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Introduction The model

What is SAW?

Lattice: Z9¢ = (V, E).
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an injective map v : {0,...,n} — V with (7, Vk+1) € E and 7 = 0.

cn = [SAW,,| P, - uniform measure on SAW,,.
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Introduction  The model

Connective constant

Sub-multiplicativity: cmin < €nCm-

n|

It follows that:  (c,)Y/™ = puc and Ch >l

The connective constant, p., depends on the lattice.

For the hexagonal lattice puc(H) = v/2++/2  (Duminil-Copin, Smirnov '11)
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Introduction Critical exponents

Critical exponent for the number of walks ~
We expect the existence of « such that
Ch = An Tl

~ only depends on the dimension:

1 for d =1,
43 —
30 for d = 2,
vy=<1.16... for d = 3,
1 for d = 4,
1 for d > 5.
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~ only depends on the dimension:

1 ford=1, V

B for d =2, SLE scaling limit?
vy=<1.16... for d = 3,

1 for d = 4,

1 ford >5. vV

Geometric interpretation:  P(two independent walks don't intersect) ~ An'~7.

For general dimension: pe < cp < ecﬁug.
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Introduction Critical exponents

Critical exponent for the mean-square displacement

We expect the existence of v such that
En||7alP] = n? o

v only depends on the dimension:

1 ford =1,

3 for d = 2,
vV =

0.59... for d = 3,

1/2 for d > 4,

Compare to simple random walk (for which the corresponding quantity is 1/2).
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Critical exponent for the mean-square displacement

We expect the existence of v such that
En||7alP] = n? o

v only depends on the dimension:

1 ford =1,

3 for d = 2,
vV =

0.59... for d = 3,

1/2 for d > 4,

Compare to simple random walk (for which the corresponding quantity is 1/2).

Known (in general dimension d > 2):

@ Sub-balisticity: Pp(||vn|| > vn) < e™ "
@ Madras lower bound: v > 2
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Introduction  Results

Results

Theorem (Duminil-Copin, Glazman, Hammond, M.)

For any x € Z9 and ¢ > 0, for n large enough,

Po(vn = x) < nate,
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Introduction  Results

Results

Theorem (Duminil-Copin, Glazman, Hammond, M.)

For any x € Z9 and ¢ > 0, for n large enough,

Po(vn = x) < nate,

Theorem (Duminil-Copin, Glazman, Hammond, M.)

sup Pp(yn =x) — 0.
xezZd
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Some history  Kesten's pattern theorem
Pattern: a piece of a walk that can occur in the middle of a walk.
Theorem (Kesten '63)
Let P be a pattern. There exist §, c > 0 such that

Pn(y has less than én occurences of P) < e™".
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Pn(y has less than én occurences of P) < e™".

Theorem

2
C,,+2/Cn — M-
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Pn(y has less than én occurences of P) < e™".

Shell: walk with obstructed patterns.
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Some history  Self-avoiding bridges and the Hammersley-Welsh bound

Self-avoiding bridges and the Hammersley-Welsh bound

Bridge: v € SAW,, such that

(vole1) < (ykler) < {ynler), for0 < k < n.

SAB, is the set of bridges of length n.
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Some history  Self-avoiding bridges and the Hammersley-Welsh bound

Self-avoiding bridges and the Hammersley-Welsh bound

Bridge: v € SAW,, such that
(vole1) < (ykler) < {ynler), for0 < k < n.
SAB, is the set of bridges of length n.

By super-multiplicativity (|SABmin| > |SABm||SAB,|)

|SAB,| < pe.

Theorem (Hammersley-Welsh '62)

There exists a constant cyyw such that

Cp < eV |SAB, | < ew

loan Manolescu (University of Geneva) Delocalization of the endpoint of self-avoiding walk 27 June 2013

8/ 15



Some history  Self-avoiding bridges and the Hammersley-Welsh bound

Proof of the Hammersley-Welsh bound — for half space walks

¢ : SAW, — SAB,.
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Some history  Self-avoiding bridges and the Hammersley-Welsh bound

Proof of the Hammersley-Welsh bound — for half space walks

® : SAW, — SAB,,.
®~1(b) < eV, = ISAW,,| < e°V"|SAB,|
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Sketch of proof  Bound on the probability of closing

Closing walk

We say a walk closes if ||y,]| =1

Theorem (Duminil-Copin, Glazman, Hammond, M.)

For any e > 0 and n large enough,

P, (v closes) < nite
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Sketch of proof  Bound on the probability of closing

Closing walk

We say a walk closes if ||y,]| =1

Theorem (Duminil-Copin, Glazman, Hammond, M.)

For any e > 0 and n large enough,

P, (v closes) < nite

Expected: For d = 2, P, 1(7 closes) < n~2ted).

The proof is done by contradiction. Assume n is large and

P,(y closes) > n~#+¢,

loan Manolescu (University of Geneva) Delocalization of the endpoint of self-avoiding walk 27 June 2013

10 / 15



Sketch of proof  Bound on the probability of closing

The hanging point
Yhang 1S the lexicographically maximal point of {7« : k =0,...,n}.
7' = 4[0, hang], 7% = ~[hang, n].

Yhang

.
-
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Yhang

L

-

Polygonal invariance: The hanging index is uniform in a closing walk.
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Sketch of proof  Bound on the probability of closing
Fix some length £ € [4,2"] and say a walk x is good if

1y,
Py o+x| (v closes | At=x)>nate

“hang
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n 3n

Fix some length £y € [7, 3] and say a walk x is good if

1y,
Py o+x| (v closes | At=x)>nate
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Sketch of proof  Bound on the probability of closing

Fix some length £ € [4,2"] and say a walk x is good if

1y,
Pr_otx (7 closes |y' = x) > n 4t

“Yhang

Then Po_s, (7" is good |y closes; [v}| = o) > n~5"*.
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By mixing patterns, for 0 < k < /n,
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Sketch of proof  Bound on the probability of closing

With probability n=4*< a closing walk will have n*¢ good sub-walks x', i = 1,..., T.

“hang

Let T be a uniform n — £y walk started at the end of x' and with hanging point x:.
. . 1

Conditionally on avoiding x', T closes x' with prob n=4 "¢

@ The events {I closes Xi} are mutually exclusive

@ The events {I" avoids x'} are decreasing in i.

Conclusion: with P,(. | |y}| = £o; v closes) - probability at least nmate

P (F avoids 'yl) <e ™,
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Sketch of proof  Bound on the probability of closing

If x, with |x| = £o, is such that

€

P (T avoids x) < e ",

“hang

call x untouchable.
For such x, using unfoldings,

P, (hang(y) = €0 | [0, L] = x) < e
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Sketch of proof  Bound on the probability of closing

If x, with |x| = £o, is such that

€

P (T avoids x) < e ",
Yhang

call x untouchable.
For such x, using unfoldings,

P, (hang(y) = €0 | [0, L] = x) < e

Conclusion:

n5/2 <P, ([0, £o] untouchable; hang(y) = o) < e "".

CONTRADICTION!!
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Sketch of proof  Bound on the probability of closing

Thank you!
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