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Hyperbolic reflections

Ln : n-dimensional Lobachevsky (=hyperbolic) space
En,1 : (n + 1)-dimensional Minkowski space

Ln = a connected component of
{
x ∈ En,1

∣∣ (x , x) = −1
}

Isom Ln = O ′(En,1) = O ′n,1

l

Ln

En,1
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Hyperplanes in Ln:

H = He = {x ∈ Ln : (e, x) = 0}, (e, e) > 0.

Hyperplanes He and Hf intersect (are parallel, diverge) if and only if the
subspace 〈e, f 〉 ⊂ En,1 is elliptic (parabolic, hyperbolic). If He and Hf

intersect, the angle between them is equal to π − êf .

The reflection rH in the hyperplane H = He is induced by the linear
reflection

Re : x 7→ x − 2(e, x)

(e, e)
e.
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Cofinite discrete groups

Definition

A discrete group Γ ⊂ Isom Ln is called cofinite (cocompact), if
vol Ln/Γ <∞ (Ln/Γ is compact).

By Margulis’ theorem, any cofinite discrete group Γ in a semisimple
symmetric space X = G/K of non-compact type of rank > 1 is
arithmetic. This means that the group G can be defined over a real
algebraic number field F so that Γ is commensurable with G (ZF ), where
ZF is the ring of integers of F .

This is not applicable to X = Ln, since rank Ln = 1. Moreover, Gromov
and Piatetski-Shapiro (1988) proved that there exist non-arithmetic
cofinite discrete groups Γ ⊂ Isom Ln for any n. Their method of
constructing such groups was a sort of mixture of two different arithmetic
groups.
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Mixtures of discrete groups

Let Γ ⊂ Isom Ln be a cofinite discrete group containing a reflection r = rH
such that

(*) for any γ ∈ Γ either γH = H, or γH ∩ H = ∅.

(The latter condition can be always achieved by passing to a suitable finite
index subgroup.)

The hyperplanes γH, γ ∈ Γ, decompose the space into some pieces
permuted by Γ. Each of these pieces is a fundamental domain for the
(normal) subgroup N ⊂ Γ. generated by the reflections in these
hyperplanes. Let D be one of these pieces and

∆ = {γ ∈ Γ : γD = D}.

Then
Γ = N h ∆.
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Let now Γ1, Γ2 ⊂ Isom Ln be two cofinite discrete groups containing a
reflection r = rH and satisfying (*). As above, we have

Γ1 = N1 h ∆1, Γ2 = N2 h ∆2.

Assume that Γ1 and Γ2 induce the same group Γ0 on H. This means that

ZΓ1(r) = ZΓ2(r) = 〈r〉 × Γ0,

where Γ0 is embedded into Isom Ln so that it leaves invariant each of the
two half-spaces bounded by H.

One can choose the fundamental domains D1 and D2 for N1 and N2 to be
bounded by the hyperplane H and lying on different sides of it. Then

Γ0 = ∆1 ∩∆2.
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Theorem

(Gromov,Piatetski-Shapiro, 1988) The group

Γ = 〈∆1,∆2〉 ⊂ Isom Ln

generated by ∆1 and ∆2 is a cofinite discrete group. If Γ1 and Γ2 are
non-commensurable arithmetic groups, then Γ is not arithmetic.

More precisely,
vol Ln/Γ = vol Ln/Γ1 + vol Ln/Γ2,

and Ln/Γ is compact if and only if both Ln/Γ1 and Ln/Γ2 are compact. As
an abstract group, Γ = ∆1 ∗

Γ0

∆2 (the free product of ∆1 and ∆2

amalgamated along Γ0).

We call Γ a (Gromov–Piatetski-Shapiro) mixture of Γ1 and Γ2.
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Mixtures of reflection groups

For reflection groups, there is a quite transparent version of the
Gromov–Piatetski-Shapiro mixture.

Let Γ1, Γ2 ⊂ Isom Ln be two cofinite discrete reflection groups. Assume
that their fundamental polyhedra P1,P2 have congruent
(n − 1)-dimensional faces, which are perpendicular to all adjacent faces.
Gluing P1 and P2 together along these faces, we obtain a new Coxeter
polyhedron P. The corresponding reflection group Γ is a
Gromov–Piatetski-Shapiro mixture of Γ1 and Γ2.
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H1

H2

H3

H4

H5

H

P1 P2

Γ1 = 〈r , r1, r2, r3, r4〉 Γ2 = 〈r , r1, r2, r5〉
∆1 = 〈 r1, r2, r3, r4〉 ∆2 = 〈 r1, r2, r5〉

Γ0 = 〈 r1, r2 〉 = ∆1 ∩∆2

Γ = 〈 r1, r2, r3, r4, r5〉 = ∆1 ∗
Γ0

∆2
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Non-arithmetic reflection groups

Until 1988, examples of non-arithmetic cofinite (both cocompact and
non-cocompact) discrete reflection groups in Ln were only known for
n ≤ 5. In 1989, making use of the above method, Ruzmanov managed to
construct examples of such (non-cocompact) groups for 6 ≤ n ≤ 10

There is a systematic way for constructing such groups. In particular,
Ruzmanov’s examples can be recovered in this way.
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Weyl group of a lattice

Let L ⊂ En,1 be an (integral) lattice. Then

O ′(L) = {γ ∈ O ′n,1 : γL = L}

is an arithmetic cofinite discrete group.

If the reflection Re defined by a vector e with (e, e) > 0 belongs to O ′(L),
then e is proportional to a vector of L, so one may assume without loss of
generality that e is a primitive vector of L. Under this condition,
Re ∈ O ′(L) if and only if

2(e, x)

(e, e)
∈ Z for all x ∈ L.

(This holds automatically, if (e, e) = 1 or 2.) Such vectors e are called
roots of L.

E. B. Vinberg ((Moscow State University))Non-arithmetic hyperbolic reflection groups in higher dimensionsAugust 4, 2014 11 / 26



Definition

The subgroup W (L) ⊂ O ′(L) generated by all reflections contained in
O ′(L) is called the Weyl group of L.

Definition

The lattice L is called reflective if [O ′(L) : W (L)] <∞ or, equivalently, if
the group W (L) is cofinite.

There is known an algorithm for determining, whether a lattice is reflective
or not, and for finding the fundamental polyhedron of its Weyl group in
the case, when it is reflective.
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Isolated roots

Definition

A root e is called isolated if it is orthogonal to all roots f 6= ±e such that
the subspace 〈e, f 〉 ⊂ En,1 is elliptic (i.e., the hyperplanes He and Hf

intersect).

If the normal root of some (n − 1)-dimensional face of a fundamental
polyhedron of the group W (L) is isolated, then this face is perpendicular
to all adjacent faces.

We will consider lattices L ⊂ En,1 of the form

L = L0 ⊕ Ze (an orthogonal direct sum),

where L0 is a lattice in En−1,1 and (e, e) > 0. Obviously, e is a root of L
and the roots orthogonal to e are exactly the roots of L0.
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Lemma

If L = L0 ⊕ Ze and the lattice L0 cannot be decomposed as L0 = L′0 ⊕ Ze ′
with (e ′, e ′) = (e, e), then e is an isolated root of L.

Proof.

Let f 6= ±e be a root such that the subspace 〈e, f 〉 is elliptic but
(e, f ) > 0. Since the projection of f to Re must be in Ze, we have
(e,f )
(e,e) ∈ Z. But also 2(e,f )

(f ,f ) ∈ Z (since f is a root). It follows that

2(e, f )2

(e, e)(f , f )
= 2 cos2 êf ∈ Z,

whence êf = π
4 and

f = e + e ′, where e ′ ∈ L0 and (e ′, e ′) = (e, e).

Further, since e ′ = −Rf e, we have L = Rf L0 ⊕ Ze ′, whence
L0 = (L0 ∩ Rf L0)⊕ Ze ′, a contradiction.
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Corollary

If L = L0 ⊕ Ze, where L0 is an even lattice with odd discriminant d(L0),
then e is an isolated root of L.

Proof.

Suppose that L0 = L′0 ⊕ Ze ′ with (e ′, e ′) = (e, e) = k . Since the lattice L0

is even, k must be even; but then d(L0) = kd(L′0) is also even, a
contradiction.
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Main construction

Let L0 be an even unimodular lattice, and take

L1 = L0 ⊕ Ze1 with (e1, e1) = 1,

L2 = L0 ⊕ Ze2 with (e2, e2) = 2.

Then e1 (resp. e2) is an isolated root of L1(resp. L2).
Assume that the lattices L0, L1, L2 are reflective, and set

Γ0 = W (L0), Γ1 = W (L1), Γ2 = W (L2).

Note that the lattices L1 and L2 are not commensurable. This implies that
the groups Γ1 and Γ2 are not commensurable.

Let H = Ln ∩ En=1,1, and let P0 be a fundamental polyhedron of Γ0 in H.
It is a common face of some fundamental polyhedra P1 and P2 of Γ1 and
Γ2 lying on different sides of H. The union P = P1 ∪ P2 is a fundamental
polyhedron of a non-arithmetic cofinite discrete group Γ, a mixture of Γ1

and Γ2.
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Some facts about quadratic lattices

An odd unimodular quadratic lattice of signature (k , l) exists for any k , l ,
and it is unique for k, l > 0. We denote it by Ik,l .

The lattice In,1 is reflective if and only if n ≤ 19.

An even unimodular quadratic lattice of signature (k , l) exists if and only if
k ≡ l (mod 8), and it is unique for k, l > 0. We denote it by Jk,l .

The lattice J8m+1,1 (m > 0) is reflective if and only if m = 1 or 2.
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Examples

If we take L0 = J9,1, then both L0 and L1
∼= I10,1 are reflective. The lattice

L2 of discriminant −2 turns to be reflective, too. In this way we obtain an
example of a non-arithmetic cofinite discrete reflection group in L10. It
coincides with Ruzmanov’s example for this dimension.

The following pictures present the Coxeter diagrams of the reflection
groups W (L0), W (L1), W (L2), W (L) in this case. Their vertices are
coloured according to the roles played by the corresponding simple roots in
the construction as follows:

red: the isolated root used in the construction (e1 or e2),

black: the simple roots orthogonal to it,

blue: the other simple roots.
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L0 = J9,1

Γ0 = W (L0) :

∆2

Γ2 = W (L2) :

∆1

Γ1 = W (L1)

Γ :
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Similarly, if we take L0 = J17,1, then both L0 and L1
∼= I18,1 are reflective.

The lattice L2 of discriminant −2 turns to be reflective, too, and we obtain
an example of a non-arithmetic cofinite discrete reflection group in L18.

The following pictures present the Coxeter diagrams of the reflection
groups W (L0), W (L1), W (L2) in this case.
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L0 = J17,1

Γ0 = W (L0) :

Γ2 = W (L2) :
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Γ1 = W (L1) :

22 long roots 3 short roots
of the 1st kind,
all joined by

12 short roots of
of the 2nd kind,
all joined by

Γ has 23 + 36 − 19 = 40 generators.
∆1 ∆2 Γ0
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Faces of Coxeter polyhedra

Any (n − r)-dimensional face of a Coxeter polyhedron P ⊂ Ln, if it is not
an ideal vertex, belongs exactly to r (n − 1)-dimensional faces, and the
corresponding subdiagram of the Coxeter diagram of P is elliptic.
Conversely, every elliptic subdiagram of rank r of the Coxeter diagram
defines an (n − r)-dimensional face of P as the intersection of the
corresponding (n − 1)-dimensional faces.

A face of a Coxeter polyhedron does not need to be a Coxeter polyhedron
itself. However, sometimes this happens. The following useful observation
belongs to Borcherds.
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Definition

An elliptic Coxeter diagram is called admissible if it has no connected
components of types An and D5.

Theorem

(Borcherds, 1998.) Any face of a Coxeter polyhedron P corresponding to
an admissible elliptic subdiagram of the Coxeter diagram of P is a Coxeter
polyhedron.
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Further examples

This can be applied to the fundamental polyhedron P of the
non-arithmetic reflection group Γ ⊂ Isom L18 obtained as above as a
mixture of arithmetic reflection groups Γ1 and Γ2. In the previous
notation, take any admissible elliptic subdiagram of rank r < n − 1 of the
Coxeter diagram of P0. It defines faces F0, F1, F2, F of the polyhedra
P0, P1, P2, P so that F0 = F1 ∩ F2 and F = F1 ∪ F2. These faces are
Coxeter polyhedra in an (18− r)-dimensional plane perpendicular to H,
where we obtain a picture similar to that we had in the whole space. It
follows that the reflection group associated with F is a non-arithmetic
cofinite discrete reflection group in L18−r .

Taking, for example, subdiagrams Dr , r = 4, 6, 7, 8, . . . , 16 in the Coxeter
diagram of P0, we obtain examples of non-arithmetic cofinite discrete
reflection groups in Ln, n = 14, 12, 11, 10, . . . , 2. Note that all these
groups are non-cocompact. Examples of non-arithmetic cocompact
discrete reflection groups in Ln are still known only for n ≤ 5.
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