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Abstract

In this thesis, we study the existence of Riemannian metrics of positive Ricci curvature in the

context of Riemannian submersions, reviewing the works of O’Neill, Pro & Wilhelm, Gromoll &

Walschap, Besse, and additionally providing further details.

We first summarise curvature formulas in the case of a Riemannian submersion, including

O’Neills’ six fundamental equations, and curvature formulas when the total space is a warped

product.

In the next section, we show how a Riemannian submersion π : M → B needs not necessarily

transport positive Ricci curvature from M to B. This is done by following Pro & Wilhelm’s

example and constructing a warped product manifold M = S2 ×ν F on which the metric of S2

is modified so that the submersion π : S2 ×ν F → S2 = B is Riemannian, S2 ×ν F has positive

Ricci curvature and S2 has points of negative Ricci curvature. However, Riemannian submersions

do transport some parts of positive Ricci curvature to the base space, for it cannot have globally

non-positive Ricci curvature.

We then study a known result about lifting positive Ricci curvature, namely how positive Ricci

curvature can be lifted from the base space B to the total space M , with additional assumptions

such as π being a fiber bundle, M and B being compact, and the metric of fibers F of the bundle

being invariant under the action of the structure group.

We finally show a new result, that starts with the same context and assumptions as the previous

result, namely a fiber bundle π : E → M with fibers F , RicF > 0 and RicM > 0, with the

structure group acting isometrically on F , and we modify this setting so that the submersion

remains Riemannian with RicE > 0 but M admits a new metric with points of negative Ricci

curvature.
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1 Introduction

In this paper, we give an overview of different questions and results that have been worked on by

various authors, going back to when Barrett O’Neill ([O’N66]) first introduced his now well known

curvature equations in the case of a Riemannian submersion. On every Riemannian manifold

(M, g), there is a unique Levi-Civita connection ∇, often called covariant derivative (see Appendix

B.2), which allows for differentiation of vector fields in the direction of other vectors, extending the

directional derivative in the Euclidean case. This differential operator allows, roughly, to measure

how ”curved” the manifold is, in the following way: we define the curvature tensor R as1

R(X,Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z

for X,Y, Z vector fields on the manifold, and the sectional curvature K(PXY ), where PXY is a

plane tangent to M spanned by the linearly independent vectors X and Y as

K(PXY ) =
⟨R(X,Y )Y,X⟩

∥X ∧ Y ∥2

with ∥X ∧ Y ∥ denoting the area of the parallelogram spanned by X and Y . In particular, if M is

an embedded submanifold of some Rn, then the sectional curvature equals the extrinsic notion of

Gaussian curvature. A more general notion of curvature is given by the Ricci curvature, denoted

Ric and given by the formula

Ricp(Y, Z) = tr(X 7→ R(X,Y )Z) =

m∑
k=1

⟨R(vk, Y )Z, vk⟩

where the vectors v1, . . . , vm, m = dimM , form an orthornomal basis of the tangent space TpM

at p ∈ M . This is indeed more ”general” than the sectional curvature, in the sense that, if a

manifold has positive sectional curvature at a point, then it also admits positive Ricci curvature

at this point; while the converse is not true (in the Ricci sum, some of the factors, which represent

sectional curvatures of specific planes, might be negative but compensated by other factors to yield

overall positive Ricci curvature).

Now, if (M, g) and (B, qg) are Riemannian manifolds and π : M → B is a submersion in the usual

sense (a smooth map with surjective differential at all points), with ”fibers” given by π−1(b) = Fb,

b ∈ B, then we call this submersion Riemannian if the restriction (π∗)p : TpF
⊥
b → Tπ(p)B is a

Riemannian isometry for all p ∈ π−1(b), where the orthogonal complement is taken with respect to

the metric g onM . Riemannian manifolds that admit a metric of positive sectional curvature are of

particular interest, as this eminently geometric feature gives rise to various topological properties,

shown for example in Myers’ or Synge’s theorems, or even in the famous Hopf conjecture: Myers’

theorem states that if a complete and connected n-manifold M has a lower bound for its Ricci

curvature of the sort RicM ≥ (n − 1) 1
r2 for some r > 0, then any two points can be joined by

a geodesic of length at most π · r, hence resulting in the compactness of M , and the finiteness

of the fundamental group π1(M); Synge’s theorem gives a conclusion on the orientability, simply

connectedness, and ultimately the fundamental group of a manifold M provided it has positive

sectional curvature.

1There is also a different sign convention for the curvature tensor, used for example by Arthur Besse [Bes87] and
Barett O’Neill [O’N66].
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Section 2 is a detailed review of O’Neill’s paper [O’N66], The fundamental equations of a

Riemannian submersion, with primary objective to lay the groundwork for this paper, and to prove

the six curvature equations. These formulas allow to conclude, for example, that if π : M → B

is a Riemannian submersion, and if M has positive sectional curvature, then B does as well; the

same result holds for positive Ricci curvature provided that the fibers π−1(b), b ∈ B, are totally

geodesic.

Section 3 covers Pro and Wilhelm’s paper Riemannian submersions need not preserve positive

Ricci curvature [PW14], which constructs a counterexample to the naive idea that Riemannian

submersions transport positive Ricci curvature from M to B. We prove the theorem:

Theorem ([PW14, Theorem 1]). For any C > 0, there exists a Riemannian manifold M and a

Riemannian submersion π : M → B for which M is compact with positive Ricci curvature, while

B contains points with Ricci curvature less than −C.

We construct an example where M is a warped product of a sphere and a positive Ricci

curvature space F , M = S2 × F , and the Riemannian submersion is given by the projection onto

the first factor; careful modification of the standard ”round metric” on S2 is to be made, with

additional conditions on the warping function, to preserve positive Ricci curvature upstairs while

artificially creating points of negative Ricci curvature downstairs. A second and more global result

in Pro & Wilhelm’s paper says:

Theorem ([PW14, Theorem 2] ). Let M be a Riemannian manifold that is compact with positive

Ricci curvature. Then there exists no Riemannian submersion π : M → B to a space of nonpositive

Ricci curvature.

This suggests that Riemannian submersions do transport some parts of positive Ricci curvature

from the total space to the base space.

Section 4 asks the opposite question: given that B admits a metric of positive Ricci curvature,

can we find a metric onM for which the submersion π : M → B is Riemannian andM has positive

Ricci curvature? Under some conditions, namely in the case of a fiber bundle and with a group G

acting isometrically on the fibers of the bundle it is indeed possible:

Theorem. Let M and F be compact Riemannian manifolds with positive Ricci curvature, and

π : E → M a fiber bundle with fiber F and structure group G. If the metric on F is G-invariant,

then E admits a metric with positive Ricci curvature such that π is a Riemannian submersion.

We also mention a different and very interesting approach of the same result: a different

construction of this theorem is given in [CS22] by Cavenaghi and Sperança, where they use the

discriminant of a polynomial whose coefficients are given by the different Ricci components, to

control the curvature.

Overall, lifting positive Ricci curvature has been a topic of interest in the field of Riemannian

geometry for the past few decades, as shown in the papers [Poo75] by Poor, [Nas79] by Nash, and

[GPT98] by Gilkey, Park & Tuschmann, who present preliminary results to the theorem we prove

in Section 4.

This also gives rise to a natural question, similar in spirit to the Pro-Wilhelm counterexample,

summarised in the following theorem:

Theorem. Let π : E → M be a fiber bundle from a compact manifold E to a compact manifold

M that admits a metric gM with RicM > 0. Suppose that the fibers F admit a metric such that

Université de Fribourg Département de Mathématiques
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the structure group G acts isometrically on F , and that RicF > 0. Then, there is a metric g̃ of

positive Ricci curvature on E, and a metric g̃M such that π : (E, g̃) → (M, g̃M ) is a Riemannian

submersion, and the corresponding metric g̃M has points of negative Ricci curvature on M .

We discuss this new result in Section 5, where we again artificially create points of negative Ricci

curvature on the base space by modifying the metric locally so that the base manifold has a small

neighbourhood of sectional curvature constantly +1; on this neighbourhood that can be viewed as

a disc of a sphere Dn ⊂ Sn of radius 1, we perform a similar construction as Pro & Wilhelm’s one

to modify the metric of Dn, so that the bundle projection π is a Riemannian submersion over Dn

with parts of negative Ricci curvature on Dn but overall positive Ricci curvature on π−1(Dn) and

on E.

The very last part is dedicated to an appendix, in which we present various definitions and

results that we use throughout this paper.

Université de Fribourg Département de Mathématiques



2 Riemannian submersions 7

2 Riemannian submersions

2.1 Preliminaries

Let (M, g) and (B, qg) be Riemannian manifolds, and π : M → B be a smooth submersion. By the

regular value theorem, the fibers π−1(b) are submanifolds of M for all b ∈ B (we use the term

”fibers”, although the projection π need not necessarily be a fiber bundle, see Remark 2.8). The

tangent space of M at a point p on the fiber Fb := π−1(b), TpM , decomposes into the so called

vertical and horizontal parts, namely TpFb and (TpFb)
⊥. This decomposition is canonical once

we fix a Riemannian metric on M , making the horizontal part the orthogonal complement of the

vertical part, with respect to the metric.

Definition 2.1 (Riemannian submersion). Let (M, g) and (B, qg) be Riemannian manifolds, and

π : M → B a submersion in the usual sense. If π induces a Riemannian isometry (dπ)p : (TpFb)
⊥ →

Tπ(p)B, then we say that it is a Riemannian submersion.

Example 2.2. Quotient maps. A large class of Riemannian submersions arise from quotient

manifolds under a certain action of a Lie group. Let G be a Lie group and (M, g) a

Riemannian manifold. Suppose that G acts isometrically, freely and properly on M . Then,

the orbit space B = M/G is again a Riemannian manifold (see [Lee13, Theorem 9.16]). If

π : M → B is the quotient map, and if b ∈ B, then the ”fibers” π−1(b) = G · p, for b = π(p),

are diffeomorphic to G because the action is free and proper. Moreover, π is a submersion

in the usual sense, i.e. dπ : TpM → Tπ(p)B is surjective. Then, one can always equip the

quotient manifold with a metric such that dπ : Tp(G · p)⊥ → Tπ(p)B is an isometry: define

the quotient metric gB as

gB(v, w) = gM (ṽ, w̃)p, v, w ∈ TbB, [b] ∈ G · p

where ṽ, w̃ are the unique horizontal lifts of v and w, i.e. ṽ, w̃ ∈ (Tp(G ·p))⊥ and dπ(ṽ) = v,

dπ(w̃) = w.

Hence, for example, the well known Hopf fibration S1 ↪→ S3 π→ S2, with the action of

S1 ⊂ C on S3 ⊂ C2 = R4 (with the induced round metric) given naturally by

eiθ(z1, z2) = (eiθz1, e
iθz2)

is an example of a Riemannian submersion: S1 is a Lie group and the above action is free,

proper and isometric. Thus, one can always equip S2 with the unique quotient metric that

yields an isometry (dπ)p : (TpFb)
⊥ ⊂ TpS

3 → Tπ(p)S
2 from the horizontal part of TpS

3 to

the tangent space of the base Tπ(p)S
2.

The question of interest in this section is the relationship between the curvature of the base

space B, the fibers Fb of the submersion, and M ; more specifically, if B has positive sectional or

Ricci curvature, does it follow thatM has positive curvatures too? And vice versa, ifM has positive

curvature, can one expect the submersion to carry this property to the base? We review Barrett

O’Neill’s paper [O’N66], Sections 1 to 4, and give additional results regarding the corresponding

Ricci curvature equations.

Definition 2.3 (Horizontal and vertical distributions). Let π : M → B be a Riemannian submer-

sion. The horizontal and vertical distributions are the distributions H and V induced from π in

Université de Fribourg Département de Mathématiques



2 Riemannian submersions 8

the following way: at a point p ∈M ,

Vp = ker(π∗)p, Hp = (Vp)
⊥

where the orthogonal complement is taken with respect to the metric gM on M . The fact that

V is a distribution tangent to a submanifold of M is a consequence of the regular value theorem.

However, in general, the horizontal distribution is not the distribution tangent to a submanifold

of M , see Remark 2.12.

Base space B

π−1(b)

p

Total space M

(TpFb)
⊥ = Hp

TpFb = Vp

b

π

Figure 1: A Riemannian submersion π : M → B, inducing a splitting of the tangent bundle TM
into kerπ∗ ⊕ kerπ⊥

∗ = V ⊕H, the vertical and horizontal spaces.

O’Neill defines two tensors of type (1, 2) (where we use the convention that a tensor of type

(p, q) is a section of TM⊗p ⊗ T ∗M⊗q), the tensors T and A:

Definition 2.4 (A and T tensors). Let E and F be arbitrary vector fields on the Riemannian

manifold M . We define the (1,2)-tensors A and T as

TEF = H∇VE(VF ) + V∇VE(HF ),

AEF = V∇HE(HF ) +H∇HE(VF ).

Here, ∇ is the Levi-Civita connection on M and H, V denote respectively the projections onto

the horizontal and vertical spaces. The same letters will denote the tangent distribution throughout

the manifold. We have the following properties:

Lemma 2.5. Let V and W be vertical vector fields, and let X be a horizontal vector field. Then,
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1. At each point, TE is a linear operator on the tangent space ofM , and it reverses the horizontal

and vertical subspaces.

2. T is vertical, i.e. TE = TVE.

3. TVW = TWV .

4. ⟨TVW,X⟩ = −⟨TVX,W ⟩.

We will use ⟨·, ·⟩ and g(·, ·) interchangeably; when there is possibly confusion between different

metrics, we shall use g(·, ·), and otherwise prioritise ⟨·, ·⟩.

Proof. For the first point, we show first that TE is a linear operator; the fact that TE(F1 + F2) =

TEF1 + TEF2 for F1, F2 arbitrary vector fields is immediate from the properties of the covariant

derivative. Hence we show that TE(f · F ) = fTEF for all f ∈ C∞(M). Let then F be a vector

field and f a smooth function on the manifold. Then,

TE(f · F ) = H∇VE(V(f · F )) + V∇VE(H(f · F ))

= H(f · ∇VEVF +DVEfVF ) + V(f · ∇VEHF +DVEfHF )

= f · H∇VEVF + f · V∇VEHF

= f · TEF.

Hence, TE is C∞(M) linear. The second point if obvious. For the third one, we notice that, using

torsion-freeness of the connection,

TVW − TWV = H∇VW −H∇WV = H[V,W ] = 0

because [V,W ] is again vertical since the distribution is integrable (see Theorem A.8; the vertical

distribution is the distribution tangent to the fibers, which are submanifolds).

For the fourth property, we get

⟨TVW,X⟩ = ⟨H∇VW,X⟩ = ⟨∇VW,X⟩ = V ⟨W,X⟩ − ⟨W,∇VX⟩ = −⟨W,TVX⟩,

using the metric compatibility and the fact that W and X are orthogonal.

The T tensor relates to the second fundamental form in the following way: if E and F are

vertical vector fields, then TEF reduces to H∇EF which is exactly the projection onto the normal

space of the vertical space, i.e. the horizontal space.

Furthermore, regarding A, one has:

Lemma 2.6. Let X and Y be horizontal vector fields, and U a vertical vector field. Then,

1. At each point, AE is a linear operator on the tangent space ofM , and it reverses the horizontal

and vertical subspaces.

2. A is horizontal, i.e. AE = AHE.

3. AXY = −AYX.

4. ⟨AXY,U⟩ = −⟨AXU, Y ⟩.

Université de Fribourg Département de Mathématiques
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The third property isn’t obvious and does not follow from an integrability argument, as the

horizontal distribution is not necessarily integrable. Property 3 will be proved in Lemma 2.11.

below, and properties 1 and 4 are the same as the T tensor.

We recall an important notion that will play a key role in simplifying formulas later on:

Definition 2.7 (Totally geodesic). Let M be a Riemannian manifold with Levi-Civita connection

∇, and M ⊂M a submanifold with Levi-Civita connection ∇. We say that M is totally geodesic,

if every geodesic on M with respect to the induced metric is also a geodesic with respect to the

metric on M .

Remark 2.8. 1. This means in particular, if we note II : TM × TM → TM⊥ to be the

second fundamental form, i.e. II(X,Y ) := (∇XY )⊥ = ∇XY −∇XY (where (·)⊥ denotes the

orthogonal projection onto the normal space), then this definition is equivalent to II ≡ 0.

In our case, we consider the family of submanifolds given by the fibers of the Riemannian

submersion π. Similarly to the second fundamental form, we have that the fibers are totally

geodesic if and only if T ≡ 0. To see this, note that as pointed above, if U, V are vertical,

then TUV = H∇UV = II(U, V ).

2. As previously said, we use the word ”fibers”, while π might not be a fiber bundle

projection. However, one has that π : E →M is a fiber bundle provided M is complete (see

[GW09, Theorem 1.4.1]).

We also recall the Koszul formula: for all vector fields X,Y, Z on the manifold,

2g (∇XY, Z) = X(g(Y, Z)) + Y (g(X,Z))−Z(g(X,Y )) + g([X,Y ], Z)− g([X,Z], Y )− g([Y,Z], X).

This is particularly useful as the right-hand side only depends on the metric and its derivative,

which can be easily controlled.

Definition 2.9 (Basic vector field). Let X be a vector field on M . We call X basic if X is

horizontal and π-related to a vector field X∗ on B, i.e. X∗ ◦ π = π∗ ◦X.

Assuming that π is surjective, for each vector field qX ∈ Γ(B) on B, there is exactly one basic

vector field X on M that is π-related to qX. Throughout this paper, we will often denote a vector

field on B and its horizontal lift by the same letter. Note that the projections V and H are smooth

maps and so horizontal lifts of vector fields on B are smooth on M .

Lemma 2.10. If X and Y are basic vector fields on M , then

1. ⟨X,Y ⟩ = ⟨X∗, Y∗⟩ ◦ π

2. H[X,Y ] is the basic vector field corresponding to [X∗, Y∗]

3. H∇XY is the basic vector field corresponding to ∇∗
X∗

(Y∗), where ∇∗ denotes the LC connec-

tion on the base B.

Proof. 1. Denote gB and gM the Riemannian metrics on B and on M respectively. We have, for

Université de Fribourg Département de Mathématiques
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p ∈M , (we swap between g(·, ·) and ⟨·, ·⟩ for clarification)

(⟨X∗, Y∗⟩ ◦ π)
∣∣
p
= gB(X∗

∣∣
π(p)

, Y∗
∣∣
π(p)

)

= gB(π∗ ◦X
∣∣
p
, π∗ ◦ Y

∣∣
p
)

= gM (X
∣∣
p
, Y
∣∣
p
)

= ⟨X,Y ⟩
∣∣
p
.

2. Since π∗[X,Y ] = [X∗, Y∗], we have [X∗, Y∗] = π∗[X,Y ] = π∗(V[X,Y ]+H[X,Y ]) = π∗(H[X,Y ]),

using the fact that vertical vectors are in the kernel of π∗.

3. We use the Koszul formula above:

2g (∇XY, Z) = X(g(Y, Z)) + Y (g(X,Z))−Z(g(X,Y )) + g([X,Y ], Z)− g([X,Z], Y )− g([Y,Z], X).

Since X∗ ◦ π = π∗ ◦X, and combining with 1. we get X⟨Y,Z⟩ = X(⟨Y∗, Z∗⟩ ◦ π) = X∗⟨Y∗, Z∗⟩ ◦ π.
Similarly, ⟨X, [Y,Z]⟩ = ⟨X∗, [Y∗, Z∗]⟩ ◦ π, and upon replacing every such term in the right-hand

side above, by the Koszul formula again we must have that it is equal to 2⟨∇∗
X∗
Y∗, Z∗⟩ ◦ π, and

thus

⟨∇∗
X∗
Y∗, Z∗⟩ ◦ π = ⟨∇XY,Z⟩,

which means precisely that ∇∗
X∗
Y∗ is π-related to H∇XY by 1.

Lemma 2.11. If X and Y are horizontal vector fields, then AXY = 1
2V[X,Y ].

Proof. Note first that the left-hand side of the equation is tensorial as shown in Lemma 2.6. For

the right-hand side, we notice that since [X,Y ] = ∇XY −∇YX, we have the relation V[X,Y ] =

AXY − AYX, hence V[X,Y ] is tensorial as well. Another way to see this is to use the ”product

rule” of the Lie bracket:

[X, fY ] = f [X,Y ] +X(f)Y,

whenever f is a smooth function on M . This allows to see that V[X, fY ] = fV[X,Y ], since the

term X(f)Y is horizontal and thus vanishes under the vertical projection. Then, R-bilinearity of

the Lie bracket of vector fields leads to the right-hand side of the equation AXY = 1
2V[X,Y ] being

C∞(M)-linear in both entries by skew-symmetry of the Lie bracket, hence tensorial. Therefore, we

only need to prove the relation at a single point p on the manifold, regardless of how the tangent

vector X
∣∣
p
is continued as a vector field. We thus may assume that the vector field X is basic.

If the alternation property 3 is true for the A tensor, then the result follows, and the alternation

property is equivalent to AXX = 0 by linearity. Since X is basic, ⟨X,X⟩ = ⟨X∗, X∗⟩◦π is constant

(as a function on M) along the fibers, and thus 0 = V ⟨X,X⟩ = 2 ⟨∇VX,X⟩ for any vertical vector

field V . Moreover, because X is horizontal, AXX = V∇XX. But [V,X] = ∇VX−∇XV is vertical

(since V is π-related to the zero vector field), hence ⟨∇VX −∇XV,X⟩ = 0, and so

0 = ⟨∇VX,X⟩ = ⟨∇XV,X⟩ = X⟨X,V ⟩︸ ︷︷ ︸
0

−⟨V,∇XX⟩ = −⟨V,AXX⟩ .

Since V is arbitrary and AXX is vertical, this shows that AXX = 0 and it proves the claim.

Remark 2.12. By Frobenius’ theorem (see Appendix A.8), we have that a distribution is

integrable if and only if it is involutive. Now, with the lemma above, we just learned that the
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A tensor evaluated at horizontal vector fields is nothing but the vertical component of their

bracket. Combining these two facts, we finally get that if the A tensor vanishes, then there

is no vertical part in the bracket of X and Y ; in other words, the horizontal distribution is

involutive and thus integrable. We therefore often call this tensor the integrability tensor.

Lemma 2.13. Let X and Y be horizontal vector fields, and V and W vertical vector fields. Then

1. ∇VW = TVW + V∇VW ,

2. ∇VX = H∇VX + TVX,

3. ∇XV = AXV + V∇XV ,

4. ∇XY = H∇XY +AXY .

Furthermore, if X is basic, H∇VX = AXV .

Proof. These properties follow from the definition of the tensors A and T . For the last remark, we

note that

AXV = V∇HX(HV ) +H∇HX(VV ) = H∇XV = H(∇VX + [X,V ]).

But [X,V ] is vertical whenever X is basic and V vertical: π∗[X,V ] = [π∗X,π∗V ] = 0.

Lemma 2.14. Let X and Y be horizontal vector fields, V and W be vertical vector fields. Then,

(∇VA)W = −ATV W , (∇XT )Y = −TAXY , (∇XA)W = −AAXW (∇V T )Y = −TTV Y .

Proof. These equations become relatively trivial using the following fact about the covariant deriva-

tive of a tensor: if T is a tensor field of type (p, q), and α1, α2, . . . , αq are smooth sections of the

cotangent bundle T ∗M and X1, X2, . . . , Xp are smooth sections of the tangent bundle TM , then

the covariant derivative of T along Y is given by the formula (see [KN69] p.124)

(∇Y T ) (α1, α2, · · · , X1, X2, · · · ) = ∇Y (T (α1, α2, · · · , X1, X2, · · · ))

− T (∇Y α1, α2, · · · , X1, X2, · · · )− T (α1,∇Y α2, · · · , X1, X2, · · · )− . . .

− T (α1, α2, · · · ,∇YX1, X2, · · · )− T (α1, α2, · · · , X1,∇YX2, · · · )− . . .

When T is for example the A-tensor, this gives, by evaluating on an arbitrary vector field E,

(∇VA)WE = ∇V (AWE)−A∇V W (E)−AW (∇V E)

which is just −A∇V WE, since the other terms vanish by verticality of W . But A∇V W is again just

AH∇V W by the same argument, and H∇VW = TVW which ends the proof.

Another useful set of formulas regarding the curvature tensors is presented in the following

lemma:

Lemma 2.15. For all vector fields E, vertical U, V , and horizontal X,Y ,

⟨(∇ET )UV,X⟩ = ⟨(∇ET )V U,X⟩ (2.1)

⟨(∇EA)XY,U⟩ = −⟨(∇EA)YX,U⟩. (2.2)
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Proof. Using the covariant derivative of tensors formula above, we get

(∇ET )UV − (∇ET )V U = ∇E(TUV )−∇E(TV U)

− (T∇EUV − T∇EV U)

− (TU (∇EV )− TV (∇EU)).

Symmetry of the T tensor gives TUV = TV U so the first line vanishes. Now, T∇EUV = TV∇EUV =

TV V∇EU . Since only the horizontal component matters (because of the inner product with X),

this is just TV ∇EU , and we find this term in the third line. Apply this argument one more time to

the second term of the middle line and we get that (the horizontal projection of) each line vanishes,

which gives the result.

The formula with the A tensor uses the same reasoning.

Remark 2.16. 1. Covariant derivatives of tensors are again tensorial: for example,

(∇ZA)XY = ∇Z(AXY )−A∇ZXY −AX(∇ZY )

and one can check C∞(M)-linearity in the Y -argument. The second term of the right-hand

side has already been verified since we know that AE is tensorial for any vector field E. We

expand the first term:

∇Z(AXfY ) = ∇ZV∇XfY = ∇Z(fV∇XY + V(DXf · Y ))

= ∇Z(fV∇XY )

= f∇ZV∇XY +DZf · V∇XY

= f∇Z(AXY ) +DZf · V∇XY,

and the third term

AX(∇ZfY ) = H∇XV∇ZfY + V∇XH∇ZfY

= H∇X(fV∇ZY +DZf · VY ) + V∇X(fH∇ZY +DZf · HY )

= H∇XfV∇ZY + V∇X(fH∇ZY +DZf · Y )

= H(f∇XV∇ZY +DXf · V∇ZY )

+ V(f∇XH∇ZY +DXf · H∇ZY +DZf · ∇XY )

= fAX(∇ZY ) +DZf · V∇XY.

Hence, the ”error” term DZf · V∇XY appears both in the first and third terms of the

covariant derivative formula, and thus cancels upon subtraction.

2. Suppose π : M → B is a Riemannian submersion, and let p ∈M . In a tensorial equation

involving bracket terms like [X,Y ] for horizontal X,Y ∈ Γ(M), one can always arrange that

[X,Y ] is vertical. Because of tensoriality, it suffices to verify the equation tangent space by

tangent space, thus considering vectors X|p, Y |p regardless of their continuation as vector

fields. For instance, if q = π(p), consider the corresponding vectors X∗|q, Y∗|q on B, and

consider coordinates around the point q ∈ B. With their expression in local coordinates,
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the vectors X∗|q, Y∗|q can be extended to vector fields on B that satisfy

[X∗, Y∗]q = 0.

Because X∗ and Y∗ lift to X and Y , [X∗, Y∗] lifts to [X,Y ] via π which precisely means that

[X,Y ] is π-related to the zero vector field on B and so it is vertical by definition.

Lemma 2.17. Let X,Y, Z be horizontal vector fields, and V a vertical one. Then,

S⟨(∇ZA)XY, V ⟩ = S⟨AXY, TV Z⟩

where S denotes the cyclic sum over the vector fields X,Y, Z.

Proof. Since the inner product and the covariant derivative of the A and T tensors are tensorial,

so is the equation; which means it holds at a point regardless of how the vectors X,Y, Z are

continued as vector field throughout the manifold. Thus, we may pick X,Y, Z to be vectors that

are restriction of wisely chosen vector fields, i.e. we may assume X,Y, Z to be basic with vertical

brackets [X,Y ], [Y,Z], [X,Z]. This is done as follows:

This means for example, using Lemma 2.11, that 1
2 [X,Y ] = AXY . Thus,

⟨[ 12 [X,Y ], Z], V ⟩ = ⟨[AXY,Z], V ⟩ = ⟨∇AXY Z −∇Z(AXY ), V ⟩,

where we used torsion-freeness for the second equality. Then,

⟨∇AXY Z, V ⟩ = ⟨TAXY Z, V ⟩ (AXY is vertical)

= −⟨TAXY V,Z⟩ (property 4 of the T -tensor)

= −⟨TV (AXY ), Z⟩ (property 3)

= ⟨TV Z,AXY ⟩ (property 4).

The Jacobi identity (see Appendix A.11) says that

[X, [Y,Z]] + [Z, [X,Y ]] + [Y, [Z,X]] = 0

and so the cyclic sum S⟨[[X,Y ], Z], V ⟩ above vanishes, meaning that

S⟨∇AXY Z, V ⟩ = S⟨∇Z(AXY ), V ⟩

and so

S⟨TV Z,AXY ⟩ = S⟨∇Z(AXY ), V ⟩.

If we show that S⟨∇Z(AXY ), V ⟩ = S⟨(∇ZA)XY, V ⟩, the proof is over. To this end, consider the

difference ⟨∇Z(AXY ), V ⟩ − ⟨(∇ZA)XY, V ⟩, which we may rewrite using the covariant derivative

of tensors formula presented in Lemma 2.14

⟨∇Z(AXY ), V ⟩ − ⟨(∇ZA)XY, V ⟩ = ⟨(∇ZA)XY +A∇ZXY +AX(∇ZY ), V ⟩ − ⟨(∇ZA)XY, V ⟩

= ⟨A∇ZXY, V ⟩+ ⟨AX(∇ZY ), V ⟩

Then, with property 3 of the A-tensor, the first term of the right-hand side is nothing but
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−⟨AY (H∇ZX), V ⟩, and

−⟨AY (H∇ZX), V ⟩ = −⟨AY (H(∇XZ + [X,Z])), V ⟩ = −⟨AY (∇XZ), V ⟩

since again we assumed that the bracket [X,Z] was vertical (the projection H was dropped since

AY sends the vertical part of ∇XZ to a horizontal vector which vanishes in the inner product).

Thus,

S⟨∇Z(AXY ), V ⟩ −S⟨(∇ZA)XY, V ⟩ = −S⟨AY (∇XZ), V ⟩+S⟨AX(∇ZY ), V ⟩ = 0,

which finishes the proof.

2.2 Fundamental equations of a submersion

The key result of O’Neill’s paper is the following 6 equations regarding the curvature tensor of the

manifold M (in case of a Riemannian submersion π : M → B) and of the fibers π−1(b), that we

list below. Note that there are two different sign conventions for the curvature tensor R. The two

sources [O’N66] and [PW14] that serve as a reference for Sections 2 and 3 use different conventions.

We made the choice here to modify the formulas in [O’N66] to match the convention used by Pro

and Wilhelm.

Proposition 2.18. Let R, pR and qR denote the curvature tensors of M , of the fibers Fb and of B,

respectively. Then,

⟨R(U, V )W,W ′⟩ = ⟨ pR(U, V )W,W ′⟩+ ⟨TUW,TVW ′⟩ − ⟨TVW,TUW ′⟩, (2.3)

⟨R(U, V )W,X⟩ = −⟨(∇V T )U W,X⟩+ ⟨(∇UT )V W,X⟩, (2.4)

⟨R(X,U)Y, V ⟩ = −⟨(∇XT )U V, Y ⟩+ ⟨TUX,TV Y ⟩ − ⟨(∇UA)X Y, V ⟩ (2.5)

− ⟨AXU,AY V ⟩,

⟨R(U, V )X,Y ⟩ = −⟨(∇UA)X Y, V ⟩+ ⟨(∇VA)X Y,U⟩ − ⟨AXU,AY V ⟩ (2.6)

+ ⟨AXV,AY U⟩+ ⟨TUX,TV Y ⟩ − ⟨TVX,TUY ⟩,

⟨R(X,Y )Z,U⟩ = −⟨(∇ZA)X Y, U⟩ − ⟨AXY, TUZ⟩+ ⟨AY Z, TUX⟩ (2.7)

+ ⟨AZX,TUY ⟩,

⟨R(X,Y )Z,Z ′⟩ = ⟨ qR(X,Y )Z,Z ′⟩+ 2⟨AXY,AZZ
′⟩ − ⟨AY Z,AXZ

′⟩ (2.8)

+ ⟨AXZ,AY Z
′⟩.

We have denoted above the curvature tensor qR on B and its horizontal lift by the same letter;

in fact, they are related by the identity

⟨ qR(X,Y )Z,Z ′⟩ = ⟨ qR(π∗X,π∗Y )π∗Z, π∗Z
′⟩

(since we identify vector fields on B with their horizontal lift on M). These formulas above imply

in particular for the sectional curvatures:

Corollary 2.19. Let K, qK and pK be the sectional curvatures on M , B, and the fibers respectively.
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Then, if X, Y are horizontal and V , W vertical,

K(PVW ) = pK(PVW )− ⟨TV V, TWW ⟩ − ∥TVW∥2

∥V ∧W∥2
,

K(PXV )∥X∥2∥V ∥2 = ⟨(∇XT )V V,X⟩+ ∥AXV ∥2 − ∥TVX∥2,

K(PXY ) = qK(PX∗Y∗)−
3∥AXY ∥2

∥X ∧ Y ∥2
, where X∗ = π∗(X), Y∗ = π∗(Y ).

This shows in particular that if M has positive sectional curvature in horizontal directions, i.e.

K(PXY ) > 0 for all planes PXY tangent to M , then B has positive sectional curvature too, since

the quantity ∥AXY ∥2 is always non negative; the second equation says precisely that, at least for

mixed planes, M always has non negative curvature.

To get the analog equations for the Ricci curvature, we first need to define some quantities.

Definition 2.20. For (Xi)i∈I and (Uj)j∈J local orthonormal bases of H and V, we define the

following:

⟨AX , AY ⟩ :=
∑
i

⟨AXXi, AYXi⟩ =
∑
j

⟨AXUj , AY Uj⟩, (2.9)

⟨AX , TU ⟩ :=
∑
i

⟨AXXi, TUXi⟩ =
∑
j

⟨AXUj , TUUj⟩, (2.10)

⟨TU , TV ⟩ :=
∑
i

⟨TUXi, TVXi⟩ =
∑
j

⟨TUUj , TV Uj⟩, (2.11)

⟨AU,AV ⟩ :=
∑
i

⟨AXi
U,AXi

V ⟩,

⟨TX, TY ⟩ :=
∑
i

⟨TUi
X,TUi

Y ⟩,

and if E is an arbitrary tensor field on M ,

qδE := −
∑
i

(∇Xi
E)Xi

,

pδE := −
∑
j

(∇Uj
E)Uj

,

δE := qδE + pδE,

(δ̃T )(U, V ) :=
∑
i

⟨(∇XiT )UV,Xi⟩.

We also define the mean curvature vector N ,

N :=
∑
i

TUi
Ui.

To get the equalities in (2.9), (2.10) and (2.11), we develop the expression in the inner product
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and use the fourth property of the A tensor: for all vertical U , ⟨AXY,U⟩ = −⟨AXU, Y ⟩. This gives

∑
i

⟨AXXi, AYXi⟩ =
∑
i

〈∑
j

⟨AXXi, Uj⟩Uj ,
∑
k

⟨AYXi, Uk⟩Uk

〉
=
∑
i,j

⟨AXXi, Uj⟩ ⟨AYXi, Uj⟩

=
∑
i,j

−⟨AXUj , Xi⟩ (−⟨AY Uj , Xi⟩) ,

and from this last expression we easily recover
∑

j⟨AXUj , AY Uj⟩. Equations (2.10) and (2.11) are

similar. Note that these quantities arise as the trace of certain linear operators. For example, the

quantity ⟨AX , AY ⟩ =
∑

i⟨AXXi, AYXi⟩ above is the trace of the bilinear operator defined as

(E,F ) 7→ ⟨AXE,AY F ⟩.

Because traces are independent of the choice of basis, these definitions do not depend on the choice

of horizontal and vertical bases.

Lemma 2.21. If E is an arbitrary vector field, X and Y are horizontal, and Vk, k = 1, . . . , n :=

dimV are an orthonormal frame of the vertical distribution, then

⟨∇EN,X⟩ =
n∑

k=1

⟨(∇ET )Vk
Vk, X⟩

1

2
(⟨∇YN,X⟩ − ⟨∇XN,Y ⟩) =

n∑
k=1

⟨(∇Vk
A)XY, Vk⟩

For reference of Lemma 2.21, see [FIP04] p.15 or [Bes87] p.243. These identities are typically

used in the proof of the Ricci formulas that we present below; let us denote byyRic and}Ric the Ricci

curvature on the fibers and on the base space respectively. We now mention formulas regarding the

relation between the Ricci curvature of the total space M , the base space B and the fibers, in the

following proposition, which will have their equivalent with the Ricci curvatures of the canonical

variation in Section 4:

Corollary 2.22. Let Ric, yRic, }Ric be the Ricci curvature of the total space, the fibers and the

base space respectively (in particular, }Ric is such that}Ric(X,Y ) =}Ric(π∗X,π∗Y )). Then, for all

vertical U, V and horizontal X,Y ,

Ric(U, V ) =yRic(U, V )− ⟨N,TUV ⟩+ ⟨AU,AV ⟩+ (δ̃T )(U, V ), (2.12)

Ric(X,U) = ⟨(pδT )U,X⟩+ ⟨∇UN,X⟩ − ⟨(qδA)X,U⟩ − 2⟨AX , TU ⟩, (2.13)

Ric(X,Y ) =}Ric(X,Y )− 2⟨AX , AY ⟩ − ⟨TX, TY ⟩+ 1

2

(
⟨∇XN,Y ⟩+ ⟨∇YN,X⟩

)
. (2.14)

Proof. For the first equation, take a local orthonormal frame of M (we write dimM = m and

dim(Fb) = n where Fb is any fiber) such that the first n vectors form an orthonormal frame of the

vertical distribution, and the last m − n vectors of the horizontal distribution. Denote this basis

(F1, . . . , Fn, X1, . . . , Xm−n). By definition,

Ric(U, V ) =

n∑
k=1

g(R(Fk, U)V, Fk) +

m−n∑
l=1

g(R(Xl, U)V,Xl).
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To retrieve the Ricci curvature from the curvature tensor R, we apply (2.3) and (2.5) with the

vector fields indicated in the previous equation. This yields

Ric(U, V ) =yRic(U, V ) +
∑
k

(g(TFk
U, TV Fk)− g(TUV, TFk

Fk))

+
∑
l

(g((∇Xl
T )V U,Xl) + g((∇VA)Xl

Xl, U)

− g(TVXl, TUXl) + g(AXl
V,AXl

U))

=yRic(U, V )− g(TUV,N) + δ̃T (U, V ) + g(AU,AV )

where we used that g((∇VA)Xl
Xl, U) = 0 by (2.2), and TFk

U = TUFk together with equation

(2.11) above.

For formula (2.14), take a sum over a vertical orthonormal basis in (2.5) and a sum over a

horizontal orthonormal basis in (2.8). This immediately gives the terms}Ric(X,Y )− 2⟨AX , AY ⟩ −
⟨TX, TY ⟩. With Lemma 2.21 above we transform the remaining terms to obtain 1/2(⟨∇YN,Y ⟩+
⟨∇YN,X⟩).

The same argument applies for (2.13). Taking vertical sum in (2.4) and horizontal sum in

(2.7), and together with formula (2.1), this immediately gives the terms ⟨AX , TU ⟩, −⟨(qδA)X,U⟩,
⟨(pδT )U,X⟩ and ⟨∇UN,X⟩. Afterwards, the remaining terms to deal with are

∑
k −⟨AZk

Zk, TUX⟩−
⟨AZk

X,TUZk⟩ (Zk is an orthonormal horizontal frame). The first one vanishes by the alternating

property of A and the second one is just, by the same argument, another copy of ⟨AX , TU ⟩, hence
the factor 2.

In the case where V and W are orthonormal, and if we assume that the fibers are totally

geodesic, the curvature equations simplify to the following:

K(PVW ) = pK(PVW )

K(PXV )∥X∥2∥V ∥2 = ∥AXV ∥2

K(PXY ) = qK(PX∗Y∗)− 3∥AXY ∥2,

Ric(U, V ) =yRic(U, V ) + ⟨AU,AV ⟩

Ric(X,U) = −⟨(qδA)X,U⟩

Ric(X,Y ) =}Ric(X,Y )− 2⟨AX , AY ⟩

Hence, in the totally geodesic case, one can improve Corollary 2.19 and find that the sectional

vertical sectional curvatures of the total space equal the curvatures of the fibers. Lastly, if we

assume further that the A tensor vanishes as well, then the ”mixed” curvatures (involving horizontal

and vertical vector fields) vanish, and the other curvatures equal their analog on the fibers or on

the base.

Proof of Proposition 2.18. The first equation says:

⟨R(U, V )W,W ′⟩ = ⟨ pR(U, V )W,W ′⟩+ ⟨TUW,TVW ′⟩ − ⟨TVW,TUW ′⟩. (2.3)

Formula (2.3) relates the curvature tensor R of the total space to the curvature of the fibers pR.
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By definition,

R(U, V )W = ∇U∇VW −∇V ∇UW −∇[U,V ]W, and

pR(U, V )W = p∇U
p∇VW − p∇V

p∇UW − p∇[U,V ]W.

This implies after arranging the terms, that (2.3) holds if and only if

⟨∇U∇VW −∇V ∇UW −∇[U,V ]W − (p∇U
p∇VW − p∇V

p∇UW − p∇[U,V ]W ),W ′⟩

= −⟨H∇VW,H∇UW
′⟩+ ⟨H∇UW,H∇VW

′⟩

where we have replaced terms like TEF by H∇EF by verticality of E and F . Now, by Appendix

B.5, the Levi-Civita connection on the fibers p∇ is given by V∇; in particular, the term ⟨p∇[U,V ]W −
∇[U,V ]W,W

′⟩ is 0, because ∇− p∇ is always horizontal. What remains to show is the two following

identities:

⟨∇U∇VW − p∇U
p∇VW,W

′⟩ = −⟨H∇VW,H∇UW
′⟩

⟨p∇V
p∇UW −∇V ∇UW,W

′⟩ = ⟨H∇UW,H∇VW
′⟩.

Now, for the first one,

∇U∇VW − p∇U
p∇VW = ∇U (∇V − p∇V )W +H∇U

p∇VW = ∇U (H∇V )W +H∇U
p∇VW.

Using the metric property of the Levi-Civita connection, we get that

⟨∇U (H∇V )W +H∇U
p∇VW,W

′⟩ = U ⟨H∇VW,W
′⟩︸ ︷︷ ︸

0

−⟨H∇VW,∇UW
′⟩+ ⟨H∇U

p∇VW,W
′⟩︸ ︷︷ ︸

0

and the middle term becomes −⟨H∇VW,H∇UW
′⟩. The other computations are similar, and this

shows the first formula.

The second formula says:

⟨R(U, V )W,X⟩ = −⟨(∇V T )U W,X⟩+ ⟨(∇UT )V W,X⟩. (2.4)

For equation (2.4), using the formula in the proof of Lemma 2.14, the first inner product of the

right-hand side develops to

−⟨∇V (TUW )− T∇V UW − TU∇VW,X⟩.

Expanding the left part of this inner product, using the definition of the T tensor, we get

∇V (TUW )− T∇V UW − TU∇VW = ∇V H∇VUVW +∇V V∇VUHW

− (H∇V∇V UVW + V∇V∇V UHW )

− (H∇VUV∇VW + V∇VUH∇VW ).

The vertical terms, as well as the terms involving HW , both vanish, after taking inner product

with the horizontal vector field X, and becauseW is vertical. Altogether, looking at the right-hand
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side of (2.4), we obtain

H
[
(∇UT )VW − (∇V T )UW

]
= H

[
∇UH∇VW −H∇V∇UVW −H∇V V∇UW

− (∇V H∇UW −H∇V∇V UW −H∇UV∇VW )
]
.

Now, the left-hand side of the equation (2.4) becomes ⟨∇U∇VW −∇V ∇UW −∇[U,V ]W,X⟩, and

∇U∇VW = ∇U (H∇V + V∇V )W = ∇UH∇VW +∇UV∇VW.

Then, since H(R(U, V )W ) = H(∇U∇VW −∇V ∇UW −∇[U,V ]W ), we can, by moving every term

except H∇[U,V ]W on the same side in (2.4), simplify the expression H
[
(∇UT )VW − (∇V T )UW −

(∇U∇VW −∇V ∇UW )
]
as the following quantity:

H
[
(∇UT )VW − (∇V T )UW − (∇U∇VW −∇V ∇UW )

]
= −H∇V∇UVW +H∇V∇V UW.

Therefore, it remains to show that this right-hand side is just −H∇[U,V ]W . Torsion-freeness of the

Levi-Civita connection gives [U, V ] = ∇UV − ∇V U . Note that since both U and V are vertical,

[U, V ] is again vertical, hence [U, V ] = V[U, V ] = V∇UV − V∇V U . So ∇[U,V ] = ∇V∇UV−V∇V U =

∇V∇UV −∇V∇V U . Now take the horizontal part (since only the horizontal part contributes in the

inner product with X) of this difference and apply it toW to obtain the desired result. This shows

formula (2.4).

The fifth and sixth formulas say:

⟨R(X,Y )Z,U⟩ = −⟨(∇ZA)X Y, U⟩ − ⟨AXY, TUZ⟩+ ⟨AY Z, TUX⟩+ ⟨AZX,TUY ⟩, (2.7)

⟨R(X,Y )Z,Z ′⟩ = ⟨ qR(X,Y )Z,Z ′⟩+ 2⟨AXY,AZZ
′⟩ − ⟨AY Z,AXZ

′⟩+ ⟨AXZ,AY Z
′⟩. (2.8)

In (2.7) and (2.8), the equation is tensorial (curvature tensor and covariant derivative of A

tensor). Because tensors are determined by their value at a specific point, we can pick vectors

X,U, Y, V that are restrictions of wisely chosen vector fields on M . Thus, to simplify the proof we

may assume that X,Y, Z are basic and whose brackets are vertical, i.e. H([X,Y ]) = H([X,Z]) =

H([Y, Z]) = 0. Imposing this condition means in particular that 1
2 [X,Y ] = AXY , and similarly for

Z, by Lemma 2.11. Now by definition,

R(X,Y )Z = ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z,

and ∇[X,Y ]Z reduces to ∇2AXY Z. Furthermore, ∇AXY Z = ∇V∇XY Z and TAXY Z = V∇AXY Z =

V∇V∇XY Z. Also, AZ(AXY ) = AZ(V∇XY ) = H∇ZV∇XY . Using torsion-freeness, we have that

∇ZV∇XY = ∇V∇XY Z + [Z,V∇XY ], and because Z is basic by assumption, this last bracket is

vertical and thus vanishes under horizontal projection. So

∇[X,Y ]Z = ∇2AXY Z = 2∇V∇XY Z = 2(V∇V∇XY Z +H∇V∇XY Z) = 2AZ(AXY ) + 2TAXY Z.

Up to identifyingX,Y, Z with their corresponding vector fieldsX∗, Y∗, Z∗ (which are π∗X,π∗Y, π∗Z),

we can write, using Lemma 2.10, H∇Y Z as ∇∗
Y Z, and so ∇Y Z = ∇∗

Y Z + V∇Y Z = ∇∗
Y Z +AY Z.
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This allows to develop ∇X∇Y Z as:

∇X∇Y Z = ∇X(∇∗
Y Z +AY Z)

= ∇X∇∗
Y Z +∇XAY Z

= ∇∗
X∇∗

Y Z + V∇X∇∗
Y Z +∇XAY Z

= ∇∗
X∇∗

Y Z +AX(∇∗
Y Z) +H∇XAY Z + V∇XAY Z

= ∇∗
X∇∗

Y Z +AX(∇∗
Y Z) +AXAY Z + V∇XAY Z,

where we have used that H∇XAY Z = AXAY Z because AY Z is vertical. To retrieve the curvature

tensor (that we split into horizontal and vertical part), we put together the above equations to get

HR(X,Y )Z = [∇∗
X ,∇∗

Y ]Z − 2AZAXY +AXAY Z −AYAXZ, (2.15)

VR(X,Y )Z = −2 TAXY (Z) + V∇X (AY Z)− V∇Y (AXZ) +AX (∇∗
Y Z)−AY (∇∗

XZ) . (2.16)

Now, by definition, qR(X∗, Y∗)Z∗ = −∇∗
[X∗,Y∗]

Z∗ + [∇∗
X∗
,∇∗

Y∗
]Z∗, and by Lemma 2.10, [X∗, Y∗]

lifts to H[X,Y ] on M which by our assumption is 0. Thus we rewrite (remember that we identify

vector fields with their lift)
qR(X,Y )Z = [∇∗

X ,∇∗
Y ]Z,

and taking inner product with a horizontal vector field Z ′ in (2.15) yields (2.8), using the skew-

symmetry property of the A-tensor.

For (2.7), take inner product in (2.16) with a vertical vector field U to get

⟨R(X,Y )Z,U⟩ = − 2 ⟨ TAXY (Z), U⟩+ ⟨∇X (AY Z) , U⟩ − ⟨∇Y (AXZ) , U⟩ (2.17)

+ ⟨AX (∇Y Z) , U⟩ − ⟨AY (∇XZ) , U⟩ .

Using property 3 and 4 of the T tensor, we obtain the following equality:

⟨TAXY Z,U⟩ = −⟨Z, TAXY U⟩ = −⟨Z, TU (AXY )⟩ = ⟨TUZ,AXY ⟩,

and using Lemma 2.15,

⟨∇X (AY Z) , U⟩ − ⟨∇Y (AXZ) , U⟩ = ⟨(∇XA)Y Z,U⟩ − ⟨(∇YA)X Z,U⟩

+ ⟨A∇XY Z,U⟩ − ⟨A∇Y XZ,U⟩

+ ⟨AY (∇XZ) , U⟩ − ⟨AX (∇Y Z) , U⟩ .

But the middle row terms ⟨A∇XY Z,U⟩ − ⟨A∇Y XZ,U⟩ reduce to ⟨A[X,Y ]Z,U⟩ by torsion-freeness,

and since [X,Y ] is vertical by our assumption, this inner product vanishes. The two last terms of

this right-hand side appear in (2.17) and thus simplify to 0. Thus, we get

⟨R(X,Y )Z,U⟩ = −2⟨TUZ,AXY ⟩+ ⟨(∇XA)Y Z,U⟩ − ⟨(∇YA)XZ,U⟩, (2.18)
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and, by Lemma 2.17, taking the cyclic sum and arranging the terms, we find

⟨AXY, TUZ⟩ = ⟨(∇ZA)XY, U⟩+ ⟨(∇YA)ZX,U⟩+ ⟨(∇XA)Y Z,U⟩

− ⟨AZX,TUY ⟩ − ⟨AY Z, TUX⟩

Thus,

⟨R(X,Y )Z,U⟩ = −2
{
⟨(∇ZA)XY,U⟩+ ⟨(∇YA)ZX,U⟩+ ⟨(∇XA)Y Z,U⟩

− ⟨AZX,TUY ⟩ − ⟨AY Z, TUX⟩
}
+ ⟨(∇XA)Y Z,U⟩ − ⟨(∇YA)XZ,U⟩

= −2
{
⟨(∇ZA)XY, U⟩+ ⟨(∇YA)ZX,U⟩ − ⟨AZX,TUY ⟩ − ⟨AY Z, TUX⟩

}
− ⟨(∇XA)Y Z,U⟩ − ⟨(∇YA)XZ,U⟩

= −⟨(∇ZA)X Y,U⟩ − 2⟨(∇YA)ZX,U⟩+ ⟨AY Z, TUX⟩+ ⟨AZX,TUY ⟩

− ⟨(∇XA)Y Z,U⟩ − ⟨(∇YA)XZ,U⟩

− ⟨(∇ZA)X Y,U⟩ − ⟨AXY, TUZ⟩+ ⟨AY Z, TUX⟩+ ⟨AZX,TUY ⟩

where we have rearranged the terms in the third equality so that the very last line matches the

terms of the right-hand side of (2.7). Hence, to prove (2.7), it suffices to show that

−⟨(∇ZA)X Y,U⟩ − 2⟨(∇YA)ZX,U⟩+ ⟨AY Z, TUX⟩

+ ⟨AZX,TUY ⟩ − ⟨(∇XA)Y Z,U⟩ − ⟨(∇YA)XZ,U⟩ = 0.

In fact, this follows from Lemma 2.17 and Lemma 2.15.

Third equation says:

⟨R(X,U)Y, V ⟩ = −⟨(∇XT )U V, Y ⟩+ ⟨TUX,TV Y ⟩ − ⟨(∇UA)X Y, V ⟩ − ⟨AXU,AY V ⟩. (2.5)

Since the equation is again tensorial, we may pick X to be basic, and choose U such that the

bracket [X,U ] vanishes at the point at which we are verifying the equation. We use computations

in Lemma 2.15 to develop the covariant derivatives of the A and T tensors as

(∇UA)XY = ∇U (AXY )−A∇UXY −AX(∇UY ) (2.19)

(∇XT )UV = ∇X(TUV )− T∇XUV − TU (∇XV ). (2.20)

Calculations show:

⟨T∇XUV, Y ⟩ = ⟨TV∇XUV, Y ⟩ = ⟨TV V∇XU, Y ⟩

= −⟨TV Y,V∇XU⟩

= −⟨TV Y,V∇UX⟩

= −⟨TV Y, TUX⟩

where we have used that ∇XU −∇UX = [X,U ] = 0 by our assumption. In a similar manner, one

shows that ⟨A∇UXY, V ⟩ = ⟨AXU,AY V ⟩, where the sign is different from the T tensor because of

the property 3 of the A tensor implicitly used in the calculations above. So, the middle terms in
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the RHS of (2.19) and (2.20) simplify to 0. Thus, (2.5) reduces to

⟨R(X,U)Y, V ⟩ = −⟨∇U (AXY )−AX(∇UY ), V ⟩ − ⟨∇X(TUV )− TU (∇XV ), Y ⟩. (2.21)

By definition, R(X,U)Y = −∇[X,U ]Y +∇X∇UY −∇U∇XY , and we have arranged that ∇[X,U ]

vanishes so only the other two terms remain. Expanding the first inner product in equation (2.21),

we get

⟨∇U (AXY )−AX(∇UY ), V ⟩ = ⟨∇U (V∇XY )− V∇X(H∇UY )−H∇X(V∇UY ), V ⟩ (2.22)

= ⟨∇U (V∇XY )− V∇X(H∇UY ), V ⟩. (2.23)

On the other hand, using the metric compatibility,

⟨∇X(TUV ), Y ⟩ = X⟨TUV, Y ⟩ − ⟨TUV,∇XY ⟩, (2.24)

and by definition this last inner product is −⟨H∇UV,∇XY ⟩. Since only the horizontal components

matter in this inner product, we can write this as −⟨∇UV,H∇XY ⟩. Another use of the metric

compatibility yields

⟨∇X(TUV ), Y ⟩ = X⟨TUV, Y ⟩ − U⟨V,H∇XY ⟩︸ ︷︷ ︸
=0

+⟨V,∇UH∇XY ⟩.

Notice that the term ⟨V,∇UH∇XY ⟩matches the term ⟨V,∇UV∇XY ⟩ in (2.23) to give ⟨V,∇U∇XY ⟩
when adding them together. Using similar reasoning, we get

⟨TU∇XV, Y ⟩ = ⟨H∇UV∇XV, Y ⟩

= ⟨∇UV∇XV, Y ⟩

= U⟨V∇XV, Y ⟩ − ⟨V∇XV,∇UY ⟩

= U⟨V∇XV, Y ⟩ − ⟨∇XV,V∇UY ⟩

= U⟨V∇XV, Y ⟩ −X⟨V,V∇UY ⟩+ ⟨V,∇XV∇UY ⟩, (2.25)

and ⟨V,∇XV∇UY ⟩ matches the term ⟨V,∇XH∇UY ⟩ in (2.23) to yield ⟨V,∇X∇UY ⟩. In fact, the

terms U⟨V∇XV, Y ⟩ −X⟨V,V∇UY ⟩ overall end up being 0: the first one is by orthogonality and

the second one is because when expanding the first inner product in the right-hand side of (2.24),

we get

X⟨TUV, Y ⟩ = X⟨H∇UV, Y ⟩ = X(U⟨V, Y ⟩)−X⟨V,∇UY ⟩ = −X⟨V,∇UY ⟩

which adds up to 0 with the term in (2.25).

Altogether, we find that the RHS of (2.21) is nothing but ⟨V,∇U∇XY − ∇X∇UY ⟩, which

equals the LHS by definition and thus proves (2.5).

Fourth equation says:

⟨R(U, V )X,Y ⟩ = −⟨(∇UA)X Y, V ⟩+ ⟨(∇VA)X Y, U⟩ − ⟨AXU,AY V ⟩

+ ⟨AXV,AY U⟩+ ⟨TUX,TV Y ⟩ − ⟨TVX,TUY ⟩. (2.6)

Equation (2.6) is just a consequence of the symmetries of the curvature tensor, stated in Appendix
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B.7 and B.8. We show that both the left-hand side and the right-hand side can be obtained from

the term ⟨R(X,U)Y, V ⟩− ⟨R(X,V )Y,U⟩. On one hand, we claim that the right-hand side of (2.6)

is indeed ⟨R(X,U)Y, V ⟩ − ⟨R(X,V )Y,U⟩, which we expand using (2.5) to

⟨R(X,U)Y, V ⟩ − ⟨R(X,V )Y,U⟩ = −⟨(∇XT )UV, Y ⟩ − ⟨(∇UA)XY, V ⟩ (2.26)

+ ⟨TUX,TV Y ⟩ − ⟨AXU,AY V ⟩

+ ⟨(∇XT )V U, Y ⟩+ ⟨(∇VA)XY, U⟩

+ ⟨TVX,TUY ⟩ − ⟨AXV,AY U⟩.

By Lemma 2.15, we have −⟨(∇XT )UV, Y ⟩ + ⟨(∇XT )V U, Y ⟩ = 0, so these terms simplify and we

retrieve the right-hand side of (2.6). On another hand, the left-hand side can also be retrieved

from ⟨R(X,U)Y, V ⟩ − ⟨R(X,V )Y,U⟩:

⟨R(X,U)Y, V ⟩ − ⟨R(X,V )Y,U⟩ = −⟨R(X,U)V, Y ⟩+ ⟨R(X,V )U, Y ⟩

= ⟨R(U,X)V, Y ⟩+ ⟨R(X,V )U, Y ⟩

= −⟨R(V,U)X,Y ⟩

= ⟨R(U, V )X,Y ⟩.

by the Bianchi identity, which finishes the proof.

2.3 Warped products

We define a common notion in the field of Riemannian geometry, which is particularly useful in

our context:

Definition 2.23 (Products with varying metric on the fibers). Let (B, g1) be a Riemannian

manifold, and g2b be a family of smoothly varying metrics on another Riemannian manifold F ,

where the family is indexed by b ∈ B. Consider the product M = B × F with the metric

g = g1 + g2b , with values at (b, x) ∈ B × F given by

g|b,x = π∗
1(g

1)|b + π∗
2(g

2
b )|x

where πi are the projections onto the respective factors. We call this new manifold a product with

a varying metric on the fibers.

A consequence of this is that the projection onto the first factor π1 is a Riemannian submersion,

and the horizontal distribution H = TB is integrable. This is indeed useful in the case of a warped

product, since calculations will be made easier if the A tensor vanishes. A special case of a product

with varying metric on the fibers is a warped product:

Definition 2.24 (Warped product). Let (B, gB) and (F, gF ) be two Riemannian manifolds. A

warped product of B and F is the manifold M = B × F with metric defined as gM |b := gB |b +
f(b)2gF |b for a positive function f on the manifold B. We sometimes also write (B×F, gB+f2gF )

to denote the warped product of B and F , or simply B ×f F .

In the sections below we will consider another type of warped product B × F with metric

gB + e2νgF , that we will also denote B ×ν F for simplicity.
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Example 2.25. Let M = Rn. The usual Euclidean ”flat” metric is

gflat =

n∑
i=1

dx2i

in Cartesian coordinates. We may express this metric in polar coordinates: each point

x ∈ Rn is determined by a modulus ∥x∥ ∈ R and n− 1 angles θ1, . . . , θn−1 ∈ [0, 2π], hence

the change of variable x = r · s, r ∈ R, s ∈ Sn−1. The standard metric thus becomes

gRn =

n∑
i=1

dx2i =

n∑
i=1

(d(rs)i)
2

=

n∑
i=1

(sidr + rdsi)
2

=

n∑
i=1

s2idr
2 + r2ds2i + 2rsidrdsi

where si denotes the i-th coordinate of the point s ∈ Sn−1 ⊂ Rn. The fact that
∑
s2i = 1

implies, by taking the differential, that
∑
sidsi = 0, and so the last line is simply dr2 +

r2ds2n−1. This is nothing but a warped metric on the product space R×f S
n−1 with warping

function f(r) = r. This shows in particular that the product space’s topology is deeply

affected by the warping function: for n = 2, the space [0,∞) × S1 with the usual product

metric is an infinite cylinder with boundary; while the warped metric dr2 + r2ds21 = dr2 +

r2dθ2 yields simply R2 (we allow the warping function to be 0 on the boundary). Similarly,

restricting r ∈ [0, 2π] = I gives a cylinder I × S2 and for f(r) = sin(r)
2
, the warping

metric becomes dr2 + sin(r)
2
dθ2 which is the standard round metric on the sphere S2,

hence I×sin2 S1 = S2 with the round metric. Lastly, the warped metric dr2+sinh(r)
2
dsn−1

on [0,∞)× Sn−1 yields the well known hyperbolic space of dimension n, Hn.

The three following objects (gradient, Hessian, Laplacian) appear all throughout this paper

and are common notions in Riemannian geometry:

Definition 2.26 (Gradient). Let (M, g) be a Riemannian manifold and f ∈ C∞(M). The gradient

of f , denoted ∇f , is the vector field on M determined by the relations

g(∇f,E) = df(E) = E(f)

for any vector field E ∈ Γ(M), where E(f) is the derivative of f in direction of E.

Next we define the Hessian of a real function on a Riemannian manifold. There are several

different yet equivalent characterisations of the Hessian, the one we chose below being the definition

put forward by [Pet98] p.48:

Definition 2.27 (Hessian). Let (M, g) a Riemannian manifold with Levi-Civita connection ∇.

Let f ∈ C∞(M) be a smooth function onM . The Hessian of f , denoted Hess f , is the (0, 2)-tensor

defined as

Hess f =
1

2
L∇fg

where L denotes the Lie derivative and ∇f is the gradient of f .
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Hence, computing the Hessian comes down to computing the Lie derivative of the metric tensor.

Using a standard formula for the Lie derivative of tensors (see [KN69] p.32), we find that, if

X,Y1, . . . , Yn are vector fields and T is a tensor field (not necessarily O’Neill’s T -tensor),

LX(T (Y1, . . . , Yn)) = (LXT )(Y1, . . . , Yn) + T ((LXY1), . . . , Yn) + T (Y1, . . . , (LXYn)).

Applying this with the tensor T = g, one gets

LX(g(Y1, Y2)) = (LXgφ)(Y1, Y2) + g(LXY1, Y2) + g(Y1, LXY2).

Further calculations lead to the following formula in coordinates for the Hessian of a function

(calculations are shown in [Pet98] p.69):

Hess f (∂i, ∂j) = ∂i∂jf − Γk
ij∂kf.

Note that the Hessian may also be expressed using covariant differentiation ([Pet98] p.58):

Hess f(X,Y ) = g(∇X∇f, Y ) = (∇Xdf)(Y ).

Definition 2.28 (Laplacian). Let (M, g) be a Riemannian manifold. The Laplacian of a function

f ∈ C∞(M) is the scalar field defined as the trace of Hessian of f ,

∆f = tr(Hess f).

Expressing the Laplacian ∆f in terms of the metric g on M , we find

∆f = gij(Hess f)ij = gij
(
∂i∂jf − Γk

ij∂kf
)
.

2.4 Ricci curvatures of a warped product B ×f F

Corollary 2.22 dictates how the Ricci curvatures of the total space of a submersion π : M → B

behave with regard to the curvatures of the fibers and the base. These formulas can be used to

deduce the Ricci curvature in the case where the total space M arises from a product B ×f F

with warped metric g = gB + f2gF , with π being the projection onto the first factor. To this

end, one must determine the T -tensor in the new metric (the A-tensor being irrelevant here since

it vanishes, see comment after Definition 2.23). Some fundamental computational results are

presented in [Bes87], among which one finds Lemma 2.30 as well.

Lemma 2.29 ([Bes87, Corollary 9.105]). Let π : B ×f F → B be a Riemannian submersion with

metric g = gB + f2gF and with dimF = k. Let U , V be vertical and X, Y be horizontal, and let
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E be an arbitrary vector field. Then, if T is the T -tensor for the warped metric,

g((∇ET )UV,X) =
1

k
g(U, V )g(∇EN,X) (2.27)

(pδT (U), X) = (∇EN,X) = 0 (2.28)

(δ̃T )(U, V ) = −1

k
g(U, V )qδN (2.29)

g(∇XN,Y ) = k

(
− 1

f
Hess f(X,Y ) +

1

f2
g(∇f,X)g(∇f, Y )

)
(2.30)

qδN = k

(
∆f

f
+
gF (∇f,∇f)

f2

)
(2.31)

where the Hessian, gradient and Laplacian in the last two formulas are all with respect to the metric

gB.

The following Lemma is then a consequence of Corollary 2.22, together with the quantities of

Lemma 2.29:

Lemma 2.30 ([O’N83, Section 7 Corollary 43], [Bes87, Proposition 9.106]). Let M = B×f F be a

warped product with metric g = gB + f2gF , and let k = dimF > 1. Let X,Y be horizontal vectors,

and U, V vertical ones (with respect to the Riemannian submersion π given by the projection onto

B). Then

Ric(X,Y ) = RicB(X,Y )− k

f
Hess f(X,Y ) (2.32)

Ric(X,U) = 0 (2.33)

Ric(U, V ) = RicF (U, V )− f2gF (U, V )

[
∆f

f
+ (k − 1)

gF (∇f,∇f)
f2

]
(2.34)

where ∆f is the Laplacian of f and ∇f is its gradient.

Note that in [Bes87] and [O’N66], the signs may differ since the two authors use different sign

conventions for the Laplacian.

Proof of Lemma 2.30. Since everything is tensorial, assume that the horizontal vectors are basic.

The Koszul formula says

2g (∇XU, V ) = X(g(U, V ))+U(g(X,V ))−V (g(X,U))+g([X,U ], V )−g([X,V ], U)−g([U, V ], X).

The second and third terms vanish by orthogonality of the vectors inside the inner product; the

bracket [U, V ] is vertical and thus g([U, V ], X) = 0; and finally, the bracket [X,U ] vanishes iden-

tically: since the vector field X ∈ Γ(B) lifts to X ∈ Γ(B × F ) (we use the same letter) via

π1 : B × F → B, X is π2-related to the 0 vector field on F (where π2 : B × F → F ), and similarly

V is π1-related to the 0 vector field on B, and consequently [X,U ] is both π1 and π2-related to 0.

In the end, the only term remaining in the Koszul formula is X(g(U, V )). Using the Koszul

formula again with a function f2 attached to the vertical inner products (since the warped product

metric is scaled by f2 in the vertical direction), we find that V∇UX = X(f)
f together with the

property that X(f2) = 2fX(f). Now, note that we have, for the T tensor of the warped product
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B ×f F with dimF = k,

g(TUV,X) = g(∇UV,X) = −g(∇UX,V ) = −X(f)

f
g(U, V ).

But X(f) = g(∇f,X), which leads to

g(TUV,X) = −g(U, V )

f
g(∇f,X).

Since X is an arbitrary horizontal (basic) vector field, this shows that

TUV = −g(U, V )

f
∇f. (2.35)

Then, from [Bes87] p.266 we get TUV = g(U,V )
k N , and thus N = k∇f

f . Applying Corollary 2.22

(2.12) to a warped metric yields

Ric(U, V ) = RicF (U, V )− g(N,TUV ) + (δ̃T )(U, V )

where we have removed the term containing the A-tensor because it vanishes. Combining all these

equations together, and using (2.29) and (2.31), this gives

Ric(U, V ) = RicF (U, V )− g(k
∇f
f
,
g(U, V )

f
∇f)− g(U, V )

(
∆f

f
+
gF (∇f,∇f)

f2

)
= RicF (U, V )− f2gF (U, V )

[
∆f

f
+ (k − 1)

gF (∇f,∇f)
f2

]
.

For the second equation, namely Ric(X,U) = 0, we recall Corollary 2.22:

Ric(X,U) = g((pδT )U,X) + g(∇UN,X),

which is immediately 0 by Lemma 2.29.

Finally, for the first equation, from Corollary 2.22, we get

Ric(X,Y ) = RicB(X,Y )− g(TX, TY ) +
1

2

(
g(∇XN,Y ) + g(∇YN,X)

)
.

Then,

g(TX, TY ) =
∑
k

g(TUk
X,TUk

Y ) =
∑
k

1

k2
g(g(N,X)Uk, g(N,Y )Uk)

=
∑
k

k2 · 1

k2
g

(
g

(
∇f
f
,X

)
Uk, g

(
∇f
f
, Y

)
Uk

)
=
∑
k

1

f2
g(g(∇f,X)Uk, g(∇f, Y )Uk)

=
∑
k

1

f2
g(∇f,X)g(∇f, Y )

since Uk are orthonormal. Thus, this term simplifies with the one in (2.30) to 0, and this finishes

the proof by symmetry of X and Y in (2.30).
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3 Transporting Ricci curvature to the base

3.1 Main results

In this section, we review and provide details of an example constructed by Curtis Pro and Fred-

erick Wilhelm in an article named ”Riemannian submersions need not preserve positive Ricci

curvature” ([PW14]). This is in fact a counter -example to the idea that Riemannian submersions

need necessarily transport positive Ricci curvature from M to B, and this is done in Theorem 3.1.

Theorem 3.1 ([PW14, Theorem 1]). For any C > 0, there exists a Riemannian manifold M and

a Riemannian submersion π : M → B for which M is compact with positive Ricci curvature, while

B contains points with Ricci curvature less than −C.

Positive Ricci curvature means that for all points p on the manifold, and all non zero tangent

vectors X based at p, Ric(X,X)p > 0. To obtain such points of negative Ricci curvature we will

modify the metric on the base space B = S2 smoothly, in a way that its curvature changes locally,

while preserving the Riemannian submersion. We will in fact construct an example of a warped

product S2 ×ν F with metric gB + e2νgF where F has positive Ricci curvature; the base space S2

will be equip with a metric that is C1-close to the round metric.

Theorem 3.1 thus says that Riemannian submersions do not transport positive Ricci curva-

ture in general; however the Ricci curvatures of the total and the base space are not completely

unrelated, as states Theorem 3.2:

Theorem 3.2 ([PW14, Theorem 2]). Let M be a Riemannian manifold that is compact with

positive Ricci curvature. Then there exists no Riemannian submersion π : M → B to a space of

nonpositive Ricci curvature.

Hence, any Riemannian submersion on a compact manifold does transport at least some parts

of positive Ricci curvature. There is one special case however where more information is passed

down to the base space: if the metric on (M, g) is such that the Riemannian submersion π : M → B

has totally geodesic fibers, then positivity is transported down to B. This is summarised in the

following theorem:

Theorem 3.3. Let (M, g) and (B, qg) be Riemannian manifolds with M compact, and let π : M →
B be a Riemannian submersion such that the fibers π−1(b) are totally geodesic. Then, if M has

positive Ricci curvature, B does as well.

This is in fact a direct consequence of the formulas of Section 2. Since

Ric(X,Y ) =}Ric(X,Y )− 2⟨AX , AY ⟩

it follows that if Ric > 0, then}Ric > 0.

To prove Theorem 3.1 and Theorem 3.2 we need some preparations.

3.2 Ricci tensor of the warped sphere

We will now construct a manifold of the form B × F with a warped product metric, such that

the product B ×F has positive Ricci globally, and B has some points of negative Ricci curvature;

the Riemannian submersion will be given by the projection on the first factor π1 : B × F → B.

Our example will assume that F has positive Ricci curvature, and calculations below show that
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the ”vertizontal” Ricci curvature vanishes. Since B contains points of negative curvature, the

contribution of the warping function to the curvature of the product B × F must be ”strong”

enough to compensate these points.

Consider thus the sphere S2 of radius 1, with spherical coordinates (r, θ), r ∈ [0, π], θ ∈ [0, 2π),

and let r : S2 → [0, π] be the radial distance function, i.e. if q is a point of S2, then r(p) =

dist(p, q) = infγ L(γ) for γ smooth curves joining p and q (in particular the differential of r is

the component dr of usual metric dr2 + sin2(r) dθ2). Choose φ : [0, π] → [0,∞) so that S2 with

the metric gφ = dr2 + φ2dθ2 is a smooth Riemannian manifold denoted by S2
φ. Calculations in

the example above show how to retrieve a warped metric of this form starting from the standard

metric expressed in Cartesian coordinates. This new metric essentially ”smashes” both ends of the

cylinder I×S1 to yield S2, but it remains to ensure that the process is smooth at these endpoints.

For this, one can show (see e.g. [Pet98] p.22) that for warped metric of the form dr2 + φ2(r)dθ2

to be smooth at r = 0 and r = π, one needs the following conditions

φ(0) = φ(π) = 0, φ̇(0) = −φ̇(π) = 1 and φ(2n)(0) = φ(2n)(π) = 0.

Notice that the function φ(r) := sin(r) is a function that satisfies these properties and gives rise to

the well known round metric on the sphere. If p : S2 → [0, π] denotes the ”straight” projection of

the sphere onto the interval, then in particular p = r as maps, and the fibers are latitudinal circles

whose sizes or lengths are dictated by this function φ (see Figure 1). In fact, if γ : [0, 2π] → S2
φ is

a curve joining a point x ∈ S2 to itself, such that γ̇(t) = ∂θ, then its length is

L(γ) =

∫ 2π

0

gφ(∂θ, ∂θ) =

∫ 2π

0

φ(r)2 · 1 dθ = 2π · φ(r)2.

r−1(t)
S2

r : S2 → [0, π]

[0, π]

q

0 π

r−1(t)

r : S2
φ → [0, π]

[0, π]

q

0 π

S2
φ

Figure 2: Round sphere (left) and warped sphere (right) with metric dr2 + φ(r)2 dθ2. The fibers

r−1(t) under the radial distance map from the point q, each have length 2π sin(r)
2
and 2πφ(r)2

respectively.

Let now ν : [0, π] → R be a function on S2
φ that only depends on the colatitude r. Consider the

warped product S2
φ ×ν F with metric gS2

φ
+ e2νgF , where (F, gF ) is any k-dimensional manifold

(k ≥ 2) with RicF ≥ 1.
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Lemma 3.4. If ν is the warping function on the manifold S2
φ ×ν F , then

Hess ν = ν̈ dr2 + ν̇φφ̇dθ2.

Proof. Using the notation ν̇ = ∂rν, since ν only depends on r, its gradient becomes

∇ν = ν̇∂r.

We have (see Definition 2.27)

Hess ν (∂i, ∂j) = ∂i∂jν − Γk
ij∂kν.

It remains to compute the Christoffel symbols of S2
φ. Using the standard formula (see again [Pet98]

p.66)

Γl
ij =

1

2

m∑
k=1

(
∂

∂xi
gjk +

∂

∂xj
gki −

∂

∂xk
gij

)
· gk,l,

we find Γ2
12 = φ̇

φ , Γ
1
22 = −φφ̇, while all the other symbols vanish. Therefore, the dr2 coefficient of

the Hessian is

Hess ν(∂1, ∂1) = (∂1∂1ν − 0) = ν̈

and similarly the dθ2 coefficient is ν̇φφ̇. Thus the Hessian of ν is given by

Hess ν = ν̈dr2 + ν̇φφ̇dθ2.

We will use and prove a computational lemma regarding the Ricci curvature:

Lemma 3.5. For the Ricci curvature, one has the following formula:

Ricab = ∂cΓ
c
ab − ∂bΓ

c
ac + Γd

abΓ
c
dc − Γd

acΓ
c
db

with the usual implicit summation over double indices.

Proof. To see that this is true, we use the definition of the curvature tensor, and compute its

coordinate expression by evaluating it at ∂′is:

R(∂i, ∂j)∂k = ∇i∇j∂k −∇j∇i∂k − [∂i, ∂j ]∂k

= ∇iΓ
l
jk∂l −∇jΓ

l
ik∂l

= Γl
jk∇i∂l + (∂iΓ

l
jk)∂l −

(
Γl
ik∇j∂l + (∂jΓ

l
ik)∂l

)
= Γl

jkΓ
n
il∂n + (∂iΓ

l
jk)∂l − Γl

ikΓ
n
jl∂n − (∂jΓ

l
ik)∂l.

Hence, by choosing the standard orthonormal basis ∂1, . . . , ∂m of TpM (the choice of p does not
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matter, we thus omit it),

Ric(∂j , ∂k) =
∑
i

⟨R(∂i, ∂j)∂k, ∂i⟩

=
∑
i

⟨Γl
jkΓ

n
il∂n + (∂iΓ

l
jk)∂l − Γl

ikΓ
n
jl∂n − (∂jΓ

l
ik)∂l, ∂i⟩

=
∑
i

⟨Γl
jkΓ

n
il∂n + (∂iΓ

l
jk)∂l, ∂i⟩ − ⟨Γl

ikΓ
n
jl∂n + (∂jΓ

l
ik)∂l, ∂i⟩

= Γl
jkΓ

n
nl + ∂lΓ

l
jk − Γl

nkΓ
n
jl − ∂jΓ

l
lk.

By setting Ricjk := Ric(∂j , ∂k), and upon changing the letters i, j, k, l to a, b, c, d for clarification,

we get the desired formula.

Lemma 3.6. The Ricci (0,2)-tensor of the sphere S2
φ is given by

RicS2
φ
= − φ̈

φ
gφ.

Proof. Applying Lemma 3.5 to the sphere S2
φ, we find the numbers Ric11 = −φφ̈ and Ric22 = − φ̈

φ :

Ric11 = ∂1Γ
1
12 + ∂2Γ

2
12 − ∂2Γ

1
11 − ∂2Γ

2
12

+ Γ1
12Γ

1
11 + Γ1

12Γ
2
12 + Γ2

12Γ
1
21 + Γ2

12Γ
2
22

−
(
Γ1
11Γ

2
12 + Γ1

12Γ
2
12 + Γ2

11Γ
1
22 + Γ2

12Γ
2
22

)
= −∂1Γ2

12 − Γ2
12Γ

2
12

= − φ̈φ− φ̇2

φ2
− φ̇2

φ2
= − φ̈

φ
,

Ric22 = ∂1Γ
1
22 − ∂2Γ

1
21 + Γ1

22Γ
1
11 − Γ1

21Γ
1
12

+ ∂2Γ
2
22 − ∂2Γ

1
22 + Γ1

22Γ
2
12 − Γ1

22Γ
2
12

+ ∂1Γ
1
22 − ∂2Γ

1
21 + Γ2

22Γ
1
21 − Γ2

21Γ
1
22

+ ∂2Γ
2
22 − ∂2Γ

2
22 + Γ2

22Γ
2
22 − Γ2

22Γ
2
22

= ∂1Γ
1
22 + Γ1

22Γ
2
12 − 2Γ2

12Γ
1
22

= −(φ̇2 + φφ̈) + φ̇2 = −φ̈φ,

Ric12 = ∂1Γ
1
12 − ∂2Γ

1
11 + Γ1

12Γ
1
11 − Γ1

11Γ
1
12

+ ∂2Γ
2
12 − ∂2Γ

1
12 + Γ1

12Γ
2
12 − Γ1

12Γ
2
12

+ ∂1Γ
1
12 − ∂2Γ

1
11 + Γ2

12Γ
1
11 − Γ2

11Γ
1
12

+ ∂2Γ
2
12 − ∂2Γ

2
12 + Γ2

12Γ
2
12 − Γ2

12Γ
2
12

= 0

because all the terms vanish in this last computation. Thus, the Ricci tensor of S2
φ is given as

RicS2
φ
= − φ̈

φ
gφ = − φ̈

φ
(dr2 + φ2dθ2) = − φ̈

φ
dr2 − φ̈φdθ2.
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Note that alternatively the Ricci curvature formulas for warped products can be used to obtain

the same result. Now, since the Ricci curvature is a function times the metric, and since the

denominator has constant sign, it is relatively easy to find and control points where the manifold

S2
φ has positive or negative Ricci curvature.

If g is the metric on M = S2
φ × F , we denote by gH and gV the restrictions of g to H and V,

which are the distributions for the projection on the first factor π1 : S
2
φ × F → S2

φ. Consider as

above the warped metric gν := e2νgV + gH on M . Note that both H and gH are unchanged, so π1

is still a Riemannian submersion.

Remark 3.7. 1. In general, for a Riemannian manifold N and a Riemannian submersion

π : N → B with fibers F , it is not true that N splits as a product B × F with a product

metric, even if the horizontal distribution is integrable, i.e. A = 0. The very example of

S2
φ is indeed a warped product I ×φ S

1, where I is an interval, and the projection on the

first factor is a Riemannian submersion; the A tensor vanishes on S2
φ by the comment after

Definition 2.23, but S2
φ is not isometric to the product I × S1. Other counterexamples are

given by Riemannian submersions that are non-trivial fiber bundles as well.

2. If A vanishes identically, then locally the total space N is isometric to B×F with metric

gB +(gF )b varying on the fibers. If both tensors T and A are zero, then N is in fact locally

isometric to the product B × F with metric gB + gF (see [Bes87] 9.26 or [GW09, Theorem

1.4.1]). The sphere S2
φ is not locally isometric to B × F , which suggests that the T tensor

is non zero: indeed the fibers are latitude circles, on which no geodesic can be a geodesic

on the sphere (only great circles are geodesics), except possibly at r = π/2.

However, if M does split as B × F , i.e. M = B ×e2ν F with warped metric gν = gH + e2νgV

where g is the product metric, then Gromoll & Walschap showed ([GW09], Corollary 2.2.2)2 the

following equations regarding the Ricci curvature: for horizontal X,Y and vertical U, V , we have

Ricν(X,Y ) = RicB(X,Y )− k(Hess ν(X,Y ) + g(∇ν,X)g(∇ν, Y )), (3.1)

Ricν(X,U) = 0, (3.2)

Ricν(U, V ) = RicF (U, V )− g(U, V )e2ν
(
∆ν + k|∇ν|2

)
(3.3)

These formulas can in fact also be retrieved from Lemma 2.30 by choosing the warping function to

be e2ν . Having mixed terms being equal to 0 is convenient as it allows to only study the vertical

and horizontal parts. We also identify vector fields on the base B and their horizontal lifts via

π1 : B × F → B.

Let RicHν and RicVν denote Ricν restricted to the horizontal and vertical distribution, respec-

tively. With the results previously found, the equation (3.1) can be written as

−RicHν =

[
φ̈

φ
+ k

(
ν̈ + ν̇2

)]
dr2 + φ[φ̈+ kν̇φ̇]dθ2.

2Note that in [GW09], the third equation has a sign mistake, displaying −k|∇ν|2 instead of a positive quantity;
the curvature tensor of the warped product Bm ×ν Fk is given, for vertical Vi’s, by

R (V1, V2)V3 = RF (V1, V2)V3 − e2ν |∇ν|2 (⟨V2, V3⟩V1 − ⟨V1, V3⟩V2)

which, when summed over a vertical orthonormal basis {Wj}j , yields the vertical component of the Ricci curvature.
Then,

|∇ν|2
k∑
j

⟨⟨V2, V3⟩Wj ,Wj⟩ = ⟨V2, V3⟩k|∇ν|2

which has positive sign.
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Indeed, kHess ν = k(ν̈ dr2 + ν̇φφ̇dθ2), RicB = −( φ̈φ dr2 + φ̈φdθ2) and

kg(∇ν, ·)g(∇ν, ·) = kg(ν̇∂r, ·)g(ν̇∂r, ·) = kν̇2 dr ⊗ dr = kν̇2 dr2.

Similarly, the equation (3.3) can be written as

RicVν = RicF −e2ν
(
ν̈ +

φ̇ν̇

φ
+ kν̇2

)
gF ,

where we used that the Laplacian ∆ν, defined as positive3 the trace of the Hessian, is given by

∆ν = tr(Hess ν) = gij(Hess ν)ij = tr

(
1 0

0 1
φ2

)(
ν̈ 0

0 ν̇φφ̇

)
= ν̈ +

φ̇ν̇

φ
.

Note that the Ricci curvature RicM ,M := S2
φ×ν+lnλF , is positive if and only if both the horizontal

and the vertical components RicH and RicV are positive. Notice that since RicF ≥ 1, if RicHν is

positive, then these equations together with equation (3.2) imply that S2
φ ×ν+lnλ F has positive

Ricci curvature, provided λ is a sufficiently small positive constant; changing the warped metric

with this small constant only affects the vertical component of the Ricci curvature, as it vanishes

anywhere else under differentiation.

3.3 Construction of S2
φ, and the warping function ν

With the explicit form of the Ricci tensor of the warped sphere S2
φ, we can obtain parts of negative

Ricci curvature on S2
φ, by finding a point p ∈ (0, π) so that φ̈(p) > 0. Then, the projection

π1 : S
2
φ ×ν F −→ S2

φ is a Riemannian submersion (by the remark following Definition 2.23) for

which the base has points of negative Ricci curvature, and with some additional conditions on

the warping function ν, we wish to preserve positive Ricci curvature upstairs in the total space.

Therefore, it suffices to construct functions φ and ν such that

1. S2
φ is smooth and has points of negative Ricci curvature, that is,

φ̈(p) = η > 0

for some point p ∈ (0, π) (recall that RicS2
φ
= − φ̈

φgφ, and φ is a positive function),

2. RicHν > 0, that is,

ν̈ + ν̇2 < − φ̈

kφ

φ̇ν̇ < − φ̈
k

and

3. ν is constant in a neighborhood of 0 and π.

These conditions are summarised in a lemma that Pro and Wilhelm used in order to build their

counterexample, to which we give a slightly more detailed proof for readability. In fact, our purpose

is to prove, in Section 5, a result in which we use a similar construction as this one but that requires

the function φ to be equal to sin everywhere except on an arbitrarily small neighbourhood, and the

3Some authors define the Laplacian as the negative trace of the Hessian.
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warping function ν needs to be made constant everywhere on [0, π] except on a small neighbourhood

around p. Therefore, we prove a stronger lemma than the one in [PW14].

Lemma 3.8. For all η > 0 sufficiently small, and for all p ∈ (0, π/4) and ε > 0, there exists δ > 0

and smooth functions φ, ν : [0, π] → [0,∞) such that:

1. φ̈ is maximal at p with φ̈(p) = η > 0.

2. On [p− δ, p+ δ],

∥φ− sin∥C1 < ε

and for all r outside of (p− δ, p+ δ),

φ(r) = sin(r).

3. ν is constant outside of (p− 2δ, p+ 2δ).

4. On (p− 2δ, p+ 2δ),

ν̈ + ν̇2 < − φ̈

kφ
, and ν̇φ̇ < − φ̈

k
.

We also define the Ck norm, for Ck functions f : R → R as

∥f∥Ck := sup
i≤k

sup
x∈R

{∣∣∣f (i)(x)∣∣∣} .
These conditions mean that the function φ is everywhere but on a small interval equal to sin; we

take δ small enough so that the interval on which we perform the ”curvature surgery” by making φ̈

far from d2

dr2 sin(r) = − sin(r) doesn’t perturb the Ricci curvature of the warped product S2
φ ×ν F .

To do so, we also need conditions on the warping function ν to control the curvature on the warped

product.

Thus, in some sense, the sphere S2
φ is everywhere but on a small interval the round sphere S2.

Proof. The idea is to construct such a function φ that achieves 1. and 2. by imposing conditions

on φ̈, namely control the size of the interval on which it is different from d2

dr2 sin(r) = − sin(r), and

then integrating twice. To do so, we need to construct φ̈ so that it reaches its maximum η > 0 at

p. Since − sin is negative and concave up, in particular, around p, φ̈ must differ a lot from − sin.

To improve readability we separate the proof into different sections.

I. From φ̈ to φ̇:

On [0, π] \ (p− δ, p+ δ), set φ̈ = − sin. Define a temporary function ˜̈φ on (p− δ, p+ δ) as

˜̈φ(t) = − sin(t) + f(t)

where

f(t) =

(η + sin(p))
(
1− |t−p|

εδ

)
t ∈ (p− δε, p+ δε)

0 otherwise

is a continuous function reaching η + sin(p) at t = p on (p − δε, p + δε) with a very thin spike.

Thus, ˜̈φ is everywhere − sin except near p, where it achieves its maximum ˜̈φ(p) = η > 0 in an
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almost affine way, creating a very narrow ”dent”. The area of the spike, i.e. the integral of f can

be easily computed with the formula for the area of triangles:∫ p+δε

p−δε

f(s) ds =
1

2
· 2δε(η + sin(p)) < ε

where the last inequality is true since we will choose δ and η sufficiently small, i.e. δ < 1 and

η+ sin(p) < 1 (recall that p < π/4, so sin(p) <
√
2/2). However, we still need to correct the offset

created by this dent, i.e. make it so that∫ p+δ

p−δ

˜̈φ(s) ds = ∫ p+δ

p−δ

− sin(s) ds

in order for φ̇(p+ δ) to be equal to cos(p+ δ). Let thus

A :=

∫ p+δ

p−δ

˜̈φ(s) + sin(s) ds =

∫ p+δε

p−δε

f(s) ds = δε(η + sin(p))

and consider a bump function β : [p − δ, p + δ] → [0,∞) such that β(p ± δ) = β(p) = 0, with

vanishing derivatives at the endpoints, and with total integral +1. Define φ̈(t) := ˜̈φ(t) − Aβ(t),

and call ˜̇φ the integral of φ̈. Thus, the integral of φ̈ equals the integral of − sin by construction

and since the integral of f is small, the number Aβ is small as well and so |˜̇φ − cos | < ε on the

interval (p− δ, p+ δ): for s ∈ (p− δ, p+ δ),

|˜̇φ(s)− cos(s)| = |˜̇φ(p− δ) +

∫ s

p−δ

˜̈φ(t)−Aβ(t) dt− cos(s)|

= | cos(p− δ) +

∫ s

p−δ

− sin(t) + f(t)−Aβ(t) dt− cos(s)|

= | cos(p− δ) + cos(s)− cos(p− δ)− cos(s) +

∫ s

p−δ

f(t)−Aβ(t) dt|

=

∣∣∣∣∫ s

p−δ

f(t) dt−A

∫ s

p−δ

β(t) dt

∣∣∣∣
≤
∣∣∣∣∫ s

p−δ

f(t) dt−A

∣∣∣∣
≤

∣∣∣∣∣
∫ p+δ

p−δ

f(t) dt

∣∣∣∣∣
= δε(η + sin(p))

< ε,

assuming that δ < 1 and η + sin(p) < 1.

II. From φ̇ to φ:

With the function φ̈ defined above, we can bound |φ− sin |. First, we repeat the method from the

previous point by choosing a bump function γ : (p− δ, p+ δ) → [0,∞), with vanishing derivatives

at the endpoints and at the point t = p, and with total integral +1. Then, we correct the integral

offset by considering

B :=

∫ p+δ

p−δ

˜̇φ(s)− cos(s) ds
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and by defining φ̇(s) := ˜̇φ(s)−Bγ(s), s ∈ (p− δ, p+ δ). The integral of φ̇ now equals the integral

of cos, i.e. sin, by construction. Similarly as before, we can achieve the bound |φ − sin | < ε on

(p− δ, p+ δ):

|φ(s)− sin(s)| =
∣∣∣∣φ(p− δ) +

∫ s

p−δ

φ̇(t) dt− sin(s)

∣∣∣∣
=

∣∣∣∣sin(p− δ) +

∫ s

p−δ

˜̇φ(t)−Bγ(t) dt− sin(s)

∣∣∣∣
=

∣∣∣∣sin(p− δ)− sin(s) +

∫ s

p−δ

˜̇φ(t) dt−B

∫ s

p−δ

γ(t) dt

∣∣∣∣
≤
∣∣∣∣sin(p− δ)− sin(s) +

∫ s

p−δ

cos(t) + εdt−B

∣∣∣∣ ,
where we have used that ˜̇φ(t) < cos(t) + ε by the previous calculations. Now, by the bound on˜̇φ(t)− cos(t) previously found, we have that B can be bounded above by 2δε, which leads to∣∣∣∣sin(p− δ)− sin(s) +

∫ s

p−δ

cos(t) + εdt−B

∣∣∣∣ ≤ |(s− (p− δ)) · ε− 2δ · ε|

= |ε · (s− p− δ)|

< 2δε

< ε

as long as we pick δ < 1
2 . Hence, we constructed a function φ that satisfies the conditions (1) and

(2). At the points t = p ± δε, since the function φ̈ is only continuous and not differentiable, one

might use a smoothing argument to retrieve differentiability.

III.1 Construction of ν | reduction of conditions (3) and (4):

Once we have constructed φ, we can construct the function ν so that it satisfies (3) and (4). To

retrieve property (4), we look for sufficient conditions, that we split between the intervals [0, p−δ],
(p− δ, p+ δ) and (p+ δ, p+ 2δ) (note that it is possible that p− 2δ < 0, but we rule out this case

by requiring δ to be small enough so that p− 2δ > 0). For (4) to hold on [0, p− δ], it is enough to

have

ν|[0,p−2δ] ≡ 0, (3.4)

(ν̈ + ν̇2)|(p−2δ,p−δ] < 0, and (3.5)

ν̇|[p−2δ,p−δ] < 0. (3.6)

Indeed, we need ν to be constant on a neighbourhood of 0. On [0, p−δ]∩(p−2δ, p+δ) = (p−2δ, p−δ),
φ̈ and φ have different signs and thus the quotient −φ̈/(kφ) is positive; therefore it suffices to have

ν̈ + ν̇2 < 0. Moreover, since on the interval (p − 2δ, p − δ), φ = sin, the second part of condition

(4) reduces to

ν̇ <
sin

k cos

and since this right-hand side is positive, this inequality is automatically verified if (3.6) is true.

Now, for (4) to hold on the remaining interval, namely (p − δ, p + δ), note that we do not
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necessarily have ∥φ− sin∥C2 < ε on that interval. However, we can use that ∥φ− sin∥C1 < ε, and

that φ̈ reaches its maximum at p. This is done as follows: we claim that if

(ν̈ + ν̇2)|[p−δ,p+δ] < −2
η

kp
, and (3.7)

ν̇|[p−δ,p+δ]√
2

< −2
η

k
(3.8)

are satisfied on the indicated intervals, then the condition (4) is met. Indeed, since φ̈ ≤ η,

−2
η

kp
≤ −2

φ̈

kp
,

and for the right-hand side to be less than − φ̈
kφ , we need that φ > p/2. Since φ is almost sin, and

sin(x) > x/2 on [0, π], then up to ε we have that φ(p) > p/2, and this is true on [p − δ, p + δ] as

long as we pick δ sufficiently small.

Now, for the second inequality, we have that if ν̇ satisfies
ν̇|[p−δ,p+δ]√

2
< −2η

k , then

ν̇φ̇ < −2
√
2η

k
φ̇

and for this right-hand side to be less than − φ̈
k , it suffices that it is less than −η

k since φ̈ is maximal

with value η. But this is equivalent to

φ̇ >
1

2
√
2

which is always true near p since φ̇ ≈ cos.

III.2 Explicit formula for ν on [p− δ, p+ δ]:

Thus choose ν so that it satisfies (3.4), and further impose that

ν̇(p− δ) = −3
η

k
, (3.9)

ν̈
∣∣
[p−δ,p+δ]

= −4
η

kp
. (3.10)

This completely determines ν̇ on [p− δ, p+ δ], and ν up to a constant:

ν̇(t)|[p−δ,p+δ] = −4
η

kp
· t− 3

η

k
+ 4

η

kp
· (p− δ) (3.11)

ν(t)|[p−δ,p+δ] = −2
η

kp
· t2 −

(
3
η

k
− 4

η

kp
· (p− δ)

)
· t+ C1 (3.12)

Then, (3.7) is verified provided η is sufficiently small; by noticing −3η
k − 8 η

kp · δ = ν̇(p+ δ) ≤ ν̇(t)
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for t ∈ (p− δ, p+ δ), we retrieve equivalent conditions for (3.7) to be met:

(ν̈ + ν̇2)|[p−δ,p+δ] < −2
η

kp

⇐⇒ −4
η

kp
+

(
−3

η

k
− 8

η

kp
· δ
)2

< −2
η

kp

⇐⇒ 9
η2

k2
+ 64

η2δ2

k2p2
+ 48

η2δ

k2p
< 2

η

kp

⇐⇒ η

k

(
9 + 64

δ2

p2
+ 48

δ

p

)
<

2

p
.

Condition (3.8) can be verified as well, using again that ν̇(p+ δ) ≤ ν̇(t):

ν̇|[p−δ,p+δ]√
2

< −2
η

k

⇐⇒ −3
η

k
− 8

η

kp
− δ < −2

√
2
η

k

⇐⇒ η

k

(
−3− 8

p
+ 2

√
2

)
< δ.

Hence, η needs to be sufficiently small, which also constitutes a lower bound for δ in terms of η.

Thus, when δ needs to be picked small enough, one has to beforehand choose η small to allow for

infinitesimally small values of δ.

III.3 Prescribing ν on [p− 2δ, p− δ]:

Now, on (p − 2δ, p − δ), we need to prescribe ν so that it connects ν(p − δ) with ν(p − 2δ) = 0,

and such that both ν̇ and ν̈ connect their respective value at p − 2δ with 0 smoothly. One

way of achieving this is for example choosing a bump function χ such that χ(p − 2δ) = 0 and

χ(p− δ) = 1, with vanishing derivatives at the endpoints, and then considering the ”convex” com-

bination Ψ(t) = (1 − χ(t)) · 0 + χ(t)ν̇(t) on (p − 2δ, p − δ), where the function ν̇ is momentarily

defined as the continuation of ν̇|[p−δ,p+δ] to the interval (p−2δ, p−δ). Then, we get, by computing

via the explicit expression of ν̇, ν̇(p − 2δ) = 4 η
kp · δ − 3η

k , and we get the following condition for

negativity:

4
η

kp
· δ − 3

η

k
< 0

⇐⇒ 4

p
· δ < 3

⇐⇒ δ <
3p

4
.

The function Ψ connects ν̇ at p− δ to the zero function at p− 2δ, and Ψ′ connects in the same

way ν̈ to the zero function. To ensure that (3.5) is met, we compute Ψ′(t):

Ψ′ = χ̇ν̇ + χν̈ < 0

because χ̇, χ are positive and ν̇ is negative for δ < 3p
4 , and ν̈ = −4 η

kp is negative as well on
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(p− 2δ, p− δ). Now we estimate

(ν̈ + ν̇2)|(p−2δ,p−δ) = Ψ̇ + Ψ2 = χ̇ν̇ + χν̈ + (χν̇)2

≤ χ̇ν̇ + χ2ν̈ + (χν̇)2 (χ ≤ 1, ν̈ < 0)

≤ χ̇ν̇ + χ2(ν̈ + ν̇2) (χ̇ν̇ ≤ 0, χ2(ν̈ + ν̇2) < 0)

< 0

and hence (3.5) is met.

To connect ν with the zero function, integrate ν̇ on (p− 2δ, p− δ), and choose the integration

constant C1 in ν such that the integral
∫ t

p−2δ
ν̇ connects continuously with ν at t = p− δ.

III.4 Prescribing ν on [p+ δ, p+ 2δ]:

Lastly, we need to make ν constant outside of (p − 2δ, p + 2δ). By the construction above, ν is

already constant (in fact, constantly 0) on [0, p − 2δ]. We repeat a similar process as above by

choosing a bump function χ : [p + δ, p + 2δ] → R with vanishing derivatives at the endpoints and

such that χ(p+ δ) = 1, χ(p+ 2δ) = 0. Then, the function ξ = χν̇ interpolates between ν̇ at p+ δ

and the zero function at p+ 2δ, and similarly ξ̇ connects ν̈ with the zero function. The condition

(4) reduces to ν̈ + ν̇2 < 1
k because on this interval φ = sin. Recall that ν̇(p+ δ) = −3η

k − 8 η
kp · δ,

which may be made arbitrarily small for very small values of η.

We compute as above

(ν̈ + ν̇2)|[p+δ,p+2δ] = ξ̇ + ξ2

= χν̈ + χ̇ν̇ + (χν̇)2

< χ̇ν̇ + χ2ν̇2

and both of these terms approach 0 as η gets small, i.e. there is an η sufficiently small so that this

last quantity is less than 1
k , and condition (4) is met. Now, since φ = sin on (p + δ, p + 2δ), the

second inequality of (4) is simply

ν̇ < − φ̈

φ̇k
=

sin

cos ·k

which is automatically satisfied since the interpolation function ξ is negative on this interval.

Then, we can integrate ν̇ on (p+δ, p+2δ), and choose the integration constant so that the result

connects continuously with ν at p+ δ. On (p+2δ, π], extend ν constantly by setting ν ≡ ν(p+2δ),

and this finishes the proof.

Let π1 denote the projection π1 : S
2 × F → S2. The following lemma is the last piece needed

to prove Theorem 3.1:

Lemma 3.9. For all η > 0 and for all p ∈ (0, π/4), there is ε = ε(p) > 0, such that for φ and ν

in Lemma 3.8,

RicHν ≥ 1

2

on (r ◦ π1)−1([0, π] \ (p− 2δ, p+ 2δ)).

For simplicity we refer to r ◦ π1 as just r, viewing r as a function on the product. Recall

that RicHν ≥ 1
2 means that all eigenvalues of the (0, 2)-tensor RicHν are greater or equal to 1/2, or
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Figure 3: Affine modification of − sin to
yield φ̈, and its integral φ̇. Purple: bump
function vanishing at t = p. For 0 < δ ≪ 1,
the value of the bump function |β| becomes
arbitrarily big, but it practically doesn’t im-
pact φ̈ because φ̈ = − sin+f−Aβ and A de-
creases more rapidly than β increases. Val-
ues used: p = π/4 − 0.2, ε = 0.1, η = 0.05,
δ = 0.1.

equivalently that

RicHν (X,X) ≥ 1

2
gφ(X,X)

for every vector X ∈ TS2
φ, where gφ is the metric on the warped sphere S2

φ.

Proof. By Lemma 3.8, on the set r−1([0, π] \ (p− 2δ, p+2δ)), we have arranged that ν is constant,

say ν = C̃(η) (since in the construction the value of ν on [p+2δ, π] depends on η, ν|[p+2δ,π] = O(η)),

and that φ = sin. Choosing a unit vector in the dr direction, we find

RicHν (∂r, ∂r) = − φ̈
φ
− kν̈ − kν2 > −k · C̃(η)2 + 1. (3.13)

By picking η sufficiently small, we find that (3.13) is greater than 1
2gφ(∂r, ∂r) = 1

2 . The second

component of the Ricci tensor gives

RicHν (∂θ, ∂θ) = −φφ̈− kφν̇φ̇ = sin2

which is always bigger than 1
2gφ(∂θ, ∂θ) =

1
2φ

2 = 1
2 sin

2 since 1 ≥ 1
2 and sin2 is positive.

Proof of Theorem 3.1. Let η > 0. For C ′ > 0, choose p ∈ (0, π/4) such that −η/(2 sin(p)) < −C ′.

Again, let φ and ν be the functions of Lemma 3.8. Recall that it suffices to have RicH > 0 in

order to have positive Ricci curvature on the total space. By Lemma 3.9 this condition is satisfied

everywhere except possibly on (p− 2δ, p+ 2δ). Recall that the horizontal Ricci tensor is given by

−RicHν =

[
φ̈

φ
+ k

(
ν̈ + ν̇2

)]
dr2 + φ[φ̈+ kν̇φ̇]dθ2,
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and Lemma 3.8 has arranged that on (p− 2δ, p+ δ),

ν̈ + ν̇2 < − φ̈

kφ
, and ν̇φ̇ < − φ̈

k

which means precisely that RicH > 0 on this interval.

It thus remains to find a point on the base space S2
φ where the Ricci curvature is negative. On

the fiber r−1(p) ⊂ S2
φ (which represents a latitudinal circle), the Ricci tensor, as calculated above,

is −φ̈(p)/φ(p) · gφ. But φ̈(p) = η > 0 and ∥φ(p)− sin(p)∥C1 < ε, and so we finally get that, for a

unit length tangent vector E ∈ TqS
2
φ, q ∈ r−1(p),

RicS2
φ
(E,E) = − φ̈(p)

φ(p)
< − η

sin(p) + ε
< − η

2 sin(p)
< −C ′

for some constant C ′ > 0, since sin(p) + ε > 0.

Remark 3.10. The size of the interval (p − δ, p + δ) on which the curvature surgery is

performed depends on the upper bound −C ′ we aim to impose on the Ricci curvature of the

base space S2
φ. As the proof of Theorem 3.1 suggests, if p is chosen so that −η/(2 sin(p)) <

−C ′, then for very large (negative) values of C ′, p has to be chosen arbitrarily close to 0

(since η in the numerator cannot be made too big) which forces (p− δ, p+ δ) to be small.

3.4 Global result

We have just seen that it is possible that the total space of a Riemannian submersion π : M → B

has positive Ricci curvature, while the base space has parts of negative Ricci curvature. This is a

local result, and one can ask if it might be true globally, in the following sense: if M is a compact

Riemannian manifold with positive Ricci curvature, and π : M → B is a Riemannian submersion,

can B have negative Ricci curvature globally? The answer is given in Theorem 3.2, stated by

Pro and Wilhelm ([PW14]), and suggests that it is not even true if you improve to nonpositive

curvature. The proof uses the unit tangent bundle of M and its compactness (inherited from the

compactness of M):

Definition 3.11 (Unit tangent bundle). Let (M, g) be a Riemannian manifold with tangent bundle

TM . The unit tangent bundle, denoted T 1M , is the set

T 1M :=
⋃
p∈M

{
v ∈ TpM

∣∣ gp(v, v) = 1
}
⊂ TM,

which corresponds to all tangent vectors that have norm 1 throughout the manifold. It is a

topological space with the topology induced from TM .

Now, endow T 1M with a Riemannian metric gT 1M , and achoose a metric (in the sense of

a distance function) on T 1M that yields the same topology as the induced one. Since T 1M

is again a smooth manifold, such a metric always exists (for example the distance defined by

d : T 1M × T 1M → R, d(p, q) = infγ L(γ) where γ is a piecewise smooth curve joining p and q, see

Appendix).

Lemma 3.12. If M is compact, then its unit tangent bundle T 1M is compact as well.
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Proof. Let p : T 1M →M be the bundle projection. If TM is trivial then the result is immediate;

the idea when TM is not trivial remains similar in the sense that we will cover M with ”trivi-

alisable” open sets. Let thus Uq be an open set around some point q, small enough that the set

T 1Uq splits as T 1Uq
∼= Uq × Sn−1 (this is equivalent to Uq having an orthonormal frame, and

every smooth manifold admits a local orthonormal frame around any point). Choose Uq also small

enough so that its closure Uq in the manifold topology splits as T 1Uq
∼= Uq × Sn−1. Cover the

manifold M with neighbourhoods of this sort. This forms a cover and since M is compact, we can

extract a finite subcover
⋃k

i=1 U i for some k. Then, since M =
⋃
U i, we have

T 1M =

k⋃
i

p−1(U i) =

k⋃
i

U i × Sn−1.

Therefore T 1M can be written as a finite union of compact sets, and thus is compact.

Consider now a Riemannian submersion π : M → B withM compact. The following proposition

will be used in the proof of Theorem 3.2:

Proposition 3.13. Let d be a distance such that (T 1M,d) yields the topology of T 1M . For all

ε > 0, there exists a horizontal unit speed geodesic γ : [0, l] →M such that l ≥ 1, and

d(γ′(0), γ′(l)) < ε.

Proof. Take any horizontal unit speed geodesic γ : R → M . Since T 1M is compact, the sequence

(γ′(n))n contains a convergent (hence Cauchy) subsequence. This means, that given ε > 0, we find

sufficiently big integers j, k such that

d(γ′(j), γ′(k)) < ε.

Consider the reparametrisation c of γ such that c′(t) = γ′(t+ j). Then, c′(0) = γ′(j), c′(k − j) =

γ′(k) and since γ has unit speed, c has unit speed as well, and this proves the claim by setting

l := k − j.

Next, denote H1 the subset of T 1M consisting of horizontal unit vectors throughout M , for a

given Riemannian submersion π. Let T be the O’Neill T tensor. Since T 1M is compact, so is H1,

and thus the continuous map T : (H1, d) → R, T (x) := tr(V 7→ TV x) is uniformly continuous.

Proof of Theorem 3.2. By contradiction suppose that RicM > 0 but RicB ≤ 0. If g denotes the

metric on M , then by considering a sufficiently small number λ > 0, the manifold (Mλ, g2), where

g2 := λ · g, has Ricci curvature RicMλ
≥ 1, because

RicMλ
=
∑
k

g2

(
R

(
1√
λ
vk,

1√
λ
X

)
1√
λ
X,

1√
λ
vk

)
=
∑
k

λ

λ2
g(R(vk, X)X, vk)

≥ 1

λ
inf
p,E

Ricp(E,E)

for any unit vectors E and X with respect to g. In particular since M is compact this infimum is

non zero. So upon changing the metric, we can assume RicM ≥ 1. Let γ be a geodesic satisfying
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the condition in Proposition 3.13. Then,

l =

∫ l

0

1 dt ≤
∫ l

0

RicM (γ′(t), γ′(t)) dt.

Consider an orthonormal frame {Vk}k along the curve γ for the vertical distribution, such that

each Vi is parallel along γ, and an orthonormal horizontal frame {Xk}k. Then, using equation

(2.14), we get

Ric(γ′, γ′) =}Ric(γ′, γ′)− 2⟨Aγ′ , Aγ′⟩ − ⟨Tγ′, Tγ′⟩+ ⟨∇γ′N, γ′⟩

=}Ric(γ′, γ′)− 2
∑
i

|Aγ′Vi|2 −
∑
j

|TVj
γ′|2 +

∑
k

⟨∇γ′(TVk
Vk), γ

′⟩.

Now, ⟨∇γ′(TVk
Vk), γ

′⟩ = γ′⟨TVk
Vk, γ

′⟩ − ⟨TVk
Vk,∇γ′γ′⟩ and this last inner product vanishes since

γ is a geodesic. Since we assumed that the base had nonpositive Ricci curvature,

}Ric(γ′, γ′)− 2
∑
i

|Aγ′Vi|2 −
∑
j

|TVjγ
′|2 ≤ 0,

and integrating yields

l ≤
∫ l

0

Ric(γ′, γ′) ≤
∫ l

0

∑
k

γ′⟨TVk
Vk, γ

′⟩

=
∑
k

⟨TVk
Vk, γ

′⟩
∣∣l
0
. (A)

Property 4 of the T tensor lets us rewrite the inner products as
∑

k −⟨Vk, TVk
γ′⟩. But this is

nothing else than trace(W 7→ TW γ′) (or as written above, T (γ′)).

Let now ε := 1/2. Since T is uniformly continuous, there exists δ > 0 such that

|x− y| < δ =⇒ |T (x)− T (y)| < 1

2
.

However small δ is, Proposition 3.13 ensures that we can always find a horizontal geodesic γ and

a number l ≥ 1 such that

d(γ′(0), γ′(l)) < δ

and replacing x, y with γ′(0), γ′(l) above yields a contradiction in (A), because l ≥ 1.

3.5 Ricci tensor of higher dimensional warped spheres Sn
φ

This subsection studies how warping the standard round metric of the sphere Sn(κ) of radius κ > 0

affects its Ricci curvatures. If Sn(κ) = {x0, . . . , xn ∈ Rn+1 |
∑n

k=1 x
2
k = κ2} is parametrised by

the coordinates

x0 = κ2 cos r, x1 = κ2 sin θ1 cos r, . . . xn−1 = κ2 cos θn−1

n−2∏
k=1

sin θk, xn = κ2
n∏

k=1

sin θk

where r, θ1, . . . , θn−1 ∈ [0, π] and θn ∈ [0, 2π], we get the round metric

ds2n = κ2dr2 + κ2 sin2 r(dθ21 + sin2 θ1(dθ
2
2 + · · · (dθ2n−1 + sin2 θn−1)))
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which is simply κ2dr2+κ2 sin(r)
2
ds2n−1. Then one can choose as above a function φ : [0, π] → [0,∞)

that depends on r, and consider the warped metric κ2(dr2 + φ(r)2ds2n−1). Since the round metric

of the sphere of radius κ > 0 is 1
κ2 times the metric of the sphere of radius 1, the same goes for

the Ricci tensor and thus we only compute the radius 1 case.

We would like to generalise the construction of the previous subsection from S2 to Sn:

Lemma 3.14. One can construct manifolds of the form M = Sn
φ ×ν F with RicF ≥ 1, such that

the projection π1 : M → Sn
φ is a Riemannian submersion, RicM > 0 but Sn

φ has points of negative

Ricci curvature.

Formulas from the previous subsection can be used to obtain the Ricci tensor of the warped

n-sphere.

Lemma 3.15. The Ricci tensor of the sphere Sn
φ with the metric gφ = dr2 + φ(r)2ds2n−1 is

RicSn
φ
= −(n− 1)

φ̈

φ
dr2 +

(
RicSn−1 −(φφ̈+ (n− 2)φ̇2)gSn−1

)
.

Since the sphere Sn−1 with its usual round metric is an Einstein manifold, i.e. it has Ricci

tensor equal to (n− 2)gSn−1 , the formula above further simplifies to

RicSn
φ
= −(n− 1)

φ̈

φ
dr2 +

[
((n− 2)− φφ̈− (n− 2)φ̇2)gSn−1

]
.

For n = 2, the round metric of Sn−1 = S1 is simply dθ, and we recover the warped metric of the

previous subsection φ̈
φdr

2 + φφ̈dθ2.

Proof of Lemma 3.15. We might use the same process as the previous subsection, by computing

the Christoffel symbols and then using the associated formula for each individual Ricci component.

However, as the dimension n gets big, this process can become very tedious if one does not have

a general and simple form for the Christoffel symbols. Thus we apply Lemma 2.30 to the warped

product I ×φ S
n−1 with the metric gφ = dr2 + φ(r)2ds2n−1. Since dimSn−1 = n − 1, the term

(k − 1) becomes (n− 2) in Lemma 2.30. We thus rewrite the term ∆f
f + (k − 1) g(∇f,∇f)

f2 :

∆φ

φ
+ (n− 2)

g(∇φ,∇φ)
φ2

=
tr(Hessφ)

φ
+ (n− 2)

g(φ̇∂r, φ̇∂r)

φ2

=
φ̈

φ
+ (n− 2)

φ̇2

φ2
.

Then, for i, j ∈ {2, . . . , n}2 (where the index 1 corresponds to dr2)

Ricij = Ric(∂i, ∂j) = RicF (∂i, ∂j) + g(∂i, ∂j)

(
φ̈

φ
+ (n− 2)

φ̇2

φ2

)
= (n− 2)ds2n−1(∂i, ∂j) + φ2ds2n−1(∂i, ∂j)

(
φ̈

φ
+ (n− 2)

φ̇2

φ2

)
= (n− 2)ds2n−1(∂i, ∂j) + ds2n−1(∂i, ∂j)

(
φφ̈+ (n− 2)φ̇2

)
.

This implies that the vertical part RicV of the Ricci tensor on Sn
φ is

RicV = ((n− 2)− φφ̈− (n− 2)φ̇2)gSn−1 .
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The horizontal part of the Ricci tensor is retrieved using the first formula of Lemma 2.30. Note

however that the base space B = I is one-dimensional, and thus there is no Ricci tensor on it.

Therefore the only term left to compute is (k/f)Hess f , which is simply (n− 1) φ̈φdr
2. Altogether,

we finally obtain

Ric = −(n− 1)
φ̈

φ
dr2 + ((n− 2)− φφ̈− (n− 2)φ̇2)gSn−1 .

Consider now the warped product Sn
φ ×ν F where F is as above a Riemannian manifold with

Ric > 1, and the warping metric is gφ + e2νgF for a function ν on Sn that only depends on r.

Using the formula Hess ν(∂i, ∂j) = ∂i∂jν − Γk
ij∂kν, we find

Hess ν =



ν̈ 0 · · · · · · 0

0 φφ̇ν̇
...

... φφ̇ν̇ sin2 θ1
...

...
. . . 0

0 · · · · · · 0 φφ̇ν̇ sin2 θ1 · · · sin2 θn−1


which is exactly the same result as Lemma 3.4, which suggested that Hess ν is nothing but ν̈dr2 +

φφ̇ν̇dsn−1. This is in fact immediate from the Christoffel symbols formula in Lemma 3.4, in which

l has to be 1 (because only the ∂1 derivative of ν is non zero) which in turn forces the sum index

k to be 1 since the metric is diagonal, so the only term is −∂1gii for i = 1, . . . , n. We rewrite this

Hessian in terms of the round metric gSn−1 = dsn−1 on Sn−1 as

Hess ν = ν̈dr2 + φφ̇ν̇gSn−1 .

Since, by (3.1),

Ricν(X,Y ) = RicB(X,Y )− k(Hess ν(X,Y ) + g(∇ν,X)g(∇ν, Y )),

for horizontal vectors X and Y , and g(∇ν,X)g(∇ν, Y ) = ν̇2dr2, it follows that

RicHν = (−φφ̈+ (n− 2)(−φ̇2 + 1)− kφφ̇ν̇)gSn−1 − ((n− 1)
φ̈

φ
+ k(ν̈ + ν̇2))dr2.

We recall formula (3.3):

Ricν(U, V ) = RicF (U, V )− g(U, V )e2ν
(
∆ν + k|∇ν|2

)
,

where ∆ν is the Laplacian:

∆ν = tr(Hess ν)

= gij(Hess ν)ij

= diag

(
1,

1

φ2
, . . . ,

1

φ2 sin2 θ1 . . . sin
2 θn−1

)
· diag

(
ν̈, φφ̇ν̇, . . . , φφ̇ν̇ sin2 θ1 . . . sin

2 θn−1

)
= ν̈ +

n∑
k=2

φ̇ν̇

φ
= ν̈ + (n− 1)

φ̇ν̇

φ
,
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3 Transporting Ricci curvature to the base 47

and k|∇ν|2 is simply kg(∇ν,∇ν) where g is the product metric on Sn
φ × F . Since ∇ν = ν̇∂r, this

is nothing but kν̇2. Therefore

RicVν = RicF −e2ν(ν̈ + (n− 1)
φ̇ν̇

φ
+ kν̇2)gF ,

which is positive if RicF is sufficiently big, e.g. RicF ≥ 1 and the other term is sufficiently small,

e.g. as in the Pro-Wilhelm construction by warping by ν + lnλ for a very small constant λ > 0.

For the horizontal part of the Ricci tensor to be positive, we obtain the following inequalities:

−φφ̈+ (n− 2)(1− φ̇2)− kφφ̇ν̇ > 0

−(n− 1)
φ̈

φ
− k(ν̈ + ν̇2) > 0

which we rewrite, separating the ν’s and the φ’s,

−φφ̈+ (n− 2)(1− φ̇2)

kφ
> ν̇φ̇ (A)

− (n− 1)

k

φ̈

φ
> ν̈ + ν̇2. (B)

Since φ is C1 ε-close to sin, then in particular for small enough values of ε, φ̇ ≈ cos and so φ can

always be chosen so that φ̇2 < 1. This means (n−2)(1− φ̇2) > 0 and the inequality (A) is satisfied

provided
−φ̈
k

> ν̇φ̇

which is, together with (B), the same as the estimates in Lemma 3.8 (4). Overall, we get the

analog of Lemma 3.8:

Lemma 3.16. For all p ∈ (0, π/4), ε > 0, and η > 0 sufficiently small, there exists δ > 0 and

functions φ, ν : [0, π] → R such that

1. φ = sin outside of (p− δ, p+ δ), and ∥φ− sin∥C1 < ε on (p− δ, p+ δ);

2. φ̈ is maximal at p and equals φ̈(p) = η > 0;

3. ν is constant outside (p− 2δ, p+ 2δ);

4. On (p− 2δ, p+ δ),
−φ̈
kφ̇

> ν̇ and − (n− 1)

k

φ̈

φ
> ν̈ + ν̇2.

Proof of Lemma 3.14. It is immediate from Lemma 3.16; take φ and ν as above and so we find

that the manifold M = Sn
φ × F , RicF ≥ 1 with projection π1 : M → Sn

φ has RicM > 0 but Sn
φ

has points of negative Ricci curvature by Lemma 3.15. The fact that the second inequality in (4)

has (n− 1) in the numerator does not affect the construction of Lemma 3.8: it gives in fact more

”room” for the functions ν̈ and ν̇ since the upper bound is ν̈+ ν̇2 < n−1
k instead of ν̈+ ν̇2 < 1

k .
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4 Lifting Ricci curvature

4.1 Canonical Variation

This subsection will study the so-called ”canonical variation” of a metric g, that we define below.

This is a way of making the metric vary in the vertical direction, to avoid losing the isometry

between the horizontal distribution and the tangent spaces of B. This process will yield new

formulas that help us understand the relation between the curvatures of (M, g), (M, gt), and Fb.

Definition 4.1 (Canonical variation). Let π : M → B be a Riemannian submersion and t > 0.

The canonical variation gt of the metric g on M is the modification of this metric given by

gt ↾ V = t · g ↾ V

gt ↾ H = g ↾ H

gt(V,H) = 0.

Notice that the horizontal part of the metric is left unchanged, so the submersion π remains

Riemannian, even with respect to the canonical variation of the initial metric. This is summarised

in the following:

Remark 4.1: 1. For all t > 0, π : (M, gt) → (B, g1) is a Riemannian submersion with the same

horizontal distribution H for all t, and on each fiber Fb, (g
2
t )b = tg2b (here, g2b is the smooth family

of metrics on the fibers). Vertical, horizontal and basic vector fields are the same for all gt’s.

2. If g has totally geodesic fibers, then gt does as well for any t > 0.

To prove this, we can use the formulas presented in Lemma 4.2 .

Lemma 4.2. If At, T t are the equivalent for gt of the tensors A and T , then, for all vertical vector

fields U, V,W and horizontal vector fields X,Y, Z, we have

1. At
XY = AXY , and At

XU = tAXU ,

2. T t
UV = tTUV , and T t

UX = TUX,

3. [⟨(∇XA)Y Z,U⟩]t = t⟨(∇XA)Y Z,U⟩,

4. [⟨(∇UA)XY, V ⟩]t = t⟨(∇UA)XY, V ⟩+ (t− t2)[⟨AXU,AY V ⟩ − ⟨AXV,AY U⟩],

5. [⟨(∇XT )UV, Y ⟩]t = t⟨(∇XT )UV, Y ⟩,

6. [⟨(∇UT )VW,X⟩]t = t⟨(∇UT )VW,X⟩+ (t− t2)⟨TVW,AXU⟩,

7. [qδA]t = qδA,

8. [⟨(pδT )U,X⟩]t = ⟨(pδT )U,X⟩+ (1− t)⟨TU , AX⟩,

9. (δ̃T )t = t(δ̃T ),

10. N t = N .

Hence, since the T -tensors of the metric g and of the metric gt are related in this way, it follows

automatically that it vanishes for the original metric if and only if it vanishes for the canonical

variation of this metric. Therefore the totally geodesic property is invariant under vertical variation

of the metric.
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Proof. We will prove a few of these formulas; the general strategy is the same. We can in fact use

the Koszul formula to show the following:

H∇t
UV = tH∇UV, V∇t

UV = V∇UV,

H∇t
XU = tH∇XU, V∇t

XU = V∇XU,

H∇t
UX = tH∇UX, V∇t

UX = V∇UX,

H∇t
XY = H∇XY, V∇t

XY = V∇XY.

This goes by showing that the right-hand side of the formula

2g (∇XY, Z) = X(g(Y, Z)) + Y (g(X,Z))−Z(g(X,Y )) + g([X,Y ], Z)− g([X,Z], Y )− g([Y,Z], X),

and its analog for gt (replace g by gt and ∇ by ∇t) are either equal, or one is a factor t times the

other.

For 1. and 2. we may assume that the horizontal vector fields are basic, and expanding the A

tensor gives

At
XY = V∇t

HXHY +H∇t
HXVY = V∇t

XY.

Using the Koszul formula with an arbitrary vector field F , we obtain

2gt(A
t
XY, F ) = 2gt(V∇t

XY, F ) = 2gt(∇t
XY,VF )

= X(gt(Y,VF )) + Y (gt(X,VF ))− VF (gt(X,Y ))

+ gt([X,Y ],VF )− gt([X,VF ], Y )− gt([Y,VF ], X).

But X(gt(Y,VF )) = 0 = X(tg(Y,VF )), and Y (gt(X,VF )) = 0 = Y (tg(X,VF )). The term

VF (gt(X,Y )) is constantly 0 because the map p 7→ gt(X,Y )p is constant along the fibers. For the

brackets, we remark that [X,F ] are [Y, F ] are vertical and thus the inner products involving them

vanish. The last term can be dealt by noticing that

gt([X,Y ],VF ) = gt(V[X,Y ],VF ) = tg(V[X,Y ],VF ),

by definition of the canonical variation restricted to vertical vector fields. Thus, the Koszul formula

above gives 2gt(A
t
XY, F ) = 2tg(AXY, F ). But At

XY is vertical and so gt(A
t
XY, F ) = tg(At

XY, F ).

Hence,

2tg(At
XY, F ) = 2gt(A

t
XY, F ) = 2tg(AXY, F )

and we conclude, since F is arbitrary, that At
XY = AXY and with similar calculations for H∇t

XY ,

this shows ∇t
XY = ∇XY .

For the second part of 1. the Koszul formula reduces to

2gt(A
t
XU,F ) = −gt([X,HF ], U),

and since U is vertical, this is nothing but −tg([X,HF ], U). So g(At
XU,F ) = gt(A

t
XU,F ) =

tg(AXU,F ) which proves the second formula of 1, and H∇t
XU = tH∇XU as well.

Equation 2 as well as the formulas for the covariant derivative, all use the exact same reasoning

as equation 1.
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For 3. we use the formula from Lemma 2.14 to get

gt((∇t
XA

t)Y Z,U) = gt(∇t
X(At

Y Z)−At
∇t

XY Z −At
Y (∇t

XZ), U)

= gt(V∇t
X(At

Y Z)−At
H∇t

XY Z −At
Y (H∇t

XZ), U).

We deal with the first term:

V∇t
X(At

Y Z) = V∇t
At

Y ZX + V[X,At
Y Z]

= T t
AY ZX + V[X,AY Z]

= TAY ZX + V[X,AY Z]

= V∇X(AY Z).

For the second term, proof of 1. and 2. shows that H∇t
XY = H∇XY , so At

H∇t
XY Z = At

H∇XY Z =

AH∇XY Z. The same argument applies to the third term. Hence overall, there is no contribution

of the covariant derivatives or of the tensors to a multiplicative t factor. So gt((∇t
XA

t)Y Z,U) =

tg((∇XA)Y Z,U), by verticality of U .

For 4. we develop the covariant derivative of the A tensor similarly as in 3. to obtain

(∇t
UA

t)XY = ∇t
U (A

t
XY )−At

∇t
UXY −At

X(∇t
UY ).

Because of the stretch in the vertical direction, gt((∇t
UA

t)XY, V ) = tg((∇t
UA

t)XY, V ). So, formula

4 is true if and only if

tg((∇t
UA

t)XY, V ) = tg((∇UA)XY, V ) + (t− t2)(g(AXU,AY V )− g(AXV,AY U)).

The rightmost terms are dealt with remarking that

g(AXU,AY V ) = −g(∇Y (AXU), V )

using properties 3 and 4 of the A tensor. Similarly, g(AXV,AY U) = −g(∇X(AY U), V ), and hence

every vector can be brought inside the same inner product. Thus, the equation 4 can be rewritten

g((∇t
UA

t)XY, V ) = g((∇UA)XY + (1− t)(−∇Y (AXU) +∇X(AY U)), V ),

or equivalently,

V((∇t
UA

t)XY ) = V
[
(∇UA)XY + (1− t)(−∇Y (AXU) +∇X(AY U))

]
.

Now, using that ∇Y (AXU) = −A∇UXY and V∇X(AY U) = AX(∇UY ), and expanding the A

tensor again, this is in fact just

V
[
∇t

U (A
t
XY )−At

∇t
UXY −At

X(∇t
UY )

]
= V

[
∇U (AXY )− tA∇UXY − tAX(∇UY )

]
.

But since H∇UX = tH∇UX, this explains the t factor in At
∇t

UXY = tA∇UXY (we dropped

the superscript t on the A tensor because At
XY = AXY ). Next, At

X(∇t
UY ) = tAX(∇UY ) by

decomposing ∇t
UY into V∇t

UY +H∇t
UY : At

X applied to the first term gives a factor of t because
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At
X ↾ V = tAX ↾ V, and it also gives a factor of t applied to the second term because H∇t

UY =

tH∇UY and this finishes the proof.

The other formulas are similar.

In [FIP04], there is an error for the covariant derivatives in the canonical variation. Indeed, on

page 148 formula (5.7) indicates ∇t
XU = ∇XU and ∇t

UX = ∇UX, which, if they were true, would

imply in particular that At
XU = AXU in contradiction with Lemma 4.2 formula 1 among others.

We now give the Ricci curvature equations for the canonical variation, in case of totally geodesic

fibers (T ≡ 0):

Proposition 4.3. Let π : M → B be a Riemannian submersion with totally geodesic fibers, and

let X,Y be horizontal vector fields and U, V be vertical vector fields. Then we get the following

equations regarding the Ricci curvature Rict of the canonical variation gt:

Rict(U, V ) =yRic(U, V ) + t2⟨AU,AV ⟩, (4.1)

Rict(X,Y ) =}Ric(X,Y )− 2t⟨AX , AY ⟩, (4.2)

Rict(X,U) = t⟨(qδA)(X), U⟩. (4.3)

In particular, as t tends to 0, these equations then become

Rict(U, V ) =yRic(U, V ), Rict(X,Y ) =}Ric(X,Y ), Rict(X,U) = 0.

Proof. The formulas of Corollary 2.22 hold, upon replacing every expression by its gt equivalent.

Thus, it’s just a matter of making the right-hand side of the formulas of Corollary 2.22 not depend

on gt but only on t and g. For (4.1), note that the metric gt restricted to the fibers is the metric gF

rescaled by a factor t. Since the Levi-Civita is unchanged under rescaling of the metric, it follows

from the definition
pRt(U, V )W = ∇t

U∇t
VW −∇t

V ∇t
UW −∇t

[U,V ]W

that pRt = pR, where pR is the curvature tensor on the fibers. Then,

yRict(U, V ) =
∑

gt( pR
t(U, t−1/2Uk)V, t

−1/2Uk)

=
∑

gt( pR(U, t
−1/2Uk)V, t

−1/2Uk)

= t
∑

g( pR(U, t−1/2Uk)V, t
−1/2Uk)

= t · 1
t
yRic(U, V )

=yRic(U, V ).

In (2.12), the terms involving the T -tensor vanish because we assumed the fibers were totally

geodesic, and the term gt(AU,AV ) is simply t2g(AU,AV ) because At
XU = tAXU .

For (4.2), we compute}Rict(X,Y ):

}Rict(X,Y ) =
∑
j

gt(R
∗(X,Zj)Y,Zj) =

∑
j

g(R(X,Zj)Y,Zj)

where R∗ is the curvature tensor on the base space B, and R∗(X,Y )Z = R(X,Y )Z by a similar
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argument as above. Hence,}Rict(X,Y ) =}Ric(X,Y ) and equation (2.14) reduces to

Rict(X,Y ) =}Ric(X,Y )− 2gt(AX , AY )

=}Ric(X,Y )− 2tg(AX , AY )

by verticality of the vectors inside the inner product.

Lastly, (4.3) is immediate from (2.13) and Lemma 4.2 (7).

4.2 In case of a fiber bundle

For this final section, we go over a well known result in the domain of Riemannian submersions,

covered by Detlef Gromoll and Gerard Walschap in their book Metric Foliations and Curvature

(see [GW09]). The previous sections taught us relations between the curvatures (curvature tensor

R, Ricci and sectional curvatures) of the total space, the fibers, and the base space of a Riemannian

submersion π : M → B. In particular, ifM is compact and has a metric of positive Ricci curvature,

then, while it is possible that B contains points of negative Ricci curvature, globally B cannot have

nonpositive Ricci. This says that any Riemannian submersion π will carry over the positivity of

the Ricci curvatue of M to B, in a sense.

The converse question is also of interest: knowing that B admits a metric of positive Ricci

curvature, can we lift this property to M? and under what condition? It is indeed true, at least

in the case where π is fiber bundle with fibers F that admit a metric of positive Ricci curvature,

and with structure group acting isometrically on the fibers. We review these results below.

Definition 4.4 (Fiber bundle, principal bundle). Let M be a Riemannian manifold, and E, F

topological spaces. A fiber bundle with fiber F is the data of a continuous surjection π : E → M

such that for all p ∈M , there exists an open neighbourhood U of p in M , and a homeomorphism

φ : π−1(U) → U × F such that

projU ◦ φ = π|π−1(U)

where projU is the projection onto the open set U . In other words, the following diagram commutes:

U × F π−1(U)

U.

projU

φ

π

The homeomorphism φ is called local trivialisation of M at p.

A principal bundle is a fiber bundle π : P → M , together with a topological group G and a

continuous right action P × G → P such that y ∈ Fx implies yg ∈ Fx for all g ∈ G (we say that

the action preserves the fibers Fx = π−1(x) at x ∈ M), and such that the action restricted to the

fibers F is free and transitive. We call G the structure group.

As a consequence, the orbit space P/G is homeomorphic toM , and each fiber is homeomorphic

to the structure group G; however, since there is no preferred choice of identity element, these sets

are not by default isomorphic as groups.

Given a fiber bundle π : E → M , and two open sets U , V of M with non empty intersection

U∩V and local trivialisations φU , φV : π−1(U∩V ) → (U∩V )×F , the change of local trivialisation
maps φ−1

V ◦ φU : (U ∩ V ) × F → (U ∩ V ) × F are of the form (x, p) 7→ (x, ψU,V (x)p), where

ψU,V : U ∩ V → Homeo(F ) is called a transition function. If all the transition functions are part
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of a group G ⊂ Homeo(F ) then we call G the structure group of the fiber bundle. This group is

not unique as it can in practice always be made bigger. As an example one can consider a vector

bundle with structure group O(n) the orthogonal group; of course, the transition functions are

also part of the general linear group GL(n,R). The transition functions verify the three following

conditions: ψU,U = e, ψU,V = ψ−1
V,U , and ψU,W = ψU,V ◦ ψV,W (often called the cocycle condition).

Remark 4.5. If π : E → M is a fiber bundle with fibers F , one gets an open cover of

the base space M by trivialisable sets Uα, i.e. open sets whose inverse image under π

is Uα × F , and one gets homeomorphisms that constitute the transition functions of the

bundle. Conversely, starting with this local information, namely an open cover of sets of

the form Uα × F and transition functions verifying the cocycle condition, we recover the

full data of the fiber bundle by gluing together the local products {Uα × F}α with these

homeomorphisms. This proves to be particularly useful when constructing principal bundles

from a fiber bundle: if π : E → M is a fiber bundle with structure group G, one gets an

associated principal G-bundle, that we denote PG(E), by replacing the fibers F by G in

the local products and gluing them by the same transition functions ψ(x) = ψU,V (x), with

these functions acting on the group G on the left by p 7→ ψx,U,V · p.

In fact, the original fiber bundle can be recovered from its associated principal G-bundle; the

construction is given in Definition 4.10

The following theorem is the main goal of this section; we wish to retrieve conditions under

which it is possible to lift positive Ricci curvature:

Theorem 4.6. Let M and F be compact Riemannian manifolds with positive Ricci curvature, and

π : E → M a fiber bundle with fiber F and structure group G. If the metric on F is G-invariant,

then E admits a metric with positive Ricci curvature such that π is a Riemannian submersion.

The theorem stated as such is found in [GW09, Theorem 2.7.3] , although John Nash’s paper

[Nas79] gives an early but similar version with proof. The proof we will provide differs from

Gromoll & Walschap’s one, as in their setup they lack explicit formulas for the Ricci curvatures of

the canonical variations that are stated in Proposition 4.3. Before that, we need some machinery

to tackle the proof.

Definition 4.7 (Riemannian isometry, isometry group). Let (M, g) be a Riemannian manifold. A

map f : M →M is called an isometry,if f is a diffeomorphism, and if for all p ∈M , v, w ∈ TpM ,

g(f∗v, f∗w)f(p) = g(v, w)p.

In other words, the metric equals its pullback under f : f∗g = g. The set of isometries of a

Riemannian manifold M under the composition of maps is a group called the isometry group of

M , denoted Isom(M).

Definition 4.8 (Equivariant map). Let X and Y be sets with a left action of G on X and Y . A

map f : X → Y is called equivariant, or G-equivariant, if for all g ∈ G and x ∈ X,

f(g · x) = g · f(x).

Equivariance is better depicted with a commutative diagram:
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X X

Y Y

g·

f f

g·

Remark 4.9. Let H ⊂ Isom(M) be a subgroup of the isometry group of M . If all the

orbits under the action of H on M are equivariantly diffeomorphic (in the sense that each

diffeomorphism is an equivariant map), then one can equip the orbit space M/G with a

differentiable structure, for which the quotient projection π : M → M/G is a Riemannian

submersion ([GW09] p.8).

We describe a way to obtain a fiber bundle, called the associated bundle, from a principal G-bundle,

such that the two bundle projections are linked in a certain way:

Definition 4.10 (Associated bundle). If πP : P → M be a principal G-bundle, by the comment

after Definition 4.4 we can writeM asM ∼= P/G, where the quotient denotes the orbit space. Now

if F is a manifold with a left G-action, then the action

G× P × F −→ P × F

(g, x, y) 7−→ (xg−1, gy)

is free. We denote (see [GW09] p.92) the quotient space G\(P × F ) by P ×G F , and call it the

the bundle with fiber F associated to the principal bundle πP . It has the structure of a manifold;

moreover, it is the total space of a fiber bundle π : P ×G F →M , with fiber F and structure group

G, where the map π acts as [(x, y)] 7→ πP (x).

Then πP and π are connected via the following commutative diagram:

P × F P ×G F

P M

ρ

π1 π

πP

Here, ρ denotes the quotient projection and π1 is the projection onto the first factor. If P and

F have G-invariant metrics, then the G-action on both of these spaces is isometric, and thus the

same goes for the action on the product P ×F . By Remark 4.9, P ×GF admits a metric such that

the projection ρ is a Riemannian submersion, and same goes for πP : P → M . Remark 4.5 says

that from any fiber bundle, one gets an associated principal G-bundle PG(E). The construction

above in fact allows us to recover the original fiber bundle π : E → M from PG(E), by noticing

that E ∼= PG(E) ×G F since the transition functions are the same. To simplify the notation, we

write P instead of PG(E).

Next, we define a common notion in the theory of bundles:

Definition 4.11 (Connection, principal connection, [Bes87, 9.54]). Let π : E → M be a fiber

bundle. A connection on the fiber bundle π : E → M is a vector-valued 1-form Φ ∈ Ω1(E, kerπ∗)

with values in kerπ∗, such that Φ is idempotent, i.e. Φ ◦ Φ = Φ, and ImΦ = kerπ∗.

Let π : P → M be a principal bundle with structure group a Lie group G and associated Lie

algebra g. Suppose that G acts on the left on itself (recall that by definition of a principal bundle,

G acts on the right on the manifold). A principal connection Φ is a 1-form on P with values in g,

such that:
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4 Lifting Ricci curvature 55

1. For all g ∈ G, we have

(Rg)
∗Φ = Ad(g−1) ◦ Φ

where Rg denotes the right translation by g and Ad(g)(h) = ghg−1.

2. For any vector V ∈ g, we have at each point of P

Φ(pV ) = V

where the vector field pV generates the one-parameter group of diffeomorphisms of P given

by the action of the subgroup Exp(tV ) of G, i.e.

pVg =
d

dt
Exp(tV ) · g

∣∣∣∣
t=0

.

Since the fibers of the submersion π : P →M are the group G itself, any vector V ∈ g is vertical

by definition, and one may recover the vertical distribution V = kerπ∗ from the vector fields pV

by making V vary in g. Note that any principal connection induces a horizontal distribution

complementary to V = kerπ∗ by setting H = kerΦ. This complement has full rank since Φ has

full rank (ImΦ = kerπ∗).

In the more general case, a (not necessarily principal) connection also gives rise to a horizontal

distribution. Indeed, at a point u ∈ E, the connection Φu : TuE → (kerπ∗)u is a projection and

thus we get the usual splitting TuE = kerΦu ⊕ ImΦu = kerΦu ⊕ (kerπ∗)u. For references about

connections and principal connections, see [Mic08] sections 17, 18 and 19. In [GW09] p.4, the

corresponding definitions denote the connection as H to emphasize the correspondence between

connections and horizontal distributions.

Remark 4.12. If E and M are Riemannian manifolds and π : E → M is a principal

bundle, then there are possibly many choices of horizontal distributions complementary

to the vertical bundle kerπ∗. If (H1
p)p∈U is a distribution defined on a subset U ⊂ M ,

and (H2
p)p/∈U is another distribution defined outside of U , both complementary to kerπ∗

and such that Hi = kerΦi for principal connections Φi, i = 1, 2, then one can interpolate

between the two with a bump function θ: if the function θ : M → [0, 1] is smooth and such

that θ = 1 on an open set V ⊂ U , and θ = 0 outside of U , then the new principal connection

Φ3 defined by

Φ3 = θΦ1 + (1− θ)Φ2

yields a horizontal distribution H3 = kerΦ3 again complementary to kerπ∗ and interpolates

between H1 inside of U and H2 outside of U .

Proposition 4.13 ([GW09, Proposition 2.7.1]). Let M be a Riemannian manifold, πP : P → M

a principal G-bundle with connection Φ. If F is a Riemannian manifold on which G acts by

isometries, then there exists a metric on P ×G F such that π : P ×G F → M is a Riemannian

submersion with totally geodesic fibers, isometric to F , and horizontal distribution H := ρ∗(kerΦ×
{0}), where ρ denotes as above the quotient projection ρ : P × F → P ×G F .

We refer to this specific metric as a connection metric. Note that this metric is unique although

we will only need that it exists. We provide a sketch of the proof given by Gromoll and Walschap;

we will not show that the fibers are totally geodesic as the proof requires the use of holonomy
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Jacobi fields. For the proof, we need to arrange that π∗ : T (P ×G F ) → TM is a linear isometry

on H, by choosing a certain metric on P ×G F that yields the isometry. For this we specify inner

products separately on the vertical and horizontal distributions; we cannot directly specify a metric

on P ×G F that realises the isometry since the horizontal distribution is not necessarily integrable.

We will ”pull back” the inner products on TM via π to get the metric restricted to H on P ×G F ,

and we will ”push forward” the inner products on the factor F of P × F to obtain the metric

restricted to the vertical distribution kerπ∗.

Proof. Given a connection Φ on P , we may transport its induced horizontal distribution to P ×GF

by setting H := ρ∗(kerΦ×{0}). Given H on T (P ×GF ), the tangent bundle T (P ×GF ) then splits

as H ⊕ kerπ∗, and to make π∗ an isometry at a point ρ(p,m) ∈ P ×G F , (p,m) ∈ P × F , equip

H with the unique inner product that makes π∗ : Hρ(p,m) → Tπ(ρ(p,m))M = TπP (p)M an isometry.

Next, let hp : F → ρ(p, F ) be the map defined by hp(m) = ρ(p,m). Note that ρ(p, F ) = π−1
P (p) and

hp∗ : TmF → ρ∗({0} × TmF ) is valued in the vertical distribution, on which we need to specify a

metric. To do so, since F already has a metric, equip ρ∗({0}×TmF ) with the unique inner product

that makes hp∗ an isometry. Since the diagram after Definition 4.10 commutes, i.e. π ◦ρ = πP ◦π1,
we indeed have that H⊕ kerπ∗ and kerπ∗ = ρ∗({0} × TmF ); moreover since G acts by isometries

on F , the metric is well defined. Note that it only determines the metric g = gijdx
i⊗dxj restricted

to the vertical and horizontal distributions individually, so we are free to choose its gij coefficients

so that these distributions are orthogonal.

Now that we have defined the connection metric, we can upgrade the result already cited above

in Remark 2.8:

Theorem 4.14 ([GW09, Theorem 2.7.2]). Assume M is complete, and let π : M → B be a

Riemannian submersion with totally geodesic fibers. Then π is a fiber bundle and the metric on M

is a connection metric.

Proof of Theorem 4.6. Let G be the structure group of the fiber bundle π : E →M . Consider the

principal G-bundle πP : P →M associated to π as in Remark 4.5, and thus write E as E = P×GF .

By Proposition 4.13, E admits a connection metric. Since the projection π from Proposition 4.13

is a Riemannian submersion, we get the usual decomposition of the bundle as V⊕H. So the metric

splits as a vertical component and a horizontal component; we can thus warp the metric in the

vertical component with a constant function (see Definition 2.24 and Definition 4.1) φ : E → R+,

φ(x) := t. This is in fact exactly the canonical variation of the metric with factor t.

Proposition 4.3 gives the three components of the warped Ricci curvature; horizontal, vertical

and ”vertizontal” (mixed planes). Since we assumed that the fibers F had positive Ricci curvature,

then (4.1) says Rict(U,U) = yRic(U,U) + t2g(AU,AU), which implies that E has positive Ricci,

restricted to vertical vector fields. Now, since the baseM has positive Ricci as well,}Ric(X,X) > 0

for any horizontal X ̸= 0. In particular, since M is compact, there exists ε > 0 such that
}Ric(X,X) > ε everywhere. It suffices thus to take t sufficiently small so that

ε− tg(AX , AX) > 0

for all p ∈M and for all X ∈ TpM , where g is the metric on M . Take for example

t = ε/(1 + sup
p,X

g(AX , AX)),
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and compactness of M ensures that sup g(AX , AX) < ∞ (for any unit vector field X ∈ T 1M , the

assignment (X, p) 7→ g(AX , AX)p is a continuous map from the compact set M × T 1M to R).
Therefore E has positive Ricci restricted to horizontal vector fields as well. If N is any vector field,

it decomposes uniquely into a horizontal part and a vertical part, N = X + V for some X ∈ H,

V ∈ V. Thus, the quantity Ric(N,N) expands to

Rict(N,N) = Rict(X,X) + 2Rict(X,V ) + Rict(V, V )

=}Ric(X,X)− 2tg(AX,AX) +yRic(V, V ) + t2g(AV,AV ) + tg((qδA)(X), V )

≥}Ric(X,X) +yRic(V, V )− 2tg(AX,AX) + tg((qδA)(X), V )

and since }Ric(X,X) and yRic(V, V ) are positive, this implies that for very small values of t,

Rict(N,N) > 0, which ends the proof.
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5 Reverse result

5.1 The result

This last part is dedicated to the construction of an example of a fiber bundle π : E → M that

does not transport the positivity of the Ricci curvature. This is, in some sort, a ”reverse result”, in

the sense that the assumptions are similar as Theorem 4.6. More precisely, we prove the theorem:

Theorem 5.1. Let π : E →M be a fiber bundle from a compact manifold E to a compact manifold

M that admits a metric gM with RicM > 0. Suppose that the fibers F admit a metric such that

the structure group G acts isometrically on F , and that RicF > 0. Then, there is a metric g̃ of

positive Ricci curvature on E, and a metric g̃M such that π : (E, g̃) → (M, g̃M ) is a Riemannian

submersion, and the corresponding metric g̃M has points of negative Ricci curvature on M .

The example we will construct uses a specific principal connection, canonically defined for Lie

groups:

Definition 5.2 (Maurer-Cartan form). Let G be a Lie group. The Maurer-Cartan form ω ∈
Ω1(G,TeG) is a 1-form on G whose action on tangent vectors X ∈ TgG is given by

ωg(X) = (Lg−1)∗X

where e ∈ G is the identity element and L is the left translation.

On a Lie group G with Lie algebra (g, [·, ·]), we denote by [ω ∧ η] the wedge product of two

1-forms ω, η ∈ Ω1(G, g), defined by

[ω ∧ η](X,Y ) = [ω(X), η(Y )]− [ω(Y ), η(X)].

Definition 5.3 (Curvature form). Let G be a Lie group and πP : P →M be a principal G-bundle,

with principal connection Φ. The curvature form of Φ is the Lie algebra valued 2-form Ω given by

Ω = dΦ +
1

2
[Φ ∧ Φ]

or more precisely, Ω(X,Y ) = dΦ(X,Y ) + 1
2 [Φ∧Φ](X,Y ), where d denotes the exterior derivative.

The Maurer-Cartan form is of particular interest because its associated curvature form vanishes:

1

2
[ω ∧ ω] = [ω, ω], dω = −[ω, ω].

Indeed, let X,Y ∈ g = Lie(G) be left-invariant vector fields. Then,

dω(X,Y ) = X(ω(Y ))− Y (ω(X))− ω([X,Y ])

where [·, ·] denotes the Lie bracket of vector fields. But ω(X) = Xe is constant, so Y (ω(X)) = 0

and similarly X(ω(Y )) = 0. Moreover, (Lh)∗([X,Y ]) = [(Lh)∗X, (Lh)∗Y ] for all h ∈ G, so
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−ω([X,Y ]) = −[ω(X), ω(Y )]. So

Ωω(X,Y ) = dω(X,Y ) +
1

2
[ω ∧ ω](X,Y )

= −[ω(X), ω(Y )] +
1

2
([ω(X), ω(Y )]− [ω(Y ), ω(X)])

= −[ω(X), ω(Y )] + [ω(X), ω(Y )]

= 0,

and since left-invariant vector fields span the tangent space of G at each point, and the objects

above are tensorial, this holds globally on G.

Moreover, since left translations commute with right translations, the Maurer-Cartan form

defines a principal connection. Indeed,

Ad(g−1)(R∗
g−1ωe)X = (Rg ◦ Lg−1)∗ωe(Rg−1)∗X = (Lg−1)∗X = ωg(X).

To prove Theorem 5.1 we will need to deform the metric on a small open set of the base space

to obtain constant sectional curvature 1 on this set while keeping the same metric outside of this

open set, which allows essentially to identify this set with a geodesic ball on the sphere Sn of radius

1. This is made possible by the following lemma:

Lemma 5.4 ([Rei24, Lemma 4.2]). Let (M, g) be a Riemannian manifold of positive Ricci curva-

ture. Then, there exists a metric g′ of positive Ricci curvature on M with the following properties:

� There exists ε > 0 such that on the geodesic ball Dε(p) ⊆M which we identify with Dε(0) ⊆
TpM via the exponential map, the metric g′ coincides with the induced metric of a geodesic

ball of radius ε in the sphere of radius 1;

� The metric g′ coincides with g outside an arbitrary small neighbourhood of p.

Modifying sectional curvature locally is a standard procedure in Riemannian geometry. How-

ever, the exact original reference is difficult to pinpoint; an early reference would be [GY86].

Lemma 5.4 is found in [Rei24] almost exactly as such, where Philipp Reiser cites [Wra02], paper

in which David Wraith also cites Yau and Gao’s work.

The second part of the proof of Theorem 5.1 combines the Pro-Wilhelm construction and the

canonical variation of the metric; after modifying the sectional curvature on a small open set of the

base space M , it remains to ensure that these two modifications of the metric connect smoothly.

The next lemma helps achieving this:

Lemma 5.5. Let (F, gF ) be a Riemannian manifold of positive Ricci curvature, and let Dn denote

a geodesic ball inside Sn. Then, for all R > 0 and t > 0 sufficiently small, there exists a metric of

positive Ricci curvature on Dn × F such that:

� The projection π : (Dn × F ) → Dn is a Riemannian submersion and the metric on Dn has

points of negative Ricci curvature.

� On a neighbourhood of the boundary ∂Dn ⊂ Sn, the metric of Dn × F is of the form dr2 +

sin(r)
2
ds2n−1 + t2gF with r ∈ [R− π,R].

Proof. We apply the Pro-Wilhelm construction to the sphere Sn instead of S2. To achieve this, we

modify the metric on Sn, by warping some of the components with a function φ, to yield Sn
φ and
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thus the modification will affect Dn as well. Recall from Section 3 that if we denote the standard

round metric of the sphere Sn−1 by ds2n−1, the metric on the n-sphere can be derived from the

formula

ds2n = dr2 + sin(r)
2
ds2n−1.

We then consider φ : [0, π] → R smooth such that the metric

gφ = dr2 + φ(r)2ds2n−1

on Sn is smooth; denote it by Sn
φ. In the Pro-Wilhelm construction, the base space S2

φ has negative

Ricci curvature along r−1(p). We thus choose the point p ∈ (0, π/4) so that the geodesic ball Dn

contains the (n − 1)-sphere r−1(p) ∈ Sn
φ. This means that along r−1(p), Dn has negative Ricci

curvature, see Lemma 3.16.

Now let (F, gF ) be a Riemannian manifold of positive Ricci curvature. Consider the warped

product Dn ×ν F with a function ν as in Lemma 3.16. The warping function ν affects the metric

with a factor of e2νgF , or more precisely the metric on the product Dn ×ν F is

dr2 + φ(r)2ds2n−1 + e2νgF

where the function ν only depends on r. Since in the construction of Lemma 3.16 we have arranged

that φ = sin and ν = const everywhere except on an arbitrarily small neighbourhood of the point

p, it follows that the metric near the boundary ∂Dn is

dr2 + sin(r)
2
ds2n−1 + e2νgF .

By the comment after Definition 2.23, the projection π1 : D
n ×ν F → Dn onto the first factor is a

Riemannian submersion, with fibers F . For a sufficiently small number β > 0, the warped product

Dn ×ν+ln β F then has positive Ricci curvature while Dn has points of negative Ricci curvature

(see Section 3). Thus the metric is of the expected form, by setting t2 = βe2ν .

5.2 Proof of the result

In the Pro-Wilhelm construction, the Riemannian submersion is of the form π : S2
φ ×ν F → S2

φ,

i.e. the projection on the first factor of a warped product. Here, after modifying the sectional

curvature of a small open set U ⊂M so that it is constantly 1, that we view as a subset (in fact, a

geodesic ball) Dn of the sphere Sn, we consider the warped product Dn ×ν F for a manifold F as

in the Theorem 4.6, and the submersion π being the projection onto Dn. We will perform a similar

modification of the metric of Dn ⊂ Sn with functions φ and ν as in Lemma 3.16, with the extra

condition that φ and ν need to be such that the metric is smooth outside of the set π−1(Dn).

Proof of Theorem 5.1. Let then π : E → M be a fiber bundle with fiber F as in Theorem 4.6.

Assume that RicM > 0 and RicF > 0. Let G be the structure group of the fiber bundle π and

πP : P → M the associated principal G-bundle, with fibers diffeomorphic to G; assume moreover

that G acts isometrically on F . Then E = P ×G F and the following diagram commutes:

P × F P ×G F

P M.

ρ

π1 π

πP
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For a point x ∈ M , consider a small enough (simply connected) neighbourhood Ux ⊂ M of x on

which we arrange that secM |Ux
= 1. This is done by applying Lemma Lemma 5.4 to the manifold

M ; moreover, since the metric of Lemma 5.4 agrees with gM outside of the neighbourhood, we

indeed preserve positivity of the Ricci curvature on M . If n is the dimension of M , and Sn is

the n-sphere of radius 1, then its sectional curvature is constantly 1. For some α > 0 we denote

by Dn the geodesic ball on Sn of radius α, where we choose the geodesic ball to be centered at

r−1(0); after identifying Dn with Ux, we can embed isometrically Dn in M , where the isometry is

a Riemannian isometry.

Since we have chosen the open set Ux to be sufficiently small, it trivialises over πP : P →M as

Ux × G, that we now view as Dn × G. We now prescribe a principal connection on the principal

bundle πp: on the product Dn × G, consider the connection Φ defined by Φ: TDn × TG → g,

Φ(X,Y ) = ω(Y ), where ω is the Maurer-Cartan 1-form on G and g is the Lie algebra associated

to G (i.e. Φ is the Maurer-Cartan form extended constantly in the Dn direction). The connection

outside of Dn × G does not matter; with a partition of unity we can simply choose it to be

any principal connection outside of Dn × G, see Remark 4.12. With this choice of principal

connection, Φ is nothing but a projection onto g, and the horizontal distribution associated to

Φ is thus kerΦ = TDn. Now equip E with a connection metric as in Proposition 4.13, i.e. one

that makes π : E = P ×G F →M a Riemannian submersion, and such that the connection on the

fiber bundle π is ρ∗(kerΦ × {0}). Since the construction in Proposition 4.13 describes what the

connection metric is on the total space P ×GF (the metric is specified on each of the two factors of

TDn ⊕ kerπ∗ = T (P ×G F ) = TE), it follows that we have a product metric over ρ(Dn ×G×F ).

Then, ρ(Dn ×G× F ) = π−1(Dn) = Dn × F (assuming we picked Ux small enough so that it also

trivialises over π) because the above diagram commutes. Since π is trivial over Dn, it is indeed

the projection π : Dn×F → Dn, and the equations (3.1), (3.2) and (3.3) hold when applied to the

metric gDn + e2νgF .

We now make use of Lemma 5.4 onDn×F , to obtain that the projection ontoDn is Riemannian

and Dn has points of negative Ricci curvature, and the metric on Dn × F is of the form dr2 +

sin(r)
2
ds2n−1 + t2gF near ∂Dn × F for a very small t > 0. In fact, on E we consider the canonical

variation gβ for a sufficiently small number β > 0 such that outside of π−1(Dn) ⊂ E, (E, gβ) has

positive Ricci cuvature (see Theorem 4.6). Since by Lemma 5.4, the metric on M agrees with the

metric gM outside of Dn, it suffices that the warping function ν is constant on the boundary of Dn

for the metric on π−1(Dn) to agree with the metric of E outside of Dn×F ; this is already achieved

in Lemma 5.5. Now extend the warping function ν so that it is constant on the whole manifold E,

and extend the warping metric constantly throughout the manifold E. By choosing λ > 0 to be

sufficiently small, the warping function ν+lnλ yields points of negative Ricci curvature on Dn but

overall positive Ricci curvature on Dn ×ν+lnλ F , and the canonical variation gβ+λ yields positive

Ricci curvature outside of Dn × F . Then, for t2 = β · λe2ν , we indeed get a metric of the form of

Lemma 5.5, which is smooth on E, and this finishes the proof.
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E = P ×G F

π−1(Dn) = (Dn × F, g̃)

M (Ux, g) ∼=
Isom

(Dn, gSn)

π

(Sn, gSn)

r

r

Figure 4: Fiber bundle π : E → M with modification of the metric on a small open set Ux ⊂ M
so that it has constant sectional curvature 1. The metric upstairs is chosen to be a connection
metric, and Ux trivialises as Dn × F on which the metric has the form dr2 + sin(r)

2
ds2n−1 + t2gF

near ∂Dn.
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Appendix

A General notions of differential geometry

We recall here some basic notions of differential geometry that are indispensable to understand

this thesis. This is deeply inspired by the Algebra, and Riemannian Geometry lectures given by

Prof. Anand Dessai.

Definition A.1 (Manifold, smooth manifold). Let M be a set. We say that M is a manifold

or topological manifold of dimension m, if the following hold:

� M is a Hausdorff topological space,

� M is second countable,

� M is locally Euclidean, i.e. for any point p ∈ M , there is an open neighbourhood

Up ⊂M , an open set V ⊂ Rm and a homeomorphism φ : Up → V .

IfM is a manifold of dimensionm, a chart is a pair (U,φ) where U ⊂M is open and φ : U → V

is a homeomorphism onto a subset of Rm. If (U,φ), (Ũ , ψ) are two charts around the same

point p ∈ M , then the composition ψ ◦ φ−1 : φ(U ∩ Ũ) → ψ(U ∩ Ũ) is called a transition

map. Two charts are smoothly compatible if their transition map is a diffeomorphism in

the usual Euclidean sense. Moreover, we call an atlas any collection of charts {Uα, φα}α for

whichM =
⋃

α Uα. An atlas is smooth if any two charts in the atlas are smoothly compatible.

Finally, a smooth atlas is said to be maximal if it is not contained in any other smooth atlas.

We then say thatM is a smooth manifold of dimensionm, provided thatM is a topological

manifold of dimension m together with a maximal smooth atlas, which provides its smooth

structure.

We would like to use analysis tools to study functions defined on smooth manifolds. In the Eu-

clidean case, say Rn, since the structure is linear, points (viewed as vectors) can be added and

subtracted, thus simplifying the computation of the differential of a map. Since this setup is so easy

to work with, and since manifolds ultimately resemble Rn locally, we may define differentiability

in terms of the classical definition in the Euclidean case:

Definition A.2 (Smooth map). Let M,N be two smooth manifolds of dimension m and

n respectively. A map f : M → N is said to be smooth at p ∈ M , if there exist charts

φ : Ux → V ⊂ Rm, and ψ : Uf(p) → V ′ ⊂ Rn, such that the map f̃ := ψ ◦ f ◦ φ−1 : V → V ′ is

smooth as a map between open sets of Rm and Rn.

The notion extending the one-dimension derivative of a single variable function is the differential

of a map f : Rn → Rm, often denoted df , or f∗. There is an equivalent for maps f : M → N

defined on smooth manifolds, defined roughly as the best linear approximation of f at a certain

point p ∈ M . Since it takes vectors as argument, we need to define an ”overlying” space with a

linear structure on top of the manifold:

Definition A.3 (Tangent vector, tangent space). Let M be a smooth manifold and p ∈ M .

Two curves γ, σ : (−ε, ε) →M with γ(0) = σ(0) = p are equivalent if for any chart φ around
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p, one has (φ ◦ γ)′(0) = (φ ◦ σ)′(0). A tangent vector v at p is then defined as an equivalence

class of curve v = [γ]. Hence, one should see tangent vectors as being the ”arrows” tangent

to curves defined on manifolds, despite the object γ′(t), which in an Euclidean setting defines

the velocity vector of the curve, being ill-defined on general manifolds due to the lack of linear

structure (the Euclidean derivative as quotient of difference makes no sense in all generality).

We denote by TpM the set of tangent vectors at p and call it the tangent space.

If φ : U → Ũ is a chart, then its differential (see Definition A.4) φ∗ : TpU → Tφ(p)Ũ is

bijective. One can show then that the map sending [γ] ∈ Tφ(p)Ũ to γ′(0) ∈ Rm is bijective

as well, allowing to identify Tφ(p)Ũ with Rm as vector spaces. Since φ∗ is bijective, one can

endow TpU with a vector space structure, and since every curve in U ⊂ M is also a curve in

M , this makes TpM into a vector space of dimension m = dim(M).

Another useful interpretation of tangent vectors is given via the equivalent definition of

derivations. If U, V are two neighbourhoods of a point p ∈M , we say that two smooth func-

tions f and g defined on U and V respectively are equivalent if there exists a neighbourhood

W ⊂ U ∩ V of p such that f |W = g|W . Then, one might consider the R-algebra of classes of

functions defined on a neighbourhood U of p

E(p) := {[f ] | f : U → R smooth} .

Then, a derivation X : E(p) → R is a linear map satisfying

X(fg) = X(f)g(p) + f(p)X(g)

and we denote Derp(M) the set of derivations at a point p ∈ M . One shows Derp(M) is

a vector space of dimension m and the key point is that it is isomorphic to TpM . Note

as well that the usual partial derivative operator ∂xi := ∂
∂xi in Rm defines a derivation via

f 7→ ∂f
∂xi . Then, one can show that a basis of Derp(Rm) is given by (∂x1 , . . . , ∂xm). Viewing

partial derivatives as directional derivatives, this translates to the fact that each curve gives

a direction along which functions can be differentiated, hence the correspondence between

tangent vectors and derivations. Then, one gets an isomorphism Derp(M) ∼= Derφ(p)(Rm) via

any chart φ. In fact, this gives a coordinate basis of Derp(M) = TpM by pushing forward the

derivations ∂x1 , . . . , ∂xm via φ−1
∗ , basis that we often write again (∂x1 , . . . , ∂xm). Thus, any

tangent vector v ∈ TpM can be written

v = v1∂x1 + · · ·+ vm∂xm .

Additionally we define the tangent bundle of M as the set TM :=
⋃

p∈M TpM , where the

union is disjoint. Elements of TM are pairs (p, v) specifying the tangent vector and the point

it’s based at. There is a natural projection map π : TM → M sending a pair (p, v) to its

basepoint p. The tangent bundle TM is a smooth manifold of dimension 2 dim(M) = 2m:

for any chart (U,φ), that we write in coordinates φ = (x1, . . . , xm), and any tangent vector

v = v1∂x1 + · · ·+ vm∂xm , the map φ̃ : π−1(U) → R2m defined as

φ̃(p, v) = (x1(p), . . . , xm(p), v1, . . . , vm)
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is bijective onto its image, and one can recover an atlas of TM by taking chart domains Uα

that cover M . One checks easily that the transition maps are smooth and hence we get a

smooth structure on the tangent bundle TM . The fact that dimTM = 2m comes from the

fact that dimR2m = 2m.

Definition A.4 (Differential, pushforward). Let M and N be smooth manifolds. The

differential or pushforward of a map f : M → N at a point p ∈ M is the linear map

(df)p : TpM → Tf(p)N defined in the following way: if v is a tangent vector at p and

γ : (−ε, ε) →M is a curve such that γ(0) = p and γ′(0) = v, then

df(v) = (f ◦ γ)′(0).

The pushforward is functorial with respect to the composition of maps:

d(f ◦ g)p = dfg(p) ◦ dgp

for maps g : M → N and f : N → K, which translates to the fact that we can multiply the Jacobi

matrices when computing the differential of a composition in the Euclidean setting.

Definition A.5 (Vector field). Let M be a smooth manifold and U ⊂M an open subset. A

vector field on U is a continuous map X : U → TM such that (π ◦X)(p) = p for all p ∈ U .

This means in fact that X(p) ∈ TpU = TpM for any point p. Since TpM is spanned by the

derivations (∂x1 , . . . , ∂xm) in a coordinate chart φ, locally any vector field can be written

X = X1∂x1 + · · ·+Xm∂xm ,

where X1, . . . , Xm are called the component functions of X in the chart φ. A useful charac-

terisation of smoothness for vector fields is the following: if (U,φ) is a chart, a vector field X

is smooth if and only if its component functions Xi, i = 1, . . . ,m, are smooth. In practice,

one can always take U =M since any vector field can be extended on the whole manifold M

with a partition of unity.

We denote by Γ(TM) or Γ(M) the collection of all smooth vector fields on M .

Definition A.6 (Distribution). Let M be a smooth manifold of dimension m and TM its

tangent bundle. A rank k distribution D onM is a choice of subspace Dp ⊂ TpM of dimension

k ≤ m for each p ∈M . The distribution is said to be smooth, if the disjoint union

D =
⋃
p∈M

Dp ⊂ TM

is a smooth subbundle of TM . One gets a vector field characterisation of smoothness: a rank

k distribution D is smooth if and only if around each point p ∈M , there is a neighbourhood U

on which there are vector fields X1, . . . , Xk : U → TM such that X1|q, . . . , Xk|q form a basis

of Dq for any q ∈ U .
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Definition A.7 (Integrable, involutive distribution). Let M be a smooth manifold and D a

smooth rank k ≤ m distribution on M . We say that D is integrable, if for each point p ∈ M

there exists a submanifold N ⊂M of dimension k such that Dp = TpN .

Moreover, we say thatD is involutive, if the distribution is bracket-preserving, i.e. [X,Y ]p ∈
Dp whenever X and Y are vector fields around p such that X|p, Y |p ∈ Dp.

Theorem A.8 (Frobenius). Let M be a smooth manifold and D a smooth distribution on M .

Then, D is integrable if and only if D is involutive.

Reference for this theorem is typically found in [Lee13] p.497.

Definition A.9 (Lie bracket of vector fields). Let X,Y ∈ Γ(M) be vector fields, that we

view as derivations on functions defined on M . The Lie bracket of X and Y , denoted [X,Y ],

is again a vector field and is defined via its action on functions f ∈ C∞(M) by

[X,Y ](f) = X(Y (f))− Y (X(f)).

Definition A.10 (Topological group, Lie group). Let (G, ·) be a group. We say that G is a

topological group if there exists a topology O on G such that the maps

(g, h) 7→ g · h, g 7→ g−1

are continuous with respect to O, as maps G × G → G and G → G (on G × G we put the

product topology).

If the group G admits a smooth structure turning it into a smooth manifold, we say that

it is a Lie group if the two aforementioned maps are smooth.

On a Lie group, there is a canonical structure called the Lie algebra of the Lie group G, often

denoted g, which is a vector space with additional structure:

Definition A.11 (Left-invariant vector field, Lie algebra). Let G be a Lie group. A vector

field X ∈ Γ(G) is said to be left-invariant if the following holds:

Xgh = (dLg)hXh

for all g, h ∈ G, where Lg denotes the left multiplication by g. If dimG = n, then there are

exactly n linearly independent left-invariant vector fields on G; this can easily be achieved

at a point, say the identity e ∈ G, and then translated to any other point g ∈ G by left-

multiplication.

Now, a Lie algebra g is a (real) vector space together with an extra operation [·, ·] : g×g → g

called the Lie bracket, satisfying the following conditions: for all X,Y, Z ∈ g,

� [X,Y ] = −[X,Y ] (alternating)

� [aX + bY, Z] = a[X,Z] + b[Y,Z], [Z, aX + bY ] = a[Z,X] + b[Z, Y ] for all a, b ∈ R
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(bilinearity)

� [X, [Y, Z]] + [Y, [Z,X]] + [Z, [X,Y ]] = 0 (Jacobi identity).

The set of all left-invariant vector fields with the Lie bracket of vector fields forms a real Lie

algebra and is called the Lie algebra of the Lie group G. There is a one-to-one correspondence

between vectors at the identity e ∈ G and left-invariant vector fields: any vector v ∈ TeG can

be extended to a left-invariant vector field on G by simply setting

v|g = (dLg)v|e.

With this, the tangent space at the identity TeG can be identified with the Lie algebra g of

G, where the bracket operation is defined as

[v, w] = [ṽ, w̃]e ∈ TeG

where ṽ and w̃ denote the left-invariant vector fields obtained from v and w.

Definition A.12 (One-parameter (sub-)group, Exp(tX)). Let G be a topological group. A

one parameter (sub-)group is a continuous homomorphism φ : R → G, i.e. it satisfies

φ(s+ t) = φ(s) · φ(t).

If G is a Lie group with Lie algebra g we denote by Exp(tX) the one-parameter subgroup of

G generated by the vector X ∈ g.

If M is a Riemannian manifold on which the Lie group G acts on the left, then Exp(tX) acts on

M and yields a one-parameter group φt of diffeomorphisms of M defined by

φt(y) = Exp(tX)y.

B Riemannian geometry

Definition B.1 (Riemannian manifold). A Riemannian structure on a smooth manifold is

a family (gp)p∈M of inner products on the tangent space TpM , such that for all fixed vector

fields X,Y on M , the assignment p 7→ gp(X,Y ) is smooth as a map M → R. A Riemannian

manifold is a choice of Riemannian structure on a smooth manifold.

Definition B.2 (Affine connection, covariant derivative). Let M be a Riemannian manifold.

An affine connection is a map ∇ : Γ(M) × Γ(M) → Γ(M), X,Y 7→ ∇(X,Y ) =: ∇XY , such

that for all f ∈ C∞(M),

1. ∇fX+Y = f∇X +∇Y ,

2. ∇X(Y + Z) = ∇XY +∇XZ, and
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3. ∇X(fY ) = f∇XY +DXf(Y )

where DXf is the directional derivative, i.e. DXf = ⟨grad f,X⟩.

Definition B.3 (Metric compatibility, torsion-free). Let (M, g) be a Riemannian manifold.

A connection ∇ on M is called compatible with the metric, or just metric, if for all X,Y, Z ∈
Γ(M),

Xg(Y, Z) = g(∇XY, Z) + g(Y,∇XZ).

We say that ∇ is torsion-free, if for all X,Y ∈ Γ(M),

∇XY −∇YX = [X,Y ].

Theorem B.4 (Fundamental theorem of Riemannian geometry). Let (M, g) be a Riemannian

manifold. Then, there exists a unique affine connection ∇ that is both metric and torsion-free.

We call this connection the Levi-Civita connection.

For reference and proof, see [Lee06] Theorem 5.4.

Let now (M, g) be a Riemannian manifold with ∇ as Levi-Civita connection. Let M ⊂ M be a

submanifold and let g be the metric on M induced by g, i.e.

g(v, w) := g(v, w) ∀v, w ∈ TpM, p ∈M.

For p ∈M , let (·)T : TpM → TpM be the orthogonal projection with respect to the scalar product

gp, with the splitting TpM = TpM ⊕ TpM
⊥. A vector field Z ∈ Γ(M) defines a vector field on M ,

(Z
∣∣
M
)T ∈ Γ(M), by first restricting to M and then using (·)T . This defines a linear map

(·)T : Γ(M) −→ Γ(M)

Z 7−→ (Z
∣∣
M
)T

with (Z
∣∣
M
)T : M → TM , p 7→ (Zp)

T . On the other hand, every vector field X ∈ Γ(M) on M can

be extended to a vector field X ∈ Γ(M) on M using a partition of unity; this extension is not

unique.

For X,Y ∈ Γ(M), consider ∇XY , where X and Y ∈ Γ(M) are extensions of X,Y . In fact

∇XY (p), p ∈ M only depends on X(p) = X(p), and the restriction of Y to a curve γ with

γ′(0) = X(p). Since X(p) = X(p), we can choose γ to be a curve γ : I → M . Therefore, it only

depends on Y
∣∣
γ
.

Hence, ∇XY (p) is independent of the choice of extensions X, Y .

Proposition B.5. The map

∇M : Γ(M)× Γ(M) −→ Γ(M)

(X,Y ) 7−→
(
∇XY

)T
is the Levi-Civita connection.
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For reference and proof, see [GHL+90] Proposition 2.56. In particular, in case of a Riemannian

submersion π : M → B, the fibers Fb are submanifolds of M , and the Levi-Civita connection p∇ on

the fibers Fb is given by the map (U, V ) 7→
(
p∇

pU
pV
)T

; since the vectors U, V are typically chosen

to be vertical, meaning they already belong to TpFb, and since the projection (·)T in this context

is nothing but the vertical projection V, we get that the Levi-Civita connection on the fibers is

V∇.

Definition B.6 (Curvature tensors). Let (M, g) be a Riemannian manifold. The curvature

tensor R is the map R : Γ(M)× Γ(M)× Γ(M) → Γ(M), defined by

R(X,Y )Z := R(X,Y, Z) := ∇X∇Y Z −∇Y ∇XZ −∇[X,Y ]Z.

Hence, R(X,Y ) = [∇X ,∇Y ]−∇[X,Y ].

The Ricci curvature is the trace of the curvature tensor, or more precisely,

Ric(Y,Z) := tr(X 7→ R(X,Y )Z).

On a specific fiber TpM , for any orthonormal basis (v1, . . . , vm) of TpM , this expression

develops to

Ricp(Y, Z) =

m∑
k=1

⟨R(vk, Y )Z, vk⟩.

The map R is indeed a tensor and restrict to a multilinear map on the fibers of the projection

π : TM →M . We state three simple but important identities regarding the curvature tensor:

Lemma B.7. For any vector fields (not necessarily vertical or horizontal) X,Y, U, V , one

has:

1. ⟨R(X,Y )U, V ⟩ = −⟨R(Y,X)U, V ⟩,

2. ⟨R(X,Y )U, V ⟩ = −⟨R(X,Y )V,U⟩,

3. ⟨R(U,X)Y, V ⟩ = ⟨R(Y, V )U,X⟩.

Lemma B.8 (Bianchi identity). For all vector fields X,Y, Z (not necessarily horizontal),

R(X,Y )Z +R(Y,Z)X +R(Z,X)Y = 0.

For references for Lemma B.7 and Lemma B.8, check for example Proposition 3.1.1 p.79 of [Pet98]

(P.P. Riemannian Geometry).

For two linearly independent vectors V and W , let V ∧W denote the parallelogram spanned

by V and W , and PVW denote tangent plane spanned by V and W .

Definition B.9 (Sectional curvature). Let M be a Riemannian manifold, p ∈M and X,Y ∈
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TpM be linearly independent vectors. The sectional curvature of PXY < TpM is the number

K(PXY ) := K(X,Y ) :=
⟨R(X,Y )Y,X⟩

∥X ∧ Y ∥2
.

Definition B.10 (Vector field along a curve, parallel vector field). Let γ : I →M be a smooth

curve. A vector field V : I → TM is said to be along the curve γ, if V (t) ∈ Tγ(t)M for all

t ∈ I.

A vector field V along a curve γ is parallel if DV
dt = 0.

Proposition B.11 (Covariant derivative along a curve, see [Lee18]). Let M be a smooth

manifold with covariant derivative ∇. Then there exists a unique operator D
dt , which maps

any vector field V along a curve γ to a vector field DV
dT along γ, called the covariant derivative

of V along γ, such that

1. D
dt (a · V +W ) = a · D

dt (V ) + D
dt (W ) with V,W vector fields along γ, a ∈ R.

2. D
dt (f · V ) = f · D

dt (V ) + df
dt · V with V a vector field, f : I → R smooth.

3. If V = Y ◦ γ for a vector field Y ∈ Γ(M) on M then

DV

dt
(t) = ∇γ′(t)Y.

Definition B.12 (Geodesic, speed of geodesic). Let M be a Riemannian manifold, with LC

connection ∇. A curve γ : I → M , where I is any compact interval, is called geodesic if it

satisfies the following equation:

Dγ′γ′ = ∇γ′γ′ = 0.

The speed of a geodesic is the number |γ′|. If this number is equal to 1, then we say that the

geodesic has unit speed.

One useful characterisation of geodesics is the following, using coordinate representation:

Proposition B.13. A curve γ = (x1, . . . , xn) on (M, g) is a geodesic if it satisfies locally the

system of ODEs

x′′k +

m∑
i,j=1

x′i · x′j · Γk
ij = 0

for all k = 1, . . . ,m. For initial data v ∈ TpM there exists ε > 0 and a unique geodesic

γ : (−ε, ε) →M with γ(0) = p, γ′(0) = v.

(See [GHL+90] p.90). This implies that at any point p ∈M , and for any tangent vector v ∈ TpM ,

on a sufficiently small neighbourhood U of p there exists a unique geodesic γv starting at p, in the

direction of v. Cover the manifoldM with neighbourhoods of this sorts and let Λ denote the union

of the sets E defined by

E := {v ∈ TpM | |v| < ε, p ∈ U}
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where ε > 0 is the number as in Proposition B.13. The set Λ is an open neighbourhood of the zero

section.

Definition B.14 (Exponential map). The exponential map is the map exp: Λ → M , which

to any vector v ∈ TpM , |v| < ε, maps its unique geodesic at time 1, exp(v) = γv(1).

Proposition B.15 ([Lee13, Corollary 13.29]). Let (M, g) be a Riemannian manifold. Define

the length functional of a curve γ : [a, b] →M by

L(γ) :=

∫ b

a

|γ′(t)|dt

and define the distance function on M by

d(p, q) := inf
γpq

L(γpq)

where γpq is a piecewise smooth curve joining p and q. Then, the distance function d(·, ·)
generates the same topology as the manifold topology of M .

Definition B.16 (G-invariant metric, isometric action). Let (M, gM ) be a manifold and G

a group acting (on the left) on M . We say that the action is isometric and the metric gM is

said to be G-invariant, if for all φ ∈ G, the map

fφ : M →M, x 7→ φ · x

is an isometry, i.e. gM ((fφ)∗v, (fφ)∗w) = gM (v, w) for all p ∈M , v, w ∈ TpM .
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