant (depending only on p). Since n is of order
2% this gives the desired quadratic bound. O

20 Level line tree and branching function

20.1 Heuristic of the level line tree

Before formally describing the level line tree, we first give an analogy with the Gaussian
free field, and then proceed with some preliminary remarks on the combinatorial structure
important for the definition.

Discussion of the coupling of the GFF with CLE(4). The Gaussian free field in a
disk with zero boundary conditions has a natural coupling with CLE(4) [BP25|. Conditional
on the CLE(4) loops, we orient them counterclockwise or clockwise (independently and
with equal probability). The GFF is then morally equal to some constant A times the net
winding of the loops around each point. In this picture, the conditional variance between
two points equals A\? times the number of loops surrounding both points.

We can also think of the CLE(4) loops as a rooted tree: the root is the whole disk, the
other tree vertices are simply connected subsets of the disk whose boundary is a CLE(4)
loop, and each tree vertex points to its parent, the smallest tree vertex strictly containing
it. Each point in the disk may be associated with the set of tree vertices containing it,
which may be interpreted as a tree path starting at the root and going downwards (it may
be finite or infinite, typically it is infinite). In this formalism, the number of loops (and
therefore the conditional covariance) may be expressed in terms of the depth of the lowest
common ancestor of the tree paths of the two points.

In practice, we will be interested in the expectation of products of height differences.
The height difference between two points of the disk is naturally expressed in terms of a
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tree path between them. This tree path may be finite or infinite on both ends (for typical
points, it is a bi-infinite paths). The natural path z — y is the concatenation of the tree
path from x to the lowest common ancestor of x and y, and the tree path from that ancestor
to y. The conditional expectation of the product of k height differences is then equal to
some function of the way that the k£ tree paths intersect each other.

Notes on the combinatorial structure of the level line tree. We now put ourselves
in the context of the measure ,u,g, which means that the boundary height is equal to 0.
Suppose for a second that we explore the outermost w; -circuits. Then all of the following
hold true:

e On each w; -circuit, the height is equal to +2 or —2, depending on the value of the
odd spins outside the circuit,

e The odd spins on each connected component of R?\ w are fair coin flips (Lemma 14.7),

e The Markov property (Lemma 14.12) implies a renewal property: within each circuit
0B, the conditional law of the spins and edges within B is given by p; (which is
nothing more than uig with all even spins flipped).

This enables the definition of a tree structure bearing some resemblance to the tree defined
above for the GFF. At the same time, there are some differences.

e In the discrete the tree is finite, which makes things easier.

e The +2-labels of the outermost w; -circuits are not independent, because it may
happen that two such circuits are surrounded by the same connected component of
odd spins in Lemma 14.7, in which case they have the same label.

e There is a notion of odd and even circuits: starting from u%, one explores the
outermost w; -circuits, then, within each circuit, the outermost wZ -circuits, et cetera.
This parity issue is unrelated to the +2-labels (more precisely, the parity issue is
related to the parity of the even spins, while the £2-labels relate to odd spins).

e The precise height at a face is not determined by the tree structure alone; sometimes
we require small corrections, for example when the face itself is odd (and we need a
correction of the form +1).

These issues slightly complicate the definition of the tree structure (see the comments
following the definition). Nevertheless, we can still apply the same logic as for the tree in
the GFF case to bound correlations, as we will see for instance in the next section.

20.2 Formal definition of the level line tree

Definition 20.1 (Level line tree). Consider a sample (00,@, ) from the measure pf, for
some even domain D. The associated level line tree X = (Vo (X), Va(X), E(X)) is a rooted
directed tree, defined as follows.
e The even vertices V,(X) are defined as follows.
— First, it has a bipartition V5(X) = V;H(X) UV, (X).
— V;H(X) is the partition of {0, = +} such that two faces are in the same member
of the partition if and only if they belong to the same connected component of
R2\ wy .
— V7 (X) is the partition of {o, = —} such that two faces are in the same member
if and only if they belong to the same connected component of R? \ w1
— The root of the tree is the member of V" (X) containing 9D.
e The odd vertices Vo (X) of the tree are formed by the bounded connected components
of R? \ w.
e Each vertex (other than the root) has exactly one outgoing edge:
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Figure 20: The directed level line tree X" associated with a configuration (oo, ®).

— Each odd vertex v, points towards the even vertex v, containing the outer
boundary of the connected component v, C R? \ w,
— Each even vertex v, labelled £ points toward the odd vertex v, such that:
* v, and v, lie in the same connected component C of R? \ w7,
% Ve is the unique such odd vertex pointing towards V7 (X') (in fact, the other
odd vertices in the same connected component C' point back to v,).
For each vertex v other than the root, we let p(v) denote the parent vertex. The depth of a
vertex is defined as its distance to the root. Notice that vertices in V;"(X), V;(X), and
Ve(X) are at depth 47Z, 47 + 2, and 27 + 1 respectively. Notice also that each odd vertex
has at most one child pointing towards it.

Remark 20.2. The odd spins are also integrated into the tree as odd vertices. This
facilitates the definition of the height function at every face of the graph.

Remark 20.3. The definition of the even vertices is different from the above informal
sketch. One surprising aspects lies in the fact that two w™-circuits can surround each other,
and still belong to the same even vertex of the tree. This is natural because no height
difference is realised when no w™-circuits separates the two.

Ultimately, the definition is set up in such a way that the following lemma works.
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The lemma below says that conditionally on X', the law of h(v) is given by the sum of &k
independent +2-valued coin flips if the depth of v is 2k, and by the sum of k independent
42-valued coins and one +1-valued coin if the depth of v is 2k + 1.

Lemma 20.4 (Basic properties of the level line tree). Let D denote an even domain, and
consider ,u%. Then, all of the following hold true.
(i) X is measurable in terms of (0o,w),
(i) Conditional on X, an independent fair coin flip 0¢(X) is attached to each element
X € Vo(X), so that 0e(z) = 0e(X) for every x € X,
(#ii) h is almost surely constant on each vertex of X,
(iv) Conditional on X, the height function h has the following law:
o h(r) =0 on the root vertex r,
o (M(ve) = h(p(ve)))veecva(x) has the law of independent fair +1-valued coin flips,
e h(vo) — h(p(vs)) = h(p(vs)) — h(p(p(vs))) for any even non-root vertex vs.
Here, we recall that p(v) denotes the parent vertex, as introduced in Definition 20.1.

Proof. While this lemma is important, its proof follows straightforwardly from the definitions.
Property (i) is immediate as the definition only involves (0., w). For Property (ii), observe
that the odd vertices are precisely the connected components of R? \ w, so that Lemma 14.7
applies. Properties (iii) and (iv) follow from the relation between spins and the height
function, detailed in Equation (247). O

Definition 20.5 (Tree path). Let D denote an even domain, and consider the level line
tree X in pfy. For any u,v € F(D), we define the tree path p** as the unique path in X
starting at the vertex containing u and ending at the vertex containing v. It is viewed as a
set of vertices of X.

20.3 Branching function

We now introduce a convenient tool to analyse the covariance structure of the height
function.

Definition 20.6 (Branching function). Let D denote an even domain. Consider the level
line tree X in ,u%. Let p“9P be the unique X-path from u to D. The branching function
is the random X’-measurable function

udD 029D :
N -1 if F(D
b = ¥p : F(Z2) x F(Z?) — T, (u,v) P P L ve (D), (345)
0 otherwise.
Its diagonal is denoted
the X-depth of if u e F(D),
W = F(Z2) = Ty urs dpluyu) = 4 copEott n "(D) (346)
0 otherwise.

Lemma 20.7 (Basic properties of the branching function). The branching function ¢ and
its diagonal * satisfy the following properties.

(i) ¥* is a graph homomorphism from F (D) to Z that equals 0 on 0D.

(ii) Y* preserves the parity of the faces.

(111) ¥* is equal to the maximum of h over all possible realisations of h given X.
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(iv) ¥ encodes the conditional covariance of each pair of faces as follows:

4k if ¥(u,v) = 2k,
pph(uw)h(v)|X]) = 4k + 1 if P(u,v) = 2k + 1 and *(u) = ¥*(v) = 2k + 1,
dk+2 if Y(u,v) =2k + 1 and *(u) Vp*(v) > 2k + 1.
(347)

Proof. The first two follow from the definition. Conditionally on X, the height function is
obtained by sampling the labels 04(X) for every X € V4(X) and attributing the spin to
each odd faces (see the comment following the proof of Lemma 20.4). It is easy to see that
if the labels 0q(X) are chosen so that they maximise the height function, then we obtain
h =*.

For the fourth property, we make the link with the GFF picture sketched in the beginning
of this section. Each odd vertex is labelled + by flipping independent fair coins. Each
wt /w™-circuit is associated with a height gain of +2, and so the conditional covariance of
h(u) and h(v) is (roughly speaking) equal to 4 times the number of alternating w™ /w™-
circuits surrounding both u and v. We must be a bit more careful at odd heights, because
the total height contains an additional +1-contribution. To make the distinction between
the second and third case in Equation (347), observe that since no odd X-vertex has more
than one child, ¢ (u,v) = 2k + 1 implies that either w or v is at depth 2k + 1 in the tree. [

Definition 20.8 (Maximal domains). Let D C R? denote any simply connected set, and
consider an even spin configuration (0., ). Let M (D) denote the set of maximal even
domains D subject to the following two conditions:

ODCD and 9D Cw'. (348)

The set M~ (D) is defined similarly by replacing w with w™.
We also let M*(D) C R? denote the union of 9D C R? over all D € M*(D).

Lemma 20.9 (Recursion relation for the branching function). Consider the independent
coupling of all measures (,ug)g over all even domains. More precisely, define the probability
measure P := [[z ,u;g, where the product is over all even domains. Let D denote a fized
even domain. Then, in the probability measure P, 1¥p and (vYp A 2) + ZBGM‘(D) Yp have
the same distribution.

Proof. Suppose that we simply explore the domains M~ (D) and everything that happens
outside the union UM ™ (D) of those domains. Conditionally on M™ (D), the configuration
inside UM ™ (D) is given by the independent product

1w (349)
)

BEM~(D

(this follows from the spatial Markov property). Notice that by definition of M~ (D) and
by the independent flip symmetry in each smaller domain, we get

¥p(u,v) <2 (350)

for any u, v unless v and v belong to the same domain B € M~ (D). Moreover, if u and v
belong to the same domain B € M~ (D), then

Yp(u,v) = 2 + Yp(u,v). (351)

This yields the lemma via Equation (349). O
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We conclude by gathering two useful properties related to the branching function.

Lemma 20.10 (Monotonicity for the branching function). The following holds true.
(i) FKG inequality. The law of ¢ satisfies the FKG inequality in any measure ,u%,
(ii) Momnotonicity in domains. The law of ¥ in :“3; 1s stochastically increasing in the
domain D.

Proof. We prove that 1 A 2k satisfies both properties for all £ > 1 by inducting on k. The
base case k = 1 is easy since ¥ A 2 is a decreasing function of the triple (oo,w™, —w™), for
which both properties are known by o-FKG (see Lemmas 15.2 and 15.6).

By similar reasoning, the law of UM ™ (D) in ,uig is also stochastically increasing in D.

We now start the induction step: suppose that 1) A 2k satisfies both properties. Then
the law of 3 pc v~ (py (¥ A 2k) is increasing in UM ™ (D), and satisfies the FKG inequality.
By the tower property (see for instance in the proof of Proposition 15.4) for the FKG
inequality with respect to conditioning on UM ™ (D), this implies that

WpA2)+ > (PsA2k) =1p A (2k+2). (352)
BeM~(D)
satisfies both properties as well. This concludes the induction step and the proof. O

21 Regularity estimate in full plane (Theorem 4.5)

We are now in a position to establish the regularity estimates stated in Theorem 4.5. It is
proved in three steps: first, we express the correlation function ®; in terms of the level line
tree (Subsection 21.1), second we introduce a way to relate the geometry of the level line
tree to arm events (Subsections 21.2 and 21.3), and third we use this relation to bound the
correlation function (Subsection 21.4).

21.1 Bounding the k-point correlations in terms of the level line tree

Recall Definition 20.5. We first prove the following lemma.

Lemma 21.1. Fiz k € 2Z>, and u € (F(Z?))?*, and let D denote an even domain
containing all faces in w. Then

k
‘u%[H(h h(u;) ] ‘ < 2ok ZND[ H I (uiug, ujul (353)
=1 iJET

where the sum runs over pairings of {1,...,k}, and where I(v/, z2') == [p*" Np** NVo(X)]|.
Here, p* refers to the unique X -path from z to 2.

Proof. The idea is to bound the conditional expectation of the product of the height
differences, given X. This conditional expectation may be bounded as follows. The height
difference h(u;) — h(u;) may be written

[p“i ;\ 1
h(u}) — Z h(pis) — h(pu™) (354)

where | - | denotes the length of the path.
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We decompose the left-hand side of (353) by conditioning on X and writing each height
difference as in the previous displayed equation. We then expand the sum with respect to
the product. At the end, we obtain a sum of products of (integer) powers of terms of the

form h(piiﬁ) — h(pziu;). Each term in the sum contributes —1, 0, or 1, so that it suffices
to upper bound the number of terms with a nonzero contribution.

Since increments of h on edges of A only interact on edges incident to the same odd
vertex, we get, if (v, z2') := [p*? N p** N Va(X)],

s [T () = )| X | < S e AT sl ), (355)

where 7 runs over pairings of {1,...,k} and paths are viewed as subsets of V(X).
Clearly |7| = k/2. The tower property yields

iy [T () = )] | < 2 2 iy [T Tt i) (356)
where the I(u;u}, uju;) are viewed as random variables. O

21.2 Key input for the regularity estimate

We now want to bound the right hand side of Equation (353). While the appropriate bound
requires a bit of geometrical analysis, the kea idea is fairly simple and explained in the
following lemma.

Lemma 21.2. Let u,u’,v,v' € Z* denote four points contained in some finite domain D.
Then all of the following hold true.

(i) Suppose that {u,u'} is contained in one connected component of R? \ Annulusg ()
and {v,v'} in the other connected component, where r > 4, R > 2r, and z € R?.
Then

I(uu',v0") <4KR 4, (357)

where Kg . counts alternating arms in the annulus as defined in Equation (334).
(i1) If u and u' are neighbours (or v and v'), then

I(uu/,vv") < 4. (358)

Proof. The second part is easy: if u ~ o/, then I(-) < [p"% N V4(X)| < 4. For the first
part, notice that as we walk along the path p* N p", we discover alternating w-circuits,
which each have the property that they separate u from u’ and v from v’. In particular,
each such circuit creates an arm in the annulus. The factor 4 royally suffices. This implies
the desired result. O

To bound the right-hand side of Equation (353), we would like to proceed as follows:
if we can find an annulus for each pair ij € 7 such that the || = k/2 annuli are disjoint,
then we can simply apply the previous lemma and Remark 19.6 to bound the expectation
of the product of the arm counts.

For the general case (when the scale separation between some of the pairs is small), we
must do more work. To reduce to the case with good scale separation, we shall further
decompose each variable I( - ). This random variable clearly satisfies the triangular inequality
I(w", z2") < I(vV', 22") + I(v'v", z2"). In the next subsection, we decompose the right hand
side of Equation (353), to the point that we can use Lemma 21.2 in combination with
Lemma 19.5.
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21.3 Organizing the points in a suitable fashion

The purpose of the following lemma is roughly as follows: if the points a,d’,b,b do not
have good scale separation, then we may find a path from a to a’ such that we can apply
one of the two scenarios of Lemma 21.2 to each step of the path (against {b,b'}). The
shortest appropriate path is called an optimal path.

Lemma 21.3. Recall the discrete scale separation function Sg, in Equation (29). Then
for each k € 2Z>1, there exists a constant Ny, € Rso with the following properties. For
any two pairs of points {a,a’} and {b,b'} in Z* with |a’ — a| < |b' — b|, there exists a path
p = (p(n))o<n<e C Z* of length at most Ny - Sgs({a,a’}, {b,V'}) from a to o’ such that for
each 0 < n </l —1, one of the following two holds true:

e v(n) and y(n + 1) are neighbours,

b S]R2<{’Y(n)7'7(n + 1)}a {b7 b/}) > 20k7.

The shortest such path is called optimal.

The lower bound 20k? on the scale separation may appear arbitrary at this point. Its
choice is motivated by the following problem. Broadly speaking, we want that the annuli do
not overlap in order to apply Lemma 19.5. If the scale separation is large enough, then we
may extract appropriate disjoint annuli. This is proved in the following “shrinking annuli’
lemma which one can skip in a first reading.

)

Lemma 21.4 (Shrinking annuli lemma). Fiz N € Z>o and a family (R;, i, %;)i=1,..N C
(0,00) x (0,00) x R? satisfying R;/r; > AN Then, we may find some (R}, 7})i=1,..N C
(0,00) x (0,00) such that:
(1) The radii satisfy r; <1, < R, < R;,
(i) The radii satisfy R./rl = *“\/R;/r; > €% for each i,
(i1i) The annuli (Annulus Rl (23))i=1,..N are pairwise disjoint.

Proof. Set Q = 2N? and p; := */R;/r; = 4N\2/Ri/m- > !0 Let P denote the uniform
probability measure on the random element s € {0,...,Q — 1}N . Define the random annuli

A; == Annuluspgy . (2;); R := Ri(s;) i= ;- p2*it% vl = rl(s;) =1 - proit (359)

in this probability space. These radii clearly satisfy the first two properties; it suffices to
prove that the annuli are disjoint with positive P-probability, a fact which would follow
from P[{A4; N A; # 0}] < 2/N? for any distinct i and j.

Let us turn to the proof of this fact. Fix i # j and let O C {0,...,Q — 1}? denote the
set of pairs (s;, s;) which lead to overlapping annuli. Fix (a,b) € O; we then claim that

on{(@,t):d >a, ¥V <b}=0 or ONn{d,t):d <a, ¥/ >b}=0. (360)

Indeed, without loss of generality (by swapping i and j if necessary), we may assume
that Rj(a) > Rj(b). One can then see that for any a’ > a and o' < b, the annulus
Annuluspg: (4r) - (a1y (1) is disjoint from BallR; @) (), hence from AnnulusR;(b/)’T}(b/)(:cj).
With (360) in hand, we get that |O| < 4Q). This implies the desired bound P[{A4; N A; #
0}] <4Q/Q* = 2/N?, and concludes the proof of the lemma. O

21.4 Proof of the regularity estimate

We are now ready to dive into the proof of Theorem 4.5.
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step in optimal
path g;;; separating pairs already separable
annulus in blue i ,\ ol by an annulus;

T

U; K no path needed
neighbours in optimal

e

/
path g;j; no annulus  w/{% ij €m ij €m,

~_

Figure 21: Left: An optimal path ¢;; from u; to w] for a pair ¢j € m,. Right: If ij € 7,
then no optimal path is needed.

Proof of Theorem 4.5. Recall that the law of h is the same in pz2 and Ez2 (Lemma 18.7).
We therefore only need to bound the correlations in an even domain with + boundary
conditions, and then to let the domain go to Z? to obtain our result. From now on, we fix
a large enough even domain D containing all the points of u.

By Lemma 21.1, it suffices to bound for every 7,

,u%[ H I (uiug, ujus) | (361)
ijEeT
Below, we shall view 7 in (353) as a set of ordered pairs ij = (4, j), where we order each
pair such that |u} — u;| < |u; — uj|. For each ij € 7, let ¢;; denote the optimal path from
u; to u; (relative to the pair {u;,u}}). Write |g;;| for the length of this path (this quantity
is bounded via Lemma 21.3). Partition the pairs in 7 into two sets, as follows.
e The set 7, is defined as the set “good” pairs, that is, the pairs ¢j which satisfy
Sgz ({us, uit, {uj,uj}) > 20k%. This means that automatically, |¢;| = 1 for any
1) € Tg-
e The remaining pairs are “bad”; the set of bad pairs is denoted m,. For ¢j € mp, it is
still possible that |g;;| = 1 for ij € m,, namely when u; and u) are neighbours.
Define Z(7) := [];;e10, - - ., [g;| — 1}; the path decomposition leads to

Hg[HI(UiU;?uju;)} < 0 up | T Tlas (i) aij(ng + 1), uzuf) | (362)

ijeET neZ(w) iJET

Next, we are going to bound the random variables I(-) using Lemma 21.2. We
distinguish three cases (see Figure 21).
(i) Ifij € mp and ¢;5(ni;) and gj;(n;; + 1) are neighbours, then I(-) < 4 deterministically.
(ii) If i € mp and the two faces are not neighbours, then there exists an annulus
Ajjn = Annulusg,;,, 7., (Tijn) such that {g;;j(n;;), ¢;j(ni; + 1)} is contained in one
connected component of R? \ Aijn, and {u;, ug} in the other connected component,

and such that Rjjyn/rijn > 10 Tn that case, Lemma 21.2 gives

I(-) <4KRg,;,, (363)

Tijn Tijn *
(iii) If ij € 7y, then we may argue as for the previous case, except that we may choose

the annulus such that Rjjn/rijn > ¢Sz (s ui} {ug,u31) /2 > 10K?
Writing m, ,, C 7, for the pairs in Case (ii), we get

ijET neZ(w) 1JETGUTY n
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The right-hand side is easy to upper bound if the annuli do not overlap (using Remark 19.6),
but the disjointness is not guaranteed by our construction. We therefore apply the shrinking
annuli lemma (Lemma 21.4) with N = k/2 to find a family of non-overlapping annuli
Al = AnnuluSR;jn%jn (an) C Az‘jn (With 1j € g U Wb,n) with radii r;; > 4 and

iJn

K2/ . 10
zgn/rmn - RU"l/rU"l >e

Thanks to the inclusion of the annuli, the previous estimate turns into

%[Hl(uiug,uj } < 4k Z wh H KR”W i | (365)

je™m neZ(n) 1JETGUTp p,

The expectation on the right may now be bounded as follows: first we bound the expectation
of K.y for the annulus with the largest outer radius, then the conditional expectation
of the K(.) with the next-largest outer radius, et cetera. Lemma 19.5 (more precisely
Remark 19.6) asserts that the conditional expectation of each K R.. is bounded by

(Rijn/Tijm) /(1 — 27%m) in this procedure We therefore get

| TT 1Cuwinu)| S (T = 2cm)i2 > I By (366)

iJET NEL(m) iJETGUTY n

Jjn’ 7,jn’xi]"’1

Using the lower bounds on an / T;j'n, provided by Lemma 21.4 and Lemma 21.3 (which
bounds |g;;| and therefore |Z()|), we get the bound

(carm/Zk ) R2 ({u“u;}’{uj’u;}) lf Z ] Sy
M%[HI(W%W“J } <CkH{ J g»

, , A (367)
ien 1V —=Spo ({us, wit, {uj, uj})  ifij € mp.

As mentioned in the preamble of the proof, this implies the claim, as one can let D to Z2
and sum over every 7 to get a bound on |®(u)l. O

22 Regularity estimate (cylinder, Corollary 4.7)

The proof is quite straightforward relative to the proof of Theorem 4.5. We can essentially
work as for the full-plane case, except when the cylinder is very thin relative to the distance
between the points (see the picture on the right in Figure 22). In that case, we must slightly
modify our proof. This modification is very natural: rather than counting alternating arms
in an annulus, we count alternating arms going through a thin subcylinder. This leads to
an even better bound than the one we need.

Proof of Equation (34) in Corollary 4.7. We first prove that there is some constant C' such
that
’(I)CYILQ((O’ 0)7 (kv 0)7 (2k7 0)7 <3k7 O))‘ <C (368)

for any k and L. Fix N = 10°. For simplicity we split in three cases.
Small values for k (k < N). If k <N, then ®cy, 2((0,0), (k,0), (2k,0), (3k,0)) < N2.

Values for k that are large, but smaller than the cylinder (N < k < L/40). This
is the “full-plane case”. Set u := (k/2,0), r = 5k/8, and R = 2r = 5k/4. By arguing as in
the proof of Theorem 4.5 (Section 21), we see that

|(I)Cy1L72((07 0), (k,0), (2k,0), (3k,0))| < 8MCylL [KR,r,u]; (369)

where Kp,, is defined in (334); see Figure 22. This expectation is uniformly bounded by
Remark 19.6.
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Case L > 40k Case L < 40k

Figure 22: Regularity estimates for the cylinder

Values where k is on the scale of the cylinder (k > N V (L/40)). This is the
“cylinder case”. To illustrate why this case is different, suppose for a moment that L is
in fact much smaller than k (for example, L =~ k/100). The problem that arises is that
the annulus considered in the previous case wraps around the cylinder many times, and
therefore the estimate that we used before does not make sense. To circumvent this problem,
we are going to replace the annulus by a different shape, which leverages the topology of
the cylinder. This leads to an even better upper bound, even though a constant bound
suffices for our purposes.

Define the subcylinder A = [2k, k] x (R/LZ)] C Cyly, and let K denote the 2Z>-
valued random variable defined to be maximal subject to A having K alternating & crossings
from left to right (see Figure 22). Notice that, just like in the definition of AltArm%.(A),
there is not really a highest or leftmost crossing, due to the topology of A.

By arguing as before, we see that

|(I)Cy1L,2((07 0)7 (ka O)a (2k7 0)> (3ka 0))| < 8(1 + HCyly, [K]) (370)

Importantly, the aspect ratio L/ %k of A is upper bounded thanks to our assumption. We
may therefore argue as before to see that K has exponentially decaying tails, uniformly in
the choice of k and L (subject to the bound on the aspect ratio). This yields the desired
uniform bound on jucy1, [K], which is also uniformly bounded by Remark 19.6. O

Remark 22.1. Although not necessary, in this last case it is straightforward to see that the
upper bound on the correlation function decays exponentially fast in k/L. This is consistent
with an intuition coming from the transfer matrix perspective: the eigenvalues of 7'(0) are
L-th roots of unity, and therefore they cannot be too close to one (without being equal to
one). This is obvious because T'(0)" is the identity operator. Such a one-line proof does
not exist for the eigenvalues of the Hermitian matrix 7'(7/2), but it can be proved that
there are no eigenvalues in the range (1 —¢/L,1) by RSW-type arguments.

Proof of Equation (35) in Corollary 4.7. We aim to prove that for any L € 2Z>; and for
any integers 0 < ¢ < L/2 and k > /8,

‘(I)CylL,Q((O’ 0)7 (07@’ (ka 0)7 (k‘,ﬂ))’ < C@/k)c- (371)

Again, we divide into three cases.
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Values of k < 10/. It suffices to bound the correlation function by a uniform constant.
If £ < 1000 then this is trivial. Suppose that £ > 1000. Let

K = #AltArm® (A); (372)
A= ([6/10] x [—5, 51) \ (1¢/20] x [-5. 1) - (373)

Then, the correlation function is bounded by 8(1 + ucy1, [K]). It is easy to prove that
picyl, [K] is uniformly bounded, by arguing as in the proof of Lemma 19.5.

Values of k > 10°¢ satisfying v/¢k < L. This is the “full-plane case”. Fix r := 4¢ > 4
and R := %\/ﬁ{: Recall the definition of K. g (9¢/2) from the statement of Lemma 19.5
(roughly speaking, it counts the number of alternating crossings from inside to outside in
the annulus). The level line tree picture can be developed for the cylinder: without going
into the details, it is not difficult to see that the two-point correlation function is bounded
by the number of alternating circuits separating the two points in each pair (Lemma 21.2),
which in turn is bounded by (see the picture on the left in Figure 22)

(T/R Carm

1 2 Carm (E/k)carm/g’ (374)

8pcyl, (K R 0,0/2)] <

which is a bound of the desired form.

Values of k > 10%¢ satisfying v//k > L. This is the “cylinder case”. First observe that
k/L > \/k/¢ > 1000. Define the subcylinders

Up := [L,2L] x (R/LZ); (375)
Uy :=[3L,k — L] x (R/LZ). (376)

Write K for the 2Z>¢-valued random variable defined to be maximal subject to AltArm% (Up)
occurring. Write & := Circuit”(U;). Then, the correlation function is bounded by

8ucyl, e (14 K)]. (377)

Yet, the conditional expectation pcy, [K|E€] is uniformly bounded, and the probability
ey, [E€] tends to zero exponentially fast in k/L. Thus, we get a bound of the form

|Bcy1, 2((0,0),(0,6), (k,0), (k, )] < Ce™k/L < CemeVE/E, (378)
The stretch-exponential decay is even stronger than the desired polynomial decay. O

23 Mixing estimate (Theorem 4.8)

This section is split into two subsections. The first subsection contains the main proof
of the mixing estimate. The second subsection analyses in further detail the covariance
structure of the height function, which is used in the last step of the main proof. The ideas
on the covariance structure are also used in the last section (Section 26).

23.1 Main part of the proof

Proof of Theorem 4.8. Fix ¢ € [1,2], k € 2Z>3, and ¢ := 1/10° throughout this section.
Consider u € Dy,.
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2 0A Cw Ball, 5 iy " Ua

Figure 23: The points are positioned such that the pairs (u;,u,) for i > 3 have a relatively
small diameter and are far from each other and from the point (0,0). For the proof of the
mixing estimate, it is convenient to write the height difference h(;) — h(a}) as H; + H; for
1 = 1,2, illustrated by the figure.

Step 1: Conveniently positioning the points u. We first argue that without loss of
generality, u satisfies the following conditions (cf. Figure 23):

e uy = (0,0), uy = (—1,0), uj = (1,0),

o |u; —uy| > 1/£2 for any distinct 4, > 2,

o |u) —u;| <¢e? for any i > 3.
Indeed, by translating the system, we may assume that ug = (0,0). By decomposing each
pair (u;, u}) into paths of tiny steps (like in the proof of Proposition 7.2) and using additivity
of the correlation functions, we may assume that inf;z; [u; — u;|/ sup; |u} — w;| > 5. We
may then rescale the system such that the second and third properties are satisfied. Finally,
the statement we are trying to prove does not depend on the position of v} and u}, by
the additivity property and the regularity bound, and therefore we may choose them as
described in the claim.

Recall that w; is the variable of interest, and we would like to let u; tend to (0,0) = us.

Step 2: Splitting the height increments. Consider |u;| < ¢ and § < &2, and write
w = (us,uf,...) € Dx_o. Write @; € F(Z?) for the face corresponding to u;/§, and define
@, and w similarly. It now suffices to find a universal constant C' < co (depending only on
k) such that |(x)| < C, where

(%) = | Pp (11, U4}, Uz, Uy, W) — Po (1, U}, Uz, Uy Pr_o(W)|. (379)

We rephrase our correlation functions in terms of the spin measure py2. The key step in
the proof is to consider the random domain A defined as the unique maximal even domain
such that 0 = 1y € F(A) and 0A C wt NBally 5. We set A =) and A = {Gz} when
such an even domain does not exist. Notice that almost surely h is constant on 0.A4; write
h(0.A) for this constant value. Define the following random variables (cf. Figure 23):

0A) if F(A) > ay,

otherwise;



Then,

380

381
382

383

= pg2[P(Hy + Hy)(H + H))); (380)
= pze [(Hy + Hy)(Hz + Hy)); (381)
; (382)
(383)

COV'MZ2 [P, (Hl + ﬁl)(HQ + ffg)]

Step 3: Rewriting (x) as a finite sum of bounded terms. Conditionally on d.A, the
Markov property over A applies. This means that the tuples (P, Hy, Hy) and (Hy, H) are
independent. Moreover, we know that the second tuple has zero mean due to flip symmetry
(Lemma 14.7). Thus, we get

(*) = Covy, [P, H Hy + Hi Hy)] = Cov,, , [P, Hy Ho] + Cov,, , [P, H1 Ha]. (384)

Since P and H; Ho are independent conditionally on A, the second term on the right-hand
side is bounded by

| Covyuyy [122[PI A, 2 [H Ho Al | < \/uzz [z [PLAI?] Vary,, [z [Hy Hol Al (385)

Combining yields

|(%)| < | Cov,,, [P, HiHo| + \/ pgzlpiz2 | P|AJ?) Var,, , 12 [Hi Ha| AJ]. (386)

To get Equation (379), it suffices to bound each of the three probabilistic terms appearing
on the right in (386) by a universal constant (depending only on k). This is neither short
nor straightforward. So the three terms are handled in Lemmata 23.1, 23.2, and 23.4
below. 0
23.2 Proofs of the lemmata

Lemma 23.1. In the context of the proof of Theorem 4.8 (in particular Equation (386)),
there exists a constant C < oo (depending only on k) such that

iz iz [PLAP) < C. (387)
Proof. Since A is w-measurable, we get
pz2 12 [PIA?) < pgeluze[Plos, o). (388)

Recall the definition of the level line tree from Section 20. We shall argue as in Section 21
on the regularity estimate. Let D be an extremely large domain. In Section 21, we argued
in Equation (355) that

uplPlX) < Y T 4rua, ayu)), (389)
T ijET
where 7 runs over the pairings of {3,4, ..., k}. In Section 21 our ultimate goal was to bound

the first moment of the right-hand side, but now we want to bound its second moment.
This follows straightforwardly from Lemma 19.5. Indeed, later in Section 21 (Equa-
tion (363)), we bounded each intersection count by an arm count around @;:

I(ugtg, ujuy) < 4K /s (8).a,- (390)
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Letting D converge to Z? yields

|z [Ploo, @]l <> [T 16K /8).(/6).a (391)

T ijET

But the annuli corresponding to the u#; do not overlap, and therefore we may use our
(exponential) bounds on the tail of K(.) from Lemma 19.5 (which bounds the second
moment of each K(y/5 (-/s),a;) to see that the second moment of the random variable
pzz2[Ploo,w] is universally bounded (with a bound depending on k and c only). O

Let us turn to Lemma 23.2, which is slightly more involved but relies on similar ideas.

Lemma 23.2. In the same context (of Equation (386)), there exists a constant C < oo
(depending only on k) such that

| COVMZ2 [P, H1H2” < C. (392)
Before diving into its proof, let us state a convenient intermediary result.

Lemma 23.3. In the same context (of Equation (386)), there exists a constant C < oo
such that
iz iz [F Folora, %) < C. (393)

Proof. Since A C w™, the set OA is contained in a single X-vertex. Identify 0.4 with this
X-vertex. It therefore makes sense to consider the unique X-path from @, to d.A, which we
denote by p¥294.
Let D denote an extremely large domain. By arguing as in Section 21 (Equation (355)),
we observe that
| [Hy Ha | X]| < 4[p™24 0 p™# A V(X)) (394)

Notice that p“294 is a truncated version of the X-path p“2%, which will work in our favour.
The right-hand side of the previous display is a random variable, and our objective is
to bound its second moment with a universal constant.
Define the following geometric objects (illustrated in Figure 24):

TS

] X [_%7 ]’ (395)

=

S:=Ball;;  A:=Amulusg 1; R :=[g,
5 679

and R?, R®, R* the rotations of R' by the angles 7/2, 7, and 37 /2 around (0,0).

It can be verified (by analysing Figure 24) that any self-avoiding loop v C R? surrounding
exactly one point of the pair {@;, @} } and exactly one of {ug, @)} satisfies one of the following
three properties:

1. yCS,

2. 7 crosses R' or R? horizontally, or R? or R* vertically,
3. ~y realises an arm event for A.

To upper bound Equation (394), we observe that each w-connected component in
p294 M pi® O V,(X) must contribute to at least one of the three cases above. In fact, by
definition of A, at most two such components can be contained in S. Thus, we get

P24 N p" T NV (X)] < Q, (396)

where

Q=24+ > #AUHo“(R') | + [ Y #AltVer®(R) | + #AltArm®(A).  (397)
i=1,3 =24
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Figure 24: For Lemma 23.3, each loop which surrounds exactly one point of each pair, must
either be contained in the inner boundary of the annulus (the small square), or cross one
of the four rectangles in the easy direction, or realise an arm event for the annulus. The
figure contains an example for each of these three cases.

The term 24 compensates for the potential components in S (at most two), and a few
other components that we may loose because of boundary effects when counting crossings
(for example, in our definitions we always imposed that we start counting at the highest
wt-crossing, thus missing out on a potential higher w™-crossing).

Putting our bounds together and letting D tend to Z? yields

|uzz [H1Haloo, w]| < 4Q. (398)

It suffices to prove that 4@ has a uniformly bounded second moment. This follows from
Lemma 19.1 (for the tails of the number of rectangle crossings) and Lemma 19.5 (for the
tails of the number of arms). O

We are now in a position to prove Lemma 23.2.

Proof of Lemma 25.2. Lemmata 23.1 and 23.3 imply that the expectations of the conditional
expectations P and HjHj are uniformly bounded (since the second moments are). The
product of the expectations is therefore bounded and it suffices to bound the expectation
of the product of the two conditional expectations.

By arguing as before, we get

|ub[PH Ho | X)| <> ] Al (g, uyu)), (399)
T 1jET
where we abusively write s := d.A. The sum runs over pairings of {1,...,k}. It suffices to

bound the term corresponding to each pairing 7 separately.
Suppose first that {1,2} & 7. Then, each pair may be ordered such that i # 1,2 for any
ij € m. This assumption enables us to bound each factor as in Lemma 23.1, yielding
Jm pb [T AT (g, ;1)) < pze ] 16K 1/8).(c/6),a.)- (400)
4 ijem ijem
This leads to the desired uniform upper bound via Lemma 19.5.
Suppose now that {1,2} € m. Then, by a reasoning similar to the previous proof, we get

Jim e[ (et w5i5)] < ppe4Q - [ 16K 05,0, (401)
4 ijen ijem\{{1.2}}
which is uniformly bounded by applying again our bounds for arms and crossings. O
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It remains to bound the last term in Equation (386). This proof is quite different.

Lemma 23.4. In the same context (of Equation (386)), there exists some universal constant
C > 0 (depending only on ¢ and k) such that

| Var,, , [uz2 [ HL Hol AJ]| < C. (402)

Proof. It follows immediately from the definitions and from the Markov property over A
that

pizz [HiHa|A] = Xa, a, (A); (403)

where
ph[h(v)h(va)] if F(A) 3 vy, v,

0 otherwise.

KXoy, (A) = { (404)
Write X := Xy, 4,. Note that X is an increasing function of the domain. Indeed, X (D)
can be expressed as the expectation of an increasing function of the branching function
(see Lemma 20.7), and the branching function is stochastically increasing in the choice of
the domain (Lemma 20.10).

To prove the lemma, we are going to prove the following stronger statement. There
exists a constant C' < oo (depending only on ¢) with the following properties. Let B C R?
denote any bounded simply connected set, and fix any two faces v1,ve € F(Z?) (say vg is
the face at (0,0) without loss of generality). Let B denote the largest even domain such
that B C B and such that vy € F(B) (if vy exists), and set B = () otherwise. Then, we
claim that

Vary, , [ Xy, 0, (B)] < C. (405)

The monotonicity in the domain gives that (405) implies (402). We are now going to prove
Equation (405).
Let D,, be the largest even domain contained in Ball,». We claim that the increasing
function
q:Z>1 =R, n— X(D,) (406)

is Lipschitz with a uniform Lipschitz constant. Since g, < 8", it suffices to prove that the
increments ¢, 41 — ¢, are bounded (uniformly in all input data) for all n > 100.

Consider the measure ,u%nﬂ. Let B denote the largest even domain containing vs
and such that OB C w™. By the circuit estimate, there exists some uniform probability
p > 0 such that, with probability at least p, the even domain D,, contains an w™-circuit
which surrounds (0,0) and is connected to 0D,,+;. By inclusion, the event {B C D,} has
probability at least p as well. By recursion (Lemma 20.9) and monotonicity (Lemma 20.10),
we get

G+t < A+ pp  [X(B)] <44+ pX(Dn) + (1= p)X(Dnt1) = 4+ pgn + (1= p)gnt1. (407)

This implies the desired uniform Lipschitz bound g,+1 — g, < 4/p.
Finally, define
Scale(B) := 0V sup{n € Z>; : D,, C B}. (408)

To finish the proof, it suffices to prove that:
e The variance of Scale(B) is uniformly bounded, and
® | X(B) — gscate(s)| is uniformly bounded.
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Lemma 19.5 implies that the second moment of Scale(B)—Scale(B) is uniformly bounded
(by exploring from the outside towards the inside, we find the desired w™-circuit with a
uniformly positive probability at each scale, independently of the past). This implies that
the variance of Scale(B) is also uniformly bounded.

It suffices to prove the second statement. Since X is an increasing function, it suffices
to uniformly upper bound X (B) — X (Dscale(s)). By arguing as for the Lipschitz property
above, we may find some uniform p’ > 0 such that

/‘E [{there' is some w™ N Dgale(p)-circuit around 'UQ}:| > 4. (409)
that is also connected to 0B

Analogously to what we did above, we deduce that
X(B> <4 +p/X(DScale(B)) + (1 _pI)X(B) and X(B) - X(DScale(B)) < 4/p/' (410)
This concludes the proof. O

Part E
Ingredient 2: Glimpse of scale invariance

Theorem 4.4 is proved in Section 24; Theorem 4.3 in Sections 25-26.

24 Free energy second derivative (Theorem 4.4)

It was proved in [Dum+22, Theorem 2| that the free energy f is twice differentiable at 0
whenever ¢ € [0, 2], with the value of the derivative depending on the parameter ¢. Moreover,
in that article, the second derivative f”(0) is characterised, but not explicitly computed.
We give the explicit computation below. Theorem 4.4 is an immediate consequence of
Proposition 24.1 and Lemma 24.3 below.

The statements in this section use another parametrisation of the six-vertex model,
namely the one given in Equation (20). Recall that this amounts to A = — cos(.

In this section, we use the convention that the Fourier transform of any F' € L!(R),
denoted F, where F : R — C is defined by t — Jg e F (z)dx.

24.1 Reduction to a Wiener—Hopf equation

The proposition below is essentially in [Dum-+22|, except that it is not written there as
such. Below, we shall describe how to derive the proposition from the (intermediate) results
stated in [Dum-+22].

Proposition 24.1 (|[Dum+22|). For any fized ¢ € [0,27/3], let T : R — R be the unique
LY (R)-solution of

T(z) - /0 " Rz - )T(y)dy = e(a). (411)

where ¢ and R are given by Table 3 (in particular, R is defined via its Fourier transform).
Then

f"(0) = -2 (412)

where —
e ™ 4f(=0.

(7 [ ree) v
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 e(x) )
/0 () e(w)z{e‘<” if¢>0,




¢ = CG(O,%W]

] i !

N o sinh((7—2¢)7)
R(t) 2cosh(%) 2sinh((7r—§)%)COSh(C%)

R 11l inh( 5)
Yy R sinh(r 3

R( ) 2cosh(%) 2smh((7r—C)%)COSh(C%)
() e ™ g, (2) (o LRy (@)
= 1 1
e(t) m+it mict

+ (l-it\z+ 2% O =9E ¢y-ist  T(A-ig) 2(r—()
a4 (0)? 2=27"¢ L=

Table 3: The summary of key quantities for the cases ( =0 and ¢ > 0. The letter I' refers
to the Euler gamma function.

Remark 24.2. Basic properties of the integral equation were discussed in [Dum-22,
Propositions 25 and 27|. Note that the integral kernel R has constant sign and integrates
to R(0) € [~1/2,1/2]. By Young’s convolution inequality, the integral equation (411) is
contractive and therefore has a unique L!(R)-solution which may be written 7' = 332, R¥(¢)
where R(a) := R * (Ig.,a).

Moreover, if ¢ > 0, then the integral kernel R has exponentially decaying tails, and so
does the solution T'. The case ( = 0 is similar; the integral kernel R and T have tails of
order O(z72).

We stress that to solve (411), one first restricts it to R>p, solves it on Ll(]RZO) and then
uses the relation T'(x) = [;° R(z — y)T'(y)dy to extend T to Reo.

Proof. First, [Dum+22, eqn. (60)| defines a function §f which it relates to f”(0) by

2
" _ : 1—
7100 = - i % 57(Q(5)) o
The function @ is defined in [Dum+22, eqn. (16)], but is not important to us. The
asymptotics of f(Q(l_Ta)) as a N\ 0 are then computed in [Dum-+22, Sec. 7.2] for 0 < ¢ < 2
and [Dum-+22, Sec. 7.3| for ¢ = 2. Combining them with (413) we obtain

£(0) = —022 /0 T @) e, (414)

with Ca defined at the start of [Dum+22, Sec. 7|. The value of Cx is computed in [Dum+22,
Prop. 25| as

N (419

A= T(A\)dA. 415
T—=CJo

Inserting this into (414), we obtain (412). O

The purpose of the next sections is to compute the ratio of the integrals in Equation (412),
or equivalently to derive the following result. Together with the previous proposition, it
implies Theorem 4.4.
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Lemma 24.3. For any ¢ € 0,27 /3] ( orresponding to ¢ € [1,2]), we have

I G
< ) i Q)

We proceed in several steps. First, we rephrase the Wiener—Hopf equation in Fourier
space. Then, we express T in terms of the solutions of a well-chosen Riemann-Hilbert
problem. This new expression enables an explicit calculation of the ratio in Equation (412).

(416)

24.2 Fourier transform of the Wiener—Hopf equation

Equation (411) is an integral equation that can be solved explicitly via the Wiener—Hopf
method [WH31|, see [AF03, p. 7.4.1] for a modern exposition. Let T" = T} — T| where
Ty := 1g,, T and T := —1g_,T. The Fourier transforms of 7% and T then extend to
holomorphic functions on the lower and upper half plane, respectively. Equation (411)
may then be written in Fourier space, leading to a Riemann—Hilbert problem for the
corresponding holomorphic extensions. This Riemann—Hilbert problem can be solved
uniquely and explicitly, and the solution for T is given by the inverse Fourier transform.
Once this is done, it is straightforward to calculate the ratio of the two integrals in (412).

We now implement this strategy. Let H* C C denote the open upper and lower half
plane. Let O(C \ R) denote the set of holomorphic functions ¢ on C\ R, such that ¢|g+
has a continuous extension to HT, and such that o[- has a continuous extension to H~.
For any such ¢ € O(C\ R), we deﬁne the continuous functions ¢4 and ¢_ on R via

£):= lim ot +i)). 417
p(t) == lim ot £id) (417)

In the context of our Wiener-Hopf equation, define

ity (2)dz it t € H-
T:C\R, t*—){ = Jpe " Ty{@)de if e H (418)

fR lth¢ r)dr ifte HT.

Notice that T € O(C \ R) by the dominated convergence theorem, limyy o0 T(t) = 0 by

integration by parts, and T = T} and T L= ﬁ by the definition of the Fourier transform.
In Fourier space, Equation (411) is written as

(1-RT, —T,=(1—-R)T_ —-T, =% (419)

We shall see below that this equation admits a unique solution 7 € O(C \ R) that tends to
0 as [t| — oo. We explicitly solve it via two Riemann—Hilbert problems: we first solve a
variant of the equation without the driving term e, and then we use our first solution to
solve a second Riemann—Hilbert problem which incorporates the driving term.

24.3 Two Riemann—Hilbert problems

Branch cuts will start to play a role. We view the Gamma function I' involved in the
definition of a as a holomorphic function on the right half plane {¢t € C: Re(¢t) > 0}, and
we view the function ¢ — ¢! as a holomorphic function on the set C\ R<g. Recall that
t — t* extends continuously to the point ¢ = 0, where it takes the value 1.

Define o € O(C \ R) as follows:

alt) = {the value given by Table 3 if t € HT, (420)

1/a(~t) if t € H-.
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Lemma 24.4 (First Riemann-Hilbert problem). The function « satisfies the following
properties:

(i) The functions a and ay do not vanish,

(i) The function o satisfies limy oo a(t) = 1,

(iii) We have a_ /oy =1— R.

Proof. We view I' as a holomorphic function that is non-vanishing on the right half plane,
and that Stirling’s approximation gives an estimate up to a factor of order 1 + o(1) as
|t| — oo. The first two properties follow by basic manipulations.
Finally, we must show that for any t € R, we have
a_(t) 1 ~

o) o (Chan@ ~ 1RO (421)

This is an elementary consequence of the well-known identities

TA

D(L+IND(1 =) = s T +iINr(E —ix) = ﬁm) (422)
which are valid for any A € C\ iZ. O
Lemma 24.4 enables to rewrite (419) as
a T —oa T, =ac (423)
Lemma 24.5. There ezists a unique solution G € O(C \ R) to the equation
G- — Gy =aye (424)

with limyy o G(t) = 0. In particular, one has T=G/a and fT(t) = oy (—t)G_().

Proof. Equation (423) implies that G = aT is a solution to Equation (424). This solution
also satisfies T\T(t) =T (t) = G_(t)/a_(t) = ar (—t)G_(t).

It suffices to prove uniqueness of the solution G. Let G’ € O(C \ R) denote another
solution. Then D := G — G’ € O(C \ R) satisfies

D_—-D; =0 and lim D(t) =0. (425)

[t| =00

The first relation implies that D extends continuously to C and by Morera’s theorem this
extension is an entire function. The limit at infinity being 0, we get D = 0 and G = G’ by
the second relation. O

Lemma 24.6. We have fT =T_. The functions fT =T_, and T|H7 take the explicit form

Ti(t) = ar(~0)a(t i) Trlu (1) = a(~t)alto)(0), (426)

Proof. The unique solution G € O(C \ R) of Equation (424) is given by

G(t) = (O‘(tc) —at)Ly+ (t))/e\(t) where te = {17r/( if ¢ >0,

427
im if (=0, (427)

is the unique pole of ¢ in C. Indeed, the function G defined in (427) is clearly holomorphic
and has the desired limit at infinity. The jump condition is straightforwardly verified.
The expressions for T} and T%|g- now follow from the previous lemma. O
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24.4 Proof of Lemma 24.3

We are now in a position to prove Lemma 24.3.

Proof of Lemma 24.3. Recall that T |- is a holomorphic function that extends continuously
to the real line, where it equals T}. As a consequence, using Lemma 24.6 in the third
equality gives

/ T(z)de = / To(2)de = T2(0) = as (0)a(t)3(0) = Lay (0)alte): (428)
0 R
The lemma therefore follows from the value of a4 (0) given in Table 3 and the identity

/000 e(x)T(x)de = i —a(te)?. (429)

o2m2

To prove the latter, observe first that T3 and e belong to L'(R) N L%(R). Indeed, we
already know that T' € L'(R). Since T} is also bounded, we get T+ € L*(R). For ¢ the
claim is obvious.

Plancherel’s theorem can therefore be used to obtain

/ " e(@)T(2)dz = / o(2) T (2)da = % A=) (t)dr. (430)
0 R R

Now, T|H_ is holomorphic and extends continuously to R, where it equals fT' Cauchy’s
theorem implies that for some small € > 0,

/ " ()T ()de = -
0

(—t)T(t)dt. (431)
21 Jr—ei

(We use that the integrand is O(1/t?) as |t| — co0.) Cauchy’s integral formula (again using
the O(1/t?) decay) gives

> ltcl 14 lt¢|
| r@ie = "0 = Sawi-) = g Gat0n 632
0 ™ s
This is exactly (429), so that the proof is completed. O

25 Proof of Theorem 4.3

This section establishes Theorem 4.3. The proof relies on Ingredient 3 (Part D). In particular,
we use our bound on arm exponents (Theorem 4.9) and flip domination (Theorem 4.10).
Finally, Proposition 25.3 plays an important role — it is stated in the current section, but
its proof is deferred to Section 26.

The proof is structured as follows. We first state a preparatory identity, linking the free
energy to a large deviations principle. Then, we present an intuitive version of our strategy,
which has some clear flaws. This guides our rigorous proof, which consists of three steps.
The first step entails Proposition 25.3, which is thus deferred to Section 26.
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25.1 Preparatory identity

Let us first introduce the notion of constant even height circuit of h. It is a circuit v of
edges in E, with the property that the height difference between the endpoints is equal to
zero. By definition, all faces corresponding to endpoints in v have the same height, which
we denote by h(y). We view each edge of the circuit as a line segment in R? connecting the
centres of the two corresponding faces; so that the circuit itself can be seen as a random
subset of R? in this way.

Consider a topological annulus, that is, a subset A C R? that is bounded and topologically
equivalent to an annulus. For any topological annulus A and any k& > 0, define

A contains two even height circuits 7, v+ of h with nontrivial
Circuit t#(A) := { winding in A, such that 7o is the outermost even height circuit 3 . (433)
included in A, and such that h(y4) — h(y) > k

Notice that this event is measurable in terms of the gradient of h, that is, it has a well-
defined Py2-probability. We shall start by giving an alternative way of characterising f”(0),
where f is the free energy.

Proposition 25.1 (Variational principle). For any a € (0,1), we have

. . 1 . ta
lim lim mlogﬂ”zz [Circuit ™ (A, )] = f(a) — £(0), (434)

p—00 L—o00 4P
where Ap 1 :=[(p+ 1)L x L]\ [pL x 0], while [a x b]is as defined in Equation (278).

Proposition 25.1 can be understood as a wartational principle. It tells us that the
likelihood of height function deviations of order L in a domain of size L can be expressed
in terms of the free energy functional (which provides the entropy of the system at different
slopes). For height functions, such a principle was first established in the work of Cohn,
Kenyon, and Propp in the context of the domino tiling model [CKPO01] (the domino tiling
model is integrable, but the proof of the variational principle does not use the integrable
structure). All the essential ingredients for the proof of Proposition 25.1 are already present
in [CKPO1]. The variational principle was later proved in a general finite-range setting
(including the six-vertex model) in a work of Sheffield [She05]. Finally, we mention [LT24],
which also establishes the variational principle for height functions which are potentially
infinite-range (also including the six-vertex model). A proof of Proposition 25.1 may thus
be found in any of the references [CKPO01; She05; LT24]; we do not reproduce it here.

25.2 Naive strategy and its problems

To explain our strategy for establishing Theorem 4.3, we first “prove” the result by using
two assumptions that are sensible, but which are not exactly true or, at least, which we
cannot rigorously establish at this stage. Below, ~ means that the events have the same
probability up to the relevant precision.

Assume first that

Py [Circuit* (4, 1)] ~ Py che average of h on the line segment [pL x 0] mlnus}]

the average of h on 9(p+ 1)L x L] is at least k
(435)
If this assumption were true, then the GFF convergence (a hypothesis in Theorem 4.3)
and a GFF calculation that can be made precise quite easily (we shall do this later in full
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detail) would imply that for fixed k, we would have

lim Py2[Circuit™ (A, )]

L—oo

~ lim ]P)22
L—oo

the average of h on the line segment [pL x 0] minus | | <42P>§2 (436)
the average of h on J[(p+ 1)L x L] is at least k ~e '

Let us now make a second assumption, which is even more optimistic: suppose that
the previous formula is true even when we set k = oL rather than keeping k fixed. Such
an assumption is a big stretch, since GFF convergence covers events with a probability of
order 1, while setting k¥ = oL means passing to events in the large deviation regime.

Such an assumption would allow us to combine Equations (434) and (436) with k = aL
to get

052

fle) = £(0) =~

Since f is twice differentiable at a = 0, this is equivalent to Theorem 4.3.
In the remainder of this section, we describe a rigorous proof of Theorem 4.3. It does not

really establish the previous two assumptions, but it is inspired by the same ideas. Remark

that the equality o2 = —1/f”(0) may be viewed as the combination of two inequalities;

unfortunately, we will have to treat the two inequalities separately in each step.

(437)

25.3 Step 1. Splitting the large deviation event into “independent” events

This step circumvents the problems with the second assumption. We essentially split up
the large deviation event which has a probability of order e=%* into O(L?) “independent”

events which have a probability of order e™°.

Definition 25.2 (Straightened annulus). An n-straightened path is a path in R? which
is a union of line segments of the square lattice graph nZ2. A (p,n)-straightened annulus
is a topological annulus A C [p + 1] x R such that its inner and outer boundaries are
n-straightened paths, and such that the inner boundary crosses the vertical strip [—p, p] x R.

Proposition 25.3 (Splitting). Fiz c € [1,2].
(i) Straight bound. For fized p,k, N € 1000Z>1 with N > 2k,

log P2 [Circuit ™ (A, v)] < 4pN? ( FEs2) — f(0)>. (438)
In particular,
. . 1 . o +k 1 1
lim sup lim sup 4 log P72 [Circuit™ (A4, n)] < 5 f7(0). (439)
k—oo N-—soo ' 2

(i) Curly bound. For fized p € 2Z>1 and € € (0,1/100), there exist constants n > 0
and C,r =r(p,e) < 0o such that, for sufficiently large k € 2Z>1 and for sufficiently
large N € 2Z>1 (depending on k), we have

im 1 ircuit 21— (N 4,
nh_)ngo - log <(A¢)€err(lg;})(,n,s,n) 1:[ P72 [Circuit (NAz)])

> 4(p+ DN (F(UH) = £(0)) + 200k log ceirense — €, (440)
where A(r, p,m,e,n) is the set of all families of [(1 — e)n| disjoint (p,n)-straightened
annuli A; for 1 <i < [(1—¢e)n| of diameter at most 2r = 2r(p,e) that are contained

in [(p+1) xn].
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In particular,

1 r2l(1-e)k/2]
hkn_1>£f l}&l&f TLILII;O 1p+ Dnk? log (( )eerlga,i{n . HPZQ [Circuit (NA; )])
1 100
> §f”(0) + T 1 log Ccircuit - (441)

The proof of Proposition 25.3 is deferred to Section 26. We now turn to the second part
of the proof, that corresponds to a variation of the first assumption we made.

25.4 Step 2. GFF counterparts of circuit events

First, notice that our first assumption is not yet unambiguously defined, since the notion of
“average” requires the introduction of a probability measure, which we did not explicitly
do. It turns out that, from the perspective of the GFF, there is a unique natural choice of
probability measures. Let us describe this choice first. In this subsection, we shall work in
the generality of an arbitrary topological annulus A C R?.

For any topological annulus A, let OextA denote its exterior boundary, and let Ot A
denote its interior boundary. Introduce the function

Hy:R2 = [0, 1],  — P[{a Brownian motion started at x hits O, A before Dext A}

(442)
This is the unique bounded harmonic extension of
1 if z € O A,
DA SR, s { T Ot (443)
0 if x € OextA,
to R2. Let v4 denote the “Laplacian measure” associated to A: it is defined as v4 == —AHy,

and may also be characterised as the unique finite signed measure supported on 0A such
that for any smooth compactly supported function F : R? — R, we have

/ (z)dva(a / VF(z) - VHa(z)dz. (444)

Decompose v4 := VX — v, where both terms on the right are (positive) finite measures. By
definition, 1/;‘r is supported on Oing A, and v is supported on OexyA. Moreover, Equation (444)
with F' = H 4 shows that

V(O A) = 17 (Gt A) = / |V Hoa(2)|2d —: Dirichlet(H.4). (445)
Define 3 ] ) "
P4 Dirichlet (H4)

This measure is normalised in the sense that it decomposes as the difference goj — ¢, of
two probability measures with disjoint support. We are now ready to state the main result
of this subsection. Recall that a convergence sequence is a sequence (d, ), tending to zero
such that A(%») converges to a multiple of the GFF.

Proposition 25.4 (Formal version of the first assumption). For (d,)n a convergence
sequence and A a topological annulus,

P h >k
lim lim — log z2[{{h: pay5,) > K}l

—0. 447
ks oo n—soo k2 PZQ [Circuit™™*(A4/4,,)] D
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Here and below, I' denotes a normalised GFF on R? (in the sense of Section 2.3). To
prove the previous proposition, we first need some very basic information on the behaviour
of the random variable (I', p4).

Lemma 25.5 (GFF analysis of (I', p4)). For every topological annulus A,
(i) The random variable (I',p4) has the distribution N'(0,1/ Dirichlet(H_y)),
(i) We have

1 1
lim — log P[{(I", ) > k}] = —= Dirichlet(H,), (448)
k—oo k2 2
(i) The Gaussian process I may be decomposed as the sum
I =T%+ (T, pa)Ha, (449)
where T4 is a Gaussian process that is independent of (T', 0 4).

Proof. Fix any finite Dirichlet energy generalised test function u. Since the Green function
G2 is the inverse of the negative-Laplacian, we get

Dirichlet(H 4) Cov[(T', 0 4), (T, u)] = Cov[(T, va), (T, )] (450)
— [ Gaalar.g) dvata) duty (451)
~ [ (A M) 52)
~ [ Ha) duto). (453)
In particular, we get
1
Corl(T. o) (Tupal] = Grcrercreye | HA®)dvaly) (154)
= Dirichlit(HA)Q / IVHa(y)*dy (455)
1
- Dirichlet(HA); (456)
and similarly
_ 1 _
Covl(T. o) (b = )] = Frmmergry | HAW) A=) (57
_ Ha(z)
~ Dirichlet(HA)" (458)

Item (i) follows from (456). Item (ii) follows from item (i). Let us now focus on (iii).
Since I' is a centred Gaussian process, it must clearly have a decomposition of the form
I =T44(T',p4)F. Tt suffices to show that F' = H 4, which is done via (456) and (458). [

The next lemma is a direct corollary of the previous lemma.

Lemma 25.6. For a convergent sequence (6,)n and a topological annulus A,

. . 1 . 1
Jim lm o logPa[{(h, pays,) 2 k}] = lim -5 logP[{(oT', pa) > k}] (459)
..
=53 Dirichlet(H 4), (460)

where o2 is the variance of the limiting GFF along (5,)n.

105



Ha(z) > 5} %"has arms at
height difference >

Figure 25: By topological considerations, one of the following three events must occur
for the scaled height function (h’)©») /k: the event in the statement of Lemma 25.7 (left
picture), the event £_ U E, in the proof (middle pictures), or the event F, in the proof
(right picture).

The heavy lifting is now done in the following lemma. Below, a subset of F(Z?) is
seen as a subset of R? by considering the union of the line segments joining the middles of
adjacent faces.

Lemma 25.7. Fiz c € [1,2]. For any convergence sequence (0p,)n, any topological annulus
A and any € > 0, we may find some constant o > 0 such that the following holds true. Let
B’ denote the representative of h such that goz/%(h’) € [0,2) (this depends implicitly on n).
Suppose that x € A and r > 0 are chosen such that Ball,(x) C A. Then,

h/ .
lim lim Py H{HA(QU) —e < T < Hyp(x)+ €} contains H{<h’ o) >k} = 1.

k—00 n—>00 a nontrivial circutt in Annulus, () /6,
(461)

We start with an informal explanation of the statement of this lemma. The height
function %) converges to a multiple of the GFF in the sense of finite-dimensional
distributions. In particular, the distribution of (A’)®)/k in the conditional measure
Pga[-[{{h, 0as5,) = k}] converges to Ha + oT4/k as n tends to infinity (Lemma 25.5).
This implies that in the double limit, (h’)®) /k converges to the deterministic function H 4,
but only in the sense of finite-dimensional distributions.

The lemma provides a link between this distributional convergence, and the appearance
of circuits in the level sets of (h/)©) /k (which are defined on the microscopic level). More
precisely, it says that with high probability, we may find a microscopic circuit around any
point 2 € A along which the height of (h/)%) /k is close to Ha(z) (Figure 25).
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Proof. Define the following three events:

B {% < Hy(z) — §} contains a nontrivial | | (462)
- circuit in Annulus, o (2)/n ’

B, — {%’ > Ha(x) + §} contains a nontrivial | | (463)
e circuit in Annulus, o (x)/dy, ’

we may find some a € 27Z such that {h+a < 0} C F(Z?)
E,:= ¢ and {h+a > 5k} both contain a path connecting the » . (464)
two boundary components of Annulus, o (z)/dy,

We claim that if the event in the statement of the lemma does not occur, then the event
E_UE; U E, must occur. The claim is true for topological reasons (Figure 25). Indeed, if
the event in the statement does not occur, then one of

{W/k — Hus(z) >7¢/8} or {h'/k— Ha(x) < —T7¢/8} (465)
must contain an arm of the annulus. If the event E_ U E, does not occur, then both
{W/k — Ha(z) > —3¢/8} and {h/k— Ha(x) < 3¢/8} (466)

must contain an arm of the annulus. But if one of (465) and both of (466) contain an arm,
then F, occurs. This proves the claim.

By the claim, it suffices to prove that the events E_, E,, and F, each occur with a
low conditional probability in the limit. We first handle E, by fixing a suitable value for a.
Note that the bound on arm exponents (Theorem 4.9) implies that

Py |E,] < a K/, (467)

If « is sufficiently small, then Lemma 25.6 implies that this probability is negligible compared
to the probability of the conditioning event. Fix such an o > 0 from now on.

It suffices to prove that F_ occurs with a conditional probability tending to zero (the
case of E is similar). Let m, denote the uniform probability measure on a circle of radius
a/d, centred at x/d,. By flip domination (Theorem 4.10), we get

<h7 Tn — SOZQ k) > | 1
P2 [{ - [0 < Ha(x) — S 1E-n{(h,pas5,) = k}| = 5 (468)
But without E_ as conditioning event, Lemma 25.5 tells us that
. . <h’ Tn — (702 F) > |
Jim lim Py { z Pl < Hy(x) - § ¢t |{{hapass,) > kY| = 0. (469)
This implies that the conditional probability of E_ tends to zero. O

Proof of Proposition 25.4. Consider a convergence sequence (d,,). Let o2 be the variance
of the limiting GFF. We view Equation (447) as the combination of two inequalities, which
are treated somewhat differently. More precisely, it suffices to prove that, for fixed € > 0,

P72 [{(h, pa/s,) = k}]

lim inf lim inf > 1. 470
koo oo Py [Circuit M (A/6,)] ~ 4 (470)

P2 [Circuit 5 (A/6,,
lim inf lim inf — L2/ ArW(A/0)] L (471)

koo oo Ppa[{(h, payss,) 2 (14 4e)k}]
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Proof of Equation (470). In fact, we shall prove this inequality for fixed k& and n using
flip domination. Define 7y to be the outermost even height circuit in A/d,, and v, to be
the outermost even height circuit in A/d,, with h(v,) — h(v9) = ¢. These circuits may or
may not be well-defined (if they are not, we set them equal to @)). Introduce the event
Cyo:={~¢ # 0}. For ¢ € 2Z \ {0}, define the random variables

Xo = hi30) = 975, (1); (472)
X i= %5, () = hl3e). (473)
On (Y, we have that
(h,0a/5,) = Xo+ L+ X (474)

Flip domination (Theorem 4.10) implies that for any even £ > 4,
P{Xo <0} NCy] <P[{Xo <0} NC_prg] =P[{Xo >0} NCp_yl, (475)
where the equality is just total flip symmetry. Since also Cp_4 C Cy, we get
P[{Xo > 0} N Cr_4] > IP[Cy]. (476)
Using flip domination (Theorem 4.10) again, we obtain
P{X; 4> 0}{Xo >0} NCpg] > 3. (477)
Putting things together, we arrive at
P[{{h, 0as5,) = € = 4}] > P[{Xo > 0} N Cog N {Xp—q > 0}] > 7P[Ce]. (478)
Setting ¢ = k + 4 yields Equation (470).

Proof of Equation (471). Define b’ as in Lemma 25.7. Using Lemma 25.7 and a union
bound (see also Remark 16.2), we obtain

R % .
lim lim Py {F < 5} _and '{W.Z.l + 3¢} contain
k—o00 n—ro0 a nontrivial circuit in A/4,

{(hypays,) > (1 +4e)k}| = 1.
(479)

By the intermediate value theorem, we deduce from this that

there are two even height circuits
lim lim Pz | { 70,7+ winding nontrivially in A/6, o [({(h,0a/5,) > (1 +4e)k}| = 1.
hoomeo with h(74) — k(o) > (1 + )k
(480)
Equation (471) follows by combining this with (470), Lemma 25.6, and the inequality

1
P[Cyiop_4] > §IP’[C’g NC_y] for any even £ > ¢/ > 2, (481)

which can be obtained in the same way as in the proof of Equation (470) above. This
concludes the proof. O

25.5 Proof of Theorem 4.3

With everything in hand, the proof of the theorem will basically boil down to an analysis
of the Dirichlet energy.

Proof of Theorem 4.3. Consider a convergence sequence (d,), and let o2 be the variance
of the associated limiting GFF.
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Proof of f”(0) > —1/0%. First, the straight bound in Proposition 25.3 combined with
Proposition 25.4 and Lemma 25.6 yields

1., Dirichlet(H4 ,) 1
— > — LR 482
SHOE P (482)
Introduce a new function
H) :R* = [0,1], x = 0V (1 — dist(x, [p x 0])) (483)

which coincides with Ha,, on 0A4,. As harmonic functions minimise the Dirichlet energy,
Dirichlet(H4,,) < Dirichlet(H,) = 4p + C, (484)

where C' is a constant independent of p. Letting p goes to infinity yields the result.

Proof of f”(0) < —1/02. Consider the curly bound in Proposition 25.3(ii). Importantly,
for fixed p and e, there are only finitely many shapes of (p, n)-straightened annuli A; of
diameter at most 2r (where we say that two topological annuli have the same shape if
they differ by a translation). Since there are only finitely many shapes, we may apply
Proposition 25.4 and Lemma 25.6 to each of these shapes to get

100

1
— lim min > if”(()) + 1

1 ircuit- (489
n—00 (A;)eA(r,p.men) 4(p + 1 0g Ceircuit-  (485)

1 Dirichlet(H 4;)
n Z 202

Recall that A(r, p,n,e,n) is the set of all families of K,, := [(1 — ¢)n]| disjoint (p,n)-
straightened annuli A; of diameter at most 2r that are contained in [(p 4+ 1) x n].
To deduce f”(0) < —1/0?% from (485), it suffices to demonstrate that

Kn
> " Dirichlet(Hy,) > 4pn(1 — €)?, (486)
i=1
since p and n can be taken large while € can be taken small. Equation (486) follows from a
straightforward calculation which we now describe.
Fix (4;) € A(r, p,n,e,n); we are now going to establish (486). Since the annuli are
disjoint, we get

> " Dirichlet(Hy,) = Dirichlet (3, Ha,) > / Vo (3, Ha,) (2)]* dz. (487)
i [pxn]

For the avoidance of doubt: on the right, we only integrate the square of the vertical
derivative over a smaller set than R? hence the inequality. By writing z = (x,%), we may
write this out explicitly as

p n
ZDirichlet(HAi) > / / 10, (>; Ha,)(a, b)\2 dbda. (488)
i —pImn
We now claim that for fixed a € [—p, p], we have

n
| 1S Ha) @b ab = 201 - 212 (489)
—-n
which clearly suffices for Equation (486). Notice that the total variation of ), Ha, along
the vertical line {a} x [-n,n| is at least 2K,, > 2(1 — ¢)n, since each annulus contributes
at least 2 to the total variation along this line. Equation (489) now follows from the lemma
below. O

109



Lemma 25.8. Let g : [-n,n] — R denote any continuous piecewise smooth function whose
total variation is at least 2(1 —e)n. Then [ ¢'(x)*dz > 2n(1 —¢)?.

Proof. We may assume that g(—n) = 0 and that ¢ is non-decreasing, by replacing it by
g(z) == [* |g'(t)|dt if necessary (this function has the same total variation and Dirichlet
energy). This also implies that g(n) > 2(1 — e)n. But given the values g(—n) and
g(n), we know which function § minimises the one-dimensional Dirichlet energy: it is a
one-dimensional harmonic function, that is, a linear interpolation. We therefore obtain

/g’(x)Qda: > /g’(a:)de = 9(21:32 > 2n(1 —¢)2 (490)

This finishes the proof. O

26 Proof of the splitting (Proposition 25.3)

We conclude this article by proving the two bounds in Proposition 25.3. This final section
consists of two subsections; each one is dedicated to one of the two bounds. The first bound
is significantly easier to prove than the second.

This section builds on the following ideas: the general spin representation in Section 14,
the level line tree and the covariance structure in Section 20, and the combinatorial argument
used in Section 19 (proof of Theorem 19.7).

26.1 Proof of the straight bound (Proposition 25.3(i))

The proof of Proposition 25.3(i) consists of four steps. First, we rewrite the quantity
X = Pg2[Circuit™ (A4, n)] in terms of the branching function of the spin representation.
Second, we use the FKG inequality to prove (roughly) that the probability of a circuit in
an extremely wide topological annulus Ay, v is at least x2". Third, we stack the annuli
vertically to show that we can get many horizontal crossings in an extremely large rectangle
with a probability lower bounded by some power of x. Finally, we relate the final quantity
to the free energy f(a).

Proof of Proposition 25.3(i). Fix p, k, and N.

Step 1: Rewriting in terms of the branching function. Recall that the law of h is
the same in Py2 and pz2. We shall work solely in the measure pz2. By inclusion of events,
we get

X = pize[Circuit ™8 (A, §)] < pgo [AltCircuit“,;’/Q_Zl(Ap,N)]. (491)

Recall the definition of maximal domains (Definition 20.8). Let D € M™* (A, n) denote the
largest domain such that 9D surrounds the interior boundary of A, y (and set D := () if
such a domain does not exist). By the tower property and the Markov property, we obtain

X < pze[AltCircuit o 4 (A, N)] = pize [up[AltCircuity , (A, MIL[D #0)].  (492)

Now, recall the definition of the branching function and its diagonal ¢* (Definition 20.6).
Roughly speaking, ¢*/2 counts the number of alternating disjoint circuits around each
point. Since AltCircuit‘,’z/szl(Ap,N) C Circuit{w*zk_m}(Ap,N), we may use the previous
bound and monotonicity in domains (Lemma 20.10) to push D away and get

X S 1y [Cineuit ¥ 51214, ), (193)
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Step 2: Estimating the probability of a circuit in an extremely wide annulus.
We claim that for any n € Z>1,

" < Nﬂ2np+1)NxNﬂ [Circuit ™ =F12} (A, n))]. (494)

We call 2n the horizontal multiplicity. To see that the claim is true, observe first that
monotonicity in domains and the FKG inequality (Lemma 20.10) imply

2n

" < MEE%LWH)NXN}] [ m Circuitt¥"2k—12} (A, N + ((2¢ —2n — 1)pN,0)) (495)
i=1

< MEE2np+1)N><N}] [CirCUit{w*zkfm}(Aan,N)]- (496)

The second inequality is just inclusion of events (see Remark 16.2).
If we let A€ M~ ([(2np + 1)N x N]) denote the largest domain containing the hole of
the annulus, then boundary pushing yields

in < uz2 [Circuit{wf‘lzkfm} (Aan,N)‘g] (497)

for any event £ measurable with respect to the even edges outside [(2np + 1)N x N]. By
inclusion of events, we then conclude that

X2 < gz [AltHor?_o0([2npN x NT)|E]. (498)

Step 3: Stacking extremely wide annuli vertically. Fix p/,n € Z>;. Apply the
previous step 2n times in 2n vertically stacked rectangles, which have horizontal multiplicity
2p'n. This yields
/02
X" < pgp[Ey NE-], (499)
where

By := AltHor, o) ([pp'2nN] x £[0,2nN]). (500)

Step 4: Relating our quantity to the free energy. We first claim that
2 [AICireuit? o (Apyon)| By NE_] > ¢V (501)

for some small fixed constant ¢ > 0. We prove the claim via a straightforward finite energy
or surgery argument. Indeed, condition on E{ N E_, and reveal the necessary edges to
verify that this event occurs. Then, any unrevealed even edge still has a uniformly positive
probability of being open (unless it connects two vertices with known opposite spins). By
conditioning on the states of at most 100n2N? such edges, we may wire up the horizontal
crossings in such a way that the event AltCircuitg(k_%) (Appr2nn) occurs. This proves the
display above.
As a consequence, we get

pz2 [ALCireuits g (Apy onn)] > ¢ Ny, (502)

Finally, by flipping the coins (for each element of V4(X), see Lemma 20.4) to determine the
odd spins, we find

iz [Circuit T2 k=20 (4 o0 )] > 277 N LA (503)

By the variational principle (Proposition 25.1), sending first n and then p’ tend to infinity,
we get

JEF =102

This is the desired inequality. O

log x. (504)
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26.2 Proof of the curly bound (Proposition 25.3(ii))

We start the proof with the key step, which is called ridge splitting (Lemma 26.4 below).
After the key step, we connect one side of the inequality in Lemma 26.4 to the variational
principle (Proposition 25.1), see Lemma 26.6 below. Finally, we perform three simplification
steps to connect the other side to the quantity in Proposition 25.3. The simplification
steps are: cutoff of the domain diameter (Lemma 26.12), decoupling (Lemma 26.13), and
straightening of the annuli (Lemma 26.14). The curly bound in Proposition 25.3 is an
immediate corollary of Lemma 26.14.

The next lemma follows immediately from twice-differentiability of the free energy
obtained via the Bethe Ansatz (a result that requires exact integrability). We want this
section to be independent of such integrability, and therefore we provide an alternative
proof of this lemma that only relies on the circuit estimate.

Lemma 26.1 (Lower bound on the free energy via RSW theory). There ezists a constant
cte < 00 such that f(a) — f(0) > —cga? for any a < 1.

Proof. Since f(«a) is a convex function, it suffices to bound f(a) for a ~ 0. Recall
Proposition 25.1. It is straightforward to see that the event AltCircuitg’[a 4 (Ap,L) is
contained in the intersection of O(pL?a?) circuit events, thus having a probability of at
least (ccircuit)o(”LQC‘Q). The circuits are combined in such a way that they form alternating
wt-loops and w™-loops in the topological annulus (cf. Remark 16.2). Conditional on this
event, the event Circuit™% (A4, 1) has a probability of at least e~9(L) gince every circuit
is oriented upwards with probability 1/2. This lower bound leads to the desired bound in
the lemma. O

26.2.1 Ridge splitting

In order to define more complicated events, it will be useful to introduce the following
notion.

Definition 26.2 (Local level line forest). Recall Definition 20.1 for the level line tree and
Definition 20.8 for maximal domains. Consider a fixed continuum domain D C R?. The
local level line forest is the family of level line trees £LP := (Xp)pe+(p)y- This means that
we first find the maximal domains D in D with 9D C w™, and then construct the level line
tree Xp for each such domain D.

We are interested in w-circuits at a certain forest depth, which means that they are
contained in a certain vertex of some level line tree Xp at that distance from the root of
Xp.

We can use this notion to define ridge events. The ridge event basically means that
there is some outermost w™-circuit in which we may find alternating w™ /w™-circuits such
that the k-th circuit still surrounds some path crossing [a, b] x R.

Definition 26.3 (Ridge events). Let D C R? denote a domain, fix k € 2Z>1, and let a < b.
Then, define

some w~ ND-circuit at forest} , ( 505)

idee? (D — | | AltCircuit® (D =
Ridgef (D, a, b) LpJ tCircuity (D \ p) LpJ {depth 2k — 2 surrounds p

where the union runs over all paths p from the left of [a,b] X R to the right (see Figure 26).
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Figure 26: Left: the event Ridgef (D, a,b). Right: the event {# Ridge$ (D, a,b) = 2}.
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Figure 27: Left: the left event in Lemma 26.4. Right: the right event in Lemma 26.4.

We also define

)

4 Ridge? (D, a,b) 1= # {D e M*(D) _some w~ N D-circuit at depth 2k — 2 in XD}

" surrounds some path p that crosses [a,b] x R
(506)
which simply counts the number of maximal domains in which the ridge event occurs.

The key step in the proof of the curly bound is ridge splitting (Lemma 26.4 and
Figure 27). This lemma involves ridge events. On one side in the comparison, we consider
the event that the large rectangle contains many maximal domains containing several very
wide nested w™ /w™-circuits (right side in Figure 27). On the other side, we chop the large
rectangle into smaller ones, and consider the event that the smaller rectangles contain many
maximal domains containing several nested w™ /w™-circuits (left side in Figure 27).

For p,k,N,p',n € 2Z>; with k, N/k > 100, define the following rectangles:

e The rectangle with side lengths 4np’(p + 1) N and 4nN given by

RLarge := [2n9'(p + 1)N x 2nN], (507)

e This rectangle may be sliced vertically into 2np’ rectangles of width 2(p + 1)V and
height 4n N, which we shall call R; for i = 1,...,2np’ (indexed from left to right),
e Write R, C R; for the rectangle of width 2pN and height 4nN centred within R;,
e Write a; and b; for the z-coordinates of the left and right sides of R} respectively.
Define the event

gp,k,N,p’,n = {Z?le) # Ridgei’_4(Ri, a;, bz) Z 4n2p’} . (508)
Lemma 26.4 (Ridge splitting, cf. Figure 27). For p,k, N, p',n € 2Z>y with k, N/k > 100,

K72 [gp,k,N,p’,n] > (Ccircuit)100k2n2p/ * Hz2 [{#Ridge%(RLargev ag, bQTZp') > 271}] (509>
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The idea of the proof is that if the event on the right occurs, then we can somehow
locally rearrange our percolations @ to create the event on the left. We do so by essentially
rewiring the configurations in the vertical slits between the slightly slimmer rectangles R;.
The rewiring is done by first exploring the correct event (conditional on the event on the
right, see Figure 29), then using the circuit estimate to obtain the appropriate wiring (see
Figure 30).

Before diving into the proof, let us first define an exploration process. This exploration
process may succeed or fail, with S denoting the event that it succeeds. This event contains
the event on the right in Equation (509). Once the exploration process is done, we will prove
that conditional on S, the event £, v, » has a probability of at least (ccircuit)100k2"2p/.
This will imply the lemma.

To facilitate the construction, define, for any A,w C R? and any rectangle R C R?, the
sets

. {u} and 0A do not intersect the same |

B4 w, R) = {u eAnk: connected component of R\ w ’ (510)
. D is a connected component of ‘B intersecting

€A, w, R) = {D " both the left and right of R } ' (511)

We think of B as the set of points blocked (or shielded away) from OA by w within R, and
of € as the set of crossings of such blocked points in R. See Figure 28.

In the construction below, Rg,j C R; is defined to be the rectangle of width 2(p+ j/k)N
and height 4nN centred within R;.

Remark 26.5. We think of R;J as “interpolating” between R and R;, in the sense that

R’,L = R/.70 C R’-71 Cc - C R;,kfl (- R;’k = Rz (512)

(2 K3

In the setting of the lemma, the exploration process is represented by a tree T =
(V(T),E(T)) with root Rparge. For each z € V(T) at distance j from the root, let N (x)
denote the neighbours of z at distance j + 1 from the root (the letter N refers to nesting for
reasons becoming clear shortly). The tree is constructed iteratively by explicitly constructing
the function A and the vertices at a distance j from the root (let V;(7) denote this set) as
follows:

o N(Rparge) := {bounded connected components of R? \ OM ™ (Rparge) }-

e For any A € V4(T), set N(A) := {bounded connected components of R? \ M~ (A)}.

e For any A € Vo(T), set N(A) := U?Z’fIC(A,w+, Ré,ku)’
e For any A € V3(T), set N(A) := U?ZT/Q:(A,W_, R 3),

R

[

Figure 28: The green set depicts 8. Only the wide green component belongs to €.
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0
B )

’ ’ ’ ’ root

Figure 29: The nested sets in the exploration tree 7 (assuming S occurs).

e Then, repeat the last two steps, alternating + and —, until V(7)) has been defined.
With this definition, we are now in a position to prove the lemma.

Proof of Lemma 26.4. Let us first make some remarks. Notice that the tree is nesting in
the sense that A" C A for any A’ € N'(A). Notice also that any A € U;52V;(T) is contained
in some R;. Let us write (V};); for the partition of V;(7) such that any A € Vj}; is contained
in Rz

Let S denote the event

S there exist 2n distinct elements (Og)¢=1,. 2, C Vi(T) such that for every

T {1 </ <2nand1<i<2np, the descendants of Oy contain an element of Vk,i} ’
(513)

Figure 29 contains a detailed illustration of this event, zooming in on a small rectangle and

a single element O, between two rectangles R; and R;y1. It is tedious but straightforward

to check that S is included in the event on the right-hand side of Equation (509):

S C {#Ridge} (Rrarge, a1, bany) > 2n}. (514)

To finish the proof, introduce the event

(515)

c._ {any A € Uaej<p—2V;(T) contains an wh-circuit (if j is odd) or
~ |an w-circuit (if j is even) surrounding all elements of A/(A)

An impression of the event C is given in Figure 30. In that figure, we already explored the
tree T (it is the same realisation as used for Figure 29). The dotted area represents the
explored set, where we had to reveal states of the spins and edges to construct the tree.
The event C is the event that in the unewzplored set, the percolations w™ and w™ link up
the already existing segments to form the desired circuits. In the figure, the circuits are
formed of already explored segments (marked with blue) and unexplored segments (marked
with red).
It is again tedious but straightforward to check that

2np’
cCNSc ﬂ {# Ridgei}_él(Ri, a;, bz) > 2n} C gp,k,N,p’,n- (516)
=1
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Si,k—5 Sz‘,k—3 Si,ks—l Si+1,k—2 i+1,k—4 i+1,k—6

—_— e~ —— e~ — e

+ + + - - —
Sik—6 Sik—4 Sik—2 i+1k—1 i+1,k—3 i+1,k—5

Figure 30: The explored set (dotted area) and the event C.

Thus, to finish the proof of the claim, it suffices to prove that
2,2 ./
Hz72 [ClS] Z (Ccircuit)IOOk e . (517)

Let 1 denote the set of even edges which have been revealed in the exploration process.
For any i =1,...,2np" and j = 0,...,k — 1, the set R} ; ; \ It ; consists of two vertical
strips of width N/k and height 4nN. Write Si . and S+ for the left and right strips
respectively (see Figure 30). Then !

2np’ k—2 u o
Vi (S7,_. f dd:
cw'mmm{iwﬁd?WO’ )
i=1 j=3 #==% Ver l,k*j) if j is even.

In Figure 30, this means, for example, that S;r 3 is crossed vertically by the union of the
explored (dotted) set with w™ (red segment). It boils down to proving that

Hz2 [C/|S] Z (Ccircuit>100k2n2p/‘ (519)

Notice that within each strip S# , the boundary conditions on the top and bottom of
each unexplored domain are favourable for wt (if j is odd) and w™ (if j is even). We may
therefore apply the partial circuit estimate (Lemma 19.4). The aspect ratio (the height
divided by the width) of each strip is equal to 4nk. The vertical crossing probability in
each strip may thus be lower bounded by (Ccircuit)?>™* (Where the factor 25 royally suffices).
Since there are 4np’(k — 4) such strips, we get the desired bound

Hz2 [C‘S] > Hz2 [CI|S] > (cCirCuit)4npl(k74).25nk > (Ccircuit)100k2n2pl- (520)
This finishes the proof. O

26.2.2 Connecting to the free energy

To finish the proof of the curly bound, we must connect the quantities on either side in
Lemma 26.4 to the quantities on either side in Proposition 25.3. We start by relating the
probability of £, 1 N, n to the free energy, by analysing the right hand side in Lemma 26.4.
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Lemma 26.6 (Analysis of the large deviation event). For p, k, N € 2Z>y with k, N/k > 100,

. . 1 2 2(k-+4) 2
il 108 12216 50] 2 16(p + DN (U2 - £(0)) + 100k logccir;uit.)
521

Proof. We claim that

B Y ~n?N? S
NZQ[{# Rldgek (RLargea ay, b2np’) > 2”}] >c N Hz2 [AltCII"Cllltzn(k_Hl) (A (p+1) QnN)]
522)

~n2N2]P>ZQ [Cir cuit HAn(k+4)+8 (A,

v

(
o' (p+1), 2nN)]

(523)
The second inequality is inclusion of events. The first inequality follows by a standard
surgery argument (as in Step 4 in the proof for the straight bound). More precisely,
conditional on the alternating crossing event, we may explore the horizontal rectangle
crossings that it induces. Conditional on the exploration, we may now open O(n?N?)
wt /w™-edges in order to realise the ridge event. Since each edge is open with a uniformly

positive probability, it is easy to find the desired universal constant ¢.
By the variational principle (Proposition 25.1),

1
lim lim —— log P2 [Circuit+4n(k+4)+8 (A

p'—oon—o0 p'n p’(p+1),2nN)]

= 16(p+ N2 (FCED) - £(0)) . (524)
The previous lemma now yields the desired inequality. O

Remark 26.7. By Lemma 26.1, we deduce that

1
lim lim 3 log pz2(Ep ke, N p/m] > IOOkQ( Ctep + 10g Ceircuit ) - (525)

P / 00 N—+00 p

26.2.3 Simplification steps

To close the gap between the event &, v,/ » and the curly bound in Proposition 25.3, we
perform three simplification steps.

e Diameter cutoff (Lemma 26.12). First, we control the diameter of each domain:
we impose that the outermost circuit of each ridge event has a diameter proportional
to N.

e Decoupling (Lemma 26.13). Next, we split up the occurrence of many ridges in a
single probability measure, into the occurrence of a single ridge in many independent
probability measures.

e Straightening (Lemma 26.14). Finally, we impose that the ridge events occur in
straightened domains (Definition 25.2).

These steps are slightly technical. Their order is not important, and we do not exclude the
possibility that some steps may be combined.

Recall Lemma 26.4. Split Rparge into 4n?p’(p + 1) squares of side length 2N, and let

(@ denote the set of centres of such squares. Recall the definition of the random variable
Kon Nz from Lemma 19.5 (cf. Theorem 19.7). We first prove the following lemma; its proof
is similar to that of Theorem 19.7.
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Lemma 26.8 (Bound on arm events). Let p,k, N, p',n € 2Z>1 with k, N/k > 100. Then
for any e,t > 0, we get

tog i [{ 30 [T | > 4101} < 400+ D1+ 60— cumeth?/9) g2, (520
Q

e

Remark 26.9. In particular, if £ > 9/(e\/Carm), and if

1000
t:=1. = T(Cfe - log Ccircuit)v (527)

€“Carm

(recall that cg comes from Lemma 26.1 and ceireyit from Theorem 16.4) then the event
{>eco LK”;,’CN’IJ > ¢|@|} has a much smaller probability than &, 5 v,y n-

Proof. The union bound gives that

(D)2l s ¥ wel{((B5)) 21)) e

TEQ T:Q—Z>o,

o Te=[tQI]

Using a greedy algorithm to find a subset Q' C @Q such that the corresponding annuli do
not overlap and such that - o T'(z) > T/9, we obtain via Theorem 19.7 that for any 7',

([ B202]) = 1Y) caremeenan o»

Bounding the number of functions 7' by 2+)IQl implies that

Kon N ,
He H ) {%J > t|Q|H < 9(1HDIQI—carme?k2HQI/9 _ gin?p/ (p+1) (1-+(1—Carme?k? /9))
TEQ
(530)

The result follows. O

We now use the quantitative bound in the previous lemma to analyse our event £, i o -
We first need some more definitions. Recall the definition of the level line forest from
Definition 26.2.

Definition 26.10 (Local level lines forest with diameter cut-off). Consider a fixed contin-
uum domain D C R? and a configuration (o,,@, 0,). Recall that w* N D denotes the set
of edges of w* which (as line segments embedded in R?) are entirely contained in D. Let
T,(w* N D) denote the set of edges in w® N D which belong to a connected components
whose diameter is at most 2r. Let M (D) denote the set of even domains D which satisfy
9D C T,(w™ N D) and which are maximal subject to this condition. The local level line
forest with diameter cut-off is the family of level line trees £LP7 := (X'D)De/vti(D)'

Definition 26.11 (Ridge events with diameter cut-off). The event Ridge} (D, a,b) and
the random variable # Ridgej, ,.(D, a, b) are defined exactly as before, except that they are
defined with respect to the forest £P" instead of £LP.

Let p,k,N,p',n € 2Z~1 with N > 100k. Recall the definition of ¢. from Remark 26.9.

For r :==1r(p,e) := 1020" c/8p» define the event
2np’
Er kN = O #RIdgeS ) o o (Risai, bi) > (1 —e)dn®p 5. (531)
i=1
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Figure 31: Diameter cutoff. If alternating circuits cover a lot of vertical distance, then
this creates many arm events (see the squares on the left), violating the bound obtained in
Lemma 26.8.

Lemma 26.12 (Diameter cutoff). Let p,k,N,p',n € 2Z>; with N > 100k. Fiz e €
(0,1/100) and suppose that k > 72p/(e\/Carm)- Then

1
lim ~ lim ) IOg Hz2 [g;,a,k,N,p/m] > 16([) + 1)N2 <f(2(]§\—‘f_4)) - f(0)> + 100k2 log Ccircuit -

p'—oon—00 P n2
(532)
Proof. This proof is illustrated by Figure 31. By Lemma 26.8, it suffices to prove that
Kanw, "
EpkNoprm \ { > LWP);J >t Ql b C E ety (533)
zeQ

Define the auxiliary event

the forests (£7); contain at most 2en?p’ trees
A := { that contain a vertex of depth 2|ek/4] that p . (534)
has a diameter larger than 2r N

Suppose that A does not occur. Then, every “big” tree (that is, a tree that contains a vertex
of depth 2|ek/4| that has a diameter larger than 2rN') contributes at least /2 to the sum
in the arm event (of Lemma 26.8), so that the arm event certainly occurs. Therefore, it
suffices to prove that

gp,k,N,p’,n N A C g;,&,k,N,p’,n' (535)

Yet, this is straightforward to see: if a tree in (£%); contributes to the trees counted in
Epk,N,p',n and does not belong to the trees counted in A, then it must necessarily contain a
tree contributing to those counted in 5;5 kN O

Lemma 26.13 (Decoupling step). Fiz p, €, k, and N as in the previous lemma. Then

1 @
lim —log max H 72 [Rldgeﬂ(l_%)k/g] (Di, —pN, pN)]

n—oon (Pi)i<i<ra-em
> 4(p+1)N? (f(%) _ f(o)) + 1002 10g ceirenit.  (536)

where the mazimum runs over all families of disjoint even domains D; which have a diameter
of at most 2r, N, and which are contained in [(p +1)N x nN].
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Proof. Consider the measure pz2. Let (Dij)jzl,...,leN(Ri)l denote the family of even

domains in M;LN(RZ-) (where the index j is consistently chosen in a suitable way, for
example via a dictionary order on R?). Recall that (D;;); is a family of disjoint even
domains of diameter at most 2rN contained in R;. The idea of the proof is to show that:
e We do not lose too much probability by further conditioning on the exact number of
even domains D;; where a ridge occurs,
e We do not loose too much probability by selecting on beforehand the domains D;;
where the ridges occur.
The proof is mostly technical, but we shall provide full detail.
For any even domain D, let np denote the set of even edges that are not contained in
D. For each ij, define the events

Bij := {Rj is crossed vertically by w* Unp,,}; gij == paj [Bi;]. (538)

Observe that A;; and B;; are disjoint and that
;,s,k,N,p’,n = {sz ]lAz'j > (1 - 5)4n2pl}' (539)

Set T := [(1 — €)4n?p'] and define the events

A={>,; 14, =Tk (540)
G := {the event A;; U B;; occurs for every ij}. (542)

Our first aim is to prove that
pz2lANGIE, ¢ Ny n] 2 (Cetrouit) 27" (543)

We first claim that pz2-almost surely
H Qij = M2 {ﬂ Bi;
ij ij

To prove the claim, we first use the tower property and the Markov property, and then the
FKG inequality to obtain

Il 45 = (® M;Si) [ﬂ Bz’j} (545)
= Hz2 [m Bij

= 12 [{each R; is crossed vertically by w+}H2RLarge N (ﬂ 77@”) C w+}]

(Dij)ij] > (Ccircuit)100n2p/. (544)

(Dij)ij] (546)

(547)
> uge[{each R; is crossed vertically by w™}] (548)
> (Ccircuit)loongp/- (549)

This proves the claim. It is now straightforward to prove Equation (543) by running the
following exploration process. We inspect D;; one by one, counting how often the event A;;
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occurs. Let () denote this count. If @ < 7', then we first ask if A;; occurs. If it does not
occur, then we condition on the event that B;; occurs (which happens with a probability of
at least ¢;; since A;; and B;; are disjoint, and we know that A;; does not occur). If Q@ =T,
then we simply condition on the event that B;; occurs. The product of the probabilities of
the additional conditioning events in this algorithm, is clearly lower bounded by Hij ij-
The desired lower bound then follows by Equation (544). Combining with the previous
lemma, this yields the asymptotic bound

pz2lANG) = exp [(n%) (1600 + DN () = £(0)) + 400K log coireuic + (1)) |-
(550)
Now, notice that ANG = AN B. Conditional on B, let (D});=1,.. 7 C (Dj;)i; denote
the set of even domains where B;; does not occur. By the tower property and the Markov
property, we get

T T
peal AN B) = [ T] iy [Ad B apca (D)) < mowe T (B, (55)
/=1 /=1

where the maximum runs over all families of T disjoint even domains D, of diameter at
most 27N such that each Dy is contained in some R;.
Set
Bp = {[pN] x R is crossed vertically by w® Unp}. (552)

By stacking the rectangles (R;); vertically, we get the following bound:

max H .Ua [Ridgegf(l_g)k/ngv (D¢, —pN, pN)|Bp| = pgz2[ANG],  (553)

(Peicesra-epn2on

where the maximum runs over tuples of disjoint even domains Dy which are of diameter at
most 2r N and which are contained in Rstacked := [(p + 1)N x 4n?p'N].

Following the same arguments as those employed to go from Equation (496) to Equa-
tion (497) in the proof of the straight bound, we obtain that for every D contained in

RStacked;
Together with Equations (550) and (553), this inequality finishes the proof. O

Recall the notions of straightened paths and straightened annuli from Definition 25.2.

Lemma 26.14 (Straightening step). Fiz p € 2Z>1 and € € (0,1/100). Then, we may find
constants n € (0,1/100) and r,C < oo such that the following holds true. Fiz k, N € 2Z>;
with k > 72p/(e\/Carm) and N > 100k/n. Then,

lim ! log max H P2 [Circuit T4 =8)k/21 (N A))]

n—oon (Ai)i<i<ra—aemn]

> 4(p+ 1)N? ( PRy f(O)) + 2002 10g Ceirenit — €, (555)

where the mazximum runs over all families of disjoint (p,n)-straightened annuli A; of
diameter at most 2r and contained in [(p + 1) x n].
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Proof. Fix p, e, r =r,., and k as in the previous step. We start with a series of simple
bounds.

Fix n > 0 very small, and suppose that N € 2Z>; satisfies N > 100/n. Recall the
definition of the random variable K, , from Lemma 19.5 (see also Theorem 19.7). Then,
for any = € R?,

K > ek /10}] < (4n)Cormek?/100 556
pzz2[{ N/22nN,z = € /10}] < (4n) . (556)

By a union bound over the points z € S := (NZ)2N [2(p + 1)N x 4r, .N], we deduce
pzz e Ko aqn e > £k /101 < 1000pry, . - () om0 o (557)

By inclusion of events, it is then easy to deduce that

K x> ek/10}] < . 958
Al x| Knave > oh/10}] < ppegs (558)

The probability that this event occurs at least en times in n independent samples, is
at most (2(ppenk)®)". For sufficiently small n = 7, . (depending only on p and ¢), this
probability is much smaller than the probability of the event in the previous lemma (the
decoupling step, Lemma 26.13).

Now, consider the previous lemma. We view the product over the probabilities as a
single probability of a cylinder event R in the product measure. In this product measure,
the probability

R N {in at least (1 — 3¢)n of the domains, too many arms contribute to Ky v} (559)

has the same asymptotics as the event R itself. By choosing the domains in which the
arms occur, we get the bound

lim & log max H pz2[Ep;] (560)

n—oo (Di)1<i<[(1—3e)n]

> 4(p+ N (FCEED) = £(0)) + 100k log coireuit — log 2

(561)
where )
Ep = Ridge3y(1_oe)k 21 (Di, —pN, pN) N {xnré%x KnyNg < €k/10}. (562)
(the extra log 2 comes from the combinatorial choice of domains).
Let us now study event Ep. It is easy to see that
g’D C U AltCircuitg[(lilla)k/ﬂ (NA), (563)
A

where the union is over all (p, n)-straightened annuli A such that N A is completely sur-
rounded by dD. Notice that the number of such annuli is at most 2997/ Moe (by simply
upper bounding the number of nZ?-edges that may or may not belong to the boundary of
the annulus). Thus, we get

. 1 . ) )
nh_)rgo ~log (Ai)1<{2?()1{735>n1 H pizz2 [ALLCircuitsy gy 01 (N Ai)] (564)
- = (2

100p7).¢

> 4(p+ DN (F(2U2) — £(0)) + 100k log ceireust — log2.  (565)

Np,e
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where the maximum is over all families of disjoint (p, n)-straightened annuli A; such that
each annulus has a diameter of at most 2r, . and remains contained in [(p + 1) x 2n].
To finish the proof, notice simply that

P2 [Circuit HIU=8OR2N(N A;)] > 2721 0-49R2] 0, (AL Cireuits) _goyp 01 (NAD)],  (566)

by flipping the coins corresponding to each level line. This implies the desired bound. [
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