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1. Prove that

(1 + x)(1 + x2)(1 + x4)(1 + x8) · · · = 1 + x + x2 + x3 + · · ·
a) by using the existence and the uniqueness of the binary representation of integers;
b) by algebraic operations with formal power series.

2. The following formal power series have both positive and negative coefficients. De-
scribe the meanings of the absolute value and of the sign of the coefficient at xn.

(a) (1 − x)(1 − x2)(1 − x4)(1 − x8) · · ·

(b)
1

(1 + x)(1 + x3)(1 + x5)(1 + x7) · · ·

3. We introduce the following notation:

(2k − 1)!! = 1 · 3 · 5 · . . . · (2k − 1), (2k)!! = 2 · 4 · . . . · (2k).

We also use the convention (−1)!! = 1.
a) Show that for all k ≥ 0 we have(

−1
2

k

)
= (−1)k

(2k − 1)!!

(2k)!!
.

b) Give an explicit formula for the coefficients of the formal power series√
1 + x

1 − x
= a0 + a1x + a2x

2 + · · · .

(Hint: use the identity
√

1+x
1−x = (1 + x)

√
1

1−x2 .)

4. Let pn be the number of partitions of n. Show that

pn ≤ 2n−1.

(Hint: compare the number of partitions with the number of compositions.)

5. Denote by an the number of partitions of n without parts of size 1. (For example,
there are only two partitions of 5 with this property: 5 = 5 and 5 = 3 + 2, so that
a5 = 2.)
a) Prove that an = pn − pn−1 by first proving the identity

∞∑
n=0

anx
n = (1 − x)

∞∑
n=0

pnx
n.

b) Give a bijective proof of an = pn − pn−1. (Hint: if a partition of n has a part of
size 1, then by removing this part one obtains a partition of n− 1.)


