NONNEGATIVE CURVATURE AND COBORDISM TYPE
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ABSTRACT. We show that in each dimension n = 4k, k > 2, there exist infinite
sequences of closed simply connected Riemannian m-manifolds with nonnegative
sectional curvature and mutually distinct oriented cobordism type.

1. INTRODUCTION

This article is motivated by the finiteness theorems in Riemannian geometry (see,

e.g., [Che70]/[Pet84], [Gro81], [ACI1], [GPWI1], [PT99], [FR02]) and the following

Fact 1.1. For any fixed n € N, D > 0 and ¢, C € R there are only finitely many
oriented cobordism classes of closed smooth oriented n-manifolds which admit Rie-
mannian metrics with sectional curvature ¢ < sec < C' and diameter < D.

Indeed, recall that closed oriented manifolds are oriented-cobordant if and only if
they have the same Pontrjagin and Stiefel-Whitney numbers [Wal60]. To establish
Fact 1.1, it thus suffices to know that a both-sided curvature and upper diameter
bound restrict the Pontrjagin numbers to finitely many possibilities. This, however,
is a direct consequence of Chern-Weil theory, since those bounds also yield an upper
bound for the volume.

The main result of this note shows that oriented cobordism finiteness does not con-
tinue to hold if besides the upper diameter one only assumes a lower curvature bound.
This is not even the case for manifolds of nonnegative sectional curvature (where one
may normalize the diameter to one). Using the work of Borel and Hirzebruch on
homogeneous bundles [BH58, BH59] and the recent work of Grove and Ziller [GZ00]

we show

Theorem 1.2. In every dimension n = 4k, k > 2, there exist infinite sequences of
closed simply connected Riemannian n-manifolds with nonnegative sectional curva-
ture and mutually distinct Pontrjagin numbers. In particular, in all these dimensions
there are infinitely many oriented cobordism types of nonnegatively curved manifolds.

Notice that n = 8 is indeed the lowest dimension where this can happen, since
Gromov’s Betti number theorem and the fact that the first Pontrjagin number of a
closed oriented four-manifold M is proportional to its signature imply that a lower
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curvature and upper diameter bound restrict the oriented cobordism type of M always
to finitely many possibilities.

Theorem 1.2 also complements the following related infiniteness results in nonnegative
sectional curvature (none of which, however, yield an infinite number of oriented
cobordism types of closed nonnegatively curved n-manifolds):

e In each dimension n > 6 there exist infinite sequences of closed simply con-
nected nonnegatively curved n-manifolds of mutually non-isomorphic integral
homology ([GZ00]; use Corollaries 3.7 and 3.9 and cross with simply connected
nonnegatively curved Riemannian manifolds of appropriate codimension).

e In all dimensions n > 9 there exist infinite sequences of closed nonnegatively
pinched Riemannian n-manifolds with uniformly bounded diameter and pair-
wise non-isomorphic rational cohomology rings ([Tot03]; use Theorem 3.1 and
cross with nonnegatively curved Riemannian manifolds of appropriate codi-
mension).

e In each dimension n > 10 there exist infinite sequences of homotopy equiva-
lent but mutually non-homeomorphic closed simply connected Riemannian n-
manifolds with 0 < sec < 1, positive Ricci curvature and uniformly bounded
diameter ([KPTO05], Theorem A).

To conclude the introduction, we give a short description of the proof of Theorem 1.2.
In the following section we use Borel-Hirzebruch theory to exhibit an infinite sequence
of CP2-bundles over S* with structure group SO(3) whose total spaces have pair-
wise distinct oriented cobordism type. By results of Grove and Ziller all these total
spaces admit Riemannian metrics of nonnegative sectional curvature. Crossing these
examples with complex projective spaces of appropriate codimension then establishes
Theorem 1.2 in all dimensions.

2. CP?-BUNDLES OVER S* AND THE PROOF OF THEOREM 1.2

In this section we will first investigate the oriented cobordism type of the total space
of certain CP?-bundles over S* (see Proposition 2.2) and then prove Theorem 1.2.
We shall use the work of Borel and Hirzebruch on homogeneous bundles and refer to
[BH58, BH59| for details. Throughout what follows we will employ cohomology with
integer coefficients, but rational coefficients would work as well.

Let £ be a principal SO(3)-bundle over S* and let £ — S* be the associated three-
dimensional real vector bundle. To E we associate a CP?-bundle defined by taking
the projectification of the complexified bundle £ ® C. Any such CP?-bundle can be
obtained as a pullback of the following universal construction, which will be important
for later computations.

Let FG — BG be a universal G-principal bundle for G := U(3) and let H :=
U(2) x U(1) € U(3). When applied to the universal G-principal bundle and to
the G-space G/H = CP?, the Borel construction yields a bundle 1 with total space
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E(n) == EGx¢G/H, base space B(n) := BG, fibre G/H and projection 7 : E(n) —
B(n). Notice that E(n) can be identified with the classifying space BH := EG/H
for H-principal bundles via the map E(n) — EG/H, (e,gH). — egH. We shall
identify BH with F(n) and shall also write 7 : BH — BG for the projection
7 E(n) — B(n).

The bundle 7 is a universal CP?-bundle with structure group G. In particular, 7
pulls back to the CP?-bundle associated to £. More precisely, let fe : S* — BG be the
composition of a classifying map S* — BSO(3) for £ and the map BSO(3) — BG
induced from complexification. Then 7ne := f¢ (n) is, up to isomorphism, the CP?-
bundle associated to &, and one has the following pullback diagram:

E(ne) e, E(n)

R

st I e

The total space E(ng) of 7, is a closed connected 8-dimensional manifold which we
will also denote by M. We fix an orientation of S* and fix the orientation of M;
which is compatible with the one of S* and the orientation of the fibre CP? (on CP?
we choose the orientation induced by the complex structure).

Let 7)e denote the bundle along the fibres of 7, and let 7 be the bundle along the
fibres of 7. Recall that 7 is a bundle over B(5) = E(n) with total space E(n) =
EG x¢T(G/H) (see [BH58], §7). By naturality, 7, is isomorphic to 72(77)

The tangent bundle 7'M, of M, decomposes as the direct sum of the tangent bundle
of S* (which is stably trivial) pulled back via m¢ and 7). Hence, the total Pontrjagin
class of M, satisfies

(1) p(Me) = p(TM) = p(r£(T'SY)) - p(iie) = p(iie) = p(fe(A)) = Fe(p(R)).

We shall now describe the oriented cobordism type of M in terms of the Pontrjagin
class of E (see Proposition 2.2 below). First we recall from [Wal60] that the oriented
cobordism group Q5¢ is isomorphic to Z @ Z and that the cobordism type of an
oriented closed 8-dimensional manifold M is uniquely determined by the Pontrjagin
numbers [, p1(M)? and [, p2(M).

Since the signature of M, vanishes by its multiplicativity property, the Pontrjagin

numbers of M, determine each other. Hence, the oriented cobordism type of M is
uniquely determined by its Pontrjagin number | M p1(Me)?.

In the following it will be convenient to think of the evaluation map | M H8(M;) —

Z as the pushforward (7e), : H*(M¢) — H*~8(pt) restricted to degree 8, where e
is the map which maps M to a point pt. Let m : H*(BH) — H*~*(BG) denote the
pushforward for 7 : BH — BG and (7¢), the one for m¢ : My — S*.



4 ANAND DESSAI AND WILDERICH TUSCHMANN

Lemma 2.1.

| = | gemimr).
M g
Proof: Using the factorization (7¢), = (75"), o (), naturality and (1), we obtain

/M pr(Me)? = (7)) (p1(Me)?) = (7)) (p1(9e)?) = (7), (7;(291(77)2))

=) ((meh (Felmn))) = 659 () = [ elmlm ).
|

Next we express the Pontrjagin number | M, p1(M¢)? in terms of the Pontrjagin class

of the 3-dimensional vector bundle E over S* associated to &.

[, =21 [ )

Proof: To prove the proposition we will first compute m(p;()?) using the method
of [BH58, BH59] und then apply Lemma 2.1. Let T' be the maximal torus of H =
U(2) x U(1) consisting of diagonal matrices. Notice that 7" is also a maximal torus
of G =U(3). Let W(H) and W(G) denote the Weyl groups of H and G. In the
following we will always identify the cohomology of BH with the Weyl invariants
H*(BT)"™®) and identify the cohomology of BG with H*(BT)"(@) . We recall
from [BH59] that the pushforward m : H*(BH) — H* *(BG) can be described
in terms of the complementary roots of H in G. More precisely, let ++; denote
the complementary roots of H, where we choose the sign such that the product
;7 is compatible with the orientation of the fibre CP?. Then the pushforward
m: H*(BH) — H**(BG) is given by (cf. [BH59], §22.9)

- 55)

ceW(G)/W

Proposition 2.2.

In our situation the complementary roots are v, = x3 — x1 and v, = x3 — x5, where
T1, 29,73 € H*(BT;Z) is the basis of the lattice H*(BT;Z) which corresponds to
the standard basis of the integral lattice of 7. The cosets of W(H) in W(G) are
represented by non-trivial cyclic permutations of x1, zs, 3.

Since W(G) acts on H*(BT) by permuting xi, x5, x3, the cohomology of BG is a
polynomial ring in the elementary symmetric functions in zq, x9, x3. We denote, as
usual, these functions by ¢;, 1 <1 < 3, so that ¢; € H*(BG;Z) is the universal ith
Chern class for G-principal bundles. Similarly, the cohomology of BH is a polynomial
ring in x3 and the elementary symmetric functions in xq, xs.
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For the computation of m(p;(7)?) we collect the following values of 7 which can be
easily obtained from (2):

(3) m(1) = 0,m(x3) = 0, m(23) = 1, m(z3) = ¢, m(a3) = ] — .

Notice here that the first two identities follow directly from dimensional reasons. The
third identity is equivalent to the fact that the integral cohomology ring of CP? is a
truncated polynomial ring.

Using this information we shall now compute m(p;(7)?). Recall from [BH58] that the
total Pontrjagin class of the bundle 7 along the fibres is given by p(7) = [,(1+~7).
Hence,
pi() = (w3 — 21)° + (23 — 22)* = (¢f — 2¢2) — 21 - w3 + 323

and

p1(7)? = (& — 2¢3)* — (4(c3 — 2¢3) - ¢1) s + (6(? — 2¢9) + 4c)al — 12¢; - a3 + 93,
This gives

m(p1(7)?) = (6(cf — 2¢2) +4ci)m(23) — 12¢1 - m(a3) + 9m(23) = T — 21ey,

where we have used equations (3) and the fact that m is a module homomorphism.

An application of Lemma 2.1 then completes the proof that

/Mg p(Me)* = /54 fe (mpi(n)?)) = /54 fE (76} — 21ey) = 21 /S4p1(E)'
|

Proof of Theorem 1.2: We shall first prove the theorem in dimension eight. The
eight-dimensional examples will be given by the total spaces M of CP?-bundles over
S* considered before.

Recall that isomorphism classes of oriented three-dimensional real vector bundles
over S* are classified by m3(SO(3)) & Z and distinguished by their first Pontrjagin
class. According to Proposition 2.2, the corresponding eight-dimensional manifolds
M, have pairwise distinct oriented cobordism type, distinguished by [ Me p1(Me)?.

By the work of Grove and Ziller all principal SO(3)-bundles over S* are known to
carry invariant metrics of nonnegative sectional curvature and, hence, the associated
homogeneous bundles M admit nonnegatively curved metrics as well (see [GZ00],
Theorem E and Theorem F). This completes the proof of Theorem 1.2 in dimension
eight.

To exhibit an infinite sequence of closed simply connected Riemannian 4k-manifolds
with nonnegative sectional curvature and mutually distinct oriented cobordism type
for each k > 2, it now suffices to consider the Riemannian products of the manifolds
M; with CP?*=4. In fact, the rational oriented cobordism ring Q5° @ Q is a polyno-
mial ring in the CP? and, hence, multiplication with CP?*~* is injective in Q5° ® Q.
This observation completes the proof of Theorem 1.2. [ ]
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Question 2.3. All manifolds Mg as well as all higher dimensional examples have
pairwise non-isomorphic cohomology rings. Does Theorem 1.2 still hold if one fizes,
in addition, the cohomology ring or the homotopy type of the manifolds in question?
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