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Hyperbolic Coxeter groups and minimal growth rates
in dimensions four and five

Naomi Bredon and Ruth Kellerhals

Abstract. For small n, the known compact hyperbolic n-orbifolds of minimal volume are intim-
ately related to Coxeter groups of smallest rank. For n = 2 and 3, these Coxeter groups are given by
the triangle group [7, 3] and the tetrahedral group [3, 5, 3], and they are also distinguished by the fact
that they have minimal growth rate among all cocompact hyperbolic Coxeter groups in Isom H”,
respectively. In this work, we consider the cocompact Coxeter simplex group G4 with Coxeter sym-
bol [5, 3, 3, 3] in Isom H* and the cocompact Coxeter prism group Gs based on [5, 3, 3, 3, 3] in
Isom H?. Both groups are arithmetic and related to the fundamental group of the minimal volume
arithmetic compact hyperbolic n-orbifold for n = 4 and 5, respectively. Here, we prove that the
group Gy, is distinguished by having smallest growth rate among all Coxeter groups acting cocom-
pactly on H" for n = 4 and 5, respectively. The proof is based on combinatorial properties of
compact hyperbolic Coxeter polyhedra, some partial classification results and certain monotonicity
properties of growth rates of the associated Coxeter groups.

In memoriam Ernest B. Vinberg

1. Introduction

Let H" denote the real hyperbolic n-space and Isom H” its isometry group. A hyper-
bolic Coxeter group G C Isom H” of rank N is a cofinite discrete group generated by N
reflections with respect to hyperplanes in H". Such a group corresponds to a finite volume
Coxeter polyhedron P C H" with N facets, which in turn is a convex polyhedron all of
whose dihedral angles are of the form 7 for an integer k > 2. Hyperbolic Coxeter groups
are geometric realisations of abstract Coxeter systems (W, S) consisting of a group W
with a finite set S of generators satisfying the relations s> = 1 and (ss’)™ss’ = 1 where
msy = mggs € {2,3,...,00} for s # s’. For small rank N, the group W is characterised
most conveniently by its Coxeter symbol or its Coxeter graph.

Hyperbolic Coxeter groups are not only characterised by a simple presentation but
they are also distinguished in other ways. For example, for small n, they appear as fun-
damental groups of smallest volume orbifolds O" = H"”/T" where I' C Isom H” is a
discrete subgroup; see, e.g., [1,2,7,15,20,27]. In particular, for n = 2 and 3, the compact
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hyperbolic n-orbifold of minimal volume is the quotient of H" by a Coxeter group of
smallest rank and given by the triangle group [7, 3] and the Z,-extension of the tetrahedral
group [3, 5, 3]. For n = 4 and 5, and by restricting to the arithmetic context, the compact
hyperbolic n-orbifold of minimal volume is the quotient of H” by the 4-simplex group
[5,3, 3, 3] and by the Coxeter 5-prism group based on [5, 3, 3, 3, 3], respectively.

In parallel to volume we are interested in the spectrum of small growth rates of hyper-
bolic Coxeter groups G = (W, S). In general, the growth series fg(¢) of a Coxeter system
(W, S) is given by

fs@) =14 apt*,
k>1
where ay € Z is the number of elements w € W with S-length k. The series fs(¢) can be
computed by Steinberg’s formula

(=n'"
fs(t s Z fr)’
|WT\<0<>

where Wy, T C S, is a finite Coxeter subgroup of W, and where Wy = {1}. In particular,
fs(¢) is a rational function that can be expressed as the quotient of coprime monic poly-
nomials p(t),q(t) € Z[t] of equal degree. For cocompact hyperbolic Coxeter groups, the
series fs(7) is infinite and has radius of convergence R < 1 which can be identified with
the real algebraic integer given by the smallest positive root of the denominator polyno-
mial g(t). The growth rate ¢ = t(w,s) is defined by

16 = limsup ¥/ay,
k—o00

and tg coincides with the inverse of the radius of convergence R of fs(¢). In contrast to
the finite and affine cases, hyperbolic Coxeter groups are of exponential growth.

In [16] and [21], it is shown that the triangle group [7, 3] and the tetrahedral group
[3, 5, 3] have minimal growth rate among all cocompact hyperbolic Coxeter groups in
IsomH" for n = 2 and 3, respectively. These results have an interesting number theoretical
component since the growth rate v of any Coxeter group acting cocompactly on H" for
n = 2 and 3 is either a quadratic unit or a Salem number, that is, 7 is a real algebraic
integer « > 1 whose inverse is a conjugate of «, and all other conjugates lie on the unit
circle. In particular, the growth rate 77 3) equals the smallest known Salem number, and it
is given by Lehmer’s number o7, ~ 1.17628 with minimal polynomial

L)y=t"04+2 75> —t* -3 41 +1.

The constant 7, plays an important role in the strong version of Lehmer’s problem about
a universal lower bound for Mahler measures of non-zero non-cyclotomic irreducible
integer polynomials; see [32].
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The proof in [21] of the two results above is based on the fact that for » = 2 and 3 the
rational function fs(¢#) comes with an explicit formula in terms of the exponents of the
Coxeter group G = (W, S) C Isom H".

For dimensions n > 4, however, there are only a few structural results, and closed for-
mulas for growth functions do not exist in general. In this work, we establish the following
results for n = 4 and 5 by developing a new proof strategy.

Theorem A. Among all Coxeter groups acting cocompactly on H*, the Coxeter simplex
group [5, 3, 3, 3] has minimal growth rate, and as such it is unique.

The cocompact Coxeter prism group based on [5, 3, 3, 3, 3] in Isom H® was first dis-
covered by Makarov [26] and arises as the discrete group generated by the reflections in
the compact straight Coxeter prism M with base [5, 3, 3, 3]. More concretely, the prism M
is the truncation of the (infinite volume) Coxeter 5-simplex [5, 3, 3, 3, 3] by means of the
polar hyperplane associated to its ultra-ideal vertex characterised by the vertex simplex
[5, 3, 3, 3]. Our second result can be stated as follows.

Theorem B. Among all Coxeter groups acting cocompactly on H?, the Coxeter prism
group based on [5, 3, 3, 3, 3] has minimal growth rate, and as such it is unique.

The work is organised as follows.

In Section 2.1, we provide the necessary background about hyperbolic Coxeter poly-
hedra, their reflection groups and the characterisation by means of the Vinberg graph and
the Gram matrix. We present the relevant classification results for families of Coxeter
polyhedra with few facets due to Esselmann, Kaplinskaja and Tumarkin. Of particular
importance is the structural result, presented in Theorem 1 and due to Felikson and Tumar-
kin, about the existence of non-intersecting facets of a compact Coxeter polyhedron.

In Section 2.2, we consider abstract Coxeter systems with their Coxeter graphs and
Coxeter symbols and introduce the notions of growth series and growth rates. Another
important ingredient is the growth monotonicity result of Terragni as given in Theorem 2.

The proofs of our results are presented in Section 3. The proof of Theorem A is based
on a simple growth rate comparison argument and serves as an inspiration how to attack
the proof of Theorem B. To this end, we establish Lemma | and Lemma 2 about the com-
parison of growth rates of certain Coxeter groups of rank 4. Then, we consider compact
Coxeter polyhedra in H® in terms of the number N > 6 of their facets. Since compact
hyperbolic Coxeter n-simplices exist only for n < 4, we look at compact Coxeter poly-
hedra P C H° with N =7, N = 8 and N > 9 facets, respectively. Certain classification
results help us dealing with the cases N = 7 and 8 while for N > 9, we look for particular
subgraphs in the Coxeter graph of P and conclude by means of Lemma 1, Lemma 2 and
Theorem 2.
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2. Hyperbolic Coxeter polyhedra and growth rates

2.1. Hyperbolic Coxeter polyhedra and their reflection groups

Denote by H” the standard hyperbolic n-space realised by the upper sheet of the hyper-
boloid in R”*! according to

H" = {x e R"*! | gn,1(x) = xlz +'--+X,21—x5+1 =—1, Xp41 > 0}.

A hyperbolic hyperplane H is the intersection of a vector subspace of dimension n with
H" and can be represented as the Lorentz-orthogonal complement H = e’ by means of a
vector e of (normalised) Lorentzian norm g, ; (¢) = 1. The isometry group Isom H" of H”"
is given by the group O™ (n, 1) of positive Lorentzian matrices leaving the bilinear form
(x,y)n.1 associated to ¢,1 and the upper sheet invariant. It is well known that O (n, 1) is
generated by linear reflections r = rg : x — x — 2 (e, x),,1 e with respect to hyperplanes
H = el see [3, Section A.2].

A hyperbolic n-polyhedron P C H" is the non-empty intersection of a finite number
N > n + 1 of half-spaces H;” bounded by hyperplanes H; all of whose normal unit
vectors e; are directed outwards with respect to P, say. A facet of P is the intersection of
P with one of the hyperplanes H;, 1 <i < N. A polyhedron is a Coxeter polyhedron if
all of its dihedral angles are of the form 7 for an integer k > 2.

In this work, we suppose that P is a compact hyperbolic Coxeter polyhedron so that
P is the convex hull of finitely many points in H”. In particular, P is simple since all
dihedral angles of P are less than or equal to 7. As a consequence, each vertex p of P is
the intersection of n hyperplanes bounding P and characterised by a vertex neighbourhood
which is a cone over a spherical Coxeter (n — 1)-simplex.

The following structural result of A. Felikson and P. Tumarkin [10, Theorem A] will
be of importance later in this work. For its statement, the compact Coxeter polyhedra in
H* that are products of two simplices of dimensions greater than 1 will play a certain role.
There are seven such polyhedra which were discovered by F. Esselmann [8]; see also [9]
and Examples 2, 4 and 10 below.

Theorem 1. Let P C H" be a compact Coxeter polyhedron. If n < 4 and all facets of
P are mutually intersecting, then P is either a simplex or one of the seven Esselmann
polyhedra. If n > 4, then P has a pair of non-intersecting facets.

Fix a compact Coxeter polyhedron P C H” with its bounding hyperplanes Hy,..., Hy
as above. Denote by G the group generated by the reflections r; =rg,, 1 <i < N.Then, G
is a cocompact discrete subgroup of Isom H" with P equal to the closure of a fundamental
domain for G. The group G is called a (cocompact) hyperbolic Coxeter group. It follows
that G is finitely presented with natural generating set S = {r;,...,ry} and relations
r?=1 and (r;r;))™ =1, ¢))

1

where m;; = mj; €{2,3,...,00} fori # j.Here, m;; = oo means that the product r;r;
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is of infinite order which fits into the following geometric picture. Denote by Gr(P) =
({ei,e;j)n,1) € Mat(N; R) the Gram matrix of P. Then, the coefficients of Gr(P) off its
diagonal can be interpreted as follows:

cosmil_j if £(H;, Hj) = mLu’

—(ei.ej)n1 = )
coshljj ifdu(H;, Hj) = 1;; > 0.

The matrix Gr(P) is of signature (n, 1). Furthermore, it contains important information
about P. For example, each vertex of P is characterised by a positive definite n x n
principal submatrix of Gr(P).

Beside the Gram matrix Gr(P), the Vinberg graph 3 (P) is very useful to describe a
Coxeter polyhedron P (and its associated reflection group G) if the number N of its facets
is small in comparison with the dimension 7. The Vinberg graph X (P) consists of nodes
vi, | <i < N, which correspond to the hyperplanes H; or their unit normal vectors e;.
The number N of nodes is called the order of X(P). If the hyperplanes H; and H; are
not orthogonal, the corresponding nodes v; and v; are connected by an edge with weight
m;; >3if L(H;,H;) = le,’ they are connected by a dotted edge (sometimes with weight
l;;) if H; and H; are at distance /;; > 0 in H". The weight m;; = 3 is omitted since it
occurs very frequently.

Since P is compact (and hence of finite volume), the Vinberg graph X (P) is connec-
ted. Furthermore, by deleting a node together with the edges emanating from it so that
3 (P) gives rise to two connected components X1 and X, at most one of the two sub-
graphs X1, 3, can have a dotted edge (since otherwise, the signature condition of Gr(P)
is violated).

The subsequent examples summarise the classification results for compact Coxeter
n-polyhedra in terms of the number N = n + k, 1 < k < 3, of their facets.

Example 1. The compact hyperbolic Coxeter simplices were classified by Lannér [25]
and exist for n < 4, only. In the case n = 4, there are precisely five simplices L; whose
Vinberg graphs X; = X(L;), 1 <i <5, are given in Figure 1. The simplex L = L;
described by the top left Vinberg graph (or by its Coxeter symbol [5, 3, 3, 3]; see Sec-
tion 2.2 and [18]) will be of particular importance.

Example 2. The compact Coxeter polyhedra with n + 2 facets in H” have been classified.
The list consists of the 7 examples of Esselmann and the (gluings of) straight Coxeter
prisms due to I. Kaplinskaja; see, e.g., [9,31]. The examples of Esselmann are products
of two simplices of dimensions bigger than 1 and exist in H*, only. The prisms (and
their gluings) of Kaplinskaja exist for n < 5, and the list includes the Makarov prism M
based on [5, 3, 3, 3, 3]; see Theorem B. Observe that the Vinberg graphs of all Kaplinskaja
examples (including their gluings) contain one dotted edge.

Example 3. The compact hyperbolic Coxeter polyhedra P C H", n > 4, with n + 3
facets exist up to n = 8 and have been enumerated by Tumarkin [35]. For n = 5, his list
comprises 16 polyhedra, and they are characterised by Vinberg graphs with exactly three
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Figure 1. The compact Coxeter simplices in H¥.

E K . ,
Figure 3. The Vinberg graph of

Figure 2. The Vinberg graphs of an Esselmann polyhedron Tumarkin’s polyhedron 7" C H?
E C H* and of a Kaplinskaja prism K C H?. with one pair of disjoint facets.

(consecutive) dotted edges, up to the exceptional case T C H?. The polyhedron T has
exactly one pair of non-intersecting facets and is depicted in Figure 3.

Remark 1. By a result of Felikson and Tumarkin [11, Corollary], the Coxeter polyhedra
in Examples 1, 2 and 3 contain all compact Coxeter polyhedra with exactly one pair of
non-intersecting facets. In particular, each compact Coxeter polyhedron P C H" with
N > n + 4 facets has a Vinberg graph with at least two dotted edges.

Every compact Coxeter polyhedron P C H" gives rise to a hyperbolic Coxeter group
acting cocompactly on H", and each cocompact discrete group G C Isom H” generated by
finitely many hyperplane reflections has a fundamental domain whose closure is a compact
Coxeter polyhedron in H”. In the sequel, we often use identical notions and descriptions
for both, the polyhedron P and the reflection group G.

For further details and results about hyperbolic Coxeter polyhedra and Coxeter groups,
their geometric-combinatorial and arithmetical characterisation as well as general (non-)
existence results, we refer to the foundational work of E. Vinberg [36,37]. An overview
about the diverse partial classification results can be found in [9].

2.2. Coxeter groups and growth rates

A hyperbolic Coxeter group G = (G, S) with S = {ry,...,rn} as above is the geomet-
ric realisation of an abstract Coxeter system (W, S) of rank N consisting of a group W
generated by a subset S of elements s, ..., sy satisfying the relations as given by (1).
In the fundamental work [6] of Coxeter, the irreducible finite (or spherical) and affine
Coxeter groups are classified. Abstract Coxeter groups are most conveniently described
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by their Coxeter graphs or by their Coxeter symbols. More precisely, the Coxeter graph
¥ = X (W) of a Coxeter system (W, ) has nodes vy, ..., vy corresponding to the gener-
ators g, ...,sy of W, and two nodes v; and v; are joined by an edge with weight m;; > 3.
In particular, there will be no edge if m;; = 2 and there will be an edge decorated by co
if the product element s;5; is of infinite order m;; = oo.

In this way, the Vinberg graph of a hyperbolic Coxeter group is a refined version
of its Coxeter graph. In this context, observe that the Coxeter graph o~e describes the
affine group A and - simultaneously — is underlying the Vinberg graph e --- e of a com-
pact hyperbolic Coxeter 1-simplex as given by any geodesic segment. Furthermore, the
reflection group in Isom H? associated to the compact Lambert quadrilateral with Vinberg
graph e---e—e --- e is given by the Coxeter graph e~ while the Vinberg graph R
(coinciding with its Coxeter graph) describes a non-compact hyperbolic triangle of area .

In the case that the rank N of the Coxeter system (W, S) is small, a description by the
Coxeter symbol is more convenient. For example, [p1, ..., pr] with integer labels p; > 3
is associated to a linear Coxeter graph with k 4 1 edges marked by the respective weights.
The Coxeter symbol [(p, g, r)] describes a cyclic Coxeter graph with 3 edges of weights
P, q and r. We assemble the different symbols into a single one in order to describe the
different nature of parts of the Coxeter graph in question; see, e.g., [18, Appendix].

Example 4. The Coxeter symbols of the seven Esselmann polyhedra in H* are charac-
terised by the fact that they contain two disjoint Coxeter symbols associated to compact
hyperbolic triangles and called triangular components that are separated by at least one
edge of (finite) weight m > 3. Accordingly, the Esselmann polyhedron E C H* as depicted
in Figure 2 is described by the Coxeter symbol [(3, 4, 3), 4, (3, 4, 3)]. Notice that none of
the triangular components (p, ¢, r), given by integers p,q,r > 2 such that % + % + % <1,
of the Coxeter symbols appearing in Esselmann’s list is equal to (2, 3, 7).

For a Coxeter system (W, S) with generating set S = {s1,..., sy}, the (spherical)
growth series fs(¢) is defined by

fs@) =1+ apt*,

k>1

where a; € Z is the number of words w € W with S-length k. For references of the
subsequent basic properties of fg(z), see for example [17,21,23]. The series fs(¢) can be
computed by Steinberg’s formula

1 (=171
I Sy = @

[Wr|<oo

where Wr, T C S, is a finite Coxeter subgroup of W, and where Wz = {1}. By a result
of Solomon, the growth polynomials f7(¢) in (2) can be expressed by means of their
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Group  Exponents Growth polynomial fg(x)
Ap 1,2,...,n—1,n [2,3,....,n,n + 1]

By, 1,3,....2n—3,2n— 1 2.4,....2n—2,2n]

Dy, 1,3,....2n—-52n—-3,n—1 [2,4,...,2n —2,n]
G m-1 2, m]

Fy 1,5,7,11 [2,6,8,12]

H3 1,5,9 [2,6,10]

Hy 1,11,19,29 [2, 12,20, 30]

Table 1. Exponents and growth polynomials of irreducible finite Coxeter groups.

exponents my = 1,ms, ..., m, according to the formula

p

fr@)=T]lmi +11.

i=1

Here we use the standard notation [k] = 1 + ¢ 4 --- + tK=1 with [k, ] = [k] - [/] and
so on. By replacing the variable ¢ by =1, the function [k] satisfies the property [k](¢) =
K Y.

Table 1 lists all irreducible finite Coxeter groups together with their growth polyno-
mials up to the exceptional groups Eg, E£7 and Eg which are irrelevant for this work. Let
us add that the growth series of a reducible Coxeter system (W, S) with factor groups
(W1, S1) and (W3, S,) such that S = (S1 x {lw,}) U ({1w, } x S2), satisfies the product
formula fs(r) = fs,(t) - fs,(2).

By the above, in its disk of convergence, the growth series fs(¢) is a rational function
that can be expressed as the quotient of coprime monic polynomials p(t), ¢(t) € Z][t] of
equal degree. The growth rate Ty = t(w,s) is defined by

T = lim sup f/a_ ,
k—o00

and it coincides with the inverse of the radius of convergence R of fg(¢). Since Ty equals
the biggest real root of the denominator polynomial ¢ (), it is a real algebraic integer.

Consider a cocompact hyperbolic Coxeter group G = (G, S). Then, the rational func-
tion fg(¢) is reciprocal (resp. anti-reciprocal) for n even (resp. n odd); see, e.g., [23]. In
particular, for n = 2 and 4, one has fs(t~') = fs(t) for all t # 0. Furthermore, a result
of Milnor [29] implies that the growth rate tg is strictly bigger than 1 so that G is of
exponential growth. More specifically, for n = 2 and 3, 7 is either a quadratic unit or a
Salem number, that is, 7 is a real algebraic integer o > 1 whose inverse is a conjugate
of o, and all other conjugates lie on the unit circle; see, e.g., [24]. However, by a result
of Cannon [4, 5] (see also [23, Theorem 4.1]), the growth rates of the five Lannér groups
acting on H* and shown in Figure 1 are not Salem numbers anymore; they are so-called
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Perron numbers, that is, real algebraic integers > 1 all of whose other conjugates are of
strictly smaller absolute value.

Example S. The smallest known Salem number o7, ~ 1.176281 with minimal polynomial
L) =t 41217 —1%—1t> —t* — 13 +t + 1 equals the growth rate 17,31 of the
cocompact Coxeter triangle group G = [7, 3] with Coxeter graph o’e_e which in turn
is the smallest growth rate among all cocompact planar hyperbolic Coxeter groups; see
[16,21].

The second smallest growth rate among them is realised by the Coxeter triangle group
[8, 3] with Coxeter graph o’eeand appears as the seventh smallest known Salem number
~ 1.23039 given by the minimal polynomial 10 — ¢7 —¢5 — 3 + 1; see [22].

As a consequence, the growth rate of the cocompact Lambert quadrilateral group
O with Vinberg graph e ---e—e ... e is strictly bigger than 73 3. More precisely, the
growth rate of Q is the Salem number 7o a 1.72208 with minimal polynomial ¢* —
13 — 2 — ¢ — 1. Notice also that the Coxeter graph of O equals e—e—e"e; see the proof of
Theorem B in Section 3.

By applying similar techniques, it was shown in [19] (see also Floyd’s work [12]) that
the Coxeter triangle group with Vinberg graph o e—e has smallest growth rate among all
non-cocompact hyperbolic Coxeter groups of finite coarea in Isom H?, and as such it is
unique. The growth rate 7[s 3; ~ 1.32471 has minimal polynomial t3 —t — 1 and equals
the smallest Pisot number g as shown by C. Smyth; see, e.g., [32] and [19, Section 3.2].
Recall that a Pisot number is an algebraic integer o > 1 all of whose other conjugates are
of absolute value less than 1.

For later purpose, let us emphasize the above comparison result as follows:

7[8,3] < T[00,3]- 3)

Example 6. Among the cocompact Coxeter tetrahedral groups, the smallest growth rate
is about 1.35098 with minimal polynomial #1¢ — % —t® 4 ¢> —t* —¢ 4 1; it is achieved
in a unique way by the group G = [3, 5, 3] with Coxeter graph ._.f._.; see [21].

Example 7. Consider the (arithmetic) Lannér group L = [5, 3, 3, 3] with Coxeter graph
o’e_o_o_e mentioned in Example 1. By means of Steinberg’s formula (2) and Table 1, the
growth function f7 () = fs(¢) can be expressed according to

Lot 5,6 03 1
@™ @) 210 [2.2] 0 [2.3] 0 [2.5]
1 4 2 2 1
- {[2,2,2] o232 T [2,6,10]}
1 1 1 1 1

+ + + + + .
[2,2.3.4] ' [2.2.3.5] ' [2.2.6.10] @ [2.3.4.5] ' [2.12,20,30]

It follows that
[2,12,20,30]

fL(t) = 20
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where

GU) =1 —1 — 17 415 % 4710 411 (14 415 | 416 9417 4 o418 419
4120 2N 22 23 24 025 42126 2127 4 2128 20 430
31032 033 4 034 935 | 9,36 437 4 (38 439 4 40 441
042 43 | A4 A5 | (46 49 L 50 451 L 452 453 459 4 460

The denominator polynomial g(¢) of fz.(¢) is palindromic and of degree 60. By means
of the software PARI/GP [30], one checks that ¢ (¢) is irreducible and has — beside non-real
roots some of them being of absolute value one — exactly two inversive pairs a*!, 1 of
real roots such that « > 8 > 1. Indeed, by the results in [4, 5], « is not a Salem number
anymore. As a consequence, the growth rate 17 = o &~ 1.19988 of the Lannér group
L =[5, 3,3, 3] is not a Salem number. However, T[5,3,3,3] is a Perron number. All these
properties can be checked by the software CoxlIter developed by R. Guglielmetti [13, 14].

Example 8. The Coxeter prism M C H? found by Makarov is given by the Vinberg
graph Coeoee-le where the hyperbolic distance ! between the (unique) pair of
non-intersecting facets of M satisfies

TS 107448,

"4

1
cosh/ = —
2

In fact, the computation of / is easy since the determinant of the Gram matrix of M
vanishes. As in Example 7, one can exploit Steinberg’s formula (2) and Table 1 in order to
establish the growth function fas (¢). The denominator polynomial of fjs (¢) splits into the
factor t — 1 and a certain irreducible palindromic polynomial ¢(¢). As above, the software
CoxIter allows us to identify the growth rate of the reflection group [5, 3, 3, 3, 3] associated
to M, as given by the largest zero of g(¢), with the Perron number 3y ~ 1.64759. Notice
that the factor # — 1 is responsible for the vanishing of the Euler characteristic of M ; see,
e.g., [21, (2.7)].

Example 9. For the Kaplinskaja prism K C H?> depicted in Figure 2, the denominator
polynomial of the growth function fx(¢) splits into the factor ¢ — 1 and an irreducible
palindromic polynomial ¢(¢) of degree 32. By means of CoxIter, one deduces that the
growth rate is a Perron number of value tx & 2.08379.

In a similar way, one computes the individual growth series and related invariants and
properties of any cocompact (or cofinite) hyperbolic Coxeter group with given Vinberg
graph.

Growth rates satisfy an important monotonicity property on the partially ordered set
of Coxeter systems as follows. For two Coxeter systems (W, S) and (W', S”), one defines
(W, S) < (W’,S’) if there is an injective map ¢ : S — S’ such that mg, < mf(s)t(t) for all
s,t € S.1If t extends to an isomorphism between W and W', one writes (W, S) ~ (W', §”),
and (W, S) < (W', S’) otherwise. This partial order satisfies the descending chain condi-
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tion since mg; € {2,3,...,00} where s # t. In particular, any strictly decreasing sequence
of Coxeter systems is finite; see [28]. In this work, the following result of Terragni [34,
Section 3] will play an essential role.

Theorem 2. [f (W, S) < (W', S’), then Tw,s) = T(w’,8)-

Example 10. Consider the seven Esselmann groups E; C Isom H* 1 <i <7, whose
Coxeter symbols consist of two triangular components separated by at least one edge of
weight m > 3; see Example 4. Each of their triangular components describes a cocompact
Coxeter group in Isom H?2 of the type (2, 3,8), (2,3,10), (2,4,5), (2,5,5), (3,3,4) or
(3,3,5). By means of Theorem 2, we conclude that

783 < T, 1=<i=<T. 4)

Notice. In the sequel, we will work with the Coxeter graph instead of the Vinberg graph
associated to a hyperbolic Coxeter group (W, S). Hence, we replace each dotted edge
between two nodes vy and vy by an edge with weight oo, just indicating that the product
element ss” € W is of infinite order.

3. Growth minimality in dimensions four and five

In this section, we prove the following two results as announced in Section 1.

Theorem A. Among all Coxeter groups acting cocompactly on H*, the Coxeter simplex
group [5, 3, 3, 3] has minimal growth rate, and as such it is unique.

Theorem B. Among all Coxeter groups acting cocompactly on H?, the Coxeter prism
group based on [5, 3, 3, 3, 3] has minimal growth rate, and as such it is unique.

Proof of Theorem A. Consider a group G C Isom H* generated by the set S of reflections
ri,...,ry inthe N facet hyperplanes bounding a compact Coxeter polyhedron P C H*.
The group G = (G, §) is a cocompact hyperbolic Coxeter group of rank N > 5. Assume
that the group G is not isomorphic to the Coxeter simplex group L = [5, 3, 3, 3]. We have
to show that g > 75,3,3,3] ~ 1.19988.

In view of Theorem 1, we distinguish between the two cases whether all facets of P
are mutually intersecting or not. In the case that all facets of P are mutually intersecting,
P is either a Lannér simplex and G is of rank 5, or P is one of the seven Esselmann
polyhedra with related Coxeter groups E;, 1 <i < 7, of rank 6.

(1a) The Coxeter graphs of the five Lannér simplices L = L1,..., Ls in H* are given
in Figure 1. The associated growth rates have been computed by means of Steinberg’s
formula and are well known; see also [4,31,33]. The software CoxlIter yields the values

T[5,3,3,4] ~ 1.38868, 15335 ~ 1.51662,
T[s,3,301] & 1.44970, 1734 4y = 1.62282,

implying that the growth rate of L = [5, 3, 3, 3] is strictly smaller than those of L, ..., Ls.
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(1b) Let us investigate the growth rates of the Esselmann groups Ei, ..., E7. By
Example 10, (4), we have that

18,3 < T, 1=<i=T.
It follows from Example 5 and Example 7 that
1.19988 ~ 153,331 < 1.2 < 113,31 ~ 1.23039,

which shows that the growth rate of L = [5, 3, 3, 3] is strictly smaller than those of the
Esselmann groups Eq, ..., E7.

(2) Suppose that P has at least one pair of non-intersecting facets. Therefore, the
Coxeter graph ¥ of P contains at least one edge with weight co. Since P has at least
N > 6 facets, the graph ¥ — being connected — contains a proper connected subgraph o
of order 3 with weights p,q € {2,3,..., oo} of the form as depicted in Figure 4.

/s
.¢]

Figure 4. A subgraph o of X.

By construction, the subgraph o gives rise to a standard Coxeter subgroup (W, T)
of rank 3 of (G, §) that satisfies (W, T) < (G, S). By Theorem 2, Example 5, (3), and
Example 7, we deduce in a similar way as above that

115,3,3,3] < 7[8,3] < T[00,3] = To = Tx,
which finishes the proof of Theorem A. (]

Proof of Theorem B. Let G C Isom H° be a discrete group generated by the set S of
reflections rq, ..., ry in the N facet hyperplanes of a compact Coxeter polyhedron P C
H?>. The group G = (G, S) is a cocompact hyperbolic Coxeter group of rank N > 6.
Assume that G is not isomorphic to Makarov’s rank 7 prism group based on [5, 3, 3, 3, 3].
The associated Coxeter prism M is described and the growth rate tjs is given in Example
8. We have to show that tg > 70 ~ 1.64759.

Inspired by the proof of Theorem A, we look for appropriate Coxeter groups of smaller
rank such that their growth data can be exploited to derive suitable lower bounds in view
of Theorem 2. To this end, consider the following abstract Coxeter groups W;, W, and
W3 with generating subsets Sy, S> and S3 of rank 4 as defined by the Coxeter graphs in
Figure 5.

The Coxeter systems (W;, S;) can be represented by hyperbolic Coxeter groups G;
for each 1 <i < 3, and they will play an important role when comparing growth rates. In
fact, the Coxeter graph of W) coincides with the Coxeter graph of the cocompact Lambert
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o0 o0 [ ol o] oo o0
*—o—0—0 *—o —0—90 .—I—C

Figure S. The three abstract Coxeter groups W1, W, and W3.

quadrilateral group Q C Isom H? with growth rate tg a 1.72208; see Example 5. Since,
for the Makarov prism M, we have t)s ~ 1.64759, we deduce the following important
fact:

™ < Tg = 16, (®)]
Each of the remaining Coxeter groups W, and W3 can be represented as a discrete sub-
group of O (3, 1) generated by reflections in the facets of a Coxeter tetrahedron of infinite
volume. Indeed, one easily checks that the associated Tits form is of signature (3, 1) and
that some of the simplex vertices are not hyperbolic but ultra-ideal points (of positive
Lorentzian norm). More importantly, the following result holds.

Lemmal. (1) 76, <16, (@) 16, < 1G5-

Proof. By means of Steinberg’s formula (2), we identify for each G; the finite Coxeter
subgroups with their growth polynomials according to Table 1 in order to deduce the
following expressions for their growth functions f;(¢), 1 <i < 3:

= = o, @
T (b)
O ©
Here, the help function (1), ¢ # 0, is given by
h(t)=1—i+ 3 ! (6)

PRNPETRNCE]
By taking the differences between (a) and (b), (c), respectively, one obtains, for all # > 0,
1 1 1 1 1 1
A ARCH  B2d Reh ACH 2

For x = t~! € (0, 1), we deduce that the smallest zero of 1/f;(x) as given by the radius
of convergence of the growth series f(x) of G is strictly bigger than the one of 1/ f5(x)
and of 1/ f3(x). Hence, we get tg, < 7g, and 7g, < 7G,- O

For later use, we also compare the growth rate of W; = Q with the one of the Coxeter
group W, with generating subset S4 of rank 4 given by the Coxeter graph according to
Figure 6. Again, the group Wj can be interpreted as a discrete subgroup G4 C O+ (3, 1)
generated by the reflections in the facets of a Coxeter tetrahedron of infinite volume.
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4 (] 4
—eo—0o—o

Figure 6. The abstract Coxeter group Wj.

Lemma 2. 16, < 16,.

Proof. We proceed as in the proof of Lemma 1 and establish the growth function f4(¢) by
means of Steinberg’s formula. We obtain the following expression:

1 4 3 2 2
e T TRt et A Rz @
By means of (a), (d) and (6), we obtain the difference function
1 1 1 2 2 1 +1
A AGD 23 24 zzd paesn o 70
and conclude as at the end of the previous proof. O

Let us return and consider a compact Coxeter polyhedron P C H? with N facets and
associated hyperbolic Coxeter group G. By Example 1, we know that there are no compact
Coxeter simplices anymore so that N > 7. Furthermore, by Theorem 1, P has at least one
pair of non-intersecting facets. In the sequel, we discuss the cases N = 7, N = § and
N >09.

For N = 7, we are left with the three Kaplinskaja prisms (and their gluings) as given
by the Makarov prism M =: M3 based on [5, 3, 3, 3, 3], its closely related Coxeter prism
M, based on [5, 3, 3, 3, 4] as well as the Coxeter prism K with Vinberg graph depicted in
Figure 2 and treated in Example 9. By means of the software CoxlIter (or some lengthy
computation), one obtains the growth rate inequalities

1.64759 ~ 1)y < tp, < 1.84712 < 1 ~ 2.08379,

which confirm the assertion of Theorem B in this case.

For N = 8, we dispose of Tumarkin’s classification list comprising all compact
Coxeter polyhedra with n + 3 facets. For n = 5, these polyhedra have Vinberg graphs
with exactly three (consecutive) dotted edges except for the polyhedron T C H?> depicted
in Figure 3.

The Coxeter graph associated to 7' contains the proper subgraph o2eXe%e which is
associated to the Coxeter group W; studied above; see Figure 6. By means of Theorem 2,
Lemma 2 and (5), we deduce that

™ <TGy = 1T.

For the Coxeter graph of a polyhedron P with 8 facets in H that is not isometric to T', we
consider its proper order 4 subgraph e "o In a similar way, by Theorem 2, Lemma |
and (5), we obtain

™ <TQ = 1Tp.
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Let N > 9. By Remark 1, the Vinberg graph of the polyhedron P C H> with N facets
has at least two dotted edges. However, two dotted edges are separated by an edge in view
of the signature condition of the Gram matrix Gr(P); see Section 2.1.

Consider the Coxeter graph X of order N of the hyperbolic Coxeter group G associ-
ated to P. By the above, there is a proper connected subgraph o of order 4 in X, depicted

in Figure 7, with weights p,q,r,s,t € {2,3,..., 00} where at least one of them is equal
to oo.
r t
o0

Figure 7. The subgraph 0 = o(p,q,r,s,1).

In view of Figure 5, describing the three Coxeter groups G, G, and G3, and by means
of Theorem 2, the growth rate of 3, and hence of P, can be estimated from below accord-
ing to

16, < 1; <ty foratleastonei € {1,2,3}.

By Lemma 1 and (5), we finally obtain that
™ <16, = Tp,

as desired. This finishes the proof of Theorem B. O
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