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# |et me begin by wishing Professor Dr. Im Hof a happy
/0th Birthday.
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# |et me begin by wishing Professor Dr. Im Hof a happy
/0th Birthday.

#® | also wish to thank Professor Dr. Kellerhals for the
Invitation to speak at this happy occasion.

# Professor Im Hof shares with us a love of hyperbolic
geometry and hyperbolic Coxeter reflection groups.
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Happy Birthday!
-

Let me begin by wishing Professor Dr. Im Hof a happy
/0th Birthday.

| also wish to thank Professor Dr. Kellerhals for the
Invitation to speak at this happy occasion.

Professor Im Hof shares with us a love of hyperbolic
geometry and hyperbolic Coxeter reflection groups.

In 1945, C. L. Siegel proved that the (2,3,7) Coxeter
triangle reflection group has the least co-area of any
discrete group of isometries of the hyperbolic plane.
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Happy Birthday!
-

Let me begin by wishing Professor Dr. Im Hof a happy
/0th Birthday.

| also wish to thank Professor Dr. Kellerhals for the
Invitation to speak at this happy occasion.

Professor Im Hof shares with us a love of hyperbolic
geometry and hyperbolic Coxeter reflection groups.

In 1945, C. L. Siegel proved that the (2,3,7) Coxeter
triangle reflection group has the least co-area of any
discrete group of isometries of the hyperbolic plane.

Siegel also showed that the Gauss-Bonnet theorem
gives a lower bound on the volume of an
even-dimensional hyperbolic manifold.
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The Siegel Problem

- N

#® A hyperbolic n-manifold is a complete Riemannian
n-manifold of constant sectional curvature —1.
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The Siegel Problem
B -

#® A hyperbolic n-manifold is a complete Riemannian
n-manifold of constant sectional curvature —1.

# The set of all volumes of hyperbolic n-manifolds is a
well-ordered set which is discrete except for n = 3.
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The Siegel Problem
B -

#® A hyperbolic n-manifold is a complete Riemannian
n-manifold of constant sectional curvature —1.

# The set of all volumes of hyperbolic n-manifolds is a
well-ordered set which is discrete except for n = 3.

® ltis clear from reading Siegel’s 1945 paper that he was
Interested in the following problem.
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The Siegel Problem
-

A hyperbolic n-manifold is a complete Riemannian
n-manifold of constant sectional curvature —1.

The set of all volumes of hyperbolic n-manifolds is a
well-ordered set which is discrete except for n = 3.

It is clear from reading Siegel’s 1945 paper that he was
Interested in the following problem.

The n-dimensional manifold Siegel problem:
Determined the minimum possible volume obtained by
an orientable hyperbolic n-manifold.
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The Siegel Problem
-

A hyperbolic n-manifold is a complete Riemannian
n-manifold of constant sectional curvature —1.

The set of all volumes of hyperbolic n-manifolds is a
well-ordered set which is discrete except for n = 3.

It is clear from reading Siegel’s 1945 paper that he was
Interested in the following problem.

The n-dimensional manifold Siegel problem:
Determined the minimum possible volume obtained by
an orientable hyperbolic n-manifold.

This talk is a survey on the n-manifold Siegel problem.
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The Siegel Problem
-

A hyperbolic n-manifold is a complete Riemannian
n-manifold of constant sectional curvature —1.

The set of all volumes of hyperbolic n-manifolds is a
well-ordered set which is discrete except for n = 3.

It is clear from reading Siegel’s 1945 paper that he was
Interested in the following problem.

The n-dimensional manifold Siegel problem:
Determined the minimum possible volume obtained by
an orientable hyperbolic n-manifold.

This talk is a survey on the n-manifold Siegel problem.
In particular, our solution for n = 6 will be described.
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The Gauss-Bonnet Theorem
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#® The Euler characteristic y creates a big difference
between even and odd dimensions.



The Gauss-Bonnet Theorem

-

#® The Euler characteristic y creates a big difference
between even and odd dimensions.

# When nis even and M is a hyperbolic n-manifold of
finite volume, the Gauss-Bonnet Theorem says that

vol(M) = knx (M), with x, = (=271)2 /(n — 1)!!
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The Gauss-Bonnet Theorem
-

#® The Euler characteristic y creates a big difference
between even and odd dimensions.

# When nis even and M is a hyperbolic n-manifold of
finite volume, the Gauss-Bonnet Theorem says that

vol(M) = knx (M), with x, = (=271)2 /(n — 1)!!

® As (M) € Z, we get minimum volume if |x(M)| = 1.
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The Gauss-Bonnet Theorem

-

The Euler characteristic y creates a big difference
between even and odd dimensions.

When n is even and M is a hyperbolic n-manifold of
finite volume, the Gauss-Bonnet Theorem says that

vol(M) = knx (M), with x, = (=271)2 /(n — 1)!!

As x (M) € Z, we get minimum volume if |xy(M)| = 1.

A compact, orientable, hyperbolic manifold M satisfies
x(M) € 27, so the minimum volume is most likely
achieved by a noncompact manifold in even
dimensions.
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Minimum Volumes

- N

#® For n =2, the minimum volume is 27 achieved by the
once-punctured torus and the thrice-punctured sphere
both of which have (M) = —1.
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Minimum Volumes

-

f #® For n =2, the minimum volume is 27 achieved by the
once-punctured torus and the thrice-punctured sphere
both of which have (M) = —1.

#® For n = 3, the minimum volume, realized by the Weeks
compact 3-manifold, is

3(23)2 (4 (2) /4nt = 942707 - - -

where (;. Is the Dedekind zeta function of the number
field £ = Q(9) and ¢ satisfies #° — 6 + 1 = 0.
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Minimum Volumes

- N

#® For n =2, the minimum volume is 27 achieved by the
once-punctured torus and the thrice-punctured sphere
both of which have (M) = —1.

#® For n = 3, the minimum volume, realized by the Weeks
compact 3-manifold, is

3(23)2 ¢ (2) /4rt = 942707 - - -
where (;. Is the Dedekind zeta function of the number
field £ = Q(9) and ¢ satisfies #° — 6 + 1 = 0.

® For n = 4, the minimum volume is 472 /3, realized by
gluing together the sides of an ideal, regular, hyperbolic
24-cell. These manifolds have x (M) = 1.
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Minimum Volumes

- N

® For n =5, the minimum known volume is 7¢(3)/4 where
¢ Is the Riemann zeta function.
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Minimum Volumes

- N

® For n =5, the minimum known volume is 7¢(3)/4 where
¢ Is the Riemann zeta function.

# Ruth Kellerhals proved, by a horoball packing argument,
that if M is a hyperbolic 5-manifold, with m cusps, then

Vol(M)/m > 0.3922.
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Minimum Volumes

-

f # For n =5, the minimum known volume is 7((3)/4 where
¢ Is the Riemann zeta function.

# Ruth Kellerhals proved, by a horoball packing argument,
that if M is a hyperbolic 5-manifold, with m cusps, then

Vol(M)/m > 0.3922.

# The volume 7¢(3)/4 is realized by a hyperbolic
5-manifold N with 2 cusps and

Vol(N)/2 =1.0518....
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Minimum Volumes

-

For n = 5, the minimum known volume is 7¢(3)/4 where
¢ Is the Riemann zeta function.

Ruth Kellerhals proved, by a horoball packing argument,
that if M is a hyperbolic 5-manifold, with m cusps, then

Vol(M)/m > 0.3922.

The volume 7((3)/4 Is realized by a hyperbolic
5-manifold N with 2 cusps and

Vol(N)/2 =1.0518....

This suggests that NV has very small volume and that vV
IS most likely a non-compact hyperbolic 5-manifold of
minimum volume. J
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Hyperbolic n-Space
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# We work in the hyperboloid model of hyperbolic n-space
H"={r e R"" . gi+ - +22 —22 ., = —1 and 2,41 > 0}.

#® The isometries of H" are represented by the group of
positive Lorentzian (n + 1) x (n + 1) matrices PO,, 1R.
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Hyperbolic n-Space
B -

# We work in the hyperboloid model of hyperbolic n-space
H"={r e R"" . gi+ - +22 —22 ., = —1 and 2,41 > 0}.

#® The isometries of H" are represented by the group of
positive Lorentzian (n + 1) x (n + 1) matrices PO,, 1R.

® Forn=2,...,8, the subgroup I'* = PO,, 1Z Is a discrete
reflection group with fundamental polyhedron a Coxeter
simplex A™ with exactly one ideal vertex.
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Hyperbolic n-Space
-

We work in the hyperboloid model of hyperbolic n-space
H"={r e R"" . gi+ - +22 —22 ., = —1 and 2,41 > 0}.
The isometries of H™ are represented by the group of

positive Lorentzian (n + 1) x (n + 1) matrices PO,, 1R.

Forn =2,...,8, the subgroup I'" = PO,, 1Z Is a discrete
reflection group with fundamental polyhedron a Coxeter
simplex A™ with exactly one ideal vertex.

A Coxeter diagram for A™ is given on the next slide.
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Coxeter diagrams

4 o0
O O O
1 2 3
n=3
4 4
O O O O
1 2 3 4
1 2 3 4 n—1 4 n
O O O O NEEEEEE O——O
1 4 <n<8§
n+1
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Coxeter diagrams

4 o0
O O O
1 2 3
22
n=3
4 4
O O O O
1 2 3 4
———— 23—>
1 2 3 4 n—1 4 n
O O N O ........ O O
l 4<n<8
n
n+1
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Theright-angled polytope P"

- N

#® Let X" be the subgroup of I'* generated by the
reflections in the sides of A" indicated above In red.
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Theright-angled polytope P"

- N

#® Let X" be the subgroup of I'* generated by the
reflections in the sides of A" indicated above In red.

# Then X" is a finite Coxeter group.
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Theright-angled polytope P"
- -

#® Let X" be the subgroup of I'* generated by the
reflections in the sides of A" indicated above In red.

# Then X" is a finite Coxeter group.
® Define

P"=3"A":= U ~(A").
yeEL"
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Theright-angled polytope P"
-

Let 3" be the subgroup of I'* generated by the
reflections in the sides of A" indicated above In red.

Then X™ is a finite Coxeter group.
Define
P"=3Y"A":= U ~(A").
yexn

Then P" Is a convex polytope of finite volume with
symmetry group x".
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Theright-angled polytope P"
-

Let 3" be the subgroup of I'* generated by the
reflections in the sides of A" indicated above In red.

Then X™ is a finite Coxeter group.
Define
P"=3Y"A":= U ~(A").
yexn

Then P" Is a convex polytope of finite volume with
symmetry group x".

The polytope P" is right-angled for all n, and each side
of P" is congruent to P! for all n > 2.
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Theright-angled polytope P’
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The Congruence Two Subgroup

- N

® Let '} be the congruence two subgroup of I'* = PO,, 1Z,

that is, the subgroup of all matrices in I'” that are
congruent to the identity matrix modulo two.

o |
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The Congruence Two Subgroup
B -

® Let '} be the congruence two subgroup of I'* = PO,, 1Z,
that is, the subgroup of all matrices in I'” that are
congruent to the identity matrix modulo two.

#® Consider the positive Lorentzian matrix

—1 =2 2
—2 —1 2
-2 =2 3

o |

Riaht-Analed Coxeter Polvtopes. Hvperbolic 6-manifolds. and a Problem of Sieael — p. 12/22



The Congruence Two Subgroup
B -

® Let '} be the congruence two subgroup of I'* = PO,, 1Z,

that is, the subgroup of all matrices in I'” that are
congruent to the identity matrix modulo two.

#® Consider the positive Lorentzian matrix

—1 =2 2
—2 —1 2
-2 =2 3

# The above matrix is in I's and represents the third
Coxeter generator of I'2.

o |
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, Isaright-angled Coxeter group

f #® Theorem: Forn =2,....7, the congruence two T

subgroup I'; of I'™ is a hyperbolic reflection group with
Coxeter polytope the right-angled polytope P™.
Moreover, ' /1) = 3",

o |
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, Isaright-angled Coxeter group

- N

#® Theorem: Forn =2,....7, the congruence two
subgroup I'; of I'™ is a hyperbolic reflection group with
Coxeter polytope the right-angled polytope P".
Moreover, ' /1) = 3",

#® Corollary: Forn =2,...,7, every maximal finite
subgroup of I'; Is either elementary of order 2" and

conjugate to the stabilizer of an actual vertex of P™ or is

elementary of order 2"~ and conjugate to the stabilizer
of a line edge of P™.
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Theright-angled polytope P°
—

® The polytope P’ has 72 actual vertices and 27 ideal
vertices, 432 ray edges, 216 line edges, 1089 P?-faces,

720 P3-faces, 216 P*-faces and 27 sides each
congruent to P°.

|
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Theright-angled polytope P°
—

® The polytope P’ has 72 actual vertices and 27 ideal
vertices, 432 ray edges, 216 line edges, 1089 P?-faces,

720 P3-faces, 216 P*-faces and 27 sides each
congruent to P°.

® The polytope PY has the least number of k-dimensional
faces for each k = 1,...,5 among all right-angled
hyperbolic 6-dimensional polytopes and is unique with
this property.
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Theright-angled polytope P°
—

® The polytope P’ has 72 actual vertices and 27 ideal
vertices, 432 ray edges, 216 line edges, 1089 P?-faces,

720 P3-faces, 216 P*-faces and 27 sides each
congruent to P°.

® The polytope PY has the least number of k-dimensional
faces for each k = 1,...,5 among all right-angled
hyperbolic 6-dimensional polytopes and is unique with
this property.

® The Euclidean dual of P% is a semi-regular
6-dimensional polytope discovered by Gosset in 1900.
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Theright-angled polytope P°
—

The polytope P° has 72 actual vertices and 27 ideal
vertices, 432 ray edges, 216 line edges, 1089 P?-faces,

720 P3-faces, 216 P*-faces and 27 sides each
congruent to P°.

The polytope P has the least number of k-dimensional
faces for each k = 1,...,5 among all right-angled
hyperbolic 6-dimensional polytopes and is unique with
this property.

The Euclidean dual of PY is a semi-regular
6-dimensional polytope discovered by Gosset in 1900.

The Gosset 6-polytope combinatorially parametrizes
the arrangement of the 27 straight lines in a general
cubic surface. J
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1-Skeleton of the Gosset 6-Polytope
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The geometric construction

- N

® The Euler characteristic of I' is —1/414720.

o |
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The geometric construction

- N

® The Euler characteristic of I' is —1/414720.

® AsTY/T§ =~ x° a Coxeter group of type Eg, we have that
19 : T'] = 51840.

o |
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The geometric construction

- N

® The Euler characteristic of I' is —1/414720.

® AsTY/T§ =~ x° a Coxeter group of type Eg, we have that
19 : T'] = 51840.

® Hence x(I'Y) = —51840/414720 = —1/8.

o |
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The geometric construction

The Euler characteristic of I'® is —1/414720. T

As T'° /T =~ 326 a Coxeter group of type Es, we have that
19 : T'] = 51840.

Hence x(I'§) = —51840/414720 = —1/8.

By the Gauss-Bonnet theorem, P has volume 73 /15
which is one-eighth the smallest volume possible for a
hyperbolic 6-manifold.
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The geometric construction

The Euler characteristic of I'® is —1/414720. T

As T'° /T =~ 326 a Coxeter group of type Es, we have that
19 : T'] = 51840.

Hence x(I'§) = —51840/414720 = —1/8.

By the Gauss-Bonnet theorem, P has volume 73 /15

which is one-eighth the smallest volume possible for a
hyperbolic 6-manifold.

We constructed an orientable hyperbolic 6-manifold M
of the smallest possible volume 873 /15 and y(M) = —
by gluing together eight copies of PY along their sides
so that the k-faces are identified in cycles of order 26=*.
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The geometric construction

-

® We glue together eight copies of P’ along their sides
via the action of the cyclic group of order 8 generated
by the positive Lorentzian matrix

/(1 00 0 00 0)
0 -1 0 0 —101
0 00 0O 010
A=]0 -10 -1 00 1
0 01 0 000
0 00 -1 -1 0 1
\0 -1 0 -1 -1 0 2/

o |

Riaht-Analed Coxeter Polvtopes. Hvperbolic 6-manifolds. and a Problem of Sieael — p. 17/22



The geometric construction

- N

# The matrix A acts as a symmetry of P°® which fixes
exactly one side of PY.

o |
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The geometric construction

- N

# The matrix A acts as a symmetry of P°® which fixes
exactly one side of PY.

® Hence A also acts as a symmetry of P°.

o |
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The geometric construction

-

The matrix A acts as a symmetry of P% which fixes
exactly one side of PY.

Hence A also acts as a symmetry of P°.

The symmetry group of P° is a Coxeter group of type
Ds which has order 1920.

|
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The geometric construction

-

The matrix A acts as a symmetry of P% which fixes
exactly one side of PY.

Hence A also acts as a symmetry of P°.

The symmetry group of P° is a Coxeter group of type
Ds which has order 1920.

The action of A on P° corresponds to a Coxeter
element of Ds.
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The geometric construction

-

The matrix A acts as a symmetry of P% which fixes
exactly one side of PY.

Hence A also acts as a symmetry of P°.

The symmetry group of P° is a Coxeter group of type
Ds which has order 1920.

The action of A on P° corresponds to a Coxeter
element of Ds.

There are 1920 ways of gluing together two copies of

PY along a side of each. We consider only 8 of these
ways corresponding to the powers of A.
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The geometric construction

-

The matrix A acts as a symmetry of P% which fixes
exactly one side of PY.

Hence A also acts as a symmetry of P°.

The symmetry group of P° is a Coxeter group of type
Ds which has order 1920.

The action of A on P° corresponds to a Coxeter
element of Ds.

There are 1920 ways of gluing together two copies of

PY along a side of each. We consider only 8 of these
ways corresponding to the powers of A.

The reduction from 1920 to 8 made a computer search

for side-pairings of 8 copies of PY that yield an
orientable hyperbolic 6-manifold possible. J
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The geometric construction

- N

# By a computer search, we found two side-pairings of 8

copies of PY that yield an orientable hyperbolic
6-manifold.

o |
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The geometric construction

- N

# By a computer search, we found two side-pairings of 8

copies of PY that yield an orientable hyperbolic
6-manifold.

# These two hyperbolic 6-manifolds have the least
possible volume 873/15, and so have y(M) = —1 by the
Gauss-Bonnet theorem.

o |
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The geometric construction
B -

# By a computer search, we found two side-pairings of 8

copies of PY that yield an orientable hyperbolic
6-manifold.

# These two hyperbolic 6-manifolds have the least
possible volume 873/15, and so have y(M) = —1 by the
Gauss-Bonnet theorem.

# These two hyperbolic 6-manifolds are noncompact with
five cusps.

o |
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The geometric construction

-

By a computer search, we found two side-pairings of 8

copies of PY that yield an orientable hyperbolic
6-manifold.

These two hyperbolic 6-manifolds have the least
possible volume 873/15, and so have y(M) = —1 by the
Gauss-Bonnet theorem.

These two hyperbolic 6-manifolds are noncompact with
five cusps.

They are non-isometric, since they have
non-isomorphic first homology groups.
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The geometric construction

-

By a computer search, we found two side-pairings of 8

copies of PY that yield an orientable hyperbolic
6-manifold.

These two hyperbolic 6-manifolds have the least
possible volume 873/15, and so have y(M) = —1 by the
Gauss-Bonnet theorem.

These two hyperbolic 6-manifolds are noncompact with
five cusps.

They are non-isometric, since they have
non-isomorphic first homology groups.

They correspond to torsion-free subgroups of I'® of
Index 414, 720.
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What about higher Dimensions?

- N

# All the hyperbolic manifolds of small volume that we
have described are arithmetic.
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What about higher Dimensions?

- N

# All the hyperbolic manifolds of small volume that we
have described are arithmetic.

# There Is a conjecture that minimum volume hyperbolic
n-manifolds are arithmetic for all n > 2.
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What about higher Dimensions?
B -

# All the hyperbolic manifolds of small volume that we
have described are arithmetic.

# There Is a conjecture that minimum volume hyperbolic
n-manifolds are arithmetic for all n > 2.

# Mikhalil Belolipetsky has proved that the Euler
characteristic of a minimum volume arithmetic
hyperbolic 2n-manifold goes to infinity as 2n — oo.
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What about higher Dimensions?

f # All the hyperbolic manifolds of small volume that we T
have described are arithmetic.

# There Is a conjecture that minimum volume hyperbolic
n-manifolds are arithmetic for all n > 2.

# Mikhalil Belolipetsky has proved that the Euler
characteristic of a minimum volume arithmetic
hyperbolic 2n-manifold goes to infinity as 2n — oo.

# Hence finding an arithmetic hyperbolic 2n-manifold M
with |x(M)| = 1 will eventually fail.
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What about higher Dimensions?
-

All the hyperbolic manifolds of small volume that we
have described are arithmetic.

There iIs a conjecture that minimum volume hyperbolic
n-manifolds are arithmetic for all n > 2.

Mikhail Belolipetsky has proved that the Euler
characteristic of a minimum volume arithmetic
hyperbolic 2n-manifold goes to infinity as 2n — oo.

Hence finding an arithmetic hyperbolic 2n-manifold M
with |x(M)| = 1 will eventually fail.

It probably fails already in dimension 8, since
y(I'®) = 17/1393459200, and so every torsion-free
subgroup I of I'® of finite index has x(I') = 17m.
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What about compact M anifolds?

- N

#® Forn =2, the minimum area for a compact orientable
hyperbolic 2-manifold is achieved by the compact
orientable surface of genus two which has (M) = —2.

o |

Riaht-Analed Coxeter Polvtopes. Hvperbolic 6-manifolds. and a Problem of Sieael — p. 21/22



What about compact M anifolds?

-

f #® For n =2, the minimum area for a compact orientable

hyperbolic 2-manifold is achieved by the compact
orientable surface of genus two which has (M) = —2.

#® For n = 3, the minimum volume for a compact
orientable hyperbolic 3-manifold is achieved by the

Weeks 3-manifold.
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What about compact M anifolds?

- N

#® Forn =2, the minimum area for a compact orientable
hyperbolic 2-manifold is achieved by the compact
orientable surface of genus two which has (M) = —2.

#® For n = 3, the minimum volume for a compact
orientable hyperbolic 3-manifold is achieved by the
Weeks 3-manifold.

#® For n =4, the minimum known volume for a compact
orientable hyperbolic 4-manifold is achieved for
manifolds with x (M) = 16.
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What about compact M anifolds?
-

For n = 2, the minimum area for a compact orientable
hyperbolic 2-manifold is achieved by the compact
orientable surface of genus two which has (M) = —2.

For n = 3, the minimum volume for a compact
orientable hyperbolic 3-manifold is achieved by the
Weeks 3-manifold.

For n = 4, the minimum known volume for a compact
orientable hyperbolic 4-manifold is achieved for
manifolds with x (M) = 16.

Question: Is there a compact orientable hyperbolic
4-manifold with y (M) =27
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What about compact M anifolds?

-

#® Forn =2, the minimum area for a compact orientable
hyperbolic 2-manifold is achieved by the compact
orientable surface of genus two which has (M) = —2.

#® For n = 3, the minimum volume for a compact
orientable hyperbolic 3-manifold is achieved by the
Weeks 3-manifold.

#® For n =4, the minimum known volume for a compact
orientable hyperbolic 4-manifold is achieved for
manifolds with x (M) = 16.

# Question: Is there a compact orientable hyperbolic
4-manifold with y (M) =27

# Vincent Emery has proved that there is no arithmetic,
L compact, orientable, hyperbolic n-manifold A with J
Ix(M)| =2 for all n > 4.
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References
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#® The details for this talk are available in our paper:
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# Right-angled Coxeter polytopes, hyperbolic
six-manifolds, and a problem of Siegel,
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#® The details for this talk are available in our paper:

# Right-angled Coxeter polytopes, hyperbolic
six-manifolds, and a problem of Siegel,

® Math. Ann. 354 (2012), 871-905.
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