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ABSTRACT

We study complete intersections with S'-symmetry after reviewing
general properties of these manifolds. To do so, we use equivariant
cohomology, equivariant characteristic classes, the Atiyah-Bott inte-
gration formula and the Lefschetz fixed point formula for the equiv-
ariant signature.

We prove that an odd dimensional complete intersection with an
S'-action admitting a fixed point component of real codimension 2
or 4 is a complex projective space or a complex quadric. In addi-
tion to this result, we study in greater details complex 5-dimensional
complete intersections with S'-symmetry. As a corollary, we estab-
lish the classification of 5-dimensional complete intersections with
T2-symmetry.

RESUME

Nous étudions les intersections complétes munient d’une action de
cercle lisse apres un survol des propriétés générales de cette famille
de variétés. Pour se faire, on utilise la cohomologie équivariante, les
classes caractéristiques équivariantes, la formule d’intégration d’Ati-
yah-Bott ainsi que la formule des points fixes de Lefschetz pour la
signature équivariante.

Nous démontrons notamment qu’une intersection complete de di-
mension impaire munie d'une action de cercle admettant une com-
posante de point fixe de codimension 2 ou 4 est un espace com-
plexe projectif ou une quadrique. De plus, nous étudions de maniere
plus approfondie les intersections completes de dimension 5 munient
d’une action de cercle lisse. Ceci nous permet notamment de classi-
fier les intersections complétes de dimension 5 munient d"une action
lisse de tore T2.






If we knew what it was we were doing,
it would not be called research, would it?

— Albert Einstein
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INTRODUCTION

Human beings have always been fascinated by the regularity, har-
mony and symmetry of objects. Mathematicians have tried to express
these notions in more formal ways since the early days of our science.
In the nineteenth century, the concept of a group has been invented.
This notion allowed mathematicians to define in an insightful way
the concept of symmetry. In 1872, Felix Klein proposed in his Erlan-
gen program to use group theory to organize geometrical knowledge.
Few years later, Sophus Lie developed the foundations of the theory
of transformation groups. The context was then set for geometers to
study manifolds and their symmetries.

In the beginning of the twentieth century, finite group actions on
spheres were studied. It was a matter of interest to determine if a peri-
odic transformation of an n-sphere resembles a rotation or more gen-
erally an orthogonal transformation. Brouwer and Kérékjart6 proved
independently that every periodic transformation of a 2-sphere is
topologically equivalent to an orthogonal transformation. However,
no such result was given for n > 2.

The early twentieth century has been also the rise of homology the-
ory. These tools turned out to be very relevant in the study of group
actions on manifolds. Smith suggested in [49] to focus on the ho-
mological properties of transformation groups. Regarding the above
problem on spheres, he proved the following result.

THEOREM (SMITH, 1938). Let M™ be a manifold equipped with a smooth
Z./p-action, where p is a prime number. If M is an IF, homology n-sphere,
ie. Ho(M;IF,) = H.(S™;IF,), then the fixed point set of the Z /p-action
is again an IF, homology r-sphere, i.e H,(F;IF,) = H,(S™;IF,) where F =
MZ/P, gnd —1 < r < n.

As a general assumption, we assume that manifolds are closed
smooth and oriented. Smith actually proved the above result in a
much greater generality (cf. [12, Chapter III]), but for our expository
purpose this is enough. Furthermore, Conner and Floyd proved that
the above Theorem holds if one replaces the Z/p-action by an S'-
action, and the coefficient field IF, by Q (cf. [23, Theorem 3.2] and [15,
Section 3]).

In the late fifties, Borel introduced a theory to generalize Smith’s
results in order to prove this kind of results in a more systematic way.
Namely, he developed his famous Borel construction and equivari-
ant homology theory. In [11], Bredon used this techniques to prove a
similar theorem for cohomology complex projective spaces.
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THEOREM (BREDON, 1964). Let M™ be a manifold equipped with a
smooth Z /p-action, where p is an odd prime number. If M is an IF,, co-
homology CP™, i.e. H*(M;F,) = H*(CP™;IF,,), then any fixed point com-
ponent F is again an IFy, cohomology CP" i.e. H*(F;IF,) = H*(CP";F,),
foro<r<n.

The result also holds if one replaces Z./p by S', and Fy, by Q.

Note that Bredon also carried out the case where p = 2. However,
we do not include his result for such p here. The reader can read it in
[12, Chapter VII, Section 3].

In this thesis, we follow the philosophy of Smith and Bredon in
the case of S'-actions on complete intersections. The later are complex
manifolds given by transversal intersections of finitely many non-
singular hypersurfaces in CP™. By a non-singular hypersurface we
mean that there is a homogeneous polynomial with complex coeffi-
cients, say f(zo,...,zn), such that the maps fl : CN — C defined by
(z1,...,2n) = f(z1,...,25,1,2j41,...,2n) have 0 as regular value
for all j = 0,...,N. In this case, the hypersurface is defined as the
zero set of f.

Thom showed that the diffeomorphism type of a complete intersec-
tion depends only on its dimension and the degrees of the homoge-
neous polynomials. Thus, we denote by X;,(d) a complete intersection
in CP™*" of complex dimension n and multi-degree d = (d;, ..., d:).
Note that if r > 1, we can assume d; > 1, since an intersection with a
hypersurface of degree one cuts the dimension by one of the ambient
complex projective space. Furthermore X;, (1) = CP™. A short review
of complete intersections is given in Chapter 2.

One can think of complete intersections as a natural generalization
of complex projective spaces. These manifolds are classical subman-
ifolds of the complex projective spaces and share many properties
with them. In particular, odd dimensional complete intersections have
the same even cohomology ring with rational coefficients as complex
projective spaces, i.e.

H™ (X (d); Q) = QIxl/(x™ ).
Thus, using the same tools as Bredon we prove the following result,

in Chapter 4.

PROPOSITION A. Let X, (d) be a complete intersection with odd n > 1.
If Xn(d) admits a smooth circle action, then for any connected fixed point
component Fy C Xn(d)s] , we have

HY (F; Q) = Qlxlr 1/ (xIF ),

where x|, € H2(F;; Q) and 2m is the dimension of Fi. Moreover, we have
Yimi+1)=n+1.

Another approach to prove the above result would be to use The-
orem 3.8.12 in [1]. The later theorem gives a rather complete picture
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of the cohomological structure of the fixed point set in the case of S'
and Z/p-actions in terms of generators and relations. Furthermore,
this therorem follows the above philosophy of Smith and Bredon and
generalizes their results in an insightful way.

We use Proposition A to classify complete intersections with S'-
symmetry. This classification has been started by Dessai and Wiemeler
in [16]. They classified complete intersections with S'-symmetry up
to dimension 3. In complex dimension 1, they showed that only Xj (1),
X1(2), X1(3), and X;(2,2) admit a smooth non-trivial S'-action. In di-
mension 2, they find out again that X;(1), X2(2), X2(3), and X;(2,2)
admit a smooth non-trivial S'-action. However in complex dimension
3, only X3(1) and X3(2) admit S! -symmetry.

It seems that in higher dimensions, only the complex projective
spaces X (1) and the complex quadrics X, (2) admit a smooth non-
trivial S'-actions. Linear actions on complex projective spaces and
complex quadrics are discussed in great details in Chapter 2. The low
dimensional classification together with the lack of examples in high
dimensions suggests the following result.

THEOREM B & C. Let Xy (d) be a complete intersection with n > 5 odd.
If Xn(d) admits a smooth circle action with a fixed point component of
codimension 2 or 4, then

d= (1) and X,,(d) = CP™, or
d = (2) and X, (d) is a complex quadric.

The proof of this theorem is a case by case study of the possible
fixed point configurations. Theorem B treats the codimension 2 case,
and Theorem C the codimension 4 case. They both are proven in
Chapter 5. The proof of Theorem B is rather concise and does not in-
volve many technicalities. However, the proof of Theorem C is fairly
computational and uses extensively the Atiyah-Bott integration for-
mula, characteristic classes and the Lefschetz fixed point formula for
the equivariant signature. Chapter 3 provides a turnkey review of
these tools.

Restricting our attention to complete intersections of complex di-
mension 5, we prove a better result.

THEOREM D. Let X5(d) be a complete intersection equipped with a smooth
and effective circle action which admits a fixed point component of dimension
strictly bigger than 2, then

d = (1) and X5(d) = CP>, or
d = (2) and Xs(d) is a complex quadric.

The proof of Theorem D is again a case by case study on the pos-
sible fixed point configurations and is very computational. However
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the tools remain the same, i.e. Atiyah-Bott integration formula, char-
acteristic classes and the Lefschetz fixed point formula for the equiv-
ariant signature. The difficulty comes essentially from the structure
of the normal bundle of the fixed point components.

In the appendix, we give the Mathematica® computations for this
proof, cf. Chapter B. It helps to figure out all the missing computa-
tions.

An interesting corollary of the previous result is the classification
of 5-dimensional complete intersections with T2-symmetry. Together
with Theorem D, the following result is discussed in Chapter 6.

THEOREM E. Let X5(d) be a complete intersection equipped with a smooth
and effective rank 2 torus action, then

d = (1) and X5(d) = CP>, or
d = (2) and X5 (d) is a complex quadric.

From a more philosophical viewpoint, these results satisfy the intu-
itive feeling that manifolds have little symmetry. An interesting sur-
vey on this regard was written by Puppe [48]. Although the author
focus more on asymmetric manifolds (i.e. manifolds admitting no fi-
nite group action), the results above illustrate in our context what
Raymond and Schultz said in [14, p. 260]: "It is generally felt that a
manifold "chosen at random” will have very little symmetry”.



Part 1

GENERAL RESULTS ABOUT CIRCLE ACTIONS
ON COMPLETE INTERSECTIONS

We start in Chapter 2 with a reminder about complete
intersections, linear actions on complex projective spaces,
and linear actions on complex quadrics. We then review,
in Chapter 3, the equivariant cohomology, the Atiyah-Bott
integration formula, equivariant characteristic classes and
the Lefschetz fixed point formula for the equivariant sig-
nature. In Chapter 4, we study the cohomology structure
of the fixed point components of complete intersections
with ST-symmetry.






COMPLETE INTERSECTIONS AND EXAMPLES OF
CIRCLE ACTIONS

2.1 COMPLETE INTERSECTIONS

A complete intersection is a complex manifold given by a transversal
intersection of finitely many non-singular hypersurfaces in CP™N. By
a non-singular hypersurface we mean that there is a homogeneous
polynomial with C coefficients, say f(zo,...,zn), such that the maps
fi . CN — C defined by (z1,...,2n) == flz1,...,25,1,2j41,...,ZN)
have 0 as regular value for all j =0, ..., N. In this case, the hypersur-
face is defined as the zero set of f.

Thom showed that the diffeomorphism type of a complete inter-
section depends only on its dimension and the degrees of the ho-
mogeneous polynomials. One gets in CPN an ambient isotopy from
one complete intersection to another [34, Section 4.]. Thus, we denote
by X, (d) a complete intersection in CP™*" of complex dimension n
and multi-degree d = (dy, ..., d;). Moreover, if r > 1 we can assume
d; > 1, since an intersection with a hypersurface of degree one cuts
the dimension by one of the ambient complex projective space.

The Lefschetz hyperplane theorem [9] gives us that the inclusion
map Xn(d) < CP™" is n-connected. Together with Poincaré duality
we have that the cohomology groups of X,,(d) are torsion-free and
are the same as the cohomology groups of CP™ except in middle
dimension. If n > 1, then X;,(d) is simply-connected. If n > 2, then
H2(Xn(d); Z) is generated by the first Chern class x := cq(y) where
v is the restriction to Xy (d) of the dual Hopf line bundle over CP™"".
Thus the cohomology ring H*(X;,(d); Z) is torsion-free, and outside
the middle dimension X, (d) is a homology CP™.

By [28, Chapter 3, Section 3.1], or [27] the total Pontrjagin class and
Chern class are given respectively by

p(Xn(d) =(1+xH)™ . T +df -x*)"", and
j=1
\
(O +x)™ LT[0 +d5 %)
j=1

c(Xn(d))

In particular, we have that p;(Xn(d)) = m+r+1—-3; d%) -x2. In
addition, one can also show that the evaluation of x™ on the funda-
mental cycle is given by

J x"=d; - dy,
n(d)
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(cf. [34, Section 5]). The product d; - - - d, is denoted d and called the
total degree of Xy, (d).

Let us give some examples of complete intersections. First, we have
Xn (1) = CP™. Which is why, complete intersections are an interest-
ing generalization of the complex projective space. One can also show
that X, (2) = SO(n+2)/(SO(n) x SO(2)). If n = 1, the Euler charac-
teristic can be computed, the later is given by

X(Xi(d) = (di---dr)- (2= (dj—1)
j=1

Thus, it is easy to see that X1 (1) = X;(2) = S2and X;(3) =X;(2,2) =
T2. However, it is not easy to give an explicit formula for the Eu-
ler characteristic in any degree n. Hirzebruch gave in [27] a formula
which can be used to compute the Euler characteristic, namely

n_d]"'dr‘ T 1
L@t = M g =z

n>0

Using this formula, Ewing and Moolgavkar showed in [18] that if
n > 1is even then x(Xn(d)) =n+ 1 is equivalent to (d) = (1), and if
n is odd then x(Xn(d)) =n+ 1 is equivalent to (d) = (1) or (2).

The classification of complete intersection up to homotopy, home-
omorphism and diffeomorphism type has been a very active field of
research in the last fifty years. Let us recall some major results.

In [39], Libgober and Wood gave a connected sum decomposition
for complex odd dimensional complete intersections. The later in-
volves d-twisted CP™, Kervaire manifolds and connected sums of
S™ x S™. This allowed them to prove that for odd dimensional com-
plete intersections Xy, (d) and X, (d’) with the same total degree d, if
d has no prime factor less than (n+ 3)/2, then Xy (d) and Xy, (d’) are
homotopy equivalent if and only if their Euler characteristic agree.
Fifteen years later, Fang [19] completed this homotopy classification
started by Libgober and Wood for even dimensional complete inter-
section. Precisely, he showed that for even dimensional complete in-
tersections Xy (d) and X, (d’) with n > 2 and the same total degree d,
if d has no prime factor less than (n + 3)/2, then X, (d) and X,,(d’)
are homotopy equivalent if and only if their Euler characteristic and
signature agree.

Note that the result given by Libgober, Wood and Fang applies in
the case when d is larger than the dimension of the complete intersec-
tion. Thus, in [2] Astey, Gitler, Micha and Pastor discussed the cases
when the complex dimension is larger than the total degree.

Furthermore, it is interesting to notice the polarization between
even and odd dimensional complete intersection. Even dimensional
complete intersection seems to have a more complicated topology



2.2 CIRCLE ACTIONS ON COMPLETE INTERSECTIONS

compared to the odd dimensional ones. A reference of this fact can
be found in [37, 40].

Let us say few words about the diffeomorphism type of complete
intersections. Their classification in this context has been studied in
[38, 39, 40]. In particular, Libgober and Wood showed uniqueness in
low codimension. More precisely, if the codimension r of X,,(d) C
CP™"T satisfies 2r < n and n > 2 then any complete intersection
Xn(d’) satisfying 2r” < n and diffeomorphic to Xy, (d) has the same
multidegrees.

However, it is well known that uniqueness does not hold in gen-
eral (cf. [40, Theorem 6.1]). The classification is organized around the
Sullivan Conjecture.

CONJECTURE 2.1 (SULLIVAN). The complete intersections Xy (d,) and
Xn(d,) are diffeomorphic if and only if they share the same total degree, the
same Euler characteristic and the same Pontrjagin classes.

The previous conjecture has been shown for n = 1 using the clas-
sification of surfaces, and n = 3 using the classification of simply
connected 6-manifolds (cf. [51, 30]). For n = 2, the conjecture is true
in the topological category by [24], but fails in the smooth category.
In [17], the author gave an example of homeomorphic but not diffeo-
morphic complete intersections. For n = 4,5,6 and 7, the conjecture
has been proven in the topological category with the work of [20] and
[22], but is still open in the smooth category.

During her Diploma Arbeit, Traving showed that the Sullvan Con-
jecture holds for n > 2 under the assumption that the total degree d is
divisible by p!(2n+1)/(2p=1I+1 for all primes p with p(p —1) < n+1
[50, 33].

Other properties have been studied on complete intersections like
positive scalar curvature [21], real homotopy properties [6], rational
homotopy groups [46], the signature [36, 35], ... Furthermore, com-
plete intersections play an important role in algebraic geometry. How-
ever, we will not discuss it, since we are interested in them from a
topological and geometrical viewpoint.

2.2 CIRCLE ACTIONS ON COMPLETE INTERSECTIONS

In this thesis, we are interested to classify complete intersections with
S'-symmetry. These are complete intersections admitting a smooth
non-trivial S'-action.

Since complete intersections are Kdhler manifolds, it is possible to
consider S'-actions preserving some additional structure, for exam-
ple the complex structure. In this case, we know by [31, Chapter III,
Theorem 2.1] that the group of holomorphic transformations is finite,
if the first Chern class is negative. Thus, if c¢1(Xn(d)) = c1x where
ci =n+r+1-3;d; <0, then a non-trivial S'-action preserving
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the complex structure cannot exists on X, (d). Another interesting re-
search direction would be to study complete intersections admitting
a symplectic or Hamiltonian S'-action. However, this will not be dis-
cussed at all in this thesis.

2.2.1  Complete intersections of complex dimension 1

Complete intersections of dimension 1 admitting a smooth S'-actions
can be easily classified. One only needs to use that the Euler charac-
teristic is equivariant, i.e.

x(X) = x(x3").

A proof of this statement can be found in [28, p. 70]. Furthermore,
the fixed point set of a smooth non-trivial S'-action on an closed
smooth oriented surface can only be composed with isolated fixed
points. This implies that the Euler characteristic of the fixed point set
is greater or equal to 0. It is now easy to see that except X7 (1), X7(2),
X1(3), and X7 (2, 2) all other complete intersections have a negative Eu-
ler characteristic. This shows that the only complete intersections ad-
mitting a smooth non-trivial S'-action are those with a non-negative
Euler characteristic. Namely X7 (1) and X;(2) which are both isomor-
phic to the sphere $2, and X;(3) and X;(2,2) which are isomorphic
to the torus T2.

2.2.2  Complete intersections of complex dimension 2

In [16, Theorem 2.2], Dessai and Wiemeler used Seiberg-Witten theory
to prove the following theorem.

THEOREM 2.2 (DESSAI, WIEMELER, 2011). A complete intersection
X2 (d) admits a smooth non-trivial S'-action if and only if X5 (d) is diffeo-
morphic to a complex projective plane X;(1), a quadric X3(2), a cubic X3(3)
or an intersection of two quadrics X2(2,2).

To show that X5 (3) and X (2, 2) admit smooth non-trivial S'-actions,
they identified these complete intersections with a blowing up of CP?
at 6 and respectively 5 points in general position [32, Section 3.5],
[37, p- 653], and [41]. Thus we have that X;(3) = CP2#6CP2 and
X5(2,2) = CP2#5CP2, which allows us to define easily the smooth
ST-actions.

Note that in complex dimension 2, the main tools in use cannot be
generalized in higher dimensions. In particular, the Seiberg-Witten
invariants are special invariants of 4-dimensional manifolds, while
the above identifications are special to this dimension.
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2.2.3 Complete intersections of complex dimension 3

The classification of complete intersections of complex dimension 3
admitting a smooth non-trivial S'-action follows from a more general
result proven by Dessai and Wiemeler in [16].

THEOREM 2.3 (DESSAI, WIEMELER, 2011). Let M be a closed smooth
oriented 6-dimensional manifold with torsion-free homology, b1(M) = 0,
H2(M;Z) = (x), p1(M) = px? with p < 0, x> # 0 and x(M) < 4. Then
M does not support a non-trivial smooth circle action.

This implies in particular that only the complex projective space
X3(1) and the complex quadric X3(2) admit a smooth non-trivial St-
action.

The proof of this statement consists of a case by case study of the
possible fixed point configurations. In particular, they used Bredon’s
techniques (cf. [12, Chapter VII]) to show that the sum of even Betti
numbers

bey(M) = by (M3') = 4.

This limits the number of fixed point configurations to seven differ-
ent cases, which they treated separately. To do so, they used equiv-
ariant characteristic classes, the Atiyah-Bott integration formula, the
Lefschetz fixed point formula for the equivariant signature, all to-
gether with acute arithmetic relations in cohomology. Therefore, the
techniques used in [16] serve as a pillar to this thesis.

2.3 LINEAR ACTIONS ON COMPLEX PROJECTIVE SPACES

In this section, we discuss linear circle actions on complex projective
spaces. This very basic example of S'-actions is interesting since it
illustrates very well a set of parameters which appears recurrently in
the thesis, namely the Hopf weights and the normal weights. Further-
more in Section 2.4, these linear actions also serve us to define linear
ST-actions on the complex quadrics.

Let V = C"*"! equipped with an Hermitian inner product. Let us
consider a Lie group homomorphism

ST S UMm+1): A Ay

Define a smooth S'-action on V via A -z := A, z, for any A € S'. Since
the irreducible complex representations of S' are given by the char-
acters A — A® for a certain integer a, the vector space V decomposes
into

vz@Ea

acZ

11
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where E is the isotypical summand associated to the weight A — A“.
Note that there are only finitely many a’s where E, is not trivial.
Thus let us denote them ay, ..., ag.

Consider now the complex projective space P(V) = CP™. The later
is therefore equipped with an isometric S'-action (for the Fubini-
Study metric), and the fixed point set is given by

P(V)S' =] [ P(Eqy).

Note that P(Eg,) = CP™ where m; + 1 = dim(Eg,). In particular, we
have thatn+1=) ;(m;+1).

Let v denote the Hopf line bundle over P(V). Recall that the total
space E(y) consists of pairs (w,[z]) € V x P(V) with w € [z], and
where [z] denotes the complex line through z € V. It is easy to see
that we can lift the S'-action to y. We define the action on E(y) simply

by
A-(w,[z]) = (A\w, [Axz])

for any A € S!. If we restrict v to a fixed point component P(Eg,),
then ylp(Eai) is an S‘—equivariant complex line bundle over an ST-
trivial space. It is then easy to see that the S'-representation on the
fibers of vlp (g, ) is given by the complex multiplication with A®t for
any A € S'. For this reason, we call these a;’s the Hopf weights of the
ST-action.

Let us now consider v the orthogonal complement of y. The to-
tal space E(y*) consists of pairs (w,[z]) € V x P(V) with w € [z]*.
Similarly, we can lift the S'-action to yt. Thus, the complex bundle
hom(y,y+) over P(V) admits an S'-action. Recall that the total space
of hom(y,y') consists of pairs (@, [z]) where @ : y[,; — yﬁz] is linear
and [z] € P(V). With the above notation, the S'-action on hom(y,y")
is defined by

A (@, [z]) == (ANPAL T, [Az])

forany A € S'.

We use the bundle hom(y,y~) to understand the tangent bun-
dle of P(V), in particular the restriction to a fixed point component
TP(V)‘p(Eai). Let us briefly recall from [44, Theorem 14.10] that the

)

tangent bundle TP(V) is isomorphic to hom(y,y"t). Indeed, first let
us identify T;,;P(V) with the open neighborhood U, := {[z + w] :
w € [z]1} of P(V). This can be done easily with the map

TP(V) — Uy : [t = [z4+tw]] — [z +W].

Moreover, the fiber hom(y,y1), of hom(y,y™*) at [z] is isomorphic
to U, using the map

hom(y, ")y — Uy : (@, [z]) — [z+ Ozl.



2.3 LINEAR ACTIONS ON COMPLEX PROJECTIVE SPACES

These maps define an isomorphism between TP(V) and hom(y,y).

Note that the S'-action on P(V) induces an S'-action on TP(V),
where A € S! acts by the differential A, : TP(V) — TP(V) : [y] —
[A - y]. Furthermore, we can see that the isomorphism above is ST-
equivariant because the following diagram

T P(V) U, hom(y,y1)
?\*l lx l)\
TAzP(V) U ] hom(v, v )ar

commutes for any [z] € P(V) and A € S'.

As we mentioned above, we want now to study the restriction of the
tangent bundle TP(V)|p (g, ) to a fixed point component P(E, ). First
remark that we have an S] —equ1var1ant direct sum decomposition

TP(V)lp(e,,) = TP(Ea,) & Ve (E,,),

where TP(E,) is the tangent bundle of P(E,,), and VP(E,,) is the
normal bundle of P(Ey,) in P(V). Thus TP(E,) is a trivial S'-bundle,
and vp (g o) is an 81—equ1var1ant complex bundle over a trivial S'-
space. The later implies that at any fixed point [z] € P(Eg,), the fiber
(Vp(Eai)) 1 ©f Vp(E, ) at [z] decomposes into the direct sum

(Ve = D v(niji

ny;j €z

where v(ny;)[, is the isotypical summand associated to the weight
A — A for any A € S', ie. the S'-representation on v(ni;)(, is
given by complex multiplication with A™i.

Furthermore, the isomorphism type of the fibers at [z] is indepen-
dent of the choice of [z] € P(Eq,). This yields an S'-equivariant direct
sum decomposition of the normal bundle VP (Eq,)s

VP(Eq,) = @ v(n;).

Ty eZ

Note that only finitely many n;;’s give us a non-trivial weight space
v(ni;j) . We call these weights the normal weights of the S'-action at
the flxed point component P(Eg, ).

In our case when the S'-action on P(V) is linear, the normal weights
have a very particular form. Using the above identification of the tan-
gent bundle TP(V) with hom(y,y+), we show that the weights at the
fibers of TP(V)lp(e E,,) are A = A4 % with multiplicities m; + 1 for
any j # i, and A — 1 with multiplicity m;. Thus the normal weights
at P(Eq,) are ny; = aj — a; with multiplicities m; + 1.

Indeed, the S! -representation at the fibers of y over P(E,,) is given
by the complex multiplication with A%, for any A € S'. Furthermore,

13
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we have that y @y is equivariantly isomorphic to the trivial bundle
V x P(V). This implies that the weights of the S'-representation at the
fibers of y1 over P(Eq,) are A — A% with multiplicities m; + 1 except
for j = i where the multiplicity is m;. The result now follows easily
from the definition of the S'-action on hom(y,y+) given above.

2.4 LINEAR ACTIONS ON THE COMPLEX QUADRICS

In this section, we explore linear actions on complex quadrics. This
gives rise to an interesting family of circle actions with many different
fixed point configurations.

Let V = C™*? equipped with an Hermitian inner product that we
denote by (-, -). Let us consider a Lie group homomorphism

ST 5 0Mm+2)cUMm+2): A— A,y

Define an S'-action on V via A - z := Az, for any A € S'. Furthermore,
let () denote the conjugation map.

Using as above E to denote the isotypical summand associated to
the weight A — A%, we can see that if E, is a non-trivial weight space,
then E_, = E4 is also a non-trivial weight space. Furthermore, note
that E, | E_, whenever a # 0. This gives us an S'-equivariant direct

sum decomposition

V=Eo(P(Ea ®E-a).

ai

In other terms, whenever a; is a Hopf weight, then —a; is also a Hopf
weight. We fix the convention that ap = 0.
Consider now the complex quadric Xy (2) defined by

Q(V) :={lz] € P(V)|(z,Zz) = 0}.
The above S'-action restricts to Q(V). Indeed, for any A € S', we have
Az, z) = (Axz, ArzZ) = (A\z,A\Z) = (z,Z) = 0.

This shows that the S'-action is well defined on Q(V). Since the action
is isometric on the level of the complex projective space with the
Fubini-Study metric, this yields an isometric S'-action on the complex
quadric for the induced metric.

Like in the previous section, we want now to understand the struc-
ture of the fixed point set of this action. We first remark that Q( v)s' =
P(V)S' nQ(V). Secondly, note that for any Hopf weight a; where
i # 0, we have that the fixed point set P(Ey,) C Q(V). This follows
directly form the fact that E,, L E_4,. However, for ap = 0 the projec-
tivization P(E() of the weight space E is not contained in Q(Ey) if Eo
is non-trivial. Indeed, if z # 0 is in Ey, then Z is also in Ey. Therefore,
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w =z +Z = 2-N(z) is also contained in Ey and (w, W) is a positive
real number, showing us that P(Ep) ¢ Q(Eo).

Note that when i # 0 (i.e. a; # 0) the fixed point component Q(Eg;,)
can be identified with P(Eq,) = CP™ where mj + 1 = dim(Eq, ). This
is exactly like in the previous section, i.e. for a linear S'-action on
the complex projective space. However, for i = 0 (i.e a; = 0) the fixed
point component Q(Eo) is a quadric Xy, (2) where mg +2 = dim(Eo).
The previous arguments sum up to the following proposition.

PROPOSITION 2.4. Let S' act on Xy, (2) linearly, then the fixed point set
Xn(2)S" is of the form

Xmo (2) I (CP™ IICP™ )11 - - I (CP™ [ICP™), (1)

with (mo + 1) —1—22}:1 (mi+1) =n+1. We assume in (1) that mg can
be equal to —1, in which case X_1(2) = (.

We now focus our interest on the structure of the normal bundle
at a fixed point component. Let Q(Ey,) C Q(V)S' be a fixed point
component of the S'-action on Q(V). Then we have an S'-equivariant
direct sum decomposition

TQWV)IQ(k.,) = TQ(Ea) ®VQ(E., )cQ(v)/

where TQ(E,) is the tangent bundle of Q(Eq;) and v (e, jcQ(v)
is the normal bundle of Q(Eq,) in Q(V). Thus TQ(E,) is a trivial
ST-bundle, and VQ(Eq,)CQ(V) isan S! -equivariant bundle over a triv-

ial S'-space. Like in the previous section, one can define the normal
weights at the fixed point component Q(E;). These are given by the
S! -representations at the fibers of vo (g, jcQ(v)-

PROPOSITION 2.5. Let Xy, (2) be a complex quadric equipped with a linear
S'-action. Let F C X, (2)S' bea fixed point component.

IF F = X, (2). The normal weights at F are the a;’s of multiplicity m; +
1, forj # 0.
IF F = CP™i. The normal weights at F are:

* the differences (a; — ai)’s of multiplicity m; + 1, for j # 0,1
and a; 75 —Aaj,
® the numbers —ay’s of multiplicity mo + 2,
® the numbers —2a;’s of multiplicity m;.
PROOF. Let us first consider the case F = X, (2). By Proposition 2.4,
the fixed point component corresponds to Q(Eg). Consider then the

normal bundle vq (g,)cq(v)- We note that the inclusion Q(V) C
P(V) induces an S'-equivariant isomorphism

YQEs)cQ(v) = (Ye(eoycr(v)) [o(v)-

15
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This gives us that the normal weights at Q(Eo) in Q (V) are exactly
the normal weights at P(E() in P(V) computed in the previous sec-
tion. These are the differences (a; — ap)’s of multiplicity m; + 1 for
j # 0. Since ap = 0, this concludes the first part of the proof.

Let us now consider the case where F = CP™t. By Proposition 2.4,
this fixed point component corresponds to the space Q(E,,) where
a; # 0. Note that in this case, we have Q( .) = P(Eq,). We can then
consider the normal bundle VQ(Eq, v) of Q(Eq,) in P(V). The later

gives us an S'-equivariant direct sum decompos1t1on

VQ(Ea,)CP(V) = VQ(Ea)CQ(V) P (Vovicrv)) }Q(E
From the above splitting, we deduce that the normal weights at Q(Eg, )
in Q(V) come all from Q(E4,) = P(Eq,) in P(V) which have been com-
puted in the previous section. Thus, we need to show that the normal
weight at fibers of (Vo (vycp(v)) }Q is —2q;.

Let us consider the S]—mvarlant subspace Vo, = Eq, ®E_q, of V.
The inclusion induces an equivariant isomorphism

VQ (Ve P (V) = (Yavicrv)) g v, )
Therefore, it is sufficient to show that the normal weight at the fibers
of Vo (v, )cP(V,, ) above Q(Eq;) = P(Eq,) is —2a;. Consider then the
following direct sum decomposition

VP(Eq)CP(Va,) = VP(Eq)CQ(Vay) @ (YQ(Va P (V) b (e, )

By the computation in the previous section, we know that the normal
weights on the left hand side are all —2a;. O

EXAMPLE. To illustrate the previous proposition, let us consider the
linear S'-action on Xy, (2) given by the Lie group homomorphism

S' —SOMm+2)

cos® —sinB

sin® cos©

1

The fixed point components of this action are two isolated fixed points
Pr=01:—-1:0:---:0and Py =01 :1:0: - ---:0], and
a n — 2 dimensional complex quadric X,,_(2) consisting of points
0:0:2:---:znp1) € CPT such that (z,Z) = 0. The point Py
corresponds to the weight A — A, while the point P_; corresponds
to its conjugate weight A — A~'. Therefore, the Hopf weights at Py
and P_; are 1T and —1 respectively. Furthermore, the Hopf weight at
Xn—2(2) is 0. By Proposition 2.5, we see that all the normal weights at
any fixed point component are equal to %1, i.e. the action is semi-free
around the fixed point components.
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2.5 EXOTIC CIRCLE ACTION ON COMPLEX PROJECTIVE SPACE

An important example of non-linear smooth circle actions on the com-
plex projective spaces was constructed by Petrie in [47, p. 148]. These
are called exotic actions because the normal weights at a fixed points
are not the differences of the Hopf weights.

Petrie constructed an example of such an action on CP® admitting
four isolated fixed point Py, P1, P2, P3. The Hopf weights at these
points are respectively ap = 0, a; =7, a = 1 and a3z = 6. Further-
more, the normal weights are:

AT Py: 7,2 and 3,
AT Py: —7,2 and 3,
AT P5: 5,2 and 3,
AT P3: —5, 2 and 3.

Note that if the action were linear with these Hopf weights, the nor-
mal weights at Py should be instead 7, 1 and 6.






REVIEW OF EQUIVARIANT COHOMOLOGY AND
RELATED TOPICS

In this chapter, we provide the reader with a short review of all the
tools we use to study complete intersections with S'-symmetry.

3.1 BOREL CONSTRUCTION AND EQUIVARIANT COHOMOLOGY

Let G be a topological group and let X be a (left) G-space. Consider
then a universal G-bundle EG — BG, where BG is a classifying space.
Recall that G acts freely on EG, and EG — BG is a G-principal bundle.
We assume the convention that EG is a right G-space.

We define the space Xg as

XG =EG XG X,

and EG xg X is the quotient EG x X/~ for the equivalence relation
defined by (eg,x) ~ (e, gx) for any (e,x) € EG x X and g € G. Note
that Xg can also be seen as the orbit space (EG x X)/G of the G-action
on EG x X defined by g(e, x) := (eg™!, gx). The equivariant cohomology
of X is defined by taking the ordinary cohomology of the space Xg,
ie.

HE (X) := H* (Xg).

The construction above gives us also the following commutative
diagram

EG<—EGXxX——X

L

BG Xg X/G.

In addition, this construction is functorial. If f : X — Y is a G-
equivariant map, then we have an induced map fg : Xg — Yg which
induces in cohomology

£ HE(Y) = HE(X).

Another interesting consequence is that we have a fibration X —
X — BG. This fibration plays an important role, because it allows us
to understand (via the Leray-Serre spectral sequence) the equivariant
cohomology of X via the ordinary cohomology of X and BG. Further-
more, the map Xg — BG equips the equivariant cohomology ring
HE (X) with a structure of H*(BG)-module via H*(BG) — HE (X).

19
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Consequently, HE (X) has the structure of an H*(BG)-algebra. This
turns out to be very useful to understand HF (X).

Recall that for G = S!, the infinite complex projective space CP*®
can be identified with the classifying space BS'. Therefore, we have
the following isomorphism of rings

H*(BS') = Z[z],

where z is a generator of degree 2. For G = Z/2, the infinite real
projective space RP* can now be identified with the classifying space
BZ/2, and the cohomology ring over IF, coefficients is

H*(BZ/Z;F;) = Falt],

where t is a generator of degree 1. Similarly for G = Z/p, where p
is an odd prime number, we have that BZ/p can be identified with a
lens space, its cohomology ring is given by

H*(BZ/p; Fp) = Fyls, tl/(s%),

where s is of degree 1, t is of degree 2 and 3(s) = t where 3 is the
Bockstein homomorphism.

3.2 ATIYAH-BOTT INTEGRATION FORMULA

From now on, we assume manifolds to be closed, smooth and ori-
ented.

3.2.1  Review of the Umkehrung homomorphism

Let f : N — M be a smooth map between two manifolds. The classical
Umkehrung homomorphism (also called the pushforward) is a map in
cohomology

fi: H (N) — H*T*(M)

where k = dim M — dim N. This map is functorial in the sense that
the Umkehrung homomorphism of a composition satisfies (fo g); =
f! o Jgr.

Furthermore, this map satisfies some interesting properties. Let
us define an H*(M)-module structure on H*(N) via the map f* :
H*(M) — H*(N) and the cup product. Then f; is a map of H*(M)-
modules. More precisely, we have that

fi(p- (W) =fi(p) - w

for any u € H*(N), and w € H*(M).
Most importantly, when we have an inclusion i : Nk <y M™ of a
submanifold of codimension k, then the Umkehrung homomorphism
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factors through the Thom isomorphism. To be precise, the Umkehrung
homomorphism is the composition

HA(N) 2 H* R (M, M — N) 5 1R (M),

We identify the cohomology groups H***(E(vy),E(vn) — N) and
H*Tk(M, M — N), where vy denotes the normal bundle of N in M,
and E(vy) is its total space. This isomorphism follows easily using
the excision isomorphism, and identifying the total space E(vn) as a
tubular neighborhood of N in M. A precise proof can be found in [44,
Corollary 11.2].

In particular, this factorization through the Thom isomorphism im-
plies that i;(1) is the Poincaré-dual cohomology class of N in H¥(M).
Consequently, [44, Theorem 11.3] gives us the following corollary.

COROLLARY 3.1. Let i : N < M be as above, then i* o (1) = e(vn)
where e(vN) is the Euler class of the normal bundle of N in M.

Another interesting property occurs when p : E — B is a fiber
bundle of dimension k, then the Umkehrung homomorphism

pr: H*(E) — H*7*(B)

is the integration along the fibers of p. In particular, considering the pro-
jection of a manifold M™ to a point pt, i.e. M™ — pt, the Umkehrung
homomorphism gives us the standard integration map

J : H™ (M) — HO(pt), where J w = (w, [M]),
M M
for any cohomology class w € H™(M). Recall that (-, [M]) denotes
the evaluation with [M] € H,,(M), the later being the fundamental
homology class of M.

Let i: N" ™% < M™ be an inclusion of a submanifold. Then by the
functoriality of the Umkehrung homomorphism, we have the follow-
ing commutative diagram

HM (M) 2 10 ()

| A

H™ & (N).

Therefore, if one considers a cohomology class w € H™%(M), then
with all we have seen above we can deduce that

J w|N:J N - W,
N M

where 1N denotes the Poincaré-dual cohomology class of N.

21
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3.2.2  Equivariant Umkehrung homorphism and equivariant Euler class

We now focus our interest on defining the equivariant Umkehrung ho-
momorphism. In particular, let f : N — M be an equivariant map be-
tween G-manifolds, where G is a compact Lie group acting smoothly
on N and M. We want to define a homomorphism

S HE(N) — HET(M),

where k = dim(M) — dim(N), having similar properties as the classi-
cal Umkehrung homomorphism. To do this, note first that any equiv-
ariant map f : N — M can be factored

£

o
N=—NxM——M
i P

where i : N — N x M is the graph embedding and p : N xM — M
is the projection on M. Furthermore, 1 is an equivariant inclusion
of a submanifold, and p is an equivariant fiber bundle. Using the
above properties of the Umkehrung homomorphism, we only need
to translate in the equivariant theory the Thom isomorphism and the
integration along the fibers.

Let E™ and B™* be G-manifolds and p : E — B be a G-fibering.
One can easily see that applying the Borel construction to p gives us
again a fibering pg : Eg — Bg. If the fibers of p are oriented compact
manifolds, so are those of pg. Therefore, the equivariant integration
along the fibers is well defined, the later being simply the classical
integration along the fibers of pg : Eg — Bg. Thus this gives us an
equivariant Umkehrung homomorphism

p$ HE(E) — HE*(B),

whenever p : E — B is an equivariant fibering.

Let i : N™% — M™ be an equivariant inclusion of G-manifolds.
The equivariant normal bundle of N, denoted vﬁ ,1s the bundle obtained
by applying the Borel construction to vy, i.e. we have

EG XG E(VN)HEG XG ™

| l

Ng Mg.

As above, we have that the fibers of vﬁ are of the same dimension
as the fibers of vy, i.e. they are k-dimensional, and the Thom iso-
morphism theorem gives us the existence of a Thom class pug €
H*(E(v), E(v]) — Ng) such that the composition

H*(Ng) 75 H*(E(v§)) 2% HH(E(v), E(v]) — No)
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is an isomorphism. Thus, we have an equivariant Thom isomorphism
dg : HE(N) — HE™(M,M —N).

Therefore, the following composition gives us an equivariant Umkeh-
rung homomorphism

HE (N) 285 HEFR(M, M — N) 25 HEPe (M),

whenever i : N — M is an equivariant inclusion of G-manifolds.

The reader can check that this equivariant Umkehrung homomor-
phism is functorial, and that it is an H*(BG)-module homomorphism.
Furthermore, the above construction of the equivariant Umkehrung
homomorphism suggests us the following definition of the equivari-
ant Euler class.

DEFINITION. Let E % B be an oriented k-dimensional equivariant
vector bundle. The equivariant Euler class of & is defined as

eg(&) =e(&g) € HG(E),

where &g is the k-dimensional vector bundle obtained by applying
the Borel construction to &.

With this definition, we have that if i : N < M is an equivariant
inclusion of G-manifolds, then

iz; Oi?(]) :e(;(VN).

3.2.3 Integration formula

From now on, let us assume G = S'. Let M™ be a S'-manifold. In
virtue of 3.2.2 we can now use the equivariant Umkehrung homo-
morphism associated to M — pt to talk about equivariant integration.
Since Hg, (pt) = H*(BS'), the integration map

J : HE (M) — H*(BST)
M

takes values in H*(BS') instead of H*(pt). Recall from before that
Jm is an H*(BS')-module homomorphism. Therefore, if z denotes
the generator of H*(BS') such that H*(BS') = Z[z] and w € H%, (M),

then
ol

Furthermore, the equivariant integration of a cohomology class com-
ing from H™ (M) corresponds to the integration in the non equivariant
setting. This fact will be very useful later.
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Another interesting fact is given by integrating any cohomology
class w € HY; (M) of degree n, then the equivariant integration of w
takes value in H°(BS') = Z. With an appropriate choice of w, we can
obtain very useful information on the equivariant cohomology of M.

In order to simplify the notations, let H* denote the cohomology
ring with coefficients in Q. Let us now recall an important theorem
about equivariant cohomology, namely the so called Localization The-
orem. We consider here only a weaker statement, but the reader in-
terested in the more general one can find it in [1, Theorem 3.1.6].

LOCALIZATION THEOREM. Let M be a closed smooth oriented manifold
equipped with a smooth S'-action. Then the localized homomorphism

—1:x%
STTHE (M) 225 s7THE, (M)
is an isomorphism of S~'H* (BS")-algebras, where S = H*(BS') —{0}. Fur-
thermore, the localized equivariant cohomology of MS' can be identified via

STHE (M3 = P STTHH(BS') @q HF(F).
FCMS!

We use this theorem to explain the Atiyah-Bott-Berline-Vergne inte-
gration formula which has been discovered in [7] and [4]. However, we
only refer to the paper of Atiyah and Bott.

Let F be a fixed point component of MS' and if : F < M denote the
inclusion map. Recall that the composition if o (if)i(1) in equivariant
cohomology is equal to the equivariant Euler class egi(v§). On the
other hand, we have an isomorphism

4(F) = H*(BS) ®g H*(F)

of H*(BS')-algebras. Therefore, we can deduce that the homomor-
phism

it o (ip)r : HE (F) — HETH(F)

is the multiplication by egq1 (v ). Since this homomorphism induces, in
the localization S~ H3, (F), an isomorphism of S~ TH*(BS! )-algebras,
we deduce that the kernel and the cokernel of if o (if) are H*(BS')-
torsion modules. Thus the element e (vf) is invertible in S~ Hg, (F).

ATIYAH-BOTT INTEGRATION FORMULA. Let M be a closed smooth
oriented manifold equipped with a smooth S'-action. Let F C MS' be a
connected component of the fixed point set, and let if : Hg, (M;Q) —
H%, (F; Q) be the restriction to F in equivariant cohomology. Furthermore,
let v denote the normal bundle of F and eg1(vy) the corresponding equiv-
ariant Euler class. Then we have
if(w)
JM(U =2 JF es1(Vr)
FC

Mms!

for any equivariant cohomology class w € HE, (M; Q).
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The proof of this statement (also explained in [4]) is rather simple.
As a matter of interest let us sketch it briefly here. Define the homo-
morphism

0:S THL (M) — STTHE (MS)

I

P s TH(BS') @ H*(F)
FcMmS!

O(w) := Z i w)

7
FCMS! et (ve)

for any localized equivariant class w & s—! H3, (M). We can see that
0 is the inverse of i,. Indeed,

if if o (ip)s
Goi!: Z F Oi!: Z Fi(]:)

e v e v
FcMS] sl( F) FCMS] gl( F)

and since if o (if): is the multiplication by eg1(vr), the above com-
position is the identity. Therefore, if w is an equivariant cohomology
class in Hg, (M), then

. . if(lw) | _ (i) oif(w)
w=bodlw) =il ) SRS 2 Teme
FCMS FCMS

If we equivariantly integrate both side, we then have

JM“):JMFC% (iF)!oi;i(w):FCZ J i)

es1(vr) 1 JF €1 (VF)

The very last equality follows simply by functoriality of the Umkeh-
rung homomorphism.

3.3 LEFSCHETZ FIXED POINT FORMULA FOR THE EQUIVARIANT
SIGNATURE

The formula we introduce in this section will also be of great impor-
tance for our computations. This formula appears especially in [3],
and [5]. However, we use the approach of [28, Section 5.8] since it is
already specific for an S'-action.

Let M be a manifold equipped with a smooth S'-action. Let MmS'
denote the fixed point set of the action. Then, at any fixed point com-
ponent F C XS', we have an S! -equivariant direct sum decomposition

TM|F =TF® VE

where v is the normal bundle of F in TM. Note that TF is a trivial
S'-bundle, while v is an S'-bundle over a trivial S'-space.
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From representation theory, we know that the real non-trivial irre-
ducible representations of S' are two dimensional and given by

RTINEN ( cos(n@) —sin(no) )

sin(n®) cos(no)

with n € Z. Note that the representations given by n and —n are
equivalent, thus we assume n to be positive. Furthermore, such rep-
resentations are of complex type, which defines a natural complex
structure where the S'-action is given by complex multiplication with
A™ for A € ST.

Therefore, the above argument induces for a fixed point x € F a
complex structure at the fibers of v at x together with a direct sum
decomposition

codim F
2

(vi)x = P vinr;x

=1

where v(ng;)x is the isotypical summand associated to the weight
A — A", and ng; > 0. Furthermore, the isomorphism type of the
fibers at x is independent of the choice of x € F. This yields an S'-
equivariant direct sum decomposition of the normal bundle

VE = @V(n]:,j).
J
Note that there are only finitely many nf;’s giving us a non-trivial
weight space v(nf;)x. These weights are called the normal weights at
the fixed point component F.

We fix the orientation on the normal bundle v¢ by means of the
complex structure mentioned above. Thus, we can now choose the
orientation on F to make it compatible with the one of v and M.

In addition, we use the splitting principle [10, Section 21]. Let the
xf,i's denote the formal roots of TF and let the yf;’s denote those
of vi. Let A € S! be a topological generator and let sign(A, M) €
Z[N\ A7) denote the equivariant signature which we see in the ring
of finite Laurent series in A with integer coefficients. We can now
apply the equivariant Atiyah-Singer index theorem to the equivariant
signature. This yields the formula

signA,M)= )  u(\F),
Fcms!
where the local datum at F is given by

dim F codlm F

2 14+ e Xki + A MFje YUF;
uw(A, F) ::LH <XF,1 _Xh) H (1_7\ nEje— yF,)'

i=1
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Because S' is connected, sign(A\, M) = sign(M) by homotopy in-
variance. Furthermore, if we let A — oo, then the local datum p(A, F)
on the right hand side becomes simply sign(F), thus

sign(M) = Z sign(F).

EXAMPLE. Let P be an isolated fixed point of a smooth S'-action on
a manifold M?™. Let us compute the local datum at P. We use the
same notation as above for the normal weights. Note that since P is
a point there is no formal tangential roots and the normal roots are
all trivial. Let us denote ep = %1 the orientation of P according to the
convention above, then

1+7\7

Furthermore the term e

is expressed as the formal power series

— (14 2A™P) 4 2N TP 4 A3 TR LAY TR L OAS TR L),

The formula above shows us in particular that a manifold M?™
cannot admit P as the only fixed point of the S'-action. Indeed, one
would have that

n
sign(M) = (—=1)"ep [ [(1 427" + 202775 4 2A37%5 ).
j=1

Since the left hand side is an integer and does not depend on A, and
the right hand side is a non-trivial power series in A, we conclude this
cannot happen.






THE COHOMOLOGY STRUCTURE OF THE FIXED
POINT SET

Our goal in this chapter is to study which homological properties
of complete intersections transfer to their fixed point set for an S'-
action. Having in mind Smith’s and Bredon’s theorems (cf. [49] and
[11] respectively), we conjectured that the fixed point components of
a complete intersection with an S'-action would again be complete
intersections, or at least cohomologically. It turned out that such a
result could not be proven. However, if we consider odd dimensional
complete intersections, we are able to show that their fixed point com-
ponents under an S'-action have a very understandable cohomology
ring in even degrees, cf. Proposition A. This result suggests to con-
sider the work of Hsiang [29] and Masuda [42], both focussing on
rational cohomology complex projective spaces. Thus, we show in
this chapter how to adapt their work into our context.

4.1 BETTI NUMBERS AND DEGENERACY OF SPECTRAL SEQUENCES

In this section we discuss the degeneracy of the Leray-Serre cohomol-
ogy spectral sequences associated to the Borel construction. Moreover,
we use the same techniques as Bredon in [12, Chapter VII] to obtain
data on the cohomology ring of the fixed point set.

LEMMA 4.1. Let X (d) be a complete intersection withn > 1 and equipped
with a smooth S'-action. Then the Leray-Serre cohomology spectral sequence
associated to Xy (d) — X (d)g1 — BS! degenerates at the E-term with Q
coefficients.

PROOF. This fact follows from [8, Théoreme Il.1.2] or [43] since com-
plete intersections are Kdhler manifolds. However, we can give a more
direct proof by generalizing [16, Lemma 3.1].

First, note that if n is even, then the spectral sequence degenerates
trivially since H*(Xy (d)) is concentrated in even degrees. Thus let us
assume n to be odd.

Let x be the generator of H?(Xn(d); Q) introduced in Section 2.1,
and let z be a generator of H2(BS'; Q) such that H*(BS'; Q) = Ql[z].
Thus, x and z are generators of E5® = H®(X,(d); Q) ® H*(BS'; Q)
and we have the relation x™*! = 0. Since all differentials d, vanish
on x and z, they also vanish on EX* for multiplicative reasons.

We now show that the differentials d, : E¢™ — EF™ "1 are trivial.
Let us first consider d, : Eg’“ — E%’“_1. By above, we know that

n+l 2 1 . . n+l .
the class x 2 -z € EZ’n+ survives until E,. Thus, x 2 -z is non-
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zero viewed as a class in E.,. Hence, the same is true for x"7" . z for
multiplicative reasons. Since XTIz generates E%’“_1, this implies
that the differential d, : Eg’“ — E%’“_] is trivial. By induction we
can show that all differentials d, : E&™ — EF™ ™' are trivial. By
multiplicativity, the spectral sequence degenerates entirely at the E;-
term. O

NOTATION. For any topological space X, we denote by

bey(X):= ) tkH*(X;Q)
k even

boad(X) := ) rkH*(X;Q)

k odd

the sum of even and odd Betti numbers of X.

It follows from [12, Chapter VII, Theorem 2.1] that

1 1

bev(Xn(d)S ) = bEV(XTL(d))I and bodd(Xn(d)S ) = bodd(Xn(d))-

Later on, we will improve the above equalities. In particular, we ob-
tain the same equalities for the fixed point sets of the induced Z/p"-
actions, where p" is the power of a prime number. Note that these
equations allow us already to classify odd dimensional complete in-
tersection with a smooth S'-action admitting only isolated fixed points.

COROLLARY 4.2. Let Xy (d) be a complete intersection with n > 1 odd. If
Xn (d) admits a smooth circle action with only isolated fixed points, then

d= (1) and X,,(d) = CP™, or
d = (2) and Xy (d) is a complex quadric.

PROOF. By Lemma 4.1, we have

bev(Xn(d) )—bev( n(d)) =mn+1, and

)
bodd (Xn(d)®') = boga(Xn(d)) = 0.

Therefore we can deduce that x(Xn(d)) = n + 1. This implies by
Section 2.1 thatd = (1) or (2). O

It is interesting to note that if n is even, we cannot prove this result
as easily. For even n > 4, the classification of complete intersections
with smooth S'-action admitting isolated fixed points is completely
open. However, the above results shift the discussion of smooth circle
actions on odd dimensional complete intersections to the cases where
the fixed point components are not simply isolated fixed points. This
is our main focus for the rest of the chapter.

For the rest of this section, let X denote a complete intersection
Xn (d) with n > 1, and equipped with a smooth S'-action.
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PROPOSITION 4.3. Let p" be the power of a prime number. We consider
on X the induced cyclic group action Z/p™ C S'. Then the following
equalities hold:

bey (XZ/P") = rk H® (XZ/P",F,,) = rk H® (X; Fp) = bey(X), and

bodd (XZ/P") = rk HO4(XZ/PT; B, ) = rk HOYY (X, Fpy ) = boaa (X).

Consequently, H*(XS'; Z) is torsion free.

The proof of this proposition is the same in essence as [16, Proposi-
tion 3.2] or [42, Lemma 3.1].

PROOF. Let us fix a prime q large enough such that
o XZ/a = xS
e XZ/P" has no g-torsion,
e X5' has no g-torsion.

It follows by [12, Chapter VII, Theorem 2.2] that for any manifold
Z with a smooth S'-action, and any prime number p

rk H®(Z2/P;F,) < tk H®(Z;F,,), and
rk HO4(Z2Z/P, F,)) < tk HOY(Z;TF,, ).

By induction, one can show that

rk H®Y(ZZ/P"; F,,) < tk H®(Z;F,,), and
rk HO44(ZZ/P", F) < rk HOY(ZF,).

Therefore, we have the following inequalities:

bey(X3') = tk HY (XS, )

(XZ/pr)Z/Q;]F

-
e
u
[g’]
<A’-\
<
N
~o
-di
T
e
I
o
[}
<
<
N
~
<

The same holds in odd dimensions. Since beV(Xsl) = bev(X) and
boad (X® ]) = boad(X), all the above inequalities are in fact equalities,
and this concludes the proof of the proposition. O

COROLLARY 4.4. Let n be an integer and F C X%Z/™ be any fixed point
component. Then F is orientable.

PROOF. Let F be the fixed point component of the induced Z/n C S!
action. We decompose the Z/n-action as follow. Write n = 2"k where
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k is an odd number. We first show that the connected components of
X%/2" are orientable. Indeed, by Proposition 4.3 we know that

bey(X%/2") = tk HY (X%/2"; F,), and
bodd (XZ/%") = rk HOI(XZ/2; IF,).

This implies in particular that H.(X%/2"; Z) does not have 2-torsion.
By [25, Chapter 3, Corollary 3.28] we can deduce that any component
of X%/2" is orientable.

Furthermore, X?/2" is equipped with a Z/k-action such that

(XZ/Zr)Z/k — XZ/TL

This implies that F is a fixed point component of a Z/k-action on a
certain orientable connected component Y C X%/2" Since Y is an ori-
entable manifold and since the Z/k-action induces a complex struc-
ture on the normal bundle of F in Y, we have that F is an orientable
manifold. O

REMARK. From the proofs of Proposition 4.3 and Corollary 4.4, we
extract an interesting criterion concerning the orientability of a fixed
point component of a cyclic group action coming from an S'-action
(cf. Appendix A).

COROLLARY 4.5. For any prime number p, the Leray-Serre spectral se-
quence associated to X — Xz, — BZ/p degenerates at the E;-term with
IF, coefficients.

PROOF. This follows directly by [12, Chapter VII, Theorem 1.6]. [

COROLLARY 4.6. The Leray-Serre spectral sequence associated to X —
Xg1 — BS! degenerates with IF,, coefficients for any prime number p. Con-
sequently the above spectral sequence degenerates at the E,-term over Z.

PROOF. Recall that the inclusion map i: Z/p < S' induces in coho-
mology a monomorphism i* : H*(BS1;IFp) — H*(BZ/p;F,). Com-
paring the spectral sequences with the above map, we can easily de-
duce that all differentials are trivial on

H*(BST; H* (X Fp)) = H*(Xg1; Fp),
since this applies to
H*(BZ/p; H*(X;Fp)) = H*(Xz,/p; Fp). O

COROLLARY 4.7. Let p" be the power of a prime number, and F C X%Z/P’
be a connected component. Then

1

beV(FS]) = beV(F)/ and bodd(FS ) = bodd(F)~

Therefore, the Leray-Serre spectral sequence associated to F — Fg1 — BS!
degenerates at the E;-term over Q.
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PROOF. By [12, Chapter VII, Theorem 2.1], we know that the above
spectral sequence degenerates over Q if and only if the inequalities

bey(F3') < bey(F), and  boga(FS') < boga(F)

are equalities, which is straight forward by Proposition 4.3. O

4.2 COHOMOLOGY OF THE FIXED POINT COMPONENTS

We prove Proposition A with the same techniques as Bredon used in
[12, Chapter VII, Theorem 3.1]. The main idea is based on the fact that
for an odd dimensional complete intersection, the even cohomology
looks like the one from a complex projective space.

From now on, we assume that the complex dimension of our com-
plete intersections is odd and strictly greater than 1. Furthermore, we
denote by x the generator of H?(Xn(d)) introduced in Section 2.1.

PROPOSITION A. Let Xy (d) be a complete intersection with odd n. > 1.
If Xn(d) admits a smooth circle action, then for any connected fixed point
component Fy C Xn(d)sl we have

HY(F; Q) = Qlxlr, I/ (X7,

where x|, € HZ2(F;; Q) and 2m; is the dimension of Fi. Moreover, we have
Yimi+1)=n+1

DEFINITION. A manifold F2™ satisfying

HY(FQ) = Qxel/ ()
is called rational cohomology CP™ in even degrees.

PROOF. Let * be a fixed point, and F; a connected component of the
fixed point set Xn(d)S1 containing *. Furthermore, let j; denote the
composition of inclusions

Fi —— Xn(d)S' —— X, (d).

For this proof, we use H* to denote the singular cohomology with
rational coefficients. Similarly, let HY, denote the S1-equivariant co-
homology with rational coefficients.

By Lemma 4.1, there exists a unique equivariant cohomology class
& € Hé (Xn(d),*) which restricts to our generator x € H2(Xn(d))
and generates Hé (Xn(d), *) over the field of rational numbers. Let
& € Hé (Fi, *) denote

(G1)51 (&) = & € HE1 (Fy, *).
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Since the diagram

G0)%

HE (Xn (d), *) HZ, (Fi, *)
res res
H (X (d), %) — 2 H(Fy, )

commutes, we can see that res(&;) = x|, .

We claim that the even degree cohomology H®V(F;, ) is a Q-algebra
generated by x|f,. Indeed, by [12, Chapter VII, Theorem 1.5] the map
(ji)$) induced in equivariant cohomology is onto in high degrees,
and since HFj (X (d), *) is a free H*(BS')-module generated by the
£,&2,...,E", the image of (1) g1 in HSY (Fi, #) is generated over H* (BS")
by

2 .
ai/ail'--larll

where m; is the biggest power such that £ # 0. Since H, (Fy, %)
is a free H*(BS')-module, it follows that H®(Fy, %) is a Q-algebra
generated by x|,. Therefore, the ring structure of H*V(F;) is given by

H'(F3 Q) = Qi /(6 ),

and the fact that } ; mi +1 =n+ 1 follows directly from Proposition
4.3. O

Note that the odd dimensional hypothesis on our complete inter-
section ensures us that HE (Xn(d), %) is a free H*(BS')-module gen-
erated by &, £2,...,&n, without all the other generators in the middle
dimension HY, (X (d), *) messing up.

In view of all the results in Section 4.1, we might be tempted to
say that any component F C X#/P" is a rational cohomology CP™ in
even degrees. This is unfortunately not true in view of Proposition
2.5. In particular, we can construct on the quadric X3(2) an S'-action
whose fixed point set X3(2)S1 consists of CP' II CP', but the fixed
point set X3 (2)2/2 is the complex quadric X;(2). The later quadric is
not a rational cohomology CP? in even degrees.

Note that we could have used [1, Theorem 3.8.12] to prove the
above result. Furthermore, this theorem explains in some sense the sit-
uation above with the Z/2 fixed point set. Indeed, if p divides the to-
tal degree d = d; - - - dr, then the even cohomology ring H®V (X, (d); IF,)
has two generators.

4.3 EQUIVARIANT COHOMOLOGY OF COMPLETE INTERSECTIONS

We try now to understand the structure of the equivariant cohomol-
ogy ring. More precisely, we will adapt to odd dimensional complete
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intersections results from Bredon and Hsiang (cf. [12, Chapter VII]
and [29] respectively).

As above, let X = X, (d) be an odd dimensional complete inter-
section with n > 1 equipped with a smooth Sl-action. Let y be the
restriction to X of the dual Hopf line bundle over CP™"". We know
from [26] or more recently from [45] that the S'-action can be lifted
to vy if and only if x = c1(y) € i*Hé1 (X;Z), where c1(y) denotes the
tirst Chern class of y and i* is the map induced in cohomology by
i: X = Xgr1.

We know by Corollary 4.6 that the Leray-Serre spectral sequence
associated to X — Xg1 — BS! degenerates at the E;-term with Z
coefficients. This yields a direct sum decomposition

HE, (X;Z) = H?(X; Z) @ H*(BS'; Z2)

and i* is given by the projection on H?(X;Z). Thus, the S'-action
lifts to y. If we restrict v to a fixed point component F; C XS', then
we have on the fibers a complex one dimensional S'-representation
whose isomorphism type is constant on F;. We denote by a; € Z the
weight of the S'-action at F;, i.e. the S'-action on the fibers is given
by complex multiplication with A% for any A € S'. We call the a;’s
the Hopf weights of the S'-action on X.

Let z be a generator of H*(BS';Z), such that H2(BS';Z) = Z[z].
One can remark that these Hopf weights are not unique. Indeed,
by [45] we know that such lifts of the S'-action are classified by
(i*)""(c1(y)) € HE,(X;Z). Thus, if one chooses & € Hg, (X;Z) such
that i*(&) = x, then for any 1 € Z, the cohomology class &' = & +1-z
is also mapped on x. However, we know that the inclusion of a point
p; € Fj into X induces in equivariant cohomology a restriction homo-
morphism

5(X:Z) = H(py; 2) = 212

which maps & to aj - z. Therefore, £’ is mapped on (aj + 1) - z. This
means that the Hopf weights are unique up to a translation by 1 € Z.

The geometric interpretation of this unicity up to translation is ex-
plained using the tensor product of S'-bundles. Indeed, if we choose
a fixed lift of the S'-action to vy, then we can tensor y with a trivial
complex line bundle, where the S'-action on the fibers is the multipli-
cation by Al for any A € S'. This defines another lift of the S'-action
on vy, where the new Hopf weights differ from the previous one by
leZ.

The following proposition is an adaptation of a theorem of Hsiang
concerning smooth S'-actions on CP™ (cf. [29, Theorem IV.1]). The
proof we give is almost the same. We simply adapted the discussion
to the even cohomology ring.
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PROPOSITION 4.8. Let X = Xy, (d) be an odd dimensional complete inter-
section with a smooth S'-action. Then

¢ (X;Q) = H*(BS'; Q)[&]/(f(E))

as H*(BS'; Q)-algebras, where & is a lift of c1(y) = x € H*(X), and
the polynomial (&) = (§ —az)™ ... (§ — apz)™*! corresponds to
XS" = Fy U---UFy. Furthermore, the a;j’s are the Hopf weights of the
S'-action on X, and 2m; is the dimension of F;.

PROOF. Likein [29, Theorem IV.1], let us denote by Ry = S~ TH*(BS'; Q)
the quotient field of H*(BS'; Q). Moreover, let

A = Role] & STTH (X Q)

be an epimorphism which sends & on a fixed lift of cy(y) = x in
Hé (X;Q). Let I be the kernel of p. By the localization theorem there
is an isomorphism

STTHE (X Q) = @D Ro @ HY (F;; Q).
j

Let p; be the composition of p with the projection on Ry ® H®(F;; Q),
and let I; := ker p;. Therefore, the I;’s satisfies I = Iy N--- NIk and
L+Lin---NnL_1NIjzN---NIx = 1. This implies that I = I; - - - Iy

Let p; € Fj be a fixed point. The equivariant restriction of & to p; is
given by &|,, = ajz € Hg, (p;; Q) = H*(BS'; Q). Therefore, we can see
that p;(§ — ajz) € ﬂ*(Fj;Q) ® Rp. Since any element of ﬂ*(Fj;Q) is
nilpotent, for a sufficiently large integer N we have that (§ — a;z)N €
I;. More precisely, it is enough to take N > m; + 1 where 2m; is the
dimension of F;.

We deduce that the radical ideal ﬁ = M; is the maximal ideal
generated by (& — a;z), and the M;’s are mutually distinct. Since A —
M; contains no zero divisors of A, we can see A as a subset of the
localization AM;- Furthermore, one can prove that I; = I m; NA.

Finally, let us assume that I is generated by the polynomial f(§), i.e.
I = (f(&)), then we have that f(&) factorizes into linear factors in Rp[&].
By the Gauss lemma, f(&) factorizes with coefficients in H*(BS'; Q),
thus

(&) = (& — a1z)m1+1 (8 — akz)mk+], -

We prove now some interesting divisibility properties between the
normal weights and the Hopf weights.

PROPOSITION 4.9. Let Y,Z C Xn(d)S1 be two connected components.
Let m € Z such that YUZ C F where F is a connected component of
Xn(d)2/™. Then m divides ay — az, where ay and az are the Hopf
weights of Y and Z respectively.
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Proposition 4.8 allows us to give two different proofs of the same
statement. The following proof is adapted from the proof of [12, Propo-
sition 5.6]

ALGEBRAIC PROOF. Letp € Yand q € Z. By hypothesis p,q € F. Let
¢ : I — Fbe an arc from p to q. Therefore, ¢ induces an equivariant
map ¢ : I x S' — F, where S' acts on I x S! with A- (t,z) = (t,A™z).
By collapsing the ends, we get an equivariant map

(p:Sz—>F.

Let u,v denote the isolated fixed points of this action. By construc-
tions we also have that ¢(u) =p and @(v) = q.

Since the spectral sequence associated to Xy, (d) — X (d)g1 — BS!
degenerates over Z, we know that Hé (Xn(d);Z) = H2(Xn(d) ®
H2(BS'"). Thus, let & € Hél (Xn(d); Z) be a fixed lift of our generator
x € H%(Xn(d)). Without loss of generality, we can choose the lift
& such that ay = 0. This implies in particular that & Hé] (X, p).
Furthermore, the restriction of & to q is by definition az - z, where az
is the weight of the S'-representation at the fixed point component Z.

Let x’ € H%(S2,u) be a generator and let k € Z such that ¢*(x) =
kx’. We show that az = £km. Consider the diagram

(p*
HZ, (Xn (d), p) ————HZ, (S%,0)
i*zi J/i:
5 ((P|v)§1 2 2 1 0
HZ,(2) HZ, (v) = H2(BS") @ HO(v).

We can see that @%; (&) = k&', where &’ is the generator of Hél (S2,u)
representing x’ € H?(S?,u).

By [12, Chapter VII, Theorem 5.5], we have that i}(§’) = +m -z,
hence i) o ¢%; (&) = £km - z. On the other hand,

i7(&) = az -z + (terms in H?(Z) @ H°(BS"))

which is sent by (¢l)s, on az - z. This shows that az = +km and
concludes our proof. O

GEOMETRICAL PROOF. Consider the equivariant map
©:S2>F

constructed above. We denote u and v the isolated fixed points of
the S'-action on S?. Furthermore, we also have that @(u) = p and
e(v) =q.

Let v denote the restriction to X, (d) of the dual Hopf line bundle
over CP™*T. By construction, Z/m acts trivially on S2. Without loss
of generality suppose that the S'-action on |, is trivial. Therefore,
the Z/m-action on |, is also trivial and by connectedness, the Z/m-
action is trivial on all y|g2. In particular the Z/m-action is trivial on
Ylq, hence m divides az. O
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COROLLARY 4.10. Let p be a prime number. Then for any connected com-
ponent Y C Xn (d)S' admitting a normal weight vy ; divisible by p", there
exists another connected component Z C X (d)® " also admitting a normal
weight nz ; divisible by p" and

az—ay=0 modp".

PROOF. Let Y2™ be as above. Since ny ; is divisible by the power of a
prime number pT, there exists a fixed point component F C X, (d)%/P"
containing Y. Note that Y is an S'-fixed point component of F.

Since x|¥* # 0 in H2™(Y;Q), the cohomology class xI* # 0 in
H2™(F; Q). Thus, we can deduce that bey(F) > bey(Y). By Corollary
4.7, there must be another fixed point component Z C X, (d)® " con-
tained in F. In particular, Z is also an S'-fixed point component of F.
Thus there exists a normal weight nz ; divisible by p". By Proposition
4.9, we conclude that p" divides the difference az — ay. O

COROLLARY 4.11. Let P € Xy (d) be an isolated fixed point of the S'-
action, and np ; be a normal weight at P. Then there exists a component
YC Xn(d)sl not containing P such that ay —ap =0 mod np,.

PROOF. Let P be as above, and let F be the connected component of
Xn (d)%2/™Pi containing P. Therefore, P is an isolated fixed point of
the S'-action on F. Since a closed smooth oriented manifold cannot
admit a single isolated S'-fixed point (cf. Section 3.3), F must con-
tain another S'-fixed point component, say Y. The result follows by
Proposition 4.9. O

4.4 DEFECT OF A FIXED POINT COMPONENT AND FORMULAE

In this section, we adapt to odd dimensional complete intersections
results from Masuda [42]. The author studied smooth S'-action on
twisted complex projective spaces. His methods can easily be carried
out for odd dimensional complete intersections, since our manifolds
are integral cohomology twisted complex projective spaces in even
degrees.

DEFINITION. Let F C X, (d)S' be a fixed point component, we define
the defect of F as

[
F

where 2mg is the dimension of F.

D(F) :=

The following result is an adaptation of [42, Lemma 3.6].
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PROPOSITION 4.12. Let Xy, (d)S' = \U; Fi be the fixed point components,
j : Fi <= Xn(d) the inclusion, n; the normal weights at Ty, and ay the
Hopf weight at Fy. Then the following equation holds

d-J[ny =+DF) ] Jlai—a)™,
j KA

for every Fi, and where d = d; - - - d, denotes the total degree of Xr,(d).

PROOF. Let ji : HY, (Fi) — HE(Xn(d)) be the equivariant Umkeh-
rung homomorphism which increases the degree by the codimension
of Fi in X;,(d). Furthermore, we know that the restriction of j;(1) to
Fi vanishes for k # i, and j*ji(1) is equal to the equivariant Euler
class eg1(vF, ). Using Proposition 4.8 we deduce that

(1) =€ JTE—arz)™ .
k#£i

Since (& — axz) restricts to x for any k in H* (X, (d)), we can deduce
that up to sign C = D(F;)/ [ [, d«x. Hence,

31 TT de=DF) - [J(E—arz)™".
k=1 k#1

The restriction to a point of F; gives us the desired equation since £
is sent on a;z. O

We make no use of the above formula except to check our com-
putations in Part II. Indeed, the Atiyah-Bott integration formula will
give us the exact same equations with the correct sign. Moreover, this
formula is a generalization to complete intersection of the Petrie’s
formula for complex projective spaces [47, Theorem 2.8].
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Part II

APPLICATIONS

Using equivariant cohomology, characteristic classes, the
Atiyah-Bott integration formula and the Lefschetz fixed
point formula for the equivariant signature, we study odd
dimensional complete intersections with S'-symmetry.

In Chapter 5, we deal with general odd dimensional com-
plete intersections admitting a high dimensional fixed point
component. In Chapter 6, we study 5-dimensional com-
plete intersections with S'-symmetry, and give a classi-
fication of 5-dimensional complete intersections with T2-
symmetry.






CIRCLE ACTIONS ON ODD DIMENSIONAL
COMPLETE INTERSECTIONS

In this chapter, we consider odd dimensional complete intersections
with S'-symmetry. Using Proposition A (cf. Section 4.2), we can see
that whenever we have a fixed point component of high dimension,
the number of fixed point components is low. Therefore, we give a
classification of odd dimensional complete intersections admitting an
ST-action with a codimension 2 or a codimension 4 fixed point com-
ponent.

5.1 THE CODIMENSION 2 CASE

In this short section, we prove the following theorem.

THEOREM B. Let X,,(d) be a complete intersection with n > 5 odd. If
Xn(d) admits a smooth circle action with a fixed point component of codi-
mension 2, then d = (1) and X (d) = CP™.

The proof consists mainly in using that the signature of a closed
smooth oriented manifold M with a smooth circle action can be com-
puted as the signature of the fixed point set, i.e.

sign(M) = Z sign(Z)

where Z € MS' runs over all the connected components of the fixed
point set (cf. Section 3.3 or [28, Section 5.8]).

Let X, (d) be a complete intersection with n > 1 odd, and with
multi-degree d = (dj, ..., d;). We assume that X, (d) admits a smooth
S'-action with codimension 2 fixed point set. Using Proposition A (cf.
Section 4.2), we can deduce that Xn(d)S1 is the disjoint union of an
isolated point P and a submanifold F2™~2, such that

H(F;Q) = QIxIel/(xIf).

Since sign(Xy, (d)) = 0 we have that sign(F) = —sign(P) = +1 depend-
ing on the orientation of the normal bundle of F.

On the other hand, letx € H% (X, (d); Q) be the Poincaré-dual class
of F in our complete intersection Xy (d), with n € Z. Furthermore, we
have that

0 [ xp =] e =neg,
F Xn (d)

this implies that 1 # 0.
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LEMMA 5.1.

sign(F) = sign(Xn—1(d1,...,d+,m)), ifn>0
—sign(Xn—1(dy,...,dr,—m)), ifn <O0.

PROOF. Let us first assume n > 0. Then by [28, Chapter 3], we can
think of the class nx € H?(X,(d); Q) as a virtual submanifold of
Xn(d), where x € H2(CP™*7; Q) is the first Chern class of the dual
Hopf line bundle over CP™ 7. In particular, (dyx, ..., dyx,nx) is a vir-
tual submanifold of codimension 2(r + 1) of CP™*T represented by F.
Thus, we have that the total Pontrjagin class of F is given by

p(F) =p(Xn(d) - (14 (xlp)*) " =p(Xn_1(d1,..., dr,m)).

We know from the Hirzebruch Signature Theorem, that the signa-
ture can be computed with the L-polynomial in the Pontrjagin classes.
Thus, the signature of F is given by the signature of the complete in-
tersection X, _1(ds,...,ds,m), since their Pontrjagin classes coincide.

Note that if n < 0, we just have to reverse the orientation on the
normal bundle of F. The Poincaré-dual class of F is then —mx and the
sign of the signature changes. O

To conclude the proof of Theorem B, we need the following theo-
rem due to Libgober [35].

THEOREM 5.2 (LIBGOBER, 1980). Let Xox(dy,...,d;) be an even di-
mensional complete intersection. Then the signature is monotone as a func-
tion on the di’s; increasing when k is even and decreasing when k is odd.
Moreover, we have that |sign(Xzx (d1, ..., dy))| > 2 except for:

® the complex projective space, for which the signature is 1,
® the quadric Xk (2) with k odd, for which the signature is zero.
* the quadric X2y (2) with k even, for which the signature is 2.

PROOF OF THEOREM B. We have seen previously that the signature
of F is equal to +£1 depending on the orientation. Since sign(F) =
+sign(Xn—1(di,...,dr, m|)) we deduce from the above theorem that
all the dy’s are equal to 1. Thus X,,(d) is the complex projective space.

O

5.2 THE CODIMENSION 4 CASE

In this section, we prove the following theorem.

THEOREM C. Let Xy (d) be a complete intersection with n > 5 odd. If
Xn(d) admits a smooth and effective circle action with a fixed point compo-
nent of codimension 4, then
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d= (1) and X, (d) = CP™, or
d = (2) and X, (d) is a quadric.

According to Proposition A (cf. Section 4.2) there are exactly two
different fixed point configurations. Indeed, let X,, (d) be a complete
intersection with n > 1 odd, then we have either that

Xn(d)S' = Y240 2z2 or Xa(d)S =Y2n 4P, UP,,

where Y is a rational cohomology CP™~2 in even degrees, Z is a ra-
tional cohomology CP' in even degrees, and P; and P, are isolated
fixed points.

5.2.1  The case Xn(d)s] =Yn-4yz?

We consider first the case where the fixed point set consists of exactly
two connected components, namely a codimension 4 manifold and
a surface. To prove Theorem C in this case, we use the Atiyah-Bott
integration formula in equivariant cohomology and compute

J X" andJ p1(Xn(d)) - x™2.
n(d) n(d)

We recall briefly the integration formula. The reader can find more
information about this formula in Chapter 3 or in the original paper
of Atiyah and Bott [4].

ATIYAH-BOTT INTEGRATION FORMULA. Let M be a closed smooth
oriented manifold equipped with a smooth S'-action. Let F C MS' be a
connected component of the fixed point set, and let if : Hg (M;Q) —
H%, (F; Q) be the restriction to F in equivariant cohomology. Furthermore,
let v denote the normal bundle of F and eg1(vy) the corresponding equiv-
ariant Euler class. Then we have

Loem 2 L

st T es1 (VF)

for any equivariant cohomology class w € Hg, (M; Q).

Let us define first the Hopf weights of the S'-action, like in Section
4.3. Recall that if y denotes the restriction to Xy, (d) of the dual Hopf
line bundle over CP™"", then the first Chern class x = c¢(y) is a
generator of H2(Xn(d); Z). We know from [26] or [45] that the S'-
action can be lifted to y if and only if ¢ (y) € i* Hé] (Xn(d)), where i*
is the map induced by Xy, (d) — Xy,(d)g1. By Corollary 4.6,

HE: (Xn(d); Z) = H2 (X (d); Z) & H?(BS'; Z)

and i* is the projection on H2 (X, (d)). Thus, the S'-action can be
lifted to y. Furthermore, the restriction of y to the fixed point set
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gives us on the fibers complex one dimensional S'-representations,
whose isomorphism types are constant on each fixed point compo-
nents. Let ay, az € Z be the weights of these S! -representations. We
call these integers the Hopf weights of the S'-action. From an algebraic
point of view, the lift of y gives us an equivariant cohomology class
& € Hé (Xn(d)), whose restriction to any point in Y C Xy (d)® ] (re-
spectively Z C Xn(d)51) is the class ay - z (resp. az - z) where z is the
generator of H*(BS'; Z). Thus the equivariant first Chern classes of Y
and Z are respectively x|y + ay -z and x|z + az - z.

Note that, the lift of the S'-action to v is not unique. For any | €
Z we can choose a lift such that the equivariant first Chern classes
of vy at Y and Z respectively are of the form x|y + (ay +1) -z and
x|z + (az + 1) - z (cf. Section 4.3 for more details). Without loss of
generality we assume that ay = 0, i.e. S" acts trivially on the fibers of
v over Y.

We define the normal weights at Y and Z like in Section 3.3. Let vy
and vz be the normal bundles of Y and Z respectively. Thus, vy and
vz are S'-bundles over trivial S'-spaces.

From representation theory, we know that the real non-trivial irre-
ducible representations of S' are two dimensional and given by

RTINEN ( cos(n@) —sin(no) )

sin(n®) cos(no)

with n € Z. Note that the representations given by n and —n are
equivalent, thus we can always assume n to be positive. Furthermore,
such representations are of complex type, which defines a natural
complex structure where the S'-action is given by complex multipli-
cation with A™ for A € S'.

Therefore, the later argument induces for any fixed point x in F C
Xn(d)S' a complex structure at the fibers of vi at x together with a
direct sum decomposition

(VF)X = @V(nF,j)x

TEj

where v(ngj)x is the isotypical summand associated to the weight
A+ A" and ng; > 0. Furthermore, the isomorphism type of the
fibers at x is independent of the choice of x € F. This yields an S'-
equivariant direct sum decomposition of the normal bundle

VE = @‘V(HFJ).

TEj

Note that there are only finitely many nf;’s giving us a non-trivial
weight space v(np;)x. We call these nr;’s the normal weights at the
fixed point component F.

We fix the orientation of the normal bundle v¢ by means of the
complex structure mentioned above. Thus, we can now choose the
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orientation on F to make it compatible with the one of v¢ and X, (d).
In addition, we use the splitting principle [10, Section 21]. Let yf; +
Nnf; - z denote the formal roots of v¢. Thus, the equivariant normal
roots at Y are given by yy 1 +1ny,1 -z and yy2 + ny, - z, while those
at Zare givenbyyz1+nz1-2, ..., Yzn-1+Nzn_1-2

LEMMA 5.3. Let Xy (d) be a complete intersection with n > 5 odd. Sup-
pose that Xy (d) is equipped with a smooth effective 51—actzon, such that
the fixed point set is Y2 ~* U Z2. If the action is semi-free around the fixed
points components, then d = (1) and X, (d) = CP™

PROOF. By hypothesis, we assume that the action is semi-free around
the fixed point components, i.e. the normal weights nyi’s and nz;’s
are all equal to 1. By obstruction theory (cf. [44]) we can also assume
that yz> = -+ = yzn—1 = 0 since Z is a surface. Therefore, the
equivariant Euler classes of vy and vz are given by

es1(vy) = (yv,1 +2)(yy2+2z) and esi(vz) = (yz1 +z)z"

Using the Atiyah-Bott integration formula, we have

J x“:J mxn)-es](w)wj iy (x") es1(v2) " (2)
n(d) y2n—4 z2

By Section 2.1 we know that the left hand side of the above equation
is equal to the product d = d; ---d,. Furthermore, we can see that
the right hand side is a polynomial in the variable 1. Indeed, let us
make the local datum at Y more explicit.

o w0 e
YZn—4
= L(X|Y +1-2)™yy1 +2) yvo+2)!
= <n> . J X|$_2 1% + (terms of higher order in 1)
Y

2

Next, let us compute the local datum at Z.

J i’z(xn)‘esl(\lz)il

72

B J (Xlz+(az +1)-2) yz1 +2) " 'z7 "2
z

=n-(az+1)"! J
z

n—1
n—1 1% n _k
:gK k >a2 : X|z (k)aTz1 921]1 —Lyz,rl“

x|z — az+1nJ Yz,1
z
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As above, we use the Atiyah-Bott integration formula to compute

J 1 (X () - X2 = J Prst (V) 1 2) - egr (vy) !
n(@ vt 3)
+ JZZ Prsi(Z) iy (x™ %) egi(vz) .

The left hand side is equal to py - d, where p1 = (n+71+1—3 1_; d?)
according to Section 2.1. The right hand side is also a polynomial in [,
but we are interested in its constant term only. Furthermore, p; 51(Y)
(respectively p; s1(Z)) denotes the equivariant first Pontrjagin classes
of Xy (d) restricted to Y (resp. Z). Let us first compute the local datum
aty.

[ s ) ety
Y2n—4
=[G+ o224 (yva 2
(xly +1-2)" 2 (yy1 +2) " (yy2 +2) !
As above, one can find that
J Prst (V) -5 (x™ %) - egi(vy) ™!
Y2n—4
=2. J x" 2|y + (terms of higher order in 1)
Y

The local datum at Z is computed in a similar fashion.

[, prsi@) 50602 esifvz)

~[ 121+ zg 422+ (n-222)
Xz 4 (az +V2)" 2 (yz1 +2) 2"
~(=2)n=1)-a37 | xz—n-3)-a3| yz
+ (terms of higher order in 1)

If we wrap up our computations of the local data in (2) and (3), we
have two polynomials in 1 which are constant equal to d and p; - d
respectively. Therefore, by comparing the coefficients we can extract
the following system of equations
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prod=(n-T)in-2) 3| X

—(n—3)- aEZJ Yz, +2J waz.
z Y

This system is linear in the variables pj, IX|z, IUZJ , fxw—z and
has a unique solution, namely

_n+l J’d _d J _d-(n-1) JX|n2_d
P1 = 2 s 5 Z_an_1/ ZUZJ_ a® ’ y Y — .

By assumption we took n > 5, thus by Section 2.1 and Poincaré
duality the class x|~ is the product of d with a cohomology class in
H2"—4(Y;Z). Therefore, we have that fY xITYL*2 € dZ. One can then
directly obtain az = +1. Since py =n+r+1-3 1 ; di2 we deduce
that all the di’s are equal to 1, thus X, (d) = CP™. O

Let us now treat the general case.

PROOF OF THEOREM C. PART 1. Let us assume by Lemma 5.3 that
the action is not semi-free around the fixed point set. Then there exists
a prime number p and a connected component F C Xn(d)%/P which
contains strictly a component of F C Xn(d)51. Since x|{'" € H(F; Q)
is non-zero, xlfﬁnF e He (F;Q) is also non-zero. Therefore, by count-

ing the even Betti numbers, we have bev(F) > bey(F). In virtue of
Corollary 4.7, we can conclude that F contains all of Xn(d)S " and is
of codimension 2 in X, (d). Using Poincaré duality, we can deduce
that the even Betti numbers of F are given by by (F) = 1 except for
bn_1(F)=2.

Therefore, we can think of the Poincaré-dual class nx € H?(Xn (d))
of F as a virtual complete intersection in X, (d) (cf. [28, Chapter 3]).
Thus F represents a virtual complete intersection in CP™ " with mul-
tidegree (dy,...,dr,ml). In addition, we have that the signature of F
is 0 or £2. Thus by Theorem 5.2, we get that d = (1) or (2). O

5.2.2 The case Xn(d)sl =Y 4 UP,UP;

Let us consider the case where the fixed point set consists of a codi-
mension 4 manifold and two isolated points.

Let us use the same notations as in Section 5.2.1. As above, we lift
the S'-action to y such that the equivariant first Chern class of the
restriction to Y is equal to x|y + 1-z. Recall that vy is the restriction
to Xn (d) of the dual Hopf line bundle over CP™*7, and that such lift
exists for any 1 € Z. Moreover, a; +1 and a; + 1 denote the (Hopf)
weights of the induced S'-representations on Py and P, respectively.

We denote by v (respectively v,) the normal bundle of Py (resp.
P,). The S'-action on v; and v, give us the normal weights nq 1, ...,
Nyn and Ny, ..., N2 Which we assume positive. This induces a
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complex structure on v; and v, together with an orientation. Fur-
thermore, we choose the orientation of P; and P, in order to make
it compatible with the orientation of their respective normal bundle
and X, (d). Since the signature of X;,(d) is the sum of the signature
of the fixed points, then one of these isolated fixed point has to be
positively oriented, say P1. Hence P, is negatively oriented.

Before we dive into the computations, we need the following lemma
to understand the normal weights at Py and P;.

LEMMA 5.4. Let N2¥ be a closed smooth oriented manifold equipped with a
smooth S'-action such that the fixed point set consists of two isolated points
P1 and P,. Then the normal weights at Py and Py, are equal up to ordering.

PROOF. As above, let us denote the normal weights at Py (respec-
tively P2) by (ny,1,...,n1 ) (resp. (nz,1,...,n2)) and assume them
all positive. Without loss of generality, one can order them in the fol-
lowing way,

T<mpp=ni2=--=n, <Nirqg
T<nzi=mng2=-=n25<MN2s4]

Let A € ST be a topological generator. By the equivariant signature
formula we know that

sign(N) = w2, Po) + u(A, Py).

The local datum at P; is given by the Laurent polynomial in Z[A,A~"]

k
T+ATT
1A, Pi) = JP L1375
iy=1
Note that each term of the above product is given by the formal power
serie in A given by

1A ™

Ty = 2T+ AP 2™ AT ),

Since the signature of N is a constant polynomial in A, the isolated
fixed points P; and P, need to be of different orientations in order
for the power series to cancel themselves. By looking at the constant
term, we see that the signature of N is equal to 0. Thus, we have the
following equality,

gy KEpam

T—A ™M ] T—A 27

j=1 j=

If we now look on both sides at the coefficients with the smallest
power of A, we get

1+ 2rA™M1 4 O(AT™M1) =14 2sA™21 + O(A~"21).
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From this, we deduce that r = s and nj,; = n,7. By induction we get
that the normal weights (ny,1,...,n1 ) and (n2,7,...,n2,) are equal
up to ordering. O

We are now ready to dive into the computations. In particular, we
prove the following lemma.

LEMMA 5.5. Let Xy (d) be a complete intersection with n > 5 odd. Sup-
pose that Xy (d) is equipped with a smooth and effective S'-action, such
that the fixed point set is Y2 % U Py U P,. If the action is semi-free around
Y24 then d = (1) and Xn(d) = CP™, or d = (2) and Xn(d) is a
complex quadric.

PROOF. By the Atiyah-Bott integration formula, we have

J x“=J B 00™ - egi(vy)
w(d) yan

(4)
+J ff (X)n - €eg1 (vq )_1 +J iﬁ(x)“ - €eg1 (Vz)_1 .
Pq P2
The local datum at Y is computed exactly the same way as in the
previous part. Therefore we have

. —1 n -2 42
[ st et = (5) [ w2

+ (terms of higher order in 1).

We now compute the local datum at P or P,. According to the pre-
vious lemma, we denote by (nj,...,ny) their normal weights. Thus
the local datum is given by

J ii(x)n.es](vk)q :J (e +1)™ _ Ek(ak+l)n,
Py b

k’rL].-.nn n-'-..nn

and where ¢y is the orientation of Py, i.e positive for P; and negative
for P5.
Again by the Atiyah-Bott integration formula, we now compute

[ m@) 2= | s (0007 e vy
n(d) Y2n—4
| ps PN e )
1
| PP B e (va)
P
The local datum at Y is given as above by

J Prst (V) -5 (x™ %) -egi(vy) ' = Z'J X" 2y
YZn—4 Y

+ (terms of higher order in 1),
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while the local datum at P; or P; is given by

(ax +1)n 2

J P1,s1 (Pk) -ii(x)nfz egl (Vk)*1 — £k(n% + .. ni) .
Py ny---Np

As in the first part, if we now put our computations of the local data
in (4) and (5), we have two polynomials in 1 which are constant equal
to d and p1 - d respectively. Therefore, by comparing the coefficients
we get the following system of equations

at ay
d= 1 o 2 ,
n] P nn n1 P nn
n—1 n—1
Cl1 (12
0= ,
ny---Mn ny---Mn
—2 n—2
_ a a
O = J X‘$ 2 + ! - 2 7
Y Mn ng Mn

n-l e .
n n—2 n—2
a a
p1-d:2-J xl$_2+ E n? |- 1 B — ,
Y i:] n] “ .. nn n<| ... nn

whered=dy---dyand py =n+r+1-3 [_; d?.
We can see that the first and second equalities imply that a; =
—ay > 0. Moreover, this system has a unique solution, namely

n n 2 9. M2
24 i —2 no2_ —2-a
d= ;P11 = P Xly = .

ny---Nn

ny---np a?
By assumption we took n > 5, thus by Section 2.1 and Poincaré du-
ality we have [\ x[3 72 € dZ. Therefore, we directly get that a; = 1.
This leaves us with, d = 2/n7---ny, and we have two possibilities.
Either all the di’s are equal to 1 and X,,(d) = CP™, or d = (2) and
Xn(d) = Xn(2) is a quadric. O

PROOF OF THEOREM C. PART 2. In virtue of Lemma 5.5, suppose
the action is not semi-free around Y. Then there exists a prime num-
ber p and a fixed point component F2*~2 C X, (d)%/P containing Y.
Therefore, by Proposition 4.3 the component F must contain at least
one of the isolated fixed points. Since sign(F) = sign(F® "), the signa-
ture of F is either £1 in the case F contains only one of the isolated
fixed point, or the signature of F is 0 or £2 if F contains both isolated
fixed points.

Since F is of codimension 2, we can picture the Poincaré-dual class
of F, namely nx € H2(Xn(d); Z), as a virtual complete interesection
in Xn(d) (cf. [28, Chapter 3]). Therefore, F represents a virtual com-
plete intersection in CP™*" with multidegree (ds, ..., dy,m|). Thus by
Theorem 5.2, we have that d = (1) or (2). O



COMPLETE INTERSECTIONS OF COMPLEX
DIMENSION 5

In this chapter, we consider 5-dimensional complete intersections with
ST-symmetry. The idea is to extend the classification of complete in-
tersections with S'-symmetry in low degrees given in Section 2.2.

THEOREM D. Let X5(d) be a complete intersection equipped with a smooth
and effective circle action which admits a fixed point component of dimension
strictly bigger than 2, then

d = (1) and X5(d) = CP>, or
d = (2) and X5(d) is a complex quadric.
Before we prove this theorem, let us give an interesting corollary.

THEOREM E. Let X5(d) bea complete intersection equipped with a smooth
and effective rank 2 torus action, then

d = (1) and X5(d) = CP>, or
d = (2) and X5 (d) is a complex quadric.

PROOF. First, remark that if there exists a fixed point component Y C
X 5(d)TZ of dimension 4, 6 or 8, then there exists S ¢ T2 acting
smoothly on X5 (d) admitting Y as fixed point component. This fact
follows easily from the classification of real T?-representations [13,
Proposition 8.5]. Thus, by Theorem D the multidegree d needs to
be equal to (1) or (2). The same holds in the case where X5 (d)T2
happens to be a union of isolated fixed points. Indeed, the result
follows by Corollary 4.2.

Therefore, let us assume there exists a fixed point component Z? C
X 5(d)T2 of dimension 2. Let vz denote its normal bundle. Since
Z?2 is fixed by the torus action, we know that T2 acts on vz which
we equip with a complex structure using the action. This allows us
to decompose vz into a sum of irreducible T2-modules. Since any
irreducible complex representation of T? is of dimension 1, the kernel
of this action on any irreducible T?-module contains a circle S'. One
can use this S to equip X5 (d) with a circle action admitting a fixed
point component of dimension greater or equal to 4 containing Z. By
Theorem D, it follows that d is equal to (1) or (2). O

Let us now prove Theorem D. The proof is nothing more sophis-
ticated than a case by case study among all possible S1-fixed point
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configurations. In virtue of Proposition A (cf. Section 4.2), any com-
plete intersection of complex dimension 5 equipped with a non-trivial
smooth S'-actions admits one of these fixed point configuration:

1. Xs(d)S' = Y8 U PO,
2. X5(d)S' = YU Z2,

3. Xs(d)S> =YouUPYUPY,

4. Xs5(d)S' =Y4UYs,

5. Xs(d)S' =Y*uz2UPO,

6. X5(d)S' = Y*UPQUPJUPY,

7. Xs(d)S' =z2uz3uZ2,
=Z2UZZUP{UPY,

9. X5(d)S' =Z2UPYUPYUPJUPS,

10. X5(d)$' =PQUPSUPSUPUPSUP.

One can see that Chapter 5 deals in a greater generality with the cases
1, 2 and 3. Therefore, to prove Theorem D, one needs to deal with the
cases 4, 5 and 6. Thus, the proof of Theorem D is three parts, the later
corresponding to the cases 4, 5 and 6. Note also that Corollary 4.2
deals with case 10 for any odd dimensional complete intersection.

6.1 THE CASE WHERE X5(d)S' =Y4U Y}

Let v denote the restriction to X5(d) of the dual Hopf line bundle
over CP>*7, then the first Chern class x := c7(vy) is the generator
of H?(X5(d); Z). Like in Chapter 5, we can lift the S1-action to y
(cf. [26] or [45]). The restriction of y to the fixed point set gives us
on the fibers a complex one-dimensional S'-representations whose
isomorphism types are constant on each fixed point components. Let
a1, ay € Z be the weights of these S ! -representations. As above, we
call these integers the Hopf weights of the S'-action. Thus, the equivari-
ant first Chern classes of y at Yy and Y, are respectively x|y, + a7 - z
and x|y, + ay - z, where z is the generator of H*(BS';Z).
Furthermore, the lift of the S'-action to y is not unique. For any
L € Z we can choose a lift such that the equivariant first Chern classes
of y at Yy and Y, are respectively of the form x|y, + (a; + 1) - z and
x|y, + (az + 1) - z. Without loss of generality we assume that the
Hopf weight a1 =0, i.e. ST acts trivially on the fibers of y over Y7.
We denote by v and v, the normal bundle of Y; and Y, respec-
tively. Like in Section 3.3, we orient these bundles by mean of the
S'-action. The orientation on v; and v, is chosen such that their
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normal weights nq,7,n7,2,n7,3 and ny,1,n2,2,ny 3 are all positive.
Furthermore, we choose the orientations of Y; and Y, in order to
make them compatible with the orientations of their respective nor-
mal bundles and the orientation of X, (d). Since the signature of
X5 (d) is the sum of the signature of the fixed points, then the signa-
ture of one of the Y; has to be 1, say Y;. Hence the signature of Y; is
—1.

We denote by x; a fixed generator of H?(Y1; Z) such that fY1 x% =1.
Similarly, x> denotes a generator of H?(Y;;Z) and satisfies Jy, x5 =
—1. Using this notation, we can write x|y, = T1x7 and x|y, = 12%2,
where 11,12 € Z.

Furthermore, we apply the splitting principle to v; and v,. We
denote by {yi; +n; - z} the three equivariant normal roots at Y;.

LEMMA 6.1. Let Xs5(d) be a complete intersection with a smooth circle
action such that the fixed point components are Xs(d)® = YT U Y3, If the
action is semi-free around the fixed point components, then d = (1) and
Xs(d) is the complex projective space.

Since the computations will be more and more involved in this
chapter, we invite the reader to be aware of the Mathematica® com-
putations in the appendix, cf. Chapter B. An explanation of the Math-
ematica® code is given using the computations of Lemma 6.1 as an
example.

PROOF. By hypothesis, we have that all the n;; are equal to 1. Thus
one can compute the Euler classes of v; and v, using elementary
symmetric functions in the yi;’s,

es1(vi) = (Yi,1 +2)(yi2 +2)(yi3 +2)
=ca(vi)z+cq (vi)zz +23.

If we now write c3(vi) = ci,zxiz and cq(vi) = cy1x¢ with ¢ € Z,
then one can compute eq: (vi) ' asa power series in X;.

1 L CIXd n (Ciz,] —Ci,z)Xiz

1
esi(vi) ™ = z3 z4 z5

We now compute locally
[ | pisl)
Xs(d) X5(d)

The local datum of x> at Y; is given by

2 2
J (Yixi—f— (ai-f—l) '2)5 <Z3_ Ci, 1% 4 ( i1 i, ) 1) '
Y4

z4 pod

i

If we now develop fxs( ) x° as a polynomial in 1 which is constant
equal to d, this gives us the system of equations
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d= —a%(a%ci] —a5cz —5axcy 12 + 1013)
0= —50.%((1%0%,1 — a%cz,Z —4azcy T2 + 61‘%)
0= —1Oa2(a%c%,] — a%c;z — 3(12C2,1T2 + 31‘%)
0= —1O(G%C%,1 — a%C2,2 — T% + 202C2,1T2 + T‘%)
0 =—5(azc3; —axca,2 +C11T1 —€2,172)

2 2
0=ci1—c12—cy1+C22.

If one now solve this system of equations in the variables d, 72, c1 1,
c1,2, c2,1 and ¢z, we get two solutions, namely

2

3.2 3T] 3T-|
d=—ayry, Clg=——"", C2=—",
31y 31‘%
T2 = %79, C1=%*—, C2=—7.

To solve the above system of equations, note the similarities inside the
parenthesis of the equations on line 2, 3 and 4. This can be used to
find that r% = r%, and c2,1 = 3r2/a,. The rest can then be computed
easily.

We now compute the local datum of py(X5(d)) - x> at Y;, i.e.

J ,Pist (Y0) (rixi + (ai +1) - 2)% egr (vi) 7.

1

Note that we already computed above eg:(vi)~!, and the equivariant
Pontrjagin class are given by

prst(Yi) = (p1 (Vi) + (Y1 +2)° + (Y12 +2)* + (Y3 +2)7).

If we now identify the elementary symmetric functions in the y;;’s
using the Chern classes of v;, we then get

p1st(Yi) = (p1(Yi) + ef1xf — 2c1,0%F + 2c4,1%2 + 327).

We can now develop Ix5( 4 P (X5(d)) - x3 into a polynomial in 1,

which is constant equal to p; - d and where p; = 6+1— Y [_; d?.
This gives us the following system of equations

p1-d= —az(ZQ%C%,1 —5(1%C2,2 — a% Jp1 (Y2) —3azcz112 + 91‘%),
0= 3(—20%0%,1 + Sa%cz,z + a% Jm (Y2) + 31‘% +2azc1712 — 31‘%),
0 =—3(2a2¢3 1 —5axcz2 — az JP] (Y2) +c1,1m1 —c2,1712),

0= 2(:%1 —5c12 —ZC%,1 +5¢2,2 + Jp1 (Y7) + Jp1 (Ys).
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Furthermore, we know by the Hirzebruch signature formula, that
[p1(Y1) =3 and [pi(Y2) = —3. Using the above solutions with this
equations, we can solve the system in the variable py,17,72 and we
have exactly four non-trivial solutions. In particular, we have that

p1 = %, and d=-a3
az
which forces p; tobeequalto6and dj =--- =d, = 1. O

For now on, we assume the action is not semi-free around both
fixed point components. We decompose again the problem into sub
cases. In particular, we argue on the X, (d)%/P fixed point compo-
nents and their dimensions.

LEMMA 6.2. Let Xs5(d) be a complete intersection with a smooth circle
action such that the fixed point components are Xs(d)® = YT U Y3, If the
action admits a fixed point component N& C X5(d)%/? for a prime number
p, then d = (1) or (2).

PROOF. First, one can see that N contains both Y; and Y;. This can
be deduced easily, using Corollary 4.7.

Since sign(N) = sign(NS] ), the signature of N is either 0 or £2.
Since N is of codimension 2, we can picture the Poincaré-dual class
of N, namely nx € H?(X5(d); Z), as a virtual complete interesection
in Xs5(d) (cf. [28, Chapter 3]). Therefore, N represents a virtual com-
plete intersection in CP>*" with multidegree (dy, ..., d+,ml). Thus by
Theorem 5.2, we have that d = (1) or (2). O

We now focus our interest in the case where there exists a fixed
point component Né c X5(d)%/P containing Y7 and Y>. Remark first
that if there exists a component Né < X5(d)%/? containing one of
the Y;, then by Corollary 4.7 both fixed point components need to
be contained in N. Furthermore, one can see that the normal weights
at Y7 and Y; are equal. Indeed, if we denote by n;’s (respectively
ny ;’s) the normal weights at Y; (resp. Y2), then we know there exists
exactly one of them divisible by p, say nj ; (resp. n, ;). Furthermore,
if we consider the component N?,j C X5(d)Z/™. containing Y7, then
it follows from

Yy CN§; CN°

that N7 ; = N. Thus Y7 is an S'-fixed point component at Ny 5, which
implies that n; ; divides n; ;. By changing the roles of Y7 and Y, we
have that n,; divides n;;, hence they have to be equal, we write
N =M1, =MN2;.

Let us now discuss what information one can get using the Atiyah-
Bott integration formula on Nj6 C Xs5(d)%/™i as above.
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LEMMA 6.3. Let N® C X5(d)%/™ be a connected fixed point component

for a prime p such that the fixed point set N)Sl consists of two 4-dimensional
manifolds Y1 and Y5 as above. If we write the first Chern class c; (vi,Ng) =
Ci,n;Xi, where vi N; is the normal bundle of Yi in Nj, then

aZ CZ,T‘L]'
Ty

Cl,nj = iCz/nj and T = :E(Tz— )

PROOF. Let us fix the orientation on Vin, via the S'-action. Thus, we
can then fix the orientation on Nj such that it is compatible with the
orientation of Y; and v1,N;- Since the signature of Nj is zero and the
signature of Y7 is equal to +1, we have that Y, (with the orientation
induced by N;j and verj) has its signature equal to —1.

To obtain the above equations, it is enough to integrate locally
1IN x|N3j. This integral is given by the sum of the local datum at the
Yi’s. Using the same notation as above, the local datum at Y; is given
by

J, roxc a2 e (vi) +my2)

If one replaces cq (vile) by Cin;Xi, We can then develop the above
formula and get a polynomial in 1. Identifying the coefficient in 1>0
to be zero gives us the following system of equations

2.2 , 2.2
e (12((1202,nj —3az¢2,n;MyT2 —|—3nj 5)
N6 Nj o TL3 ¢
j j
2
- 3r2  3(azczn; —MyT2)
- h. 3
n; :
) Tl]
0 3c1,m;T1 3can;(azezn; —mym2)
- 2 3
n n;
2 2
O o C],le CZ,T‘Lj
n3 n3 -’

) )

One can extract the desired equalities out of the last three equations
above. O

We now use the Lemma 6.3 to prove the following result.

LEMMA 6.4. Let Xs5(d) be a complete intersection with a smooth circle
action such that the fixed point components are Xs(d)® = YT UY3. If the
action admits a fixed point component N® C Xs(d)%/P for a prime number
p, then d is either (1) or (2).

The reader should be aware that we added in the appendix the
Mathematica® computations of the following proof, cf. Chapter B.
These computations can be done by hand, but the detailed Mathe-
matica® code can spare some paper, time and computational errors
for the reader.
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PROOF. In virtue of Lemma 6.1 and Lemma 6.2, we can suppose that
the action is not semi-free around the fixed point component and
that the normal weights at Y7 and Y, fold into the following three
situations:

CASE A. (nq,1,1),
CASE B. (nj,ny, 1),
CASE C. (TI],TIz,Tlg).

where the above n;’s are strictly greater than 1 and prime to each
other. Furthermore, we denote by Nj6 the fixed point component of
the Z/n;-action.

The proofs in each of these cases is essentially the same as in the
semi-free case and consists on computing locally the integrals

J x>, and J p1(X5(d)) - x3.
Xs(d) X5(d)

cASE A. The local datum of x° at Y; is given by
J (rixi+ (@i +1)-2)%egi (vi) !
Yi

where v; is the normal bundle of Y; in X5(d). Using the splitting prin-
ciple, we can compute the equivariant Euler class. Since the normal
weights at Y; are (nj,1,1), the normal bundle v; of Y; in X5(d) splits
into vi N, @ Vi,NJ_] . Therefore, the Euler class is given by

es1(vi) = (c1(vin,) + 11 - 2) (c2(vin ) +er(vin, ) - z+27).

Let us now replace c1(vi,N,) € H2(Y;) by cin, - xi, and do the same
with ck(vNﬂ € H2Z¥(Y;) and replace it by ¢ x -xi*. Thus, eg: (vi)!
is given by the power series expansion in x;

2 2 .
1 Cing Ci,1 Cin,  Ci1Cin, Ci1 €2\ >
3 20 T ) T 5,5 T T2 5 | %
niz n]Z niz Tl]Z Tl]Z niz

The above computation allows us to compute locally the integral
sz( Q) x°. With the above notation, this is a polynomial in 1 which is

constant equal to d. The equations induced by the coefficients in 1S3
give us the following system.

3
a
2(.2.2 2 2 2 2 2.2
d= —§( 2C2/1n1 + (12C2,] C2,n1n1 — azczlzn1 + azczln]
1
—5a3c21M312 —5a2¢2 1,172 + 10n713),
5a5, 25 5. 2 2, .22
0=— ‘n3 (ClzCZ’]n] + a3€2,1C2 n; M1 — a3C€22M5 + a2C2,n]

1
2 2.2
—4ayc2 1M1 —4aCom, M T2 +6N7TS),
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10as
22 2, .2 2 2 4 q2c2
0= —?(azcz,ﬂh +a3€2,1C2n, 11 —A3C2 2N +A3CT 4,
1
5 2.2
— 3(12(22,1 niry — 30—2(32,711 nir2 + 3“1 TZ)'
1012 10
] 22 2, 2 2 24 q2c2

0= T1 — ? (ClzCz/]TL] + a3C€2,1C2n ;M1 —AZC2 2MY + azczlnl

1
2 2.2
—2ac2,1MT2 —20aCn,MT2 + N Tz)

This system admits two non-trivial solutions in the variables d, c; >,
r1 and 12, namely

5 2 2 2 2
de— aj(c2,imi +con,) _Cny — 1 63
= 9n? ’ €22 = 3n$ ,
az(czimy +con,) az(czimi +con,)
T, = , T =% .
3T11 31’11

We now compute locally the integral fxs( 4 P (X5(d)) - x3. We al-

ready computed eg1(vi)~!, thus we only need to compute the equiv-
ariant Pontrjagin class at Y;

p1,s1(Ye) = (p1 (Y1) + (yi,1 +mi2)% + (Y2 +2)° + (yi3 +2)%)
= (p1(Y1) + (cin, xi +M12)% + cizjxiz +2cq1xiz — 2¢i 2x7 + 222).

One can now compute fx5(d) p1(X5(d)) - x> which is again a poly-
nomial in L. If we look at the constant term in 1, we have the equality

az 2.2 2.2 .2 2 2 2 3
P1- d :?(—zazcln] — ClzCz/]Tl] +4C12C2,2TL] + asC€2,1C2n Mg
1

22 4, 2 4, 2.2
—ajcsy Ny +ajcony +amj Jm (Y2) +6a2con, T2

—3azcon,M3T2 +3a2c2, 10712 — 6nfrs —3nr3).

Note that [ p1(Y2) = —3. If we now use this equation together with
the result above and Lemma 6.3, we can obtain

2 2 2 502
p1 = 2.2 po A=
a2, ™

which implies that py = 6 +71— Y |_; d? is positive. This implies that
d=1(1)or (2).

cAsE B. The computations are essentially the same in this case. The

normal bundle v; of Y; in X5(d) splits into vi N, ® ViN, D Vﬁ. Thus

the equivariant Euler class is given by

i
)

es1(vi) = (c1(vin,) +11-z) (c1(vin,) +12-2) (e1 (Vi) +2).

Let us now replace c4 (vile) e H2(Y;) by cin; - xi, and do the same
with ¢ (\EL) € H2(Y;) and replace it by ci 1 - xi. Thus, eg1 (vi)~ ! is
given by the power series expansion in x;
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1 1
Cin n2+cln ng +C11n1n2
ninyz> niniz 7eun 2 )xi
1
2 2.2 2 2
+337 (CLIMINS +ci1¢in, NS +Ci1Cin,NIN2
nniz

2 2 2 2\.2
+Cin, M2+ Cin Cin, M2 +C1 1y, M )xi

We can then compute IXS () x°, which is a polynomial in 1 that needs

to be constant equal to d. The coefficients in 152 give us the system
of equations

3
d= _ngfﬁ (a%c%Jn%n% + Cl%Cz/] Cz/n]TnTl% + a%ch cz,nzn%nz
112
+ a%c% n nz + azcz nC2n,NiN2 + a%c% nzn%
—5(12C2,]T1%TL%T2 —5a2c2,mn1n%rz
—5a2¢2,n,M7N2T2 + 10nN3T3)
505 25 2 2, 5 2, 2 2
0= —W(azcmmnz + a3€2,1C2n,N1N3 + a5C2,1C2 n,NIMN2
+ a%c% N nz + azcz nC2n,iny + a%c% nzn%
— 4(12(12,1 TL%TL%TZ — 4(12(12 n Tl%‘r'z
—4aycn,nTNoT2 +6niN3T3),
0= :l?azg ( %C% 1n%n§ + azcz 1C2 mmnz + azcz 1C2 nznfnz

2.2 2 2 2.2 2
+ ascyn, N3 + a2 n,C2n,N1N2 + azcy n,ng

2.2 2
—3azc2,1MIN5T2 —30a2C2n, MIN5T2
—3axcyn,ninars + 3n%n§r%).

Solving this system in the variables d, c; », and c;n, gives us the
solutions

3.2
asT
d= 2'2
Tl]le
\f\/—azTH (r2 —azca )2+ a%CZJTL] —3aniry
Co2n, = 2 s
2a5
\/?:\/—a%n%(rz —azc2,1)? —adeana +3an;ms
CZ,nz = 2 4
2a5
or
3 2
T
d= 2 2
TL]TLz
\f\/—azn] (r2 —azca )2 — 0502,1n1 +3anim
Con, = s

2
2a5

\@\/—a%n%(rz — a2 )2 + a%czg ny — 3a2n21‘2

Co2n, = —
2 2a3 ’
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In both cases, we need to have that r, —a,c; 1 = 0 to obtain a solution
over the real numbers. Thus, we have

o nor2 2

CZ,TL] - as 7 Cz,nz = a 7 CZ,] = Cliz

One can now compute [ Xs(d) P1 (Xs5(d)) - x3 using the Atiyah-Bott
integration formula to get a constant polynomial in 1 equal to p; -
d. This computation is left to the reader and leads to the system of
equations below.

az
pred =22 (33 nind + aded ynnd - adearamning
nmnz
+a5€2,1C2,m, NS — A3C2,1Com, M5 + A5€2,1Con, NN

2 2.3 2 2 22 4
—a3€2,1C2n, NNy —A5€2,1C2 n,NIN2 + A5€C5 1, N

+ aﬁcim n% — a%czm cz,nzn?nz — a%cz,m czlnzmng

+ a%cz,,11 Con,Ni1M2 + a%c%lnzn? + a%c%/nzn%

— a%n%n% Jm (Ya) — 3azcz,1nﬁ1n§r2 — 3azcz,1n%n§r2

+3azcy n%n%rz +3azcon, n?n%rz —3a2¢2,n, M1 n‘z‘rz

—3a2¢2,n, M1 n%rz — 3a2c2,nzn‘1‘n2r2 + 3a2c2,nzn%n§r2

—30a2C2,n,NTN2T2 + 300313 + 3ningr3 + 3ninsr3)
from which we can deduce using the above equalities that

3a3+13 (N +n3+1)
p1= 2.2 :
azms

This shows that p; = 6 +1— Y |_, d? is positive. This implies that
d = (1) or (2). The reader can find in the appendix the Mathematica®
computations of this case, cf. Chapter B

CcASE c. This case can be treated exactly the same way as Case B.
One simply needs to adapt the formulae for the equivariant Euler
class of the normal bundle at Y; in order to carry the computations.
The reader can find in the appendix the Mathematica® computations
of this case, cf. Chapter B O

PROOF OF THEOREM D. PART 1. In virtue of the Lemma 6.1, 6.2 and
6.4, there is no other choice that d is either (1) and Xs5(d) is the
complex projective space CP>, or d = (2) and X5(d) is a complex
quadric. O

6.2 THE CASE WHERE Xs5(d)S' = Y4uz2uPp°

As above, we can lift the S'-action to v, where y denotes the restric-
tion to X5(d) of the dual Hopf line bundle on CP>*". This allows
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us to consider the Hopf weights at the fixed point components. Since
the lift is not unique, we choose the Hopf weights at Y, Z and P to be
respectively 1, az + land ap + 1, where | € Z.

We denote by vy, vz and vp the normal bundles of Y, Z and P re-
spectively. We orient these bundles by mean of the S'-action. The ori-
entation on vy, vz and vp are chosen such that their normal weights
ny;j, nz; and np;’s are all positive. Furthermore, we choose the ori-
entation on Y, Z and P in order to make it compatible with the orien-
tation of X, (d) and their respective normal bundles. By Section 3.3,
the signature of Xy (d) is the sum of the signature of the fixed points.
Thus the signature of Y has to be &1, and the signature of P has to be
F1. Up to changing the S'-action with the inverse S'-action, let us fix
without loss of generality the signature of Y to be equal to +1.

We denote by xy a fixed generator of H*(Y;Z) such that [\ x§ =
1. Similarly, xz denotes the generator of H2(Z;Z) which satisfies
fz xz = 1. Using this notation, we can write x|y = ryxy and x|z =
r7x7, where ry,rz € Z.

Furthermore, we apply the splitting principle to vy, vz and vp.
We denote by {yy; +nvy; -z}, by {yz; +nz; -z}, and by {np; - z} the
equivariant normal roots at Y, Z and P respectively.

LEMMA 6.5. Let Xs5(d) be a complete intersection with a smooth circle
action such that the fixed point components are X5(d)S' = Y*U Z2 U PO,
Then the action is not semi-free around the fixed point components.

PROOF. Let us assume that the ny;’s, nz;’s and the np;’s are all
equal to 1. Thus one can compute the Euler classes of vy and vz,

es1(vy) = ca(vy)z+ci(vy)z? + 23,
es1(vz) =ci(vz)z® + 2%,
If we now write ¢2(vy) = cv,2x%, and ¢1(vy) = cy,1xy with cyj € Z,

and c1(vz) =cz,1xz with cz1 € Z, then one can compute eg: (vy) !
as a power series in xy,

2 2
1 Cy,1Xy n (CY,1 - CY,Z)XY

—1
estlvy) ™ = z3 z4 z°

Similarly, eg1(vz) ™! is given by the power series in xz,

11 czixz
651(VZ) - 274_ 25

We now compute locally
[ | mixs@) o and [ sl
Xs5(d) Xs5(d) Xs5(d)

where s2(X5(d)) denotes the sum ) ; x‘il and the x; are the formal
roots of the tangent bundle of X5(d). Note that one could use the sec-
ond Pontrjagin class p2(X5(d)) instead of the class s;(X5(d)), but this
would make the computations of the local data more complicated.
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The local datum of x> at Y is given by

1 (e —cva)xy
J (Tyxy-l-l'Z)S( _ovaxy Gy T evalxy
Y4

z3 z4 z5
= 1Or%13 —ScY,1ryl4 + (c%m — cY,z)l5.

Similarly, one can compute the local datum of x° at Z is

J (rzxz+(az+1)-2)° <14 - CZ'15XZ>
72 z z

= Sa%rz — a%ch + (20a3zrz — 5aéczl1 )1
+ (30(1%1"2 - 1Oa%cz,1) 1%+ (20azrz — 1Oa2Zcz,1) 13

+ (STZ —5(12CZ,]) . 14 —Cz1° 15.
Finally, the local datum of x° at P is
—(ap +1)° = —ap —5apl—10a312 — 10a31® — 5apl? —1°.

Identifying the polynomial in 1 to be constant and equal to d gives us
the system of equations

d=—a3— a%czg +561%Tz/

0=-5 (aﬁ + aéCzJ —40%2) ’
0=-10 (a?; + a3zcz,1 — 3azsz) ,
0=-10 ((1]23 + a%CzJ —2azrz —T%) ’
0=-5(ap+azczi+cyiry—7z),

2
0= Cy1—Cv,2—Cz, —1.

We can now do the same with p1(Xs(d)) - x> and obtain the system
of equations
p1-d=—5a3 —2a>cz 1+ 12a57z,
0=-3 (5(1}2) +2a%cz 1 —8azrz — ST%) ,

0= —3(5ap +2azcz1 +cy, 11y —4rz),

0= 26%/1 —5cy2—2¢cz1+ Jm (Y)—5,

where p; =6+1—) ; di.
Let us now integrate s>(X5(d)) - x locally. The local datum at Y is
given by

L4 (yvg +2)* + (v +2)" + (Yvz +2)1)  (ryxy +1-2) egi (vy) .

By means of symmetric functions, we have the following equality

3
D (yvi+2)* =6cy1x32> — 120y 2xy2” +4ey,1xyz + 327

i=1



6.2 THE CASE WHERE X5(d)s] =Y4uz?upo

Thus, the local datum at Yis cy 171y + 5(C%,1 —3cy,2) - L. Similarly, the
local datum of s;(Xs5(d)) - x at Z is equal to 4rz, and at P is given by
—5ap — 51. This gives us the system of equations

J Sz(X5(d)) 'X:—Sap—{—Cy,]T‘Y +4ry,
Xs(d)
0=5(—T+cy, —3cv,2).
If we now solve the system of equations
0= C%m —cyp—cz1—1,
0=2cy; —5cy—2cz,1 + Jm (Y)—5,
0="5(cy;—3cy—1)

with [ p1(Y) = 3, we get only two solutions cy,; = +1,cy 2 =0,¢cz,1 =
0. This implies that the system of equations

d= —a,sp — a%czg + SaQTz,

0=-5 (a‘];‘, +a%cz —4a3zrz) ,
0=—10(a} +adcz1 —3adrz),
0=-10 ((1}2) + a%CzJ —2azrz —T%) ’
0=-5(ap+azczi+cyiry—7z),

0=-3 (5(1,2; +2a%cz1 —8azrz —3r$) ,
0= *3(5(1]3 +2a2CZ,1 +cyaTy —41‘2),

has for solution d = 0, ap =0, ry = 0, rz = 0, which is an obvious
contradiction. The reader can find in the appendix the Mathematica®
computations of this case, cf. Chapter B O

LEMMA 6.6. Let Xs5(d) be a complete intersection with a smooth circle
action such that the fixed point components are Xs(d)® " =vituz2UuPo,
If the action admits a fixed point component N& C Xs(d)%/P for a prime
number p, then d = (1) or (2).

PROOF. First, one can see that N contains both Y and Z, and possibly
P. This can be deduced easily, using Corollary 4.7.

Since sign(N) = sign(N51 ), the signature of N is either +1 if it
contains only Y and Z. If N contains in addition the isolated fixed
point P, then the signature of N is 0 or £2. On the other hand, N is
of codimension 2, thus one can think about it as a virtual complete
intersection in CP™*" with multidegree (dq, ..., dy, Inl), and where
nx € H2(X(d); Z) is the Poincaré-dual class of N. Thus by Theorem
5.2, we have that d = (1) or (2) in both cases. O

The next step is now for us to understand what happens if there
exists an N® C X5(d)Z/P for a certain prime number p. Using Corol-
lary 4.7 together with Poincaré Duality, there are only two possible
situations.
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CASE A. N° contains Y, Z and P, or
CcASE B. N° contains Y and P.

We choose the orientation on N® by making it compatible with the
orientation of Y and vy, the normal bundle of Y in N. In particular,
this implies that the normal weights at Y are positive. Furthermore,
we fix now the orientation of P (and possibly Z) in N using the just
defined orientation of N, together with our convention that the nor-
mal weights of their normal bundles in N need to be positive. Using
the equivariant signature formula, we can deduce that the orientation
of Pin N is —1.

For dimensional reasons, N® is in fact a connected fixed point com-
ponent of X5 (d)2/mv, where Ny ; is the normal weight at Y divisible

by p. Let us consider the induced effective S'-action on N°, where
S =S'/(z/ Ny ;). By definition, this action is semi-free around Y.
One can see that in cASE A, this S'-action on N° can be of two kind,

either it is semi-free around all fixed point components, or there ex-
ists M € N%/™ containing Z or P, where we look at Z/n as a sub-

group of S1. Note that M is also a connected fixed point component of
Xs5(d)Z/™ with respect to the original S'-action on X5(d) and where
n=mny; n

Therefore, let us focus our interest on the special case where there
exists a fixed point component M C X5(d)?/™ containing Z or P,
for an integer n. We prove that M C Xs5(d)Z/™ is 4-dimensional and
contains in fact both fixed point components.

By contradiction, assume M C Xs(d)%/™ contains only P. There-
fore, we have an orientable manifold M equipped with a smooth S'-
action such that the fixed point set MS' s equal to P, an isolated fixed
point. Using the equivariant signature formula (cf. Section 3.3) or [12,
Chapter IV, Corollary 2.3] one gets a contradiction.

On the other hand, assume by contradiction that M contains Z and
does not contain P. Since M contains Z strictly, M needs to be of
dimension 4 or higher. However, M needs to be contained in N. Thus
M is 4-dimensional.

Without loss of generality, we assume that the circle action on M is
semi-free around Z, thus if we integrate locally x|3, we have that

| o= vz + (az #0202 (1 -2 (ZZ)>
M4 z z z

_ (—aéjﬁ (v) +2az> —2 (asz (vz) —Jxlz) 1

—Jm (vz) - 12

Which implies that the first Chern class of the normal bundle ¢y (vz) =
0, and [ x|z = 0 by looking the coefficients in 1 and 1%. Which is a con-
tradiction to Proposition A (cf. Section 4.2).
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LEMMA 6.7. Let M* C Xs5(d)%/™ be a connected fixed point component
such that the fixed point set MS' consists of Z2 U P° as above. Then the
normal weights at P and Z are equal ton,

ap —AQaz

Tz :iT’ and ci1(vz) = £xz,

where c1(vz) is the first Chern class of the normal bundle of Z in M.

PROOF. We choose the orientation on M* by making it compatible
with the orientation of Z and vz, the normal bundle of Z in M. In
particular, this implies that the normal weight at Z is positive. Fur-
thermore, we fix now the orientation of P in M using the just de-
fined orientation of M, together with our convention that the normal
weights of the normal bundle in M need to be positive.

We first prove that the normal weights are equal. To show this, we
use the Lefschetz fixed point formula for the equivariant signature
(cf. Section 3.3)

sign(M) = u(A, P) +u(), 2),
where A € S! is a topological generator. Furthermore, we have that

THA TP T 4A P2
T—ATer 1A T2
T4HATPD T4 A2
T—AmP1 ] —pme2
= (142N £ 2NZP (T4 2ATP2 2N ),

w(A, P) = L

==

For Z we have a similar power series in A

T4+e X217 14 A z1e Yz

w2 =[xz

72 1 —e*za ’ 1—A"TM"z1e Yz
=—4 (> k-Ana J Yz,1,
k>1 Z

where xz 1 is a formal root of the tangent bundle of Z, and yz; is a
formal root of the normal bundle of Z in M. Since the signature of M
does not depend on A, the two power series need to cancel in all but
the constant terms. Thus the coefficient in A™Z1 of the power series
(A, Z) needs to cancel with the smallest coefficient in A in the power
series of u(A,P). We can then deduce that nz; = np,; = np, and
|, Yz = +£1, depending on the orientation of P in M.

Let us now deduce the above formulae. The strategy is to integrate
locally x|%,. The local datum of x|3, at Z is given by

1
J (rzxz + (az +1)-2)? (_ 021sz>
Z n-z n<-z

B az(azcy —2nrz) 2(0201—TW2)1 €12
=¢ez|— ) _ 2 . _ﬁ
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where ez = +1 depending on the orientation of Zin M, and c1xz =

ci(vz).
Similarly, the local datum of x|3, at P is given by

2
ap  2ap 1T 5
Ep <T12+T121+T'L21

where ep = 1 depending on the orientation of P in M.
Thus,

2 2
2 QpEp—azCiézt+2azeznry
X|N =
N

n2
2(apep —azciez +eznryz) Ep—Cl1€Z -
+ 5 1+ >— -1
n n
Solving now the system
Ep —C1€7
0= 2
0— 2(apep —azciez +eznrz)
2
in rz and c; gives us exactly four solutions, namely
ap —az
Ty =4+—=, and c1 ==+1. O
n

We now focus our attention again on CASE A, i.e. when there exists
a fixed point component N® C X5(d)%/P containing Y, Z and P. First,
note that if ny 1 is the normal weight at Y divisible by p, then N®
is in fact a fixed point component of Xs5(d)Z/™1 . Therefore, for N©
to contain also Z and P, the prime number p needs to divide exactly
two normal weights at Z and three at P, say nz 1, nz2, np,1,np2, and
np;3.

As we mentioned early, there are exactly two possible outcomes
in the case A. Either the induced effective S'-action on N is semi-
free, and all the nz,1, nz 2, np,1,np2, and np 3 are equal to ny 7, or
there is another intermediate manifold M* ¢ NZ/nz; containing Z
and P. In virtue of Lemma 6.7, we have that nz, = npy = npg3,
Ny =nz1 = np,; and divides nz . Thus, this breaks CASE A into
two cases.

Assume the other weights at Y, namely ny, and ny 3, are equal
to 1. In virtue of Lemma 6.7, there are two possible situation for the
remaining weights at Z and P. Either they are all equalto 1,ornz 3 =
np4 = Nps and nz4 is equal to 1. This finally breaks cASE A into
the following sub cases.

CASE A.1.I The normal weights are
AT Y. (nq,1,1)

AT Z. (n1,1nq,1,1)
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AT P. (ng,mq,mq,1,1)

CASE A.1.11 The normal weights are
AT Y. (TL1,],1)
AT Z. (ng,nq,n2, 1)

AT P. (ny,n1,nq,n2,n2), where (nq,ny) = 1.

CASE A.2.1 The normal weights are
AT Y. (nq,1,1)
AT Z. (TL]TLz,TL1,1,1)

AT P. (Tl]TLz,THle,TI],],]).

CASE A.2.11 The normal weights are
AT Y. (Tl1,],1)
AT Z. (ninz,nq,n3, 1)

AT P. (nyn,,niny,ny,n3,n3), where (nyny, n3) = 1.

Assume now we have ny > 1. In virtue of Lemma 6.6, we have
without loss of generality that (ny,1, ny,2) = 1. Thus, we have N§ C
Xs5(d)2/™v.1 and N§ € Xs5(d)%Z/™v.2 containing Y. By the pigeon
hole principle, we know that at least one normal weight at P, say
np 1, is divisible by both ny 7 and ny ;. As above, this gives us that
there exists a connected fixed point component M* C Xs(d)Z/™
where n = ny 11y 2n, and containing Z and P. Therefore, nz 1 =
Mp1=mNpoN, Nz =Mp3=mny,jandnzz =npg = ny . If we
assume ny 3 = 1, then the remaining normal weights at Z and P are
also equal to 1.

cASE A.3 The normal weights are

ATY. (nq,ny, 1)

AT Z. (nynangz, ny,ny, 1)

AT P. (nyjnan3,ninans, ny,ny, 1), where (ny,n,) = 1.

Assume now ny;3 > 1 and (ny,i,ny;) = 1fori # j by Lemma

6.6. Then we have as above a fixed point component M* c X5(d)%/m
where n = ny,1ny,n, and containing Z and P. Thus the normal
weightsat Zarenz 1 =ny,jnyn=n,nz, =ny,j,and nz 3 =
ny,2 which leaves no other option that nz 1 = ny,1ny2ny,3n and
Nz,4 =mMy,s3.
CASE A.4 The normal weights are

AT Y. (ng,m2,n3)

AT Z. (ninynzng,ni, na, n3)

AT P. (nynan3zng, ninanzng, ny, ny, n3), where (niy, n;) =
1fori,j=1,2,3 and i #j.
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The following lemmas gives us very useful formulae for the above
CASE A.

LEMMA 6.8. Let N® C Xs5(d)Z/™ be a connected fixed point component
for an integer 1y such that the fixed point set NS' consists of Y+ U Z2 U PO
as above. If the normal weights are like in the CASES A.1.x, then

~ (T+cyn,)(ap—az)
Tz =¢z ’
ni
ap —azCy,n, —Qaz
Ty = s
n

CZ,TL] = EZ(CY,TL] _1)(CY,TL] +1)I

or

(1—cyn,)(ap—az)

Tz =¢&7 s
ny
ap+azcCyn, —az
Ty = — ’
nj

Czn, =¢zlcyn, —1)lcyn, +1),

where cy n, - Xy (respectively cz n, - X z) denotes the first Chern class of
the normal bundle of Y (resp. Z) in N, and € z is equal to =1 depending on
the orientation of Z in N.

PROOF. To obtain the above equations, it is enough to compute lo-
cally [ x|3, at the fixed point components. In particular, the local
datum of x|3’N at Y is given by

1 c X c? x3
J (ryxy +1-2)3 ( — LYy Y)
Y4

niz nZz?2 nsz3

which gives the polynomial in 1,

2 2
37y o 3evmty 2 S g3
ng n? n3

Similarly, we have at Z and P respectively the polynomials

2
_azezlazezn, —3nirz)  3azez(azezm, —2nirz) 1
ns3 n;
~ 3ezlazezn, —mirz) 2 fzmez 3
3 3 ’
nj n3
and
a; 3a3 3ap ., 1 3
—3 -3 l-—5 U-—1
n?  n3 ns n3
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This gives us the system

0 =

2 2
_3aP o 3(1262((12Cz,nl —ZTI]Tz) i 3TY

n3 n3 ng’
0 3ap 3ez(azczm, —mirz) 3Cyn, Ty
- 3 3 - 2 ’
0 _ CY,TL1 _ CZ,TL] €Z _ L
nj us ni

which once solved in the variables rz, ry and cz ., gives us the de-
sired results. ]

Let us now get similar relations in the CASES A.2.%.

LEMMA 6.9. Let N® C Xs5(d)%/™ be a connected fixed point component
for an integer nq such that the fixed point set N S' consists of YYUuZ2UPO
as above. If the normal weights are like in CASES A.2.%, ie. there exists
M* ¢ NZ/™n2 containing Z and P, then

ap—az Nap—az M M N
Ty =+—, Tz =&z ——, €7 = —€p &€z
nin; niny
N
Cyn, = 0/ CZnin, = €7z, CZ,n, :O/
or
Tyzii, Tz =¢z—, €7 = €p &gz
niny ninp
— 2 _ ~N _ ~N 2
CYn, = — 7 CZnin, = €7, CZn, =€z s

where Cy n, - XY, CZmnn, - Xz and Cz n, - Xz denote respectively the
first Chern class of the normal bundle of Y in N, Z in M and its normal
complement in N respectively. Furthermore, %, et and e are equal to
+1 depending on the orientations of Z and P in M and N.

PROOF. To prove this result, we have to compute the integrals

| xR and | pitngxi
N N

The local datum of x|3, at Y is given by the formula in the proof of
Lemma 6.8. At Z the local datum is like above except that eg1 (v z) ™!
is given by

1 + o CZ,TI] o CZ,TL]le - x
nZn,z2 31,23 312,3 z

where ¢z n,n, - Xz denotes the first Chern class of the normal bundle
of Z in M* ¢ NZ/mim2 and Czmn, - Xz denotes the first Chern
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class of Z in its complement. The computations give us the following
polynomial in 1

_afel(azeznna+azeznn, —3ninarz)
nin’
_3azej(azeznn2+azCznin, —2nin2tz)
win2
_ 3¢l (azeczn,m2+azcznn, —Min2tZ) 12
ninj
B 521 (CZ,TL]nZ + CZ,Tung) . l3,
ninj '

We are now left to compute the local datum of XI3N at P. The later is

given by the polynomial
3 2
_ % 34 3 .ZfL.ﬁ
3.2 3.2 3.2 3.2
nins  nins nins nin

By identifying the coefficients in 1, 1> and 13 to zero gives us the
system of equations

2 N 2
_ 3ap _ Jazey (azezn, N2 +azCznn, —2N1N2TZ) N 3ry

0=
ninl nins ng’
N
0— 3ap  3ej(azczn, M2+ azCzmnn, —MIN2Tz)  3Cyn, Ty
3,2 3.2 - 2
nin3 nin3 n?
2 N
0— CY,n1 . €7 (CZ,'ng + CZ,TL]le) . 1
- n3 n3n2 n3n2
1 n3 15

In order to have enough equations, one needs to proceed the same
way with fN P1(N) -x|n, i.e. compute this integral locally on the fixed
point set and identify the coefficient in | to zero. This process gives
us the equation

3 2
eN CzmNy —CznM2 —Cznn, Ny +CZnyn,

0——
z TL]TL%
N —n3 [p1(Y)+2n3 +1
nins )

Furthermore, by the signature formula one knows that [p;(Y) = 3.
We complete this set of equations with the one given in Lemma 6.7,

since we have an M* C NZ/™n2 containing Z U P. This system of

equations gives us the desired result. ]

Let us now get similar relations in the cAsEs A.3.

LEMMA 6.10. Let N? C Xs5(d)%/™ and Ng C Xs5(d)%/™2 be connected
fixed point components for integers ny and ny, such that the fixed point
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sets N$' consists of Y* U Z2 U PO as above. If the normal weights are like in
CASES A.3, then

N, (ap —az) ap—az N
Tz=¢; ————, Ty=F———, Cznnm; =€z,
ninayng nimzans
Czn, = 0/ Czmn, = 0/ Cyn, = O/ CYn, = O/
Ny _ Nz _ M_.M
e, =g, =—¢e5¢€p,
or
N, (ap—az) ap+az N
Tz = _EZ] - W=+——"" CzZninn; = EZ]/
nim;ns nimans
20 2eh2 2
CZ,TL1 = 7 CZ,TLZ = 7 CY,TL] = :l: 7
nons nins nons
2 N N
M _ M
Cyn, =+ e, =¢e,2=¢T¢
M2 TL1T13’ V4 V4 Z “P s

PROOF. The above equalities follows by computing

[ e and | piN0 i
N; N;

for i = 1,2 and completing the equations with the one given in
Lemma 6.7.

Note that these computations for each N; are exaclty the same as
those in Lemma 6.9. Indeed, the local data of x|3Ni and p1(Ni) - x|n,
at Y is given in Lemma 6.8. At Z the local data are like above except
that eg1(vzen,) ! is given by

1 CZmny CZninong
2T\ 72 3 2n202,3) X2
nininaniz nrmin;nsz ninin;sn3z

where ¢z 1, n,n; - Xz denotes the first Chern class of the normal bun-

dle of Z in M* C NiZ/ ™M and ¢z, - xz denotes the first Chern
class of Z in its complement.
Like in Lemma 6.9, we obtain for N the system of equations

N
~ 3azez'(azezmnanz +azCzmninyn, —2Min2narz)

0= ninsins
g
ninin?  ng’
o__ 3e7'(azzn a3 +azC7 n nms —TIMIN3TZ)
n3nsn’
3(1]) 3CY,n1 TY
B ninini B n?
C%( n Eyl (CZ,TL] nyns + CZ,TL1712113) 1
0 =Y _ -
n3 ninsns ninin3
0—_ 5?1 Czn, nin% —CzZn,N2N3 — CZZ,T; n2n3n%n§ +Czninon;
nining
—nind [p1(Y) +2ndng +1

+
nq n%n%
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For N, we obtain in a similar fashion the following system of equa-

tions
N
0— 3aze,?(azCzmn,MIN3 +AzCZ nyn,n; — 2MN2N3TZ)
- 3,242
nynims
2 2
. 3ap 3ry
32,2 ’
N
0= 3e,%(azezm,Min3 +azCznynn; —MIM2N3TZ)
- 3,242
nsning
- 3(1]3 - 3CY,n2TY
3.2 2 2
nsnin;g ns
c? eN2(czn,mins +c ) 1
O _ Y,Tl.z _ Z Z,le 1 3 Z,Tl]ﬂ.zT‘L3 o
=7 3 32,2 32,2
n; n3nin;g nsning
(o n3nd —¢ ninz —c¢ n2n2+c
O — ENZ Z,Tl.z 1'*3 Z,TLZ 113 Z,n1n2n3 1'%3 Z,TL]TLzTL3
z mn%né
N —ninZ [p1(Y) +2nins +1
ninsn3 '

Completing the system of equations with the equations given in
Lemma 6.7 and solving the system in the variables ry, vz, cyn,,
CZmninanzs €Zngs £§1, CZm,s CYm,, 5?2 gives us the desired solu-
tions. O

Let us now get similar relations in the CASES A.4.

LEMMA 6.11. Let N§ C X5(d)2/™, N§ C X5(d)Z/™2 and N§ C Xs5(d)Z/ms3
be connected fixed point components for integers 1, ny and n3, such that

the fixed point sets N3' consists of Y4 U Z2 U P as above. If the normal
weights are like in CASES A.4, then

N, (ap—az)

_ _ ap—az Ny
Tz =¢&5 ; Ty = + ;o CZminpynzng = €7,
nimansng ninyning
Czn, = O/ CzZn, = O/ /CZn; = 0 Cyn, = Or
N N N M _M
Cymn, =0,cyn; =0 €, =¢e,2=¢,° =—¢ez7¢p,
or
N, (ap —az) ap+az N,
Tz =—¢&4 ; Ty = s CZningning = €7
ninynsng ninansng
Ny N3 N3
2 2  2¢
Czny = ’ Mo m3
na2ns3ng nin3ng ninxng
2
CYn, ,Cym, =% s CYng = +
noyn3n ninsng nimanyg
N1 NZ N3 M. M

€7, =E€7;7=¢&y5

PROOF. The above equalities follows by computing

JN X[, and J P1(Ng) - xIn;-

1
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for i = 1,2,3 and completing the equations with the one given in
Lemma 6.7. These computations are exactly the same as those in the
proof of Lemma 6.10. O]

We now use Lemmas 6.7, 6.8, 6.9, 6.10 and 6.11 to prove the follow-

ing result (i.e. CASE A).

LEMMA 6.12. Let X5(d) be a complete intersection with a smooth circle
action such that the fixed point components are X5(d)S' = Y+ U Z2 U PO,
If the action admits a fixed point component N® C Xs(d)%/P containing
Y4 U 22 U PO for a prime number p, then d = (1) or (2).

PROOF. To prove this, one needs to compute

J X, andj 1 (Xs(d)) - %>
X5 (d) Xs(d)

locally at Y, Z and P, for CASE A.1.I, CASE A.1.1I, CASE A.2.I, CASE
A.2.11, CASE A.3 and CASE A.4. Furthermore, we use extensively the
Lemmas 6.7, 6.8, 6.9, 6.10 and 6.11.

Let us first remark that in the first four cases, the local datum of

x> and p1(Xs5(d)) -x3 at Y stays the same since the normal weights at
Y are always of the form (nj,1,1). Thus, we compute them for once
and for all. One needs first to compute the Euler class of the normal

bundle. Since the normal bundle vy splits into vy-n and vycn

1

This gives us that the Euler class of vy is

es1(Vy) = (cyn, Xy +11-2) (cy,2 - X +cv1 - xy - z+27)

where cy n, - xy denotes the first Chern class of vycn, while cy,7 - xy
and cy - x% are the Chern classes of vy-n™.

We now compute the local datum of x> at Y, which is

J\M (Tyxy +1- 2)5651 (Vy)71

1 Cy 1 Cy
:J (ryxy +1-2)° - s+ |\ —— — z’n; -Xy
Y4 mz mz nyz

2 2
Cy1—Cv2 cvicyn, . Syn, 2
+ 5 T35 T 35) X
niz niz n;z

which gives us the polynomial in 1

101‘% ‘ 13 B 51‘y(CY,1T11 +Cymn, )

mn TL%

14

2 2 2 2
Cy 1M +cCvy,1Cyn, N1 —Cy2ny + CY n, RE

3
n

Let us now compute locally p1(Xs(d)) - x> at Y, but first one needs

to compute p; g1 (Y) which is given by

p1(Y) + (cyn,xy +1n12)% + (c%/lx% +2cy 1xyz — 2Cy 2X% + Zzz) )
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Thus the local datum gives us the polynomial in 1

Jw Prsi(Y) (ryxy +1-2)% - egi (vy) ™!

3 (nf+2)ry LY (—cy,1m3 + cyn,nf —2cyn,)

= 1+ 3 12
mnq T11
¢y n+cy i —cycyn g
( -
—cy ot —deyng +2cy . +ni [pi(Y) 3
; . ) .

In the cASE A.3 and CASE A.4, the local data can be computed the
same way. The equivariant Euler class of vy are respectively

es1(vy) = (cyn, Xy +112z) (Cyn,Xy +N22) (Cy,1Xy + 2)
and
es1 (vy) = (cyn, xy +n1z) (Cyn, Xy +N22Z) (Cyn; Xy +N32Z).

The details are left to the reader. However, note that these computa-
tions are done in the appendix using Mathematica® (cf. Chapter B).

We want now to compute in each of the cases the local datum of
x° and p;(X5(d)) - x> at Z. Let us first compute the equivariant Euler
class of the normal bundle and its inverse in every cases. We then
leave the computations of the local datum of x° at Z to the reader.
Note that one can find the Mathematica® computations in the ap-
pendix, cf. Chapter B.

CASE A.1.I the normal weights are (ny,ny,1,1), thus the equivariant
Euler class egi(vz) is given by (czn,xz +ni1z) - (cz1xz +2) -
(nyz) - z. Then, its inverse is

1 Cz1 , Czn
B d o ZZm )y
n%z4 n%z5 n?z5

CASE A.1.1I the normal weights are (n,n1,ny,1), thus the equivari-
ant Euler class eqi1(vz) is given by (czn, Xz +n12z) - (Czn,Xz +
nyz) - (cz,1xz +z) - nyz. Then, its inverse is

1 €z, Czmn, €zm; ),
_ 5.
nin,z*t ninyz®  ninyz®  ninizd

CASE A.2.I the normal weights are (nq,n1ny,1,1), thus the equivari-
ant Euler class eg1(vz) is given by (czn,xz +M12) - (Czn,n,Xz +
nin,z) - (cz,1xz + z) - z. Then its inverse is

1 CZnin Czn Cz1
i\ 32 T s T s ) X
ninaz ninsz nin,z ninaz
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CASE A.2.1II the normal weights are (ny,ninz, n3, 1), thus the equiv-
ariant Euler class eq1(vz) is given by (czn,xz +n12) - (czn,n,Xz +
nin,z) - (czn;Xz +n3z) - (cz,1xz + z). Then its inverse is

1 Cz1 CZn Ccz c

, ,M ,Miny Z,‘rLg
n21onaz? 2 5 3 5 37.21.,5 2 2,5 | XZ:
Tn2nsz nimanzz nyman3z nynsn3z nimansz

CASE A.3 the normal weights are (nyn;n3, ny, ny, 1), thus the equiv-
ariant Euler class eg1(vz) is given by (czn,n,n;Xz +ninanzz) -
(czn,xz +M1z) - (czn,Xz +N2z) - (cz1xz + z). Then its inverse

1S

1 < Cz1 CzZmn, CZmn, CZ,n1n2n3) 5
2,2 4 2.2 5 3n2 5 2.3 5 34,3125
ninsn3z ninsn3z ninsn3z ninsn3z ninsnsz

CASE A.4 the normal weights are (nymynzng, ni,nz,n3), thus the
equivariant Euler class egi(vz) is given by (czn,nynsn,Xz +
ninanangz) - (czn, Xz +nz) - (czn,xz +n2z) - (czn;xz +N32).
Then its inverse is

CZn, CZn, CZn;

] (
2.2.2 4 3.2..2 5 2.3.2 5 2.2.3 5
ninsnyNgz ninsnyngz nin;n3ngz ninsn3yngz

34,3132

CZninonzng >
—5 XZ-
Tl1 n2n3n4z

We want now to compute locally pj(Xs5(d)) -x3 at Z. Thus one
needs to know what the equivariant Pontrjagin class p; g1(Z) is in
each of the cases. We leave then the computations of the local datum
to the reader.

CASE A.1.1 The equivariant Pontrjagin class p; s1(Z) is given by

(cz1xz +2)% + (Zczln]mxzz—FZn%zz) + 27

CASE A.1.11 The equivariant Pontrjagin class p; s1(Z) is given by

(czixz +2)* + (2czm,ixzz+ Zn%zz) + (Czn,xz +n22)?

CASE A.2.1 The equivariant Pontrjagin class p; s1(Z) is given by

2 2 2 2
(CZ,1XZ+Z) +(Czln]Xz+n1Z) —i—(Cz,manz—l-TLrn.zZ) +z

CASE A.2.11 The equivariant Pontrjagin class p; s1(Z) is given by

(czixz +2)* + (czn,xz +112)?

+(Czmym,Xz +MiM22)2 4 (Czny Xz +N32)?

CASE A.3 The equivariant Pontrjagin class p; s1(Z) is given by
(cz1xz +2)* + (czn,xz +M12)°

+ (Czn,Xz +M22)% + (CZn nynsXz +N1N2N32)2
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CASE A.4 The equivariant Pontrjagin class p; s1(Z) is given by

2 2
(czn,xz +n1z)° + (czn,Xz +N2z)

+ (cznyxz +M32)% + (CZmninynsng Xz + NiMan3ngz)?
Finally, one needs to compute the local datum of x> and p1 (X5(d)) -
x3 at P. They are given respectively by
(ap4-U5

(Xing;)-(ap+1)°
— , and — .
Npinp2---Nps5 NpiNnp2---MNps5

The later gives us polynomials in 1. The coefficients of these polyno-
mials can be easily found by expanding the above equations.

To finish the proof, one needs now to treat each of the cases sepa-
rately. We have to find a contradiction to the existence of such normal
weight structure, or simply show that d is equal to (1) or (2). We
added for the reader the Mathematica® computations in each of these
cases in the appendix, cf. Chapter B.

CASE A.1.1. We treat this case using the Atiyah-Bott integration
formula on x° and p1(X5(d)) - x3. We extract out of these formulae a
system of equations. Furthermore, we complete this system with the
equations given by Lemma 6.8. This implies p1(X5(d)) to be positive,
leaving us with d equal to (1) or (2).

The integration formula applied on Ix5 (d) x> gives us a polynomial
in 1 which needs to be constant equal to d. The coefficients in 1S3 give
us the system of equations

4
de — a7]5) B aSZcz,1 B aSZcLnl S5a,rz
- 3 2 3 2
ny n ny nj
4 4 4 3
0 _ 5ap _ 5azcz1 _ 5a7¢czn, 20a37z
- on3 n? n3 nZ ’
1 1 1 1
0 10(13]; B 10a§cz,1 7 100%Cz,m 30a%rz
N n3 n? n3 nZ ’
1 1 1 1
0 10a3  10a%cz1  10a%czn, n 20azrz n 10rd

3 2 3

2
n nj ng

Completing the system with the equations given in Lemma 6.8 gives
us four real non-trivial solutions, namely

72a3
Z
d= 3 7 CzZn, = 80/ Cyn, = :l:9/ Cz1 = Or
n3
24az 6az
N
Tz = , TZy=F——, ap=-—2az, ¢z =1,
mng ng
and
4a3
Z
d= 3/ Czn, = 1/ CYn, = 0/ Cz1 = —,
ny ng
Zaz Zaz
Tz=——, Tw=F——, ap=—az, €&z =-1
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Furthermore, looking at the constant term given by IX:—, @ P1(Xs(d)) -
x> gives us the equation

a3 (3n% +2)

3
n3

p1.d:_

2
2a% (azczim3 +azezn, —3n3rz —3ny7z)

3
ny

where p; = 6 — Y_; d?. Plugging the above results gives us that

_mi 3(ni+4)

P1 or pj=
4a%

 3ad’
This implies that d is equal to (1) or (2) since it needs to be positive.
One can in fact go further with these equations and show that there
is no real solutions for az and nj making p; = 6 and d = (1), or
p1 =3and d = (2).

CASE A.1.11. We treat this case using the Atiyah-Bott integration
formula on x°. Like in the previous case, we will extract a system of
equations. We also use the equations given in Lemmas 6.8 and 6.7 in
order to show that the di’s need to be equal to 0, contradicting the
existence of an action with such normal weights.

The integration formula applied on IX5 () x° gives us a polynomial
in 1 which needs to be constant equal to d. The coefficients in 153
us the system of equations

give

5 5 5 5 4
d— _ 9 9zCzy QzCzny  07Czn, | STz
 n3n2 nn n3n nns nin,’
12 172 172 142 112
4 4 4 4 3
0= — 5(1P . 5aZCZ,] . SO‘ZCZ,TH B SQZCZ,nz ZOClZTZ
 n3n2 nn n3n n4n? n4n, ’
12 1142 1742 12 1742
3 3 3 3 2
0 _ 10a3 - 10azcz,1 _ 10azcz n, - 10ayczn, 30as7z
 n3n2 nn n3n n4n? nn, ’
112 112 112 112 112
2 2 2 2
0 _ 10ap _ 10azcz,1 _ 10azcz n, _ 10a5¢czn, 20azrz
= 3.2 2 3 2.2 2
ning nim; nin; nims nim;
1012
Y
ny

If we now add to this the equations given in Lemmas 6.7 and 6.8,
we get a unique solution

N
d= 0/ Tz = O/ Ty = 0/ ap =4az, Cyn; = 0/ CzZn, = —€z,
M eMeDing +eDell —eMn,

M
Czn, =€p €z, Cza1 =

5? 6%41’1] no ’

contradicting the existence of an action with such normal weights.
CASE A.2.1. We treat this case using the Atiyah-Bott integration

formula on x° and p1(Xs5(d)) - x3, together with Lemma 6.9. We will
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have that p; needs to be positive, implying that d is equal to (1) or
(2).

As above, we apply the integration formula on sz d) x°. This gives
us a polynomial in 1 which needs to be constant equal to d. The

coefficients in 1S? give us the system of equations
5 5 5 5 4
d—— ap  ayzCz1  GyCznm;  AzCznyn, | dazTz
 n3n?2 nin n3n n3n2 nZn, ’
12 112 112 12 112
4 4 4 4 3
0—_ S5ap B 5azc¢z, _ 5a,¢zn, _ 5a7¢znn,  20a37z
- 3.2 2 3 3.2 2 ’
3 3 3 3 2
0—— 1OaP . ]OaZCZJ B 10aZCZ,n1 . ]OaZCZ,TnTLz 30(lZTZ
n?n% n%nz n?nz n?n% n%nz

We can solve this system to get the unique solution

d__a%(ap—az)z . __aplaz—ap)
N n3n2 A adnn
1°%2 zanz

4 3 4 4
—3ap +4apaz +ayCzn, M2 +0a7Cznn,
adnin,

Czy1 =—

On the other hand, Lemma 6.9 gives us that vz = +(ap —az)/(niny).
This implies az = —ap since az cannot be equal to ap. We can now
use the integration formula on p(Xs(d)) - x3. This will give us as usu-
ally a polynomial in L. Identifying the constant term to p; - d gives us
an equation, which once solved gives us two solutions for py, namely

3 (nin3+4) or py— 3ning+4nf+38
4a% 7 4a% '

p1 =

This implies that p; = 6 — 3, d? is positive, thus d is equal to (1) or
(2).
CASE A.2.11. This case is easily treated using simply Lemmas 6.7
and 6.9. These Lemmas give us respectively that
ap —az

r7=+—=, and rzy=4=+
nin; ns3

ap —az

Thus nin, = n3. On the other hand, we have that (ny,n3) = 1 and
(n2,m3). This implies that there is no action on Xs5(d) with such nor-
mal weights.

CASE A.3. This case is very similar to CASE A.2.1. We use the
integration formula together with Lemmas 6.7 and 6.10 to obtain that

3 (5n9n3n3 +4ng +4n3) 7nining +8nf + 8n3
2 7 or P] = 3 .
4as 4a7

p1 =

This implies that p; = 6 — 3_; d? is positive, thus d is equal to (1) or
(2).
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CASE A.4. This case is very similar to CASE A.3. The integration
formula together with Lemmas 6.7 and 6.11 gives us

202,22 2 2 2
_ Snyngngng +4ng +4nj +4n;3

P1
4(1%

This leads to the same conclusion as above. O

Let us now focus our interest to the CASE B, i.e. where there exists
Né ¢ Xs5(d)%2/» containing Y and P for a certain prime number p.
Therefore, there exists a normal weight at Y, say ny;, and exactly
three normal weights at P say np j, np2 and np 3, divisible by p. We
prove that they are all equal.

Note first that N° is a connected component of X5(d)2/™v1 | thus
ny,; divides the np;’s. Therefore, let us assume there exists a nor-
mal weight np; > ny,;. Then there exists a closed smooth and ori-
entable connected component F C X5 (d)Z/mri in N and admitting an
S'-action with P as unique isolated fixed point. This contradicts the
ending result of Section 3.3. Thus, the normal weights ny 1, np,1, np 2
and np 3 are all equal. Furthermore, by the pigeon hole principle, the
other weights at Y need to be equal to 1.

We are now left with two possibilities for the remaining normal
weights at Z and P. Either there exists M* C Xs5(d)%/™21 containing
Z and P for a certain integer nz; > 1, or the actions is semi-free
around Z. Thus, we have the following sub cases.

CASE B.1. The normal weights are

AT Y. (nq,1,1)

AT Z. (1,1,1,1)

AT P. (ny,nq,nq,1,1)

CASE B.2. The normal weights are

AT Y. (ny,1,1)

AT Z. (ny,1,1,1)

AT P. (nq,nq,nq,n2,n2) where (ny,ny) = 1.

Before to treat each of these cases, we discuss the information one
can get with a component N® C Xs5(d)%/™ containing Y and P as
above. Let us orient N® by means of the orientation of Y and the
normal bundle of Y in N. Thus, with this fixed orientation we can
assume that in N, the component Y has orientation +1, and P has
orientation —1.

81
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LEMMA 6.13. Let N® be an closed smooth oriented manifold equipped
with a smooth S'-action such that the fixed point set consists of Y4 U P° as
above. Then

ap
ry =+—, and ci(vy) = Fxy
n

where vy denotes here the normal bundle of Y in N.

PROOF. The proof follows immediately by computing [y, xI3, locally
at Y and P. Indeed, the local datum of x[3; at Y is given by

2 2
3ry ' ey, Ty RENE Y3
ng n? n3

Similarly, at P the local datum is given by

(l]3> 30]23 3(1]) 2 1 3
33l -
oo ™ n

This gives us the system

2 2
o Ty 39
n TL% ’
0= _3(.1]3 . 3CY,n]TY
- on3 n?
1 1
2
0= Y _1
ond on¥
1 1

One can solve this system to get exactly two solutions in ry and cy n,
which are the desired equalities. O

LEMMA 6.14. Let Xs5(d) be a complete intersection with a smooth circle
action such that the fixed point components are X5(d)S' = Y4UuZ2UPO.
If the action admits a fixed point component N® C Xs(d)%/P containing
Y4 U PO for a prime number p, then d is equal to (1).

PROOF. To prove this Lemma, we need to compute locally

J <, andj p1(Xs(d) -3
Xs(d) Xs5(d)

atY, Z and P for cASE B.1 and cAsE B.2. Furthermore, we use Lem-
mas 6.7 and 6.13.

Note that the local datum of x° and p;(X5(d)) - x> at Y is exactly
the same as in the proof of Lemma 6.12 since the normal weights at
Y are (nj,1,1). Thus, one needs only to compute the local datum of
x> and p1(X5(d)) - x> at Z and P. We start this process by computing
the equivariant Euler class of vz in both cases.
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CASE B.1. The normal weights are (1,1,1,1), thus the equivariant
Euler class eg1(vz) is given by (cz,1xz +z) - z°. Then, its inverse
is

J_czr
A 5 TE

CcASE B.2. The normal weights are (n;,1,1,1), thus the equivariant
Euler class eg1(vz) is given by (czn,xz +n2z) - (cz,1xXz +2) -z2.
Then, its inverse is

1 Cz1 . Czn
7 5+ 55 | Xz
nyz nyz®  niz

We leave the computation of the local datum of x> at Z to the reader.

Like in the proof of Lemma 6.12 one needs first compute the equiv-
ariant Pontrjagin class p; ¢1(Z) in order to compute the local datum
of p1(Xs(d)) - x> at Z. We let the reader figure out by himself these
computations. These computations can also be found in the appendix,
cf. Chapter B. To finish the proof, one needs now to treat the two cases
separately.

cASE B.1. We treat this case using the Atiyah-Bott integration for-
mula on x° and p(Xs5(d)) - x3. We will extract a system of equations
that we solve using the equations given in Lemma 6.13. This will im-
ply that d needs to be equal to (1).

Indeed, the Atiyah-Bott integration formula applied on jx5( R
gives us the polynomial in 1. Since this polynomial needs to be con-
stant equal to d, one gets a system of equations by looking at the

coefficients in 1S3
5
a
d= ——‘; —aYcz 1 +5a%r2
m
5a
0=——7% —5azcz1 +ZOaZTZ
n3
10a3
0=— n;’ —10adcz,1 +30a%72
1
10a3 1012
0=——3"—10a%cz,1 +20azrz + —.
T11 mn1

Furthermore, we also apply the Atiyah-Bott integration formula to
sz P1(X5(d))x3. This will be again a polynomial in 1 which needs
to be constant equal to py - d, where p; =6—)_ diz. In particular, the
constant term gives us that

B a3 (3n?+2)

3 —2a3czq +12a577.
1

p1-d=

83
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Together with Lemma 6.13, one gets only two non-trivial solutions,
namely

3(ng—2) 8a> 16
pr=—>3—" d=—3%, cz1="3,
al ns ns
8az Zaz
cym, =1, vz=—%, Tvy=*+——, ap=12az.
n n

Since cz,7 is an integer and n; is also an integer strictly greater than
1, we have that ny = 2 and that p; =6/ a%. This let us no other choice
than azy = 1 and therefore d = (1). We added for the reader the
Mathematica® computations for this case in the appendix, cf. Chapter
B.

CASE B.2. As above, we treat this case using the Atiyah-Bott inte-
gration formula on x° and p1(Xs(d)) - x3 together with Lemmas 6.7
and 6.13.

Indeed, if we apply the integration formula to [ _(4) x> we get the

system of equations (looking at the coefficients in 153)

5 5 5 4
de— ap  azczg  azCzn, n Sayrz
- 3,2 2 ’
nm; n2 n; n2
4 4 4 3
0 _ 5ap _ 5a7cz1 _ 5a7¢czn, N 20ay77
nin3 ny n3 n, ’
3 3 3 2
0— _10(1P _ 10a3cz,1 _ 10ayczn, n 30a37z
ninl n n3 ny '
0— _10a% _ 10a%cz B 10a%czm, n 20azrz n 10rd
ninl ny n3 n; ny ’

Solving the system in the variables d, cz,1, Ty, and vz, gives us the
two solutions

as(ap —az)? —3ap +4ajaz +ayczn,mn3
d — [
- 3..2 4 CZ,1 - 4..3 7
nin; aznin,
3
ap(ap —az) ap(ap—az)
TYYyY=F—"""T Tz = —=5—5

aznn, N 3n3
zniny azniny

Furthermore, Lemmas 6.7 and 6.13 gives us

a ap—az
ry=4+—, and rz=4++ "%

n na
Thus, this gives us ap —az = £azny, and ap = +azn;, which im-
plies that n; = n; +1 or ny = n, + 1, since n; and n, needs to be
positive.

We now apply the integration formula to sz( 4 P1(Xs(d)) x> we

get the equation

a3 (Snz—l—an) ascz
P 1 2 3 z¢tz,
p1-d= — —aycziny; — ~=—
n3n2 254 n
112 2
3a%CZﬂQ 9G%Tz

——=5—+ alczn, +3asn,rz +
n; nz
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If we now solve the above system, we get that p; = 6/a% and
d = a3 which implies that az = +1. The solution reflects in fact
the linear situation, i.e. the linear action on CP°. We added for the
reader the Mathematica® computations for this case in the appendix,
cf. Chapter B. ]

We can now assume that for any integer n, the components of
Xs5(d)Z/™ are of dimension less or equal to 4. Therefore, we con-
sider the case where there exists a prime number p and a component
N* € X5(d)%/P. In virtue of Corollary 4.7, N% needs to contain Z and
P. Note that in this case, the normal weights falls into two situations:

cAsE c.1. The normal weights are
AT Y. (1,1,1)
AT Z. (nq,1,1,1)

AT P. (TL],TL],],],]).

CcASE c.2. The normal weights are
AT Y. (1,1,1)
AT Z. (ny,m2,1,1)
AT P. (nq,nq,ny,no, 1), where (ny,n,) = 1.

Furthermore, CASE c.2. cannot occur simply by using Lemma 6.7. In
this case, it is easy to show that ny = n, contradicting (nq,n,) = 1.

LEMMA 6.15. Let X5(d) be a complete intersection with a smooth circle
action such that the fixed point components are X5 (d) st —vy4yuz2upo,
If the action admits a fixed point component N* C Xs(d)%/P containing
Z? U PO for a prime number p, then d is equal to (1).

PROOF. As above, we prove this lemma using Atiyah-Bott integration
formula on fxs(d) x> and fxs(d) P1(X5(d)) - x3. Note that the local
datum at Y has already been computed in the proof of Lemma 6.5.
We leave the remaining computations of the local data to the reader.
We added for the reader the Mathematica® computations for this case
in the appendix, cf. Chapter B.

The later computations gives us the following system of equations

5 5 5 4
ap aycCzy ayCzn, 94,7z
d=——— — 5+ ,
ng njg nj n
0 _Sa‘é B 5a%cz1 _ 5a%czn, n 20a3rz
n? ng n? n
0 10a3  10aScz1  10a3czn, N 30asrz
n? ng n? ny
3 2 3
@ (2ni+3) azcz,
p1-d=— > —azCzing —
nj ng
3adczn, 9a2rz

— LM L ez, +3agnTZz + .
ng mng
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In addition to that we have equations given by Lemma 6.7. This gives
us the solution

3(ng+4) 4a3 6
P1 = ! — d= —Z Cz1=—
4a2 ' n?’ g
Zaz
Czn, =1, 1Tz=—=, ap=-—az.
ni

Since cz,1 needs to be an integer, n; is equal to 2, 3 or 6. The above
solution makes sense only in the case n; = 2. Thus, az = 1 and
d = (1). In fact, the reader can see that the above solution reflects the
situation of a linear action on CP>. ]

PROOF OF THEOREM D. PART 2. In virtue of Lemma 6.5, the action
cannot be semi-free around the fixed point component. This implies
that there is a fixed point component N C Xs(d)?/P for a certain
prime number p. In virtue of Lemmas 6.6, 6.12, 6.14 and 6.15 we have
that in all of these situations d is equal to (1) or (2). O

6.3 THE CASE WHERE Xs5(d)S' = Y*UPJUPUPY

Like in the previous section, we lift the S'-action to y. The later being
the restriction to X5 (d) of the dual Hopf line bundle on CP>*7. We
can then consider the Hopf weights at the fixed point components.
Since the lift is not unique, we choose the Hopf weights at Y,Py, P4
and P, to be respectively 1, ap + 1, a; + land a, + 1, where |l € Z.

We denote by vy, vp, vi and v, the normal bundles of Y, Py,
P; and P, respectively. We orient these bundles by mean of the S'-
action. The orientation on vy, v, vi and v, are chosen such that
their normal weights ny ;, nz ; and np ;’s are all positive. Further-
more, we choose the orientation on Y, Py, P71 and P, in order to make
it compatible with the orientation of X, (d) and their respective nor-
mal bundles. By Proposition A (cf. Section 4.2) the signature of Y has
to be +1. Up to changing the S'-action with the inverse S'-action,
let us fix without loss of generality the signature of Y to be equal to
+1. Furthermore, since the signature needs to be equal to zero, there
is exactly one isolated fixed point Py, P1 or P, which needs to be
positively oriented, while the other needs to be negatively oriented.
Let us assume Py to be positively oriented and have signature +1.

We denote by xy a fixed generator of H?(Y; Z) such that [, x3 =
1. Using this notation, we can write x|y = ryxy, where ry € Z.

Furthermore, we apply the splitting principle to vy, vo, vi and v;.
We denote by {yy,; + ny; -z} and {n; ; - z} the equivariant normal
roots at Y, and at the P;’s respectively.

LEMMA 6.16. Let X5(d) be a complete intersection with a smooth circle
action such that the fixed point components are Xs (d)s' = v*u P U
P$ U PY. Then the action is not semi-free around the fixed point components.
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PROOF. Let us assume by contradiction all normal weights to be
equal to 1. The idea of the proof is to compute

j XS,J p1(Xs(d)) -3 andj s2(X5(d)) - x
X5 (d) X5 (d) Xs5(d)

using the Atiyah-Bott integration formula.

Note that most of the computations have already been done in the
proof of Lemma 6.5. Thus, we use the same notations for the Chern
classes of Y and leave these computations to the reader. Furthermore,
we added for the reader the Mathematica® computations for this case
in the appendix, cf. Chapter B.

Let us summarize what one should get. First, by integrating fX5 (d) x>
locally at the fixed point components we get the system of equations

d—ag—a?—ag,

0=5(ag—aj—aj),
0=10(a3 —aj—a3),
0=10(a§—af—a3+1%),
0=5(ap—a;—az—cy17y),
O:C%m —cy2— 1.

Similarly, by integrating IX5( 4 P1 (Xs5(d)) - x3 locally, one obtains the
system of equations

(e —a}—a3),

5
3(5a§ —5af —5a3+31%),
3 (5(10 —5Cl] - 5(12 — Cy, 1Ty)

p1-d=
0=
0=
0=2cy;—5¢cv2+pi(Y)—5.

Finally, by integrating fx )82 (X5(d)) - x locally, we have the system
of equations

J s2(Xs5(d)) -x =5ap —5a; —5az +cv, 17y,
Xs(d)
0=5(cy;—3cy2—1).
We will now find a contradiction. First, remark that the equations

0= C%/,l —cy2—1,
0=5 (C%m *3Cy12 — 1) ’

induces cy,; = %1, and cy> = 0. Adding to this the equations
0=10(a§—a?—a3+1%),
0=5(a0p—a1—az—cyry),
0=3(5ap —5a; —5a; —cy1v),



88

COMPLETE INTERSECTIONS OF COMPLEX DIMENSION 5

gives us that ry is equal to 1/5 which is an obvious contradiction.

Let us mention that there is multiple ways to play with these equa-
tions and find a contradiction. For instance, another way would be to
solve the system of equations

d=a3—al—a3,

0=5(ag—aj—aj),
0=10(a}—aj—a3),
0=10(af—a?—a3+19),
0=5(ap—a;—az—cyary),
0O=cy;—cva—1,
0=5(cy;—3cyp—1),

which induces d = 0. O

LEMMA 6.17. Let Xs5(d) be a complete intersection with a smooth circle
action such that the fixed point components are X5(d)sl =YtU P8 U P? U
PY. If the action admits a fixed point component N& C Xs(d)%/P for a prime
number p, then d = (1) or (2).

PROOF. Since sign(N) = sign(N51 ), the signature of N satisfies
|sign(N)| < 4.

The exact value of the signature depends on which S'-fixed point
components are contained in N and their orientations. Since N is of
codimension 2, we can think of the Poincaré-dual class of N, namely
nx € H?(X5(d); Z), as a virtual complete interesection in Xs(d) (cf.
[28, Chapter 3]). Therefore, N represents a virtual complete intersec-
tion in CP>*™ with multidegree (dy,...,dr, m|). By [35], in complex
dimension four only the complex projective space and the complex
quadric have |sign(N)| < 4. Thus we have that d = (1) or (2). O

Recall that when we have N ¢ Xs5(d)%/P containing exactly two
isolated S'-fixed point, then their normal weights are equal. This was
the statement of Lemma 5.4. We now investigate what happens when
we have an N* C X5(d)%/P containing exactly three fixed point com-
ponent.

Let us denote by n;; and n;, the two normal weights at P; in N.
We orient this normal bundle in a way such that the normal weights
are all positive. Furthermore, one can see easily using the equivari-
ant signature formula that N must have signature +1 = ¢n. Making
the orientation of the isolated points compatible with N and their re-
spective normal bundle, we get that there is exactly one isolated fixed
point, say Py, which is of orientation —en. The other fixed point, P;
and P, will have orientation en. Let us write ¢; the orientation of P;.
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LEMMA 6.18. Let N* be an closed smooth oriented manifold equipped with
a smooth S'-action such that the fixed point set consists of three isolated
fixed point P§ U P U PS with the above orientation. Then no1 = mnq 1,
No2 =Mz and Ny =Mz =MNp;1 +7No2.

PROOF. To prove this result, we use the equivariant signature for-
mula. Let A be a topological generator of S!, thus we have the equal-

ity
Slgn(N) = }‘L()\/ PO) + H(}\/ P] ) + H(}\, PZ)/
where p(A, Py) is given by

1A ] AT
S D e TR e

If we now develop the above power series in A, then we have for
(A, Pi) the power series

e (T4H2) AT (142) ATM2),
r>1 s>1

Thus, the above equation gives us the equalities of power series

Z ATTVO1 Z ASTWO2 4 2. Z AT, 15T,

r>1 s>1 521
— Z )\knl,l + Z )\1“1,2 +2. Z Aknerlnm
k>1 1>1 K11
+ Z AU, + Z AVIL22 +2. Z )\uan—O—vnz,Z.
uz>l v>1 uv>1

Let us assume without loss of generality that ni; < nj, for any
i =0,1,2 and that ny,; < ny,;. Therefore, one can see by looking
at the smallest coefficient that nyg; = n; ;. Furthermore, we cannot
have np = ny, because then the local datum at Py simply cancels
with the local datum at Py, leaving us the local datum at P,. Thus,
No2 = Ny,1. If we now rewrite the above equality and clean it up
with these relations, we are left with

2. Z )\YTLO,1+STLO,2 — Z}\ln],z +2. Z AknoJJrlTl],z

T,s>1 1>1 k,1>1
+ Z }\V‘nzlz + 2 . Z }\uno,z+vn2,2.
v>1 uv>1

Since the coefficients on the left hand side are divisible by 2, we need
nq 2 to be equal to n, 7, thus ny » =n,, gives us the equation

Z ATV 1S T2 Z )\kno,1+ln1,2+z)\ln1,2+ Z AU02 TV 2
T,s>1 k,1>1 1>1 uv>1

Finally, we can see that n > needs to be equal to a linear combination
T-Np,1 +8-Nop2. It is now easy to see that ni, needs to be equal to
No,1 + Np,2 in order that all the terms on the left hand side cancels.

89
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The reader can remark that this normal weights structure is similar
to the one given by a linear S'-action on CP? admitting three isolated
fixed points. O

Together with Lemma 5.4, let us now discuss the normal weight
structure at the fixed point components. In virtue of Lemma 6.17, we
can exclude the existence of a fixed point component N8  Xs5(d)2/m
for any integer n. This leaves us with fixed point components N C
Xs5(d)%/P of dimension 2, 4 or 6 for a prime number p.

Let us first consider the case where there exists N® c Xs5(d)Z/P.
By Corollary 4.7 and Poincaré duality, N contains Y U Py U Py UP,, or
N contains Y U P; for a certain i = 0, 1,2, or N contains exactly two
isolated fixed point P; U P;. Similarly, if there exists N* ¢ X5(d)%/»,
then either N contains all the isolated fixed point Py UP; UP,, or
N contains exactly two isolated fixed points P; U Pj. Finally, if there
exists N2 C X5(d)?/P, then N contains exactly two isolated fixed
points P; UP; for i # j.

One can see that in this situation, a case by case proof might be long
and fastidious. Therefore, we will show how one can handle multiple
cases into a single case by rearranging the normal weight at the P;’s
into our equations.

Let us first ignore all the cases where there is an Né ¢ X5(d)2/p
containing Y. Thus, in virtue of Lemmas 5.4 and 6.18, whenever a
normal weight show up at a point P;, then it needs to show up at
another isolated fixed. Furthermore, in the Atiyah-Bott integration
formula, we can see that we are often dealing with the product of the
normal weights at the Pi’s. Therefore, let us introduce the notation
N;; to denote the product of the normal weights shared between P;
and Pj. This notation allows us to write the products

No,1 N2 ---Nos5 = No,1-Nop2,
Ny, -ny2---ny5 =Ng7-Nj2,

N1 -n22--N25=No2-Njp>.

Let us now consider also the cases where there exists N® ¢ X5(d)2/P
containing Y.

cASE A. NS =YUPoUP;UP,,
casE B. NS' = YUP; for a certaini=0,1,2,

We first discuss cASE A. Let p devide ny; > 1 the normal weight
at Y and let N? C Xs5(d)Z/P be as above in caSE A. Note that N is
in fact a component of X5 (d)%/™1 for dimensional reasons. Assume
we have ny, > 1, then there exists a fixed point component N§ C
Xs5(d)%/™v2, Furthermore, by Lemma 6.17 we have (ny 1,ny2) = 1.

We show that N gl = YU Py UP;j UP;. Thus suppose by contradic-
tion Ngl = YUP; for a certain i = 0,1 or 2. Then by the pigeon
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hole principle, there is at least one normal weight at P; divisible
by ny; and ny;. Consequently, there is a fixed point component
M C Xs5(d)2/™amv.2 such that MS' = P;. This gives us our desired
contradiction, because no closed manifold admits an isolated fixed
point by a smooth S'-action (cf. Section 3.3).

Therefore, the connected component Ng C X5(d)Z/mv.2 admits an
induced S'-action such that N gl = YU Py UP;7UP;. By the pigeon
hole principle, there is a fixed point component M C X5 (d)%/™v.1mv.2
which admits an S'-action such that MS' = Po U Py UP,. Note that
M needs to be 4-dimensional. This implies that M is like in Lemma
6.18 up to orientation of the fixed points.

The above discussion gives us the following configurations for the
normal weights:

CASE A.1 AT Y. (nq,1,1),
AT Po. (Mymo,1,M1M0,2,M1M0,3,N0,4, N0,5),
AT Py. (myng,1,nyng 2, ning 3, Ny 4,Mn1,5),

AT P2. (mymnz, 1, min2,2,MiNn2,3,MN2,4,M25),

CASE A.2 AT Y. (nq,ny, 1),
AT Po. (mynynp,1, NiN2Ng,2,N1No,3,N2MN0,4,N0,5),
AT P71, (mynongj,ninang 2, ning 3, nany4,nys5),

AT Py, (mymyny i, ninany 2, niny,3, NNy 4, N2 5),

CASE A.3 AT Y. (ny,nz,n3),
AT Pp. (Mnymnzn3ne,1, MiMn2N3MN0,2, N1 Mo,3,N2N0,4, N3M0,5),
AT Py, (mymanzmy i, nynanzny 2, NNy 3, NNy 4, N3N 5),
AT P2. (nymzn3znyj, nynzn3n, 2, nyng 3, Nan2 4, N3N 5),
where (ny,ny) = 1 when k # 1, for k,1 = 1,2,3. In virtue of

Lemmas 5.4 and 6.18, we use as above the N; j to denote the product
of the ny x’s which are shared between P; and P; for i < j.

LEMMA 6.19. Let X5(d) be a complete intersection with a smooth circle
action such that the fixed point components are Xs (d)s' = v4u P§ U
PS U PY. If the action admits a fixed point component N® C Xs(d)Z/P
containing Y* U P§ U PQ U PS for a prime number p, then d is equal to
(1)or (2).

PROOF. The idea of the proof is to compute

J X5, andj p1(Xs(d)) - x>
X5 (d) Xs(d)

locally at the fixed point using the Atiyah-Bott integration formula. In
each of the casEs A.1, A.2 and A.2. Thus, one needs first to compute
the local datum of x> and p1(Xs5(d)) - x> at Y. Note that for CASES



92

COMPLETE INTERSECTIONS OF COMPLEX DIMENSION 5

A.1, this have been done in the proof of Lemma 6.12. For CcASEs
A.2 and CASES A.3, we compute these local data in a similar way
knowing that the equivariant Euler classes of vy the normal bundle
of Yin X5 (d) are given by

es1(vy) = (cyn,xy +niz)(cy,n,xy +n2z)(cy,1xy + z),
and
es1(vy) = (cyn, Xy +n1z)(Cyn, Xy +N2z)(Cyn;Xy +N32)

respectively.

Note also that in the proof of Lemma 6.12, we computed the local
datum of x® and p1(X5(d)) - x3 at an isolated fixed point. Thus, using
our Nj; notation, the local datum of x° and p7(X5(d)) - x> at P; are
given in each of the CASES A.1, A.2 and A.2 by

CASE A.1.
(ai—i—l)S %-(ai+l3
i3 and ¢4 3 ,
7NNy nyNy; Ny
CASE A.2.
((11—5—1)5 Ziz-((li—i-l)s
T TR and S W TR I
nyn; NNy nyn; NNy
CASE A.3.

Ziz-((li-i—l)s
and ¢ 333 ,
nynan3Ni; Nik

(a;+1)°

&
3n313N: N L
ninsn3y N ;N x

where ¢; = £1 denotes the orientation of the point P;, and £Z de-
notes the sum of the squares of the normal weights at P;. It will be
very convenient in our system of equation to consider £ as a single
variable fori=0,1, 2.

Thus for cAsE A.1, the integration formula gives us a polynomials
in 1 which needs to be constant equal to d and p; - d respectively. We
end up then with the system of equations

N o
g —_— - 7
No,1No2n3  Noin3Nis  Npon3Nj,
0 5a} 5a] 5a3
= - - 7
No,1Noon3  Ngin3Ni2  Ngon$Nj,
0 10a8 10a‘;’ 10(1%
— - - ’
No,1Ngon3  Ngin3Nis  Noon$Nj,
2 2 2 2
0— 10ag ~ 10qj 10403 10my
- 7
No,iNgon$  Noin3Nis NeondNi, my
0— 5ap 5a;q 5ay 5Ty(CY,1 n1 +Cyn, )
- - - - 7
No,1No2n3  Ngin3Nqi2  NgoniNj, n?
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2 2 2, 2
Gy Ny +Cy,1Cyn M —Cy Ny +Cy

n

n 1 1 1

No,1No2n$  Noin3Nj,  Ngon3Nj,
and
1 3 2 3 2 3 2
1-d: aN],zz —a No/zz —a NO,IZ ,

p n?No,1No,zN1,z( 0 0 1 1 2 z)

3
O = (Q%N]’zz(z) — a%No,zz% — a%No,]Z%

n3No,1No 2N 2

4 2 2 2
+n7Ng, 1N 2N1 215 +2n3No 1 Ng 2 N7 215 ),

3 2
2 2
0=-—— (—aoN71 255+ aiNg 227+ axNo 125
nyNp,1No2N7 2
4 3
+c¢v,1No,1No 2nTN7 21y — ¢y, n; No, 1 No 2ny Ny 21y
+2¢yn,No1No2niNj o1y),
1
2 4 2 2
0 (c¥,1No0,1No2nTN7 2 +¢§ 1 No 1 Np 217Ny

n3No,1No2N1 2
3 4
—cy,1¢v,n; No,1Npo2n7Nj 2 —cy2Npo 1N 2n7N7 >

—4cy, )N 1N 2mTN7 5 +2¢3 1 No1Ng 2Ny 2
+No,1No2m3N7 JP] (Y) =No1Z3 —NpoIf
+ N1,zzé)

Solving this system in the variables py, d, No,1, No 2, N1 2, ¥2 52 52
Cy,1, Cy,2, gives us

2 2
3 Cyn,(ny—1) (1 1 1)
ST 11 It B Y (L L
P 3 nird aj a} a3

which implies that d is equal to (1) or (2) since p; is positive. Fur-
thermore, the reader can find the Mathematica® computations for this
case in the appendix, cf. Chapter B.

The computations for CASE A.2 and CASE A.3 are similar to those
of case cAsE A.1. In the CASE A.2, we find that

2 2 2
Cyn, tCyn, TCy1+3
pP1 = 2 ’
Ty

and for CASE A.3

2 2 2

Sy, +eyn, Ty, +3

P1 = > .
Ty

In both cases, we have the same conclusion, i.e. d is equal to (1)
or (2) because p; is positive. The reader can find the Mathematica®
computations in Chapter B. ]



94

COMPLETE INTERSECTIONS OF COMPLEX DIMENSION 5

Let us now discuss case B. For convenience, let us denote by ny,
ny and n, the normal weights at Y. We write Nf the fixed point
component of Xs5(d)Z/m™ containing Y and P;. It is easy to see that if
there is such Nf with a normal weight ny > 1 at Y, then n; appears as
a normal weight at P; with multiplicity 3. Without loss of generality,
there are 5 sub cases with the following normal weights:

CASE B.1. AT Y. (ng,1,1),

AT Po. (1o, Mo, No,Mo,4,Mo,5),

AT P1. (Mq,1,M1,2,M1,3, 1,4, 5),

AT Py. (nz1,M2,2,n23,MN24,MN25).
CASE B.2. AT Y. (1,n4¢,1),

AT Py. (Mno,1,M0,2,M0,3,M0,4,M0,5),

AT Py. (ng,mq,ny,my4,M75),

AT P2. (n2,1,M2,2,M2,3,N2,4,M25).
CASE B.3. AT Y. (ng,nq,1),

AT Po. (no,no, Mo, Mo,4,Mo,5),

AT Pq. (ng,mq,mq, 194,07 5),

AT P2. (n2,1,M2,2,M2,3,N2,4,MN25).
CASE B.4. AT Y. (1,1n7,12),

AT Po. (no,1,M0,2,M0,3, 0,4, M0,5),

AT P1. (ng,mq,my, My 4,M95),

AT Py. (nz,m2,m2, N2 4,Mn25).

CASE B.5. AT Y. (ng,nq1,n2),
AT Py. (no, Mo, Mo, No,4,Mo,5),
AT Py. (ng,mq, My, M9 ,4,M75),
AT Pz. (nz,nz,nz,n2,4,n2,5).

We use as above the notation N;; for the product of the normal
weights ni ’s which are shared between P; and P;.

LEMMA 6.20. Let X5(d) be a complete intersection with a smooth circle
action such that the fixed point components are Xs (d)S' = v4uU P U
PS U PY. If the action admits a fixed point component N® C Xs(d)Z/P
containing Y* U P? for a certain prime number p and a certaini = 0,1, 2,
then d is equal to (1) or (2).

PROOF. Like in the proof of Lemma 6.19, we prove that p; > 0 using
the Atiyah-Bott integration formula on

J x>, and J p1(X5(d))-x3.
Xs(d) X5 (d)
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Furthermore, we use Lemma 6.13 to obtain additional equations which
will allow us to solve the system of equations. Note that the reader
can find the Mathematica® computations for each of these cases in the
appendix, cf. Chapter B.
cAsk B.1. The local datum at Y is the same as in the proof of
Lemmas 6.12 and 6.19. The local datum of x° and p (X5(d)) - x> at Py
is given by
(ap+1)° 2 (ao+1)3

BNoNg M N

ngNo,1No 2 n3No,1No2
Similarly, the local datum of x° and p1(X5(d)) - x> at Py and P, are
given by

(ai—i—l)S Ziz‘(ai—f—lﬁ
— - and - — .
No,iNi,; No,iNi;

fori=1,2andj#0,i.
This gives us the systems of equations

5 5 5
_ ap 9 )
- 7
n3No1No2 NoiNi2 Np2Nip
4 4 4
- 5a, L L
- 7
n3No1No2  NoiNi2  No2Nj2
3 3 3
B 10a3 B 10ay B 10a3
- 7
n3No1No2 NoiNi2  No2Nij2
2 2 2 2
. 10ag  10ay  10a3 101y
- 7
n3No1No2 NoiNi2 No2Niz ng
5(10 5(11 5(12

n3No1No2  NoiNi2  No2Ni2

_ Sry(ey,imo +cyn,)

2 7
s
2 2 2., .2
0— CY,1M5 T CY,1CY,neMo — Cy,2NG +Cy
ng
1 1 1
+— — - ,
ngNo,1No2 NoiNj2  No2Nj»2
and
3¢2 3¢2 352
p1-d= agXy  ayry a3d)
- 7
n3No1No2  NoiNi2  Ng2Nj»
252 252 252 2 2
_ 343Xy 303X 30313 N 3(ng+2)ré
- 7
n3No1No2  NoiNi2  No2Nij2 Mo
3(10):(2) 3aq Z% 3a22%

n3No1No2 NoiNi2  No2Nj2
2
3ry (—cv,imd 4+ cynong — 2cv,n,)

2 7
ny




96

COMPLETE INTERSECTIONS OF COMPLEX DIMENSION 5

1

2 4 2 2 3 4 2

0= 3 (cy 1Mo + €y 1NG — Cv,1Cy,n NG — Cy,2Np — 4cy, 2N
0

2 2 2
X5 RS
n3No1No2  NoiNi2  No2Ni2

Furthermore, we know by Lemma 6.13 that

+ Zc%(,no +n3 Jm (V) +

This allows us to solve the above system in the variables p1, d, no,
NO,I/ NO,Z/ N]/z, Z(z), Z%, Z%, Cy,], Cyrz, CY,nor to obtain that
1 + 1 + ! >0
P=arTaraz "
vy ay  a;

CASE B.2. This case is treated in the exact same way with a mi-
nor change of sign. Using the Atiyah-Bott integration formula and
Lemma 6.13, we obtain as above a system of equation which gives us

_ 4 + 1 + ] >0
AT

CASE B.3. Let us compute the local datum of x° and p1(X5(d)) X3
at Y. First, one needs to compute the equivariant Euler class of the
normal bundle of Y. The later is given by

es1(vy) = (eymy "Xy + 1o - 2) - (Cyn, - Xy +11-2) - (Cy,1 - Xy +2).

Thus, the local datum of x° at Y is given by

5 [ VneX¥ Cymexy | ]
(ry -xy+1-2) 33 2.3 T
Y4 nyz nyz noz

2 2 2 2
Yo Xy Cyn Xy 1 YaxXy  cyaxy ]

’ 3,3 2.2 T ' 3,2 T
nyz niz niz z z z

Furthermore, the equivariant first Pontrjagin class of Y, pgi;(Y) is
given by

P1(Y) 4 (CynoXy +102)% 4 (Cyn, Xy +112)2 + (cy 1%y +2)%.

We leave the computation of the local datum of pq(Xs(d)) - x> to the
reader.

Therefore, the Atiyah-Bott integration formula gives us a system of
equations which we can solve in the variable p1, d, no, n1, No,1, No 2,
N2, r2 Z%, Z%, CY,1, CY,nys CY,n,- This is to be done together with
the equations given by Lemma 6.13, i.e.

2 _af
™W=—"7F5=-—3, Cyn,==1, and cyqn, ==l
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In particular, the solution for p; =6 +1— Y ; d? is given by

TR Ta T

CASE B.4. This case is treated in the exact same way as CASE B.3.
with a minor change of sign. Using the Atiyah-Bott integration for-
mula and Lemma 6.13, we obtain a system of equation which gives
us

5 1
P1 = w3 + -3 > 0.
Ty @

cask B.5. This last case is treated as above using the Atiyah-Bott

integration formula and Lemma 6.13. The computations gives us

6
p]:7>0

Ty
which again implies that d is equal to (1) or (2). Note that in this case,
it is particularly simple to see that d cannot be equal to (2). However,
the statement that p; > 0 is enough for our purpose. ]

In virtue of Lemmas 6.17, 6.19 and 6.20, we are now left with the
case where the action is semi-free around Y.

LEMMA 6.21. Let Xs5(d) be a complete intersection with a smooth circle
action such that the fixed point components are X5(d)S' = Y*U PSUPOU
P(Z). If the action is semi-free around Y, then d = (1) or (2).

PROOF. As above, we treat this case using the Atiyah-Bott integration
formula on

J x>, and J p1(X5(d))-x3.
Xs5(d) Xs(d)

One can see that the local data at Y have been computed in the proof
of Lemma 6.16. Furthermore, the local data at the isolated fixed point
have also been computed in the proof of Lemma 6.20. This gives us
the system of equations

N T
No,iNo2  NoiNj2  NpoaNj,’

0— 5a} B 5af B 5a3
No,iNo2  No,iNj2  Npo2Njpy’

0— 10a3 _ 10a3 _ 10a3
No,iNo2  No,iNi2  NpoaNjo’

0— 10(1% B 10(1% B 10(1% —1—101‘\2(
No,1No2 No1Ni2  Np2Njqp ’

5 5 5
0 do a a2 —5cy, 1Ty,

"~ No,1Nop2 B No,1 N1 2 B No, 2Ny 2
1 1 1
No,iNo2  NoiNj2  NpoaNj,’

0= C%/,l —Cy2+

97
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I~ B = S =
No,iNo2  No,iNj2  NoaNj,’
0— Sag):(z) B 3(1%}:% B 3(1%2% —1—91‘%,
No,1No2 No1Ni2 No2Njq
3apX2 3a;X? 3a,X2
0=_—20% _ 2410y 2025 —3cy1Ty,
No,1No2 No1Nj2 No2Nj ’

y2 r?2 r2
e I Ve et F1\G]
No,1No2 NoiNj2 Npo2Nj2
Solving this system in the variables p1, d, No 1, No 2, N12, cy,1, cv,2,
Zé, Z%, Z%, gives us for p; the solution

0= 2(:%,] —5cyy +

3 1 1 1
==+ (5+—5+—]) >0 O
P r¢+<ag+a$ a5>

PROOF OF THEOREM D. PART 3. The proof follows from Lemmas
6.17, 6.19, 6.20 and 6.21. O



FURTHER DISCUSSION ABOUT S'-ACTIONS ON
COMPLETE INTERSECTIONS

7.1 COMPLETE INTERSECTIONS OF COMPLEX DIMENSION 5

In virtue of Theorem D, it is natural to conjecture the following state-
ment.

CONJECTURE. Let Xs5(d) be a complete intersection equipped with a
smooth and effective circle action, then

d = (1) and X5(d) = CP>, or
d = (2) and X5 (d) is a complex quadric.

To prove such result, one could use the above tools like in Section
6.1, 6.2 and 6.3 to extend Theorem D to the cases where the fixed
point set are given by

7. X5(d)S' =z2u2z3 U2z,
8. Xs(d)S' =z2uzZuUPYUPY, or
9. X5(d)S' =Zz2uP2UPYUPUPY.

However, the number of sub cases in the above situations increases
dramatically. Indeed, the intermediate manifolds given as Z /n-fixed
point components are of many kinds, this yields to many possible
configurations of the normal weights. Thus, we did not pursue this
strategy. On the other hand, the computations in the semi-free case
turned out to be easy and give rise to immediate contradictions simi-
lar to those in Lemmas 6.5 and 6.16, i.e. d = 0.

EXAMPLE. Let us assume X5(d)S' = Z2 U Z3 U Z3. Then using
Proposition A (cf. Section 4.2), Corollary 4.7 and Poincaré-Duality,
for a prime number p, the intermediate manifold F* Cc Xs5(d)%/»
can be of two kind:

IF F* CONTAINS Zi2 U Z]-Z. Wehave b, (F) = 2and bo(F) = by (F) =
1 fori #j.

1F F* CONTAINS Z7 U Z3 U Z3. We have b, (F) = 4 and bo(F) =
by (F) = 1.

If we consider now F® C X5(d)%/P, then these intermediate man-
ifolds can be also of two kind:
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1F F® cONTAINS Z§ U Z7. We have bo(F) = b2(F) = ba(F) =
bg(F) =1 fori #j.

1F F® CONTAINS Z2 U Z3 U Z3. We have b, (F) = bs(F) = 2 and
bo(F) = bg(F) = 1.

Composing these possible intermediate manifolds with the Z;’s
gives a huge amount of possible normal weights configurations.

7.2 OTHER CONJECTURES ABOUT COMPLETE INTERSECTION WITH
CIRCLE ACTIONS

So far, we can also think that among complete intersections of di-
mension greater than 3, only complex projective spaces and complex
quadrics admit a smooth non-trivial S'-action. Thus, we conjectured
the following statement.

CONJECTURE. Let Xy,(d) be a complete intersection with n > 3 equipped
with a smooth and effective circle action, then

d= (1) and X,,(d) = CP™, or
d = (2) and X, (d) is a complex quadric.

This conjecture seems to be difficult to prove in its great generality,
since no known obstruction to smooth S'-action exists yet. Thus, it is
also interesting to consider the "weak" conjecture.

CONJECTURE (WEAK). Let Xy, (d) be a complete intersection withn > 3
equipped with a smooth and effective circle action, then p1 (X, (d)) > 0.

This conjecture is in fact very natural to consider. If one looks in
detail the proof of Theorem D, the ending conclusions of Lemmas 6.1,
6.4, 6.12, 6.14, 6.15, 6.19, 6.20 and 6.21 were all that the first Pontrjagin
class of the complete intersection had to be positive. The dimension
of the complete intersection being 5 yields that d = (1) or (2). This
conjecture is also supported by the main result in the paper of Dessai
and Wiemeler [16, Theorem 2.4]. Thus, in terms of obstruction class to
smooth non-trivial S'-action, it might be interesting to explore the role
of the first Pontrjagin class.
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NOTE ON ORIENTABILITY OF FIXED POINT
COMPONENTS

Let X be a closed smooth oriented manifold equipped with a smooth
ST-action. We discuss in this note a criterion to obtain that any con-
nected fixed point component F C X%/™ is orientable for any induced
action Z/n c S'.

CRITERION. If X is totally nonhomologous to zero in Xg1 (over Q) and
H*(X) does not have 2-torsion, then any connected component F C XZ/™ is
orientable.

Recall that X is totally nonhomologous to zero over Q in Xg1 if and
only if the Serre spectral sequence

H*(BST; H*(X;Q)) = H*(Xs1; Q)

degenerates at the E,-term. The reader can find a complete discussion
about this in [12, Chapter VII, Theorem 1.6].

LEMMA A.1. Let X be as above. We consider on X the induced cyclic group
action Z.,/27 C S'. Then the following equalities hold:

bev (XZ/2) =tk HY (X%/2;IF;) = rk H (X;TF2) = bey(X), and
bodd (X*/?") = tk HO¥ (X#/2'; IF2) = tk HU(X; F2) = boga(X)-
PROOF. Let us fix a prime q large enough such that
o XZ/a = xS,
e XZ/2" has no g-torsion,
e X5' has no g-torsion.

It follows by [12, Chapter VII, Theorem 2.2] that for any closed smooth
oriented manifold Z with smooth S'-action

rk H®Y(Z%2/2;F,) < rkH®Y(Z;F»), and
rk Ho4(Z2Z2/2.1F,) < rk HOY(Z; F,).

By induction, one can show that

rk H®Y(Z%/%";F,) < rkH®(Z;F,), and
rk Hod4(ZzZ2/2". F,) < rk H(Z; F,).
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Therefore, we have the following inequalities:

bey(X3') = tk HY (XS IR )
= rk H®V((X%/2")%/9;F )
STk HEY (XZ/27; B ) = bey (XZ/27)
<tk HEY (XZ/2";F,)
<k H (X TF2) = bey(X).

The same holds in odd dimensions. Since beV(XS]) = bev(X) and
bodd(X51) = boad(X), all the above inequalities are in fact equalities,
and this concludes the proof of the lemma. ]

LEMMA A.2. Any fixed point component of X%/2" is orientable.

PROOF. By Lemma A.1 we know that

bey(X%/2") = tk HY (X%/2"; F,), and
bodd (XZ/%") = rk HO(XZ/2; IF,).

This implies in particular that H*(X%/2") does not have 2-torsion. By
[25, Chapter 3, Corollary 3.28] our result follows. O

PROOF OF THE CRITERION. Let F be the fixed point component of
the induced Z/n C S' action. We decomposes the Z/n-action as fol-
low. Write n = 2"k where k is an odd number, then the connected
components of X%/2" are orientable by Lemma A.2. Furthermore,
X%/2" is equipped with a Z/k-action such that

(XZ/2\2/k — X2/,

This implies that F is a fixed point component of a Z/k-action on a
certain orientable connected component Y C X%/2" Since Y is an ori-
entable manifold and since the Z/k-action induces a complex struc-
ture on the normal bundle of F in Y, we have that F is an orientable
manifold. ]



MATHEMATICA® COMPUTATIONS

In this chapter, we explain how to read the following Mathematica®
computations. To do so, we use the computations of Lemma 6.1 to
introduce the Mathematica® functions we used. The other computa-
tions in Section 6.1 and those in Sections 6.2 and 6.3 are very simi-
lar in essence, thus we used the same notations in the Mathematica®
computations. The version we used is the Wolfram Mathematica® 10
running on Mac OS X Yosemite.

In Lemma 6.1, we were first interested to compute the local datum
at Y1 and Y3 of x° in order to apply the Atiyah-Bott integration, i.e.

J x> = p(x>, Y1)+ p(x>,Ya),
Xs5(d)

where 1(x,Y;) denotes the local datum at Y; of x°. Let us explain the
Mathematica® computations that we did for (x>, Y7). The computa-
tions for (x>, Y>) uses the same Mathematica® functions.

Recall that the local datum of x° at Yj is given by

W00 = [ 12 e )

Y1
We computed eg:(v1) ! by first identifying
es1(vi) = ca(vi)z+eq(vy)2? + 2.

Then we used the generator x; € H2(Y7;Z) to write c2(vq) = cux%
and c1(v1) = c1,1x7 with ¢y ; € Z. This allows us to consider eg1(v1)
as a polynomial in x; with coefficients in the polynomial ring in z.
Thus, the inverse eg1(v1)~! is given by the following power series in
X1

2 2
T crix . (e 7 —c1,2)x7
z3 z4 z5 '

To find this using Mathematica, we used the function Series.

Series[(c12x12t?z+ cllxltz®+ 2°)7", {x1, 0, 2}]

cl1?t? - c12 t?) x12
%-°1lf"1+ ( . ) +o[x1]3
Z Z 2z

This gives us the desired power series up to order 2 in x;. The higher
terms cancel in cohomology, thus are not needed. We will explain
later the use of the variable t. So far, the reader should not pay any
attention to it.
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Note that we used almost the same variables names in our com-
putation. The lower subscripts are not allowed in Mathematica, while
the upper subscripts are interpreted as powers. In the beginning of
each computation, we referenced the variables we use. The reader
will easily find his way through the notations.

If one now continues the computations of (x>, Y7), then we need
to expand the term

(r1x7 —H-z)5.
This is done in Mathematica® with the function Expand.

Expand[(rl x1t +1 z)5]
r1®t®x1°+51r1ttfx1%z+101%r13 3 x13 2% +
101%r12t?x1223+51%r1tx12* +1°2°
We can now multiply the previous two solutions to get
(r1x7 —H-z)S 651(\/1)*].
Expand[ (rlxlt + 1 z)5]
Series[(c12x1?t?z+ cllxltz®+ 2°)7", {x1, 0, 2}]
1°2%+ (-c111°tz+51%rltz) x1+
(-5c111%r1t?+101°r1?¢? +1° (c11?t? - c12 t?)) x1? + O[x1]>

Since the integration [ considers only the term in degree 2 in X1,
we only need the coefficient of t2. Thus, we extract it using the Math-
ematica® function Coefficient

Coefficient [Expand[(rlxlt + 12z)°]
Series[(c12x1%t?z+ cllxltz®+ 2°)™!, (x1, 0, 2}], t, 2]
c1121°x1%? - ¢c121° x1? - 5¢11 1* r1 x1% + 10 1° r1? x1?
We finally need to integrate the variable x4 and extract the coeffi-
cients in 1. Note that these two operations are independent and can

be done in any order. Thus we first extract the coefficients using the
function CoefficientList.

CoefficientList|
Coefficient [Expand[ (rlxl1t + 1 z)5]
Series[(c12x1?t?z+ cllxltz?+ z3)‘1, {x1, 0, 2}], t, 2], 1]

{0, 0,0, 10r1?x1?, -5¢c11r1 x1?, c11?x1% - c12 x1%}
Finally, we evaluate x1? in 1 using the /. function.

CoefficientList [
Coefficient[Expand[ (rlxlt + 1 z)5]
Series[(clz x12¢2z 4+ cllxltz?+ z3)‘1, {x1, 0, 2}], t, 2], 1] /.x125 1

{o, 0, 0, 10r1?, -5¢c11rl, c11®-c12}

The above vector is then stored in the variable ux5Y1. The computa-
tions for ux5Y2 are similar.



Computations for Theorem D.

The case where the fixed points are Y AU Y.

Computations for Lemma 6.1.
The case where the action is semi-free.

(******************************
NOTATIONS
ri xi denotes the restriction of x to Yi
ai are the Hopf weight at Yi

cij xiJ denotes the j-th Chern class of Yi
ux5¥i denotes the local datum of x° at Yi

We use the variable t to extract the coefficient of order 2 of xi. We
then only evaluate xi? to 1 or -1.

******************************)

ux5Y1 =
Factor[CoefficientList[

Coefficient [Expand[(rlxlt + 1z)°]
Series[(clz x12¢2z+ cllxltz?+ z3)'1, {x1, O, 2}], t, 2], 1]] /.x125 1

{o, 0,0, 10r1?, -5¢c11rl, c11®-c12}

|J.x5¥2 =
Factor[CoefficientList|

Coefficient[Expand[(rZ x2t + (a2 +1) z)5]
Series[(c22 x22t2z+ c21x2tz%+ z3)‘1, {x2, 0, 2}], t, 2], 1]] /.x22 5 -1

{-az3 (a2? c21? - a2® c22 - 5a2c21r2+ 10 r22),
-5a2? (a2’ c21? - a2?c22-4a2c2lr2+6r2?), -10a2 (a2®c21? - a2?c22-3a2c21r2+3r2?),
-10 <a220212—a22 c22-2a2c2l r2+r22), -5 (a2 c21? - a2 ¢22 -c21 r2), -c212+c22}

(******************************
NOTATIONS
(yij + z) denotes the formal normal roots at Yi
uslx3Yi denotes the local datum of pl(X)x? at Yi
******************************)

SymmetricReduction[Expand[(y11t +2)24 (y12t + 2)2+ (y13t + z)z],
{y1l1, y12, y13}, {c11 x1, c12x12, c13 x13}]

{c11?7£?x1? - 2cl12t?x1? +2cll txlz + 3 27, o}

uslx3Y1l =
Factor[CoefficientList|

Coefficient| (p¥lt?+cl1?¢?x1?-2c12t?x1%+2clltxlz+ 3 z?)
Expand[(rl x1t + 1z)3] Series[(clz x12t2z+ cllx1tz?+ z3)'1, {x1, 0, 2}], t, 2],
1]] 7- %12 1

{0, 9r1?, -3cllrl, 2c11?-5c12+pYl}



2 | Complex 5-dimensional complete intersection. Case 1.nb

SymmetricReduction[Expand[ (y21t + z)?+ (y22t + z)?+ (y23 ¢ + z)?],
{y21, y22, y23}, {c21 x2, c22 x2?%, c23 x23}]

{c21?t? x2? - 2c22t? x2% +2c21 t x2 2 + 3 2°, 0}

uslx3¥Y2 =
Factor[CoefficientList[

Coefficient| (p¥2 t? +c21? £? x2% - 2 c22 t? x2? + 2 c21 t x2 z + 3 2?)
Expand[(r2x2t + (a2+1) z)°| Series|(c22x2? ¢tz + c21x2t 2%+ z3)'1, {x2, 0, 2}],
t, 2], 1]] /.x225 -1

{a2 (-2a2?c21? + 5a2% c22 + a2’ pY2 + 322 c21 r2 - 9 r2?),
3 (-2a2%c21?+5a2*c22 + a2’ pY2 + 2a2c21r2 - 3r2?),
3 (-2a2c21?+5a2c22+a2pY¥2+c2lr2), -2c21%+5c22+py2}

Factor[px5Y1 + px5Y2]

{—a23 (a2? c21? - a2® c22-5a2c21r2+ 10 r22),

-5 a2? (a22c212—a22 c22 -4a2c2l r2+6r22) , -10 a2 <a22c212—a22 c22-3a2c2lr2+3r2?%),
10 (-a2? c21? + a2? c22 + r1* + 2 a2 c21 r2 - r2?%),

-5 (az c21?-a2c22+cllrl-c21 rz), c112—012—c212+022}

Factor[us1x3Y1l + ps1x3Y¥2]

{-a2 (2a2?c21? - 5a2?c22 - a2’ pY2-3a2c21r2+9r2?),
3 (-2a2?c21°+5a2%c22 +a2? py2+3rl®+2a2c2lr2-3r2?),
-3 (2a2c21°-5a2c22-a2p¥2+cllrl-c2lr2), 2cll®*-5¢c12-2c21%+5c22+pY¥l+py2}

Solve[{

d= -a2d (az2 c21?2-a2?2c22-5a2c21r2+10 r22) ,
= -5a2% (a2 c21? - a2? c22 - 4a2c21r2+ 6 r2?),
= -10a2 (az2 c21?2-a2%2c22-3a2c21r2+3 r22) ,
= 10 (-az2 c21? +a2%2c22+r1?+2a2c21r2 —r22) ,
= -5 (a2 c21? - a2¢c22 +cllrl-c21 r2),
= cl12-c12 - c212 + c22

}

{4, r2, cl1, c12, c21, c22}]
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Solve[{
= -a2’ (a2%c21? - a2?c22 -5a2c21r2+ 10 r2?),
= -5a2% (a2 c21? - a2?c22-4a2c21r2+6r2?),
= -10 a2 (a22 c21?2-a22¢c22-3a2c21r2+3 r22) ’
= 10 (-az2 c21?+a2%2c22+r1?+2a2c21r2- r22) ,
0= -5 (a2c21?-a2c22+cllrl-c2lr2),
= cl1?2-c12 - c212 + c22

1,

{4, r2, cl1, c12, c21, c22}]

3 o 3rl r1? 3rl 3ri1?
{{de—aZ r1%, r2 > -rl, cll - "=, c12 - ,c2l 5 -2, c225 },
az2 a2 az2 a2
3 3 3rl1? 3rl 3rl1?
{da—az r1?, r2 > rl, cll - - ,cl2 o, 21 5 , c22 > }}
a2 a2? a2 a2

Solve[{
(******************************
The following equations are a copy paste of the equations above

Kk kR Rk kk k)
= -a2’ (a22 c212-a22c22-5a2c21r2+10 r22) ,

= -5a2? (a2?c21%? - a2’ c22-4a2c21r2+61r2?),

== -10a2 (a2%c21? - a2? c22 -3 a2c21r2 + 3 r2?%),
= 10 (—a22 c21?2 +a2?2c22+r1?+2a2c2lr2- rzz) ’
= -5 (az c21? - a2c¢22+cllrl-c21 rz),

= c112-c12 - c212 + c22,

(******************************

3

The following equations are given by the integration of pl(X)x® locally

******************************)

pd = -a2 (2a2?c21?-5a2%c22-a2?py2 -3 a2c21r2+9r2?),
= 3 (—2 a22c212+5a22c22+a22pv2+3ri2+2a2c2l r2—3r22),
= -3 (2 a2c21?-5a2c22-a2p¥2+cllrl-c2l r2),

= 2cl1®-5¢c12-2c21% +5¢c22 + pY1 + p¥2,
pY1l = 3,
pY2 == -3

1,

{p, 4, p¥Y1l, p¥2, c21, c22, cl1, cl12, r1, r2}]

{{d»O, pYl >3, p¥25-3, c2l >-1, ¢c22-51,cll>-1,cl2>1, rl >0, r2 >0},

{d-0, p¥Y1>3, p¥Y2-»-3, c21>-1, c22-»1, cll>1, cl2-51, r1 >0, r2-50},
{d->0, p¥1 >3, p¥2->-3, c21->51, c22-51, c1l1>5-1,cl251, r1 >0, r2-0},
{d->0, p¥1 >3, p¥2-»-3, c21 51, c22>51, ¢c1l1>51, ¢c12-51, r1 50, r2-50},

6
{p-e 5 d- —a25, pY¥l -3, p¥2-5-3, c21-5-3, c22-3, ¢cll »-3, cl12-> 3,
a2
6
rl > a2, r2—>-a2}, {pe ——, d>-a2°%, p¥l >3, py2 > -3, c21 > -3, c22 5 3,
a2

6
cll1->3, c12 53, rl - -a2, r2e—a2}, {pa —_,d>-a2°, p¥l >3, p¥2 > -3,
a2

6
c21 53, c2253, cll > -3, cl2 53, rl - a2, r2—>a2}, {p—> ——, d--a2’,
a2

pYl >3, pY2 > -3, ¢21 53, c22 53, cll >3, cl2 53, rl > -a2, r2 eaZ}}

Computations for Lemma 6.4.
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The case where there exists N s.t. Fix(N) = Y,* U Y,*.

Case A where the normal weights are (nl, I, I).

(******************************
NOTATIONS
ri xi denotes the restriction of x to Yi
ai are the Hopf weight at Yi
cij xiJ denotes the j-th Chern class of Yi
cinl xi denotes the first Chern class of the normal bundle of Yi in
the direction of N1
ux5YiA denotes the local datum of x° at Yi

We use the variable t to extract the coefficient of order 2 of xi. We
2 to 1 or -1.

******************************)

then only evaluate xi

ux5Y1A =
Factor[CoefficientList[

Coefficient[Expand[(rl x1t + lz)5] Series[(clnl x1t+nlz)?, {x1, 0, 2}]
Series|[(c12x1%t*+ cllxltz+ z?)™%, {x1, 0, 2}], t, 2], 1]] /. x1"2 > 1

10 r1? 5 (clnl +cllnl) r1 clnl?+cllclnlnl+cl1?2n1?-c12nl? }

{0’ 0,0 n1 nl? ! nl3

ux5Y2A =
Factor[CoefficientList[

Coefficient [Expand[(r2x2t + (a2+1) z)°] Series[(c2nlx2t+nlz)™!, {x2, 0, 2}]
Series[(c22x2?t%+ c21x2tz+ 2°)7, {x2, 0, 2}], t, 2], 1]] /. x2"2 » -1

1
{— —— a2’ (a2?c2n1?+ a2? c21 c2nlnl +
nl

a2?2c21%n1?-a2?2c22nl?-5a2c2nlnlr2-5a2c21nl®r2 +10nl? r22) ,

1
-5 a2? (a2% c2n1’® + a2? c21 c2nl nl + a2% c21%* n1? - a2% c22 n1? -
nl

4a2c2nlnlr2-4a2c2lnl?r2+6nl? r22> ,

1
-— 10a2 (a22 c2nl? + a2? c21 c2nl nl + a2?2 ¢21? n1? - a2%2 c22nl1? -
nl

3a2c2nlnlr2-3a2c2lnl®r2+3nl?r2?),
- nl? 10 (a2? c2n1? + a2 c21c2nl nl + a2? c21% n1? - a2? c22 n1? -
2a2c2nlnlr2-2a2c2lnl?r2+nl? r22> ,
- nl? 5 (az c2nl1? + a2 c21 c2nlnl + a2 c212n1? - a2 c22nl1? -c2nlnl r2 - ¢21 n1? r2),
cZn12+02102n1n1+c212n12—022n12}

nl3

(******************************
NOTATIONS
(yij + z) denotes the formal normal roots at Yi in the direction
perpedicular to N1
uslx3YiA denotes the local datum of pl(X)x3 at Yi
******************************)

SymmetricReduction[Expand[(yllt +2z)24+ (yl2t + z)z], {y1l1, yl12}, {cllxl, c12x12}]

{c112 t2x1%2-2cl2t?x1%+2clltxlz+2 22, o}
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uslx3Y1A =
Factor[CoefficientList|

Coefficient|(p¥lt®+ (clnlxlt+ nlz)?+cll?t?x1%-2c12t?x1%+2clltx1z+22?)
Expand[(rlxlt + 1z)’] Series[(clnlxlt+nlz)™!, {x1, 0, 2}]
Series|[(c12x1%t*+ cllxltz+ z?)7%, {x1, 0, 2}], t, 2], 1]] /. x1"2 > 1

3 (2 +n12) ri? 3 (-2 clnl +clnlnl? -cl1 n13) rl
0
{ ! nl ' n12

I

1
— (2cin1?+c11?n1? -4 cl2nl?-cllclnlnl®+c11?nl? - c12 nl* + n1? pY1) }
nl

SymmetricReduction[Expand[(y21t + z)?+ (y22t + z)?], {y21, y22}, {c21x2, c22x2%}]

{c212 t2x2%2-2c22t?x2%°+2c21tx2z+22?%, o}

uslx3Y2A =
Factor[CoefficientList[

Coefficient| (p¥2t?+ (c2nlx2t+ nlz)?+c21?t?x2%-2c22¢?x2? +2c21 £ %2z + 2 2?%)
Expand[(rZ x2t + (a2+1) z)3] Series[(can x2t+nlz)!, {x2, 0, 2}]
Series[(c22 x22¢%2+ c21x2tz+ zz)'l, {x2, 0, 2}], t, 2], 1]] /. x2°2 5 -1

1
{—3 a2 (-2 a2? c2n1? - a2%2c21?n1?+ 4 a22c22nl1? + a2 c21c2nlnl1®-a22c21?n1* +a2%2c22nl1* +
nl

a2’n1?pyY2+6a2c2ninlr2-3a2c2nlinl®r2+3a2c21nl*r2-6n1%2r22-3n1t r22) ,

1
— 3 (-2 a2%c2n1? - a2? c21? n1% + 4 a2® c22 n1? + a2 c21 c2nl n1’ - a2® c21? n1* + a2® c22 n1* +
nl
a2?n1?pyY2+4a2c2nlnlr2-2a2c2nlnl®r2+2a2c21nl*r2-2n1?r22-ni1t r22) ,
1 2 2 2 2 3 2 4
—33 (—2 a2c2nl® -a2c2l“nl“+4a2c22nl“+a2c2lc2nlnl”-a2c21“nl”+
nl

a2c22nl?+a2nl1?py¥2+2c2nlnlr2-c2nlnl’®r2+c21nl? r2) ,

1
— (—2 c2nl1? - c21%n1?2+4c22n1?+c21c2n1nl®-c212n1? +c22n1? +n1? pYZ) }
nl

ux5Y1A + ux5¥Y2A

1
{— 3 a2’ (a22 c2nl? + a2?2 c21 c2nlnl +
nl

a2?2c21?°n1?-a2%c22nl1?-5a2c2nlnlr2-5a2c21nl?r2+10nl? r22) ,
1
-—5 a2? (a2? c2n1? + a2 c21 ¢2nl nl + a2? c21? n1? - a2? c22 n1? -
nl

4a2c2nlnlr2-4a2c21nl?r2+6nl? r22> ,

1
- ——10a2 (a2?c2n1? + a2’ c21 c2nl nl + a2? c21° n1? - a2? c22 n1? -

nl3
3a2c2nlnlr2-3a2c2lnl?r2+3nl? r22> ,
10 r1? 1
e 10 (az2 c2nl? + a2?2 c21 c2nl nl + a2?2 c21%2n1? - a2?2 c22 n1? -
n nl

5 (clnl +cllnl) rl
2a2c2nlnlr2-2a2c2lnl?r2+nl?r2?), - ( 5 R
nl

1
— 5 (a2 c2nl1? + a2 c21c2nlnl +a2c212nl1? -a2c22nl1? -c2nlnl r2 - c21 nl? rz) ,
nl

clnl? +cllclnlnl +cl1?nl?-cl2nl?
nl3
c2nl? + c21 c2nlnl +c212nl? - ¢c22 nl? }

nl3
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uslx3Y1A + uslx3Y2A

1
{—3 a2 (72 a2? c2n1? - a22¢c21%?n1? + 4 a2? c22nl1? + a2?2 c21 c2nl1 nl1’® - a2?2c21?nl1* + a2?2 c22n1t* +
nl

a2’ nl?p¥2+6a2c2nlnlr2-3a2c2nlnl’r2+3a2c2lnl®r2-6n1?r2®-3nl1*r2?),
3 (2 + n12> ri? 1
——0 53 3 (-2a2*c2n1? - a2? c21° n1? + 4 a2? c22n1? + a2’ c21 c2nl nl’ -
n nl
a22c21?2n1*+a22c22n1* +a2?2n1?py2+4a2c2nlnlr2-2a2c2nlnlr2+

3 (-2clnl+clnlnl?-cllnl?®)rl
2a2c21nl®r2-2n1%r2® - nl1*r2?), . +
nl

1 2 2 12 2 3 2 14
—33 (—2 a2 c2nl“ -a2c2l“nl“+4a2c22nl“+a2c2lc2nlnl”>-a2c2l“nl®+
nl

a2c22nl*+a2nl1?py¥2+2c2nlnlr2-c2nlnl®r2+c21nl* rz) ,

1
— (2cin1?+c11?n1? -4 cl2nl?-cllclnlnl®+cl1?nl® - c12nl* + n1? pY1) +
nl

1
— (-2c2n1? - c21? n1? + 4 c22nl1? + c21 c2nl n1® - c21? n1* + c22 n1* + n1? pv2) }
nl

Factor [Solve [{
d ==
1 3 2 2 2 2 212 2 2
- a2 (a2 c2nl® + a2 ¢c21 ¢c2nl nl +a2“ c21“nl“ -a2c22nl“-5a2c2nlnl r2 -
nl
5a2c21nl?r2 +10n1? r22) ,

1
-—5 a2? (az2 c2n1? + a2? ¢c21 c¢2nl1 nl + a2%2 c212n1?2 - a2?c22n1?2-4a2c2nlnl r2 -
nl

4a2c21nl?r2 +6nl? r22),
0::
1 2 2 2 2 2 .2 2 2
——310a2 (a2 c2nl® + a2 c21 c2nl nl + a2 ¢c21°nl“ -a2°c22nl“ -3 a2c2nlnl r2 -
nl
3a2c21n1?r2 +3nl? r22),

10 r12
nl

1
— 10 (az2 c2nl1? + a2? ¢21 c2nl nl + a2%2 c21?2n1? - a22c22nl1%-2a2c2nlnl r2 -
nl

2a2c21nl?r2 +nl? r22)

}, (4, c22, r2, rl}]]

c2nl? + c21 c2nl nl + c21? n1?
nl?

a2% (c2nl+c21nl)? - c2nl? - c21 c2nl nl + c212? n1?
C -
9 n13 ' 3 nl? '

a2 (c2nl +c21lnl) a2 (c2nl +c21nl)
r2 - , rl > - },{da—
3nl 3nl

Hdeo, c22 - ,r2%0,r1%0},

o

a2® (c2nl +c21nl)?
9 n13
c2nl1? - c21 c2nl nl + c21? n1? a2 (c2nl +c21nl) a2 (c2nl +c21nl) H

c22 - , Y2 > , rl >
3nl1? 3nl 3nl

4
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Factor[Solve[{

(******************************
The following equations are the second and third solutions of the above system

******************************)

a2% (c2nl +c21nl)? 5 c2n1? - ¢21 c2nl nl + c212 n1? a2 (c2nl +c21nl)
== - C == X ==
9 ni13 ! 3 n1? ! 3nl '
r1? = r22, pY¥l = 3, p¥2 = -3,

(******************************
In addition, we have the equation given by integrating locally p1l (X)x?3
******************************)

Pd ==

1
— a2 (-2a2” c2n1? - a2? c21* n1” + 4 a2” c22 n1? + a2” c21 c2n1nl® - a2? c21* n1* +
nl
a22c22n1*+a22n1?pv2+6a2c2ninlr2-3a2c2ninl®r2+3a2c21nl*r2-

6nl? r22 - 3 n1* r22) ,
(******************************
Furthermore, the following equations are given by Lemma 6.3

******************************)

3rl? 3 (a2c2nl-nlr2)?
== - ’

nl n13
3clnlrl 3c2nl (a2c2nl-nlr2)

== - - ’

nl? n13
clnl? c2n1?

ni3 n13

}, {p, 4, pY1, pY¥2, c2nl, c21, c22, rl, r2}]]

—clnl?+12n1% + 4 clnl? n1? a2® clnl?
{{pe ,dos -0 T pYl 3, pY2 o -3,
a2? clnl? 4ni13
clnl clnl? a2 clnl a2 clnl
c2nl > —clnl, c21 > - , 22 > ,rle—g,rza-i},
2nl 4 nl? 2nl 2nl
—clnl?+12nl1%+4clnl?nl1? a2’ clnl?
{pe ,dos -0 Tt pYlo 3, pY2 o -3,
a2? clnl? 4n13
clnl clnl? a2 clnl a2 clnl
c2nl - clnl, c21 > , C22 > ,r1+——,r2+4}}
2nl 4 nl? 2nl 2nl



8 | Complex 5-dimensional complete intersection. Case 1.nb

Computations for Lemma 6.4.

The case where there exists N, and N,° s.t.
Fix(N;) = Y4 U Y,*,
Case B where the normal weights are (nl, n2, I).

(******************************
NOTATIONS
ri xi denotes the restriction of x to Yi
ai are the Hopf weight at Yi
cij xiJ denotes the j-th Chern class of Yi
cinl xi denotes the first Chern class of the normal bundle of Yi in
the direction of N1

cin2 xi denotes the first Chern class of the normal bundle of Yi in
the direction of N2

pux5YiB denotes the local datum of x° at Yi

We use the variable t to extract the coefficient of order 2 of xi. We
then only evaluate xi? to 1 or -1.

*****************************)

ux5Y1B =
Factor[CoefficientList|
Coefficient[Expand[(rl x1t + lz)5] Series[(clnl xl1t+nlz)?, {x1, 0, 2}]
Series[(c1n2 xlt+n2z) Y, {x1, 0, 2}] Series[(cll xlt + z) Y, {x1, 0, 2}], t, 2],
1]] 7. %172 51
10 r1? 5 (cln2nl +clnln2 +cllnln2)rl

0, 0,0 -
{ "7 ain2 ! nl? n2? '

cln2?nl? + clnl cln2nln2 +cllcln2nl?n2 +clnl?n2? +cll clnl nl n2? + c11? n1? n2? }

nl3 n23
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ux5Y¥2B =

Factor[CoefficientList|
Coefficient[Expand[(rZ x2t + (a2+1) z)5] Series[(can x2t+nlz)!, (x2, 0, 2}]

Series[(cznz x2t+n2z) Y, {x2, 0, 2}] Series[(ch x2t + z) Y, {x2, 0, 2}], t, 2],
1]] 7. %272 > -1

{ 1
nl3n23
a2?c21c2n2nl?n2 +a2%c2n1?n2? + a22 c21 c2nl nl n2? + a22 c21? n1? n2? -
5a2c2n2nl’n2r2-5a2c2nlnln2?r2-5a2c21nl?n2?2r2+10nl1%n2? r22) ,

a2’ (a22 c2n2?n1? + a2? c2nl c2n2 nl n2 +

- 5a2? (az2 c2n2?nl1? + a2? c2nl c2n2 nl n2 + a2? c21 c2n2 nl?n2 +
nl3n23

a2? c2n1?n2? +a2%2c21 c2nl nl n2? +a22c21?n1?n2? - 4a2c2n2nl?n2r2 -

4a2c2nlnln2?r2-4a2c21nl1?n2?r2+6nl?n2? r22) ,

10 a2 (a22 c2n2?n1? + a2?2 c2nl c2n2 nl n2 + a2?2 c21 c2n2nl?n2 +

nl3n23

a2? c2n1?n2? +a2%c21 c2nl nl n2? +a22c21?n1?n2? -3a2c2n2nl?n2r2 -

3a2c2nlnln2?r2-3a2c21nl1?n2?r2+3nl%n2? r22) ,

1

nl3n23
a2?c21c2nl nl n2? +a2?2c21?n1?n2?-2a2c2n2nl’n2r2 -

2a2c2nlnln2?r2-2a2c21nl®n2?r2 + n1?n2? r2?),

10 (az2 c2n2? n1? + a2?2 c2nl c2n2nl n2 + a2? c21 c2n2nl?n2 + a2? c2n1? n2? +

5 (az c2n2?nl1? + a2 c2nl c2n2 nl n2 + a2 c21 ¢2n2 nl? n2 + a2 c2nl? n2? +

nl3n23
a2c2lc2nlnln2?+a2c21?n1?n2?-¢c2n2n1’n2r2 -c2nlnl n2?r2-c21nl?n2? r2),

c2n2?2nl1? + c2nl c2n2 nln2 + c21 c2n2nl?n2 + c2n1? n2? + c21 ¢2nl nl n22 + c21%2 n12? n2? }

nl3n23

uslx3Y1B =

Factor[CoefficientList[
Coefficient|(p¥lt?+ (clnlxlt+ nlz)?+ (cln2xlt+ n2z)%+ (cllxlt+ 2z)?)

Expand[(rlxlt + 1z)°] Series[(clnlxlt+nlz)™!, {x1, 0, 2}]

Series[(clnz xlt+n2z) !, {x1, 0, 2}] Series[(cll x1t+ z)71, {x1, 0, 2}], t, 2],
1]]7- %172 51
3 (1+n1?+n2?) r1?

{0,
nl n2
3 (c1n2 nl+cln2nl®+clnln2-cllnln2-clnlnl?n2+cllnl3®n2-

I

" n12n2?
cln2 nln2?+clnln23+cllnl n23) rl,

(c1n22 nl? + cln2?nl1* + clnl cln2nln2 - cllcln2nl?n2 - clnlcln2nl®n2 +

nl3 n23
cllcln2nl®*n2 +clnl?n2?-cllclnlnln2?-cllcinlni®n2?+c11?2n1?n2?-
clnlcln2nln2®-cllcln2nl?n23+cini?n2*®+cllclnlnln2®+cl11?n1?n2*+nl1?n2? le) }
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uslx3Y¥Y2B =
Factor[CoefficientList|
Coefficient[(p¥2t®+ (c2nlx2t+ nlz)?+ (c2n2x2t+ n2z)%+ (c21x2t+ 2)?)
Expand[(r2x2t + (a2+1) z)’]| Series[(c2nlx2t+nlz)™!, {x2, 0, 2}]
Series[(cZnZ x2t+n2z)t, {x2, 0, 2}] Series[(c21 x2t+ z)7!, {x2, 0, 2}], t, 2],

1]] /. x2°2 5 -1

1
{n13 n23
a2 (-a2%c2n2?n1? - a2® c2n2? n1* - a2® c2nl c2n2 n1 n2 + a2? c21 c¢2n2 n1? n2 + a2? c2nl c2n2
n13n2 - a2%2c21c2n2nl?*n2-a2?c2n1?n2?+a22c21c2nlnl n2?+a2%2c21c2nlnl®n2?-
a2?c21?2n1*n2? + a2%2 c2nl ¢2n2 nl1 n23 + a2? ¢21 c2n2 n1? n23 - a2? c2n1? n2* -
a2?2c2lc2nlnln2?-a22c21?2n1?n2*+a2?2n1?n2?py¥2+3a2c2n2nl?n2r2+
3a2c2n2nl®n2r2+3a2c2nlnln2?2r2-3a2c21nl?n2?2r2-3a2c2nlnl®>n2?r2+
3a2c21nl1*n22r2-3a2c2n2nl1?n2°r2+3a2c2nlnln2r2+
3a2c21n1?n2*r2-3n1?n22r22-3n1*n2%2r2?2 -3n1?n2%r2?),

1
nl3n23
a2? c2nl c2n2n1®n2 - a22 c21 c2n2 n1* n2 - a22 c2n1? n2? + a2? c21 ¢2nl nl n2? +

a2?2 c21c2nlnl1®n2?-a22c21?2n1*n2?+a22c2nl c2n2nln2’+
a2?2c21c2n2nl?n2®-a2%2c2n1?n2* - a2?c21 c2nl nl n2* - a22¢c21?2n1?n2t +
a2?n1?n22pv2+2a2c2n2nl®n2r2+2a2c2n2nl®*n2r2+2a2c2nlnln2?r2-
2a2c21nl1?n2?r2-2a2c2ninl®n2?2r2+2a2c21nl1*n2?r2-2a2c2n2ni?n23r2+
2a2c2nlnln2*r2+2a2c21nl®n2* r2 - n1? n2? r2? - n1* n2? r2? - n1% n2* r2?),

3 (—az2 c2n2?n1? - a2? ¢2n2?nl1* - a2? c2nl c2n2 n1 n2 + a2%2 c21 c2n2 nl?n2 +

1
nl3n23
a2c2nlc2n2nl®n2-a2c21c2n2nl®n2-a2c2nl?n2?+a2c2lc2nlnln2?+
a2 c21c2nlnl®n2?-a2c21?2n1*n2%?+a2c2nl c2n2nln2’+a2c2lc2n2nl?n2d-
a2 c2n1?n2* - a2 c21 c2nl nl n2* - a2 ¢c21?2n1? n2* + a2 n1? n22 py2 +
c2n2nl?n2r2+c2n2nl®*n2r2+c2nlnln2?2r2-c21n1?n22r2-c2n1n1®>n2?2r2+
c21nl1?*n22r2-c2n2n1?n23r2 +c2n1nln2*r2+c21nl1?n2 r2) ’

3 (-a2c2n2®n1? - a2 c2n2’nl* - a2 c2nlc2n2nln2 + a2 c21lc2n2nl?n2 +

1

nl3n23
c2lc2n2nl?n2-c2n1?n2? + c21 c2nl nl n2? + c21 c2n1 n13®n2? - c21?2n1* n2% +

c2nl c2n2 nl n2® + c21 c2n2 n1? n2° - c¢2n1? n2* - c21 c2nl nl1 n2* - ¢21? n1? n2* + n1? n2° pv2) }

(—c2n22 nl? - c2n2?n1? - c2nl c2n2nln2 + c21 c2n2nl?n2 + c2nl c2n2 nl1dn2 -



Complex 5-dimensional complete intersection. Case 1.nb | 11

Factor [pux5Y1B + px5Y2B]

1
{— 53 a2’ (a22 c2n2?nl1? + a2 c2nl c2n2 nl n2 +
nl® n2

a2?2 c21c2n2nl?n2 +a2?c2n1?n2? + a22 c21 c2nl nl n2? + a2%2 c21?2n1? n2? -
5a2c2n2nl’?n2r2-5a2c2nlnln2?r2-5a2c21nl?n2%2r2+10nl1%n2? r22) ,

— 55 a2? (az2 c2n2?nl1? + a22 c2nl c2n2 nl n2 + a2? c21 c2n2 nl?n2 +
nl® n2

a2? c2n1?n2%? + a22c21 c2nl nl n2? +a22c21?n1?n2? - 4a2c2n2nl?n2r2 -
4a2c2nlnln2?r2-4a2c21n1?n2?r2+6nl?n2? r22) ,

— 5 10a2 (az2 c2n2?n1? + a2? c2nl c2n2 nl n2 + a2? c21 c2n2 nl1?n2 +
nl® n2

a2? c2nl1?n2% +a22c21c2nl nl n2?+a2%2c21?n1?n22-3a2c2n2nl?n2r2 -
3a2c2nlnln22r2-3a2c21nl1?n2?2r2+3n1%n2? r22) ,
1
nl3n23
a2?c2n1?n2% - a2?2c21c2nl nl n2? - a22c212n1?n2%2 + n12n22r1% +
2a2c2n2nl’n2r2+2a2c2nlnln2?r2+2a2c21nl1?n2?r2-nl1?n2?r2?),
1
nl3n23
a2 c2lc2nlnln2?+a2c21?n1?n2?+cln2nl1?n2rl +clnlnln2?rl+
1
nl13n23
(c1n22 nl? - c2n2?n1? + clnl cln2 nl n2 - c2nl e2n2 nl n2 +cll cln2 nl?n2 -

c21 c2n2 nl?n2 + c1nl? n2% - c2n1?n2% + c1l clnl nl n2? -

10 (—a22 c2n2?nl1? - a2? c2nl c2n2 nl n2 - a2? c21 c2n2nl1?n2 -

5 (az c2n2?nl1? + a2 c2nl c2n2nln2 + a2 c2l1c2n2nl?n2 +a2c2nl?n2?+

cl1nl?n2%rl -c2n2nl?n2r2-c2nlnln2?r2-c21nl?n2? rz) ,

c21 c2nl nln2?+c11?2n1?n2% - c21? n1? n22) }
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Factor[pusl1lx3Y1B + pslx3Y2B]

1
{7 nl13n23
a2 (a2Z c2n2?n1? + a2?2 e¢2n2? n1* + a2? c2nl c2n2 nl n2 - a2? ¢c21 c¢2n2 n1? n2 - a2? c2nl c2n2
n1®n2 +a2?c21c2n2nl?n2 +a2?c2n1?n2% - a22 c21 c2nl nl n2? - a2%2 ¢c21 c2nl n13 n2% +
a2?2c21?°n1%n2%? - a2? c2nl1 c2n2 nl n23 - a2?2 c21 c2n2 n1?n23 + a22 c2n1? n2 +
a22 c21c2nl nln2*+a22¢c21?2n1?n2*-a2?2n1?n2?py2-3a2c2n2nl?n2r2-
3a2c2n2nl®n2r2-3a2c2nlnln2?r2+3a2c21nl?n2?2r2+3a2c2nlnl®>n2?r2-
3a2c21nl1*n2?2r2+3a2c2n2nl1?n23r2-3a2c2nlnln2‘r2-
3a2c21n1?n2*r2+3n1?n2%2r22+3n1*n22r22+3n12n2 r22) ,
1
nl3n23
a2?c2nl c2n2nl®n2 - a2?2c21c2n2nl®*n2 - a2%2c2n1?n2? + a22 c21 c2nl nl n2? +
a2?c21e2nl n1®n2? - a22¢21?2n1*n2% + a2? ¢2nl1 e¢2n2 nl n23 + a2? ¢c21 c¢2n2 n1? n23 -
a2? c2n1? n2* - a2? c21 c2nl1 n1 n2* - a2? c21?2 n1? n2* + a22 n1? n22 pv2 + n1? n22 r1% +
nl*n22r1?2+n1?n2r1?+2a2c2n2nl’?n2r2+2a2c2n2nl*n2r2+2a2c2nlnln2?r2-
2a2c21nl1?n2?2r2-2a2c2n1nl®n2?2r2+2a2c21nl*n2’2r2-2a2c2n2n1?n23r2+
2a2c2nlnln2*r2+2a2c21nl1?n2*r2-n1?n2?r2%2 -n1*n2?r2?-n1?n2* r22) ,

1
-3 (az c2n2?nl1? + a2 c2n2?nl1* + a2 c2nl c2n2 nl n2 - a2 c21 c2n2 nl1?n2 -
nl® n2

a2 c2nl c2n2nl®n2+a2c2lc2n2nl1*n2 +a2c2n1?n2? - a2 c21c2nl nl n2? -

a2 c21c2nlnl®n2?+a2c21?2n1*n2%2-a2c2nl c2n2nln2’®-a2c21c2n2nl1?n2d+
a2 c2n1?n2* + a2 c21c2n1 nl n2* + a2 c21?2n1? n2* - a2 n1?n2? py2 +
cln2nl?n2rl+cln2nl®n2rl+clnlnln2?rl-cl1nl?n2?rl-clnlnl®n2%rl+
cl1nl*n2%2r1-cin2n1?n23rl+cinlnln2*rl+cllinl?n2*rl-c2n2nl?n2r2-
c2n2nl®n2r2-c2nlnln2?r2+c21n1?n2?2r2+c2nlnl®n22r2-
c21n1*n2?r2+c2n2n1?n23r2-c2nlnln2*r2-c21n1?n2*r2),

3 (-az2 c2n2? n1? - a2? c2n2? n1* - a2? c2nl c2n2 nl n2 + a2? c21 c2n2 n1?n2 +

3 (c1n22 nl? - ¢2n2?n1? + c1n2? n1? - ¢2n2? n1* + clnl cln2 nl n2 -
nl’ n2

c2nlc2n2nln2-cllcln2nl?n2+c2lc2n2nl?n2-clnlcln2nld®n2+

c2nl c2n2nl®n2 +cllceln2nl®*n2 -c21ce2n2nl*n2 +clnl?n2? - c2n1? n2? -
cllclnlnln2?+c21lc2nlnln2?-cllclnlnl®n2?+c21c2nlnl’®n2?+
c112n1*n2? - c21?nl1* n2%2 - clnl cln2 nl n2%+ c2nl c2n2 n1 n23 -
cllcln2nl1?n23+c21c2n2nl1?n2®+clnl1?n2® -c2n1?n2*+cllclnl nl n2?-

c21 c2nl nl n2* +c11? n1? n2* - ¢21? n1? n2* + n1? n2? p¥1 + n1? n2° pv2) }
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Simplify [Solve [{
1 3 2 2 12 2 2 2
d = - — a2 (a2 c2n2“nl® + a2“ c2nl c2n2 nl n2 + a2“ c21 c2n2 nl“n2 +
nl® n2

a22 c2n1?2n2? + a22 c21 c2nl1 n1 n2? + a22c212n12n22-5a2c2n2nl?n2 r2 -
5a2c2nlnln2?r2-5a2c21nl1?2n22r2+10nl1%n22 r22) ,

-———5 a2? (az2 c2n2?2 n1? + a22 ¢2nl ¢2n2 nl n2 + a2%2 c21 c2n2 n1?n2 +
nl’ n2

a22 c2n1? n2? + a22 ¢21 c2nl n1 n2? + a22 ¢21%2n1?n22-4a2c2n2nl?n2r2 -
4a2c2nlinln2?r2-4a2c21n1?n2?r2 +6n1?n2? r22) ,
1
== - — 10 a2
nl13 n23
(.—5122 c2n2?2 n1? + a22 ¢2nl c2n2 nl n2 + a2? c21 c¢2n2 n1? n2 + a2% c2n12 n2? +
a22 c21 c2nl nl n2?+a22¢212n12n22-3a2c2n2nl1?n2r2-3a2c2nlnln2?r2-
3a2c21n1?n2?r2 + 3 nl? n2? r22)

}, {d, c2nl, c2n2}]]

a2’ r2? a2?c21lnl-3a2nlr2++/3 \/—a22 nl? (-a2c21+r2)?
{{d»—i,Cane— ,
nln2 2 a2?
n2 [-a22c21nl+3a2nlr2++/3 \/—a22 nl? (-a2 c21+r2)2)
c2n2 - ’
2a2?nl
a2’ r2? -a2?c21lnl+3a2nlr2++/3 \/—a22n12 (-a2c21+1r2)?
{de—i, c2nl - ,
nl n2 2 a2?

n2 (a22c21lnl-3a2nlr2++3 \/—a22 nl? (-a2 c21+r2)2)
c2n2 > - }}

2 a2%nl

(*****************************
Since the solution needs to be real,

******************************)

Simplify [Solve [{
1 3 2 2 12 2 2 2
d = - EPTRTY a2 (a2 c2n2“nl® + a2 c2nl c2n2 nl n2 + a2“ c21 c2n2 nl“n2 +
nl® n2

a22 c2n1?n2? + a22 c21 c2nl1 n1 n2? + a22¢c21%2n1?n22-5a2c2n2nl?n2r2 -
5a2c2nlnln2?2r2-5a2c21n1?n2%r2 +10n12 n2? r22) ,

0 ==
-—— 5322 (a22 c2n22n1? + a22 ¢2nl ¢2n2 n1 n2 + a2%2 c21 c2n2 nl1?n2 +
nl13 n23
a22 c2n1? n2? + a22 ¢21 c2n1 n1 n2?2 + a2?2 c21%2n12n22-4a2c2n2nl1’n2 r2 -
4a2c2nlnln2?r2-4a2c21nl?n2%r2+6n1? n2% r2?),
1
0:=-——10a2

n13 n23
(az2 c2n2?2n1? + a22 ¢2nl c2n2 n1 n2 + a2% c21 c2n2 n1? n2 + a2%2 c2n1? n22 +

a22 c21 c2nl nl n2? +a22¢212n1%2n2%2-3a2c2n2nl1?n2r2-3a2c2nlnln2?r2-
3a2c21n1?2n2? r2 + 3 n1? n22 r22) ,
0:=-a2c2l +r2

}, {d, c2nl, c2n2, c21}]]

a23 r2? nlr2 n2 r2 r2
{{de—i,Cane , c2n2 > ,c21+—}}
nl n2 a2 a2 az2
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simplify[501ve[{
a23 r22 nlr2 n2 r2 r2
== = ———, c2nl = , €2n2 = , €21 == —, pY2 = -3,
nl n2 a2 a2 a2
p ==

1
-——— a2 (322 c2n2? n1? + a22 c2n22 n1* + a2% c2nl c2n2 nl n2 - a22 ¢21 ¢2n2 n1? n2 -
nl® n2

a2? c2nl c2n2 n1® n2 + a2? c21 ¢2n2 n1* n2 + a2? ¢2n1? n22? - a2? ¢21 c2nl1 nl1 n2? -

a22 c21 c2n1n13n2%2 +a22¢c212n1* n22 - a22 c2nl1 c2n2 nl n2% - a22 c21 c2n2n1?n2d+
a22 c2n1?2 n2* + a22 ¢21 c2n1 n1 n2* + a22 ¢212n1? n2* - a22 n12 n22 pv2 -
3a2c2n2n1?n2r2-3a2c2n2nl*n2r2-3a2c2nlinlin2?r2+3a2c21n1?n2?r2+
3a2c2n1n1®n22r2-3a2c21nl1*n2?2r2+3a2c2n2n1?n23r2-3a2c2nlnln2®r2-
3a2c21n1?n2% r2 + 3n1% n2? r2? + 3n1% n2? r2? + 3 n1% n2* r2?)

}, {p, d, c2nl, c2n2, c21, pYZ}]]
3a22+ (1+n1?+n2?) r2?
{{p% 2 .92 !
a2 r2

a2’ r2? nlr2 n2 r2
, C2n2 >
nln2 a2 a2

r2
, c21 > ——, pY2 - 73}}
a2

Computations for Lemma 6.4.

The case where there exists N, N,® and N3 s.t.
Fix(N;) = Y,* U Y,*.
Case C where the normal weights are (nl, n2, n3).

(******************************
NOTATIONS
ri xi denotes the restriction of x to Yi
ai are the Hopf weight at Yi
cinl xi denotes the first Chern class of the normal bundle of Yi in
the direction of N1
cin2 xi denotes the first Chern class of the normal bundle of ¥Yi in
the direction of N2
cin3 xi denotes the first Chern class of the normal bundle of ¥Yi in
the direction of N3
ux5YiC denotes the local datum of x° at Yi

We use the variable t to extract the coefficient of order 2 of xi. We
then only evaluate xi? to 1 or -1.
******************************)

ux5Y1C =
Factor[CoefficientList[

Coefficient[Expand[(rl x1t + 1 z)5] Series[(clnl xl1t+nlz)?t, {x1, 0, 2}]
Series[(c1n2 xlt+n2z) !, {x1, 0, 2}] Series[(c1n3 xl1t + n32z) !, {x1, 0, 2}],
t, 2], 1]] /. x1°2 5 1
10 r1? 5 (cln3nln2+cln2nln3+clnln2n3) rl

0, 0,0 -
{ """ nin2n3’ nl? n22 n3? !

1
nl3n23n33

clnl cln3nln2?n3+cln2?2n1?n3?+clnl cln2nln2n3?+clnl?n2? n32) }

(cln32 nl?n2? + cln2 cln3nl®n2n3 +
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ux5Y2C =
Factor[CoefficientList|
Coefficient[Expand[(rZ x2t + (a2+1) z)5] Series[(can x2t+nlz)!, (x2, 0, 2}]
Series[(c2n2x2t+n2z)7", {x2, 0, 2}] Series[(c2n3x2t + n32)™', {x2, 0, 2}],
t, 2], 1]] /. x272 » -1

{7 3,53 23 a2’ (a22 c2n3?n1?n2? + a22 c2n2 c2n3 nl?n2 n3 + a2? c2nl c2n3 nl n2? n3 +
nl° n2°n3

a2? c2n2?n1?n3? + a22 c2nl c2n2 n1 n2 n3% + a22 c2n1?n2?n3%? -5a2c2n3n1?n2°n3r2 -
5a2c2n2nl?n2n3’*r2 - 5a2c2nlnln2?n3? r2 + 10 n1? n2° n3? r2?),

1 2 2 2 2 2 2 2 2 2
BT 5a2° (a2 c2n3“ nl“n2° +a2°c2n2c2n3 nl“n2n3 +a2°c2nl c2n3 nl n2“n3 +
nl° n2°n3

a2? c2n2?n1?n3% + a2?2 c2nl c2n2 nl n2 n3? + a22 c2n1?n2?n3? -4 a2 c2n3nl1?n2?n3 r2 -
4a2c2n2nl?n2n3?r2-4a2c2nlnln2?n3?r2+6nl1?n2%n3? r22) ,

1 2 2 2 2 2 2 2 2
ST 10 a2 (a2 c2n3“nl°n2°+a2°c2n2c2n3 nl“n2n3 +a2“c2nl c2n3 nln2°n3 +
nl° n2°n3

a2? c2n2?n1?n3% + a2?2 c2nl c2n2nl n2 n3? + a22 c2n1?n2?n3?-3a2c2n3nl1?n2’n3r2 -
3a2c2n2nl’n2n3?r2-3a2c2nlnln2?2n3?r2+3n1?n2%2n3? r22) ,

1 2 2 2 2 2 2 2 2
T 10 (a2 c2n3“nl“n2° +a2“c2n2c2n3 nl“n2n3 +a2°c2nl c2n3 nl n2“n3 +
nl°n2°n3

a2?2 c2n2?n1?n3% + a2?2 c2nl c2n2nl n2 n3? +a2%2c2n1?n2?n3?2-2a2c2n3nl1?n2?n3r2 -
2a2c2n2nl?n2n3?r2-2a2c2nlnln2?n3?r2+nl1?n2?n3? r22) ,

1
-—————5 (a2c2n3’n1°n2”? + a2 c2n2 c2n3n1*n2 n3 + a2 c2nl c2n3 n1 n2? n3 +
nl13 n23 n33
a2 c2n2?nl1?n3?+a2c2nl c2n2nln2n3?+a2c2nl?n2?n3?-
c2n3nl?n2?n3r2-c2n2nl1?n2n3?r2-c2nlnln2?n3? r2) ’
1
-———  (e2n3?n1?n2?+c2n2c2n3nl’n2n3+c2nlc2n3nln2?n3 +
nl3n23n33

c2n2?n1?n3? + c2nl c2n2 nl n2 n3? + c2n1? n2? n32) }

uslx3Y1C =
Factor[CoefficientList[
Coefficient|[(p¥l1t?+ (clnlxlt+ nlz)?+ (cln2xlt+ n2z)?+ (cln3x1lt+ n3z)?)
Expand[(rl x1t + lz)3] Series[(clnl xl1t+nlz)?, {x1, 0, 2}]
Series[(cln2 x1t+n2z)™*, {x1, 0, 2}] Series[(cln3x1t+ n32z)™*, {x1, 0, 2}],
t, 2], 1]] /. x172 > 1

3 (nl2 +n2% + n32) ri1?
[o, ,
nl n2n3

1
3 (c1n3 n13n2 +cln3nl n23®+cln2nl®n3-clnlnl®n2n3-
nl“n2<n3

cln2nln2?n3+clnln23n3-cln3nln2n3?+cln2nln3’®+clnln2 n33) rl,
1
n13n23n33
cln2 c1n3nl?n2®n3 + clnl cln3 nl n2* n3 + c1n2?2n1? n3? - c1lnl c1ln2 n1® n2 n3? -
clnlcln2nln2®n3?+cinl?n2?n3?-cin2cin3ni?n2n3’®-clnlcin3nln2?2n3®+

c1n2?n1? n3* + cinl c1n2 n1 n2 n3* + c1n1? n2° n3* + n1? n2% n3” pv1) }

(cln_’;2 nl®n2? +c1n3’n1?n2* + cln2 cln3nl*n2n3 -clnl cln3nl®n2%n3 -
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uslx3Y2C =
Factor[CoefficientList|

Coefficient[(pYZ t2+ (c2n1x2t+ nlz)?+ (c2n2x2t+ n22z)2+ (c2n3 x2t + n3 z)z)
Expand[(r2x2t + (a2+1) z)’]| Series[(c2nlx2t+nlz)™!, {x2, 0, 2}]
Series[(c2n2x2t+n2z)™*, {x2, 0, 2}] Series[(c2n3x2t+n3z)™%, {x2, 0, 2}],

t, 2], 1]] /. x272 » -1

1
{n13 n23 n33
a2 (—a22 c2n3?n1* n2? - a22c2n3?n1?n2% - a22c2n2 c2n3nl* n2n3 + a22c2nl c2n3 n1®>n2%2n3 +
a2? c2n2 c2n3 n1?n2°n3 - a2? ¢2nl ¢2n3 nl n2* n3 - a2? ¢2n2?n1* n3% +
a2? c2nl c2n2n1®n2n3? + a2? c2nl ¢2n2 n1 n2° n3? - a2? c2n1? n24 n3? +
a2? c2n2 c2n3nl1?n2n3®+a2?c2nl c2n3 nl n2?2n3%-a2?c2n2?2n1?n3? -
a2% c2nl c2n2 nl n2 n3* - a2? c2n1? n22 n3* + a2? n1? n22 n3% py2 +
3a2c2n3nl*n2’n3r2+3a2c2n3nl?n2*n3r2+3a2c2n2nl*n2n3?r2-
3a2c2n1nl®*n22n3?r2-3a2c2n2n1?n2°n3?r2+3a2c2nlnln2*n3?r2-
3a2c2n3n1?n2?n3®r2+3a2c2n2n1?n2n3*r2+3a2c2nlnln2?n3r2-
3n1*n22n3?r2%2-3n1?n2*n3?r22-3n1%?n2? n3* r2?),
1
nl13 n23n33
a2? c2nl c2n3n1®n2?2n3+a2?c2n2c2n3nl?n23n3-a2?c2nl c2n3nl n2*n3 -
a2? c2n2? n1* n3? + a2? c2nl1 c2n2 n1® n2 n3? + a2? ¢2nl ¢2n2 n1 n23 n3? -
a2? c2n1? n2*n3? + a2? c2n2 c2n3nl1?n2 n3®* + a2? ¢c2nl c2n3 n1 n22 n3° -
a2? c2n2?2n1?n3? - a2?2c2nl c2n2 nl n2 n3* - a22 c2n1? n2? n3* +
a2?n1?n22n3?py2+2a2c2n3nl®n2?n3r2+2a2c2n3nl?n2*n3r2+
2a2c2n2nl*n2n3?r2-2a2c2n1n1®*n2?n3?r2-2a2c2n2n1?n2®n3?r2+
2a2c2nlnln2*n3?r2-2a2c2n3n1?n2’n3*r2+2a2c2n2n1?n2n3*r2+
2a2c2nlnln2?2n3*r2-n1*n22n3?r22-n12n2*n32r22-n1?n22n3* r22) ,
1
n13n23n33
a2 c2nl c2n3nl®n2?n3 +a2c2n2c2n3nl1?n2®n3-a2c2nl c2n3nl n2®n3-
a2 c2n2?n1*n3%?+a2c2nl c2n2nl®n2n3?+a2c2nlc2n2nln2®n3?-
a2 c2n1?n2* n3%? + a2 ¢c2n2 ¢2n3 n1? n2 n3% + a2 ¢2nl c2n3 nl n2%2 n33 - a2 c2n2? n1? n3* -
a2 c2nl c2n2nln2n3?-a2c2n1?n2?2n3*+a2n1?n2?2n32pv2+c2n3n1*n2?n3r2+
c2n3nl?n2*n3r2+c2n2nl*n2n3?r2-c2n1n1®*n22n3?r2-c2n2n1?n23n3?r2+
c2nlnln2?n3?r2-c2n3n1?n2?n33r2 +c2n2n1?n2n3*r2 + c2nl nl n22 n3* r2) ’
1
n13n23n33
c2n2 c2n3nl?n2°n3 -c2nlc2n3nln2?n3 -c2n2?2n1*n3%?+c2nl c2n2n1®n2n3?+

c2nl c2n2 nl n23n3? - c2n1?n2*n3? + c2n2 c2n3n1?n2n33 + c2nl c2n3 nl n2? n33 -

c2n2?n1? n3% - c2nl c2n2 nl n2 n3? - c2n1? n22 n3* + n1%2 n22? n3? pYZ) }

3 (-a2®c2n3’ n1* n2? - a2”? c2n3? n1% n2* - a2? c2n2 c2n3nl1* n2 n3 +

3 (—a2 c2n3?n1*n2? - a2 c2n3?n1?n2* - a2 c2n2 c2n3 nl®*n2n3 +

(—c2n32 nl®n2? - c2n3’°n1%?n2* - c2n2 c2n3nl*n2n3 + c2nl c2n3 nl’n2%n3 +
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ux5Y1C + ux5Y2C

1
{— 33 a3 a2’ (a22 c2n3?n1?n2? + a22 c2n2 c2n3nl?n2n3 + a2? c2nl c2n3 nl n2?n3 +
nl®n2°n3

a2? c2n2?n1?n3% + a2?2 c2nl c2n2 nl n2 n3? + a22 c2n1’n2?n3? -5a2c2n3nl1?n2?n3 r2 -
5a2c2n2nl?n2n3?r2-5a2c2nlnln2?n3?r2+10n1% n2? n3? r22) ,

1
- 5a2?(a2?2c2n3?n1?n2?2+a22c2n2c2n3nl?n2n3+a2?c2nlc2n3nln2?n3+

nl3n23n33
a2? c2n2?n1?n3% + a2?2 c2nl c2n2nl n2 n3? + a22 c2n1?n2?n3? - 4a2c2n3nl1?n2?n3r2 -
4a2c2n2nl’n2n3?r2-4a2c2nlnln2?n3?r2+6n1?n2%2n3? r22) ,

1 2 2 2 2 2 2 2 2
T 10 a2 (a2 c2n3“ nl“n2° +a2“c2n2c2n3 nl“n2n3 +a2°c2nl c2n3 nl n2“n3 +
nl”° n2°n3

a2?c2n2?n1? n3? + a22 ¢2nl c2n2 n1 n2 n3% + a22 ¢2n1? n22 n3? - 3a2 c2n3n1?n22n3 r2 -
3a2c2n2nl?n2n3?r2-3a2c2nlnln2?n3?r2+3nl1?n2?n3? r22) ,
10 r1? 1
nin2n3 nl13n23n3?
a2? c2n22n1? n3? + a22 ¢2nl c2n2 n1 n2 n3? + a22 ¢2n1? n2?n3%? -2 a2 c2n3n1?n2?n3 r2 -
2a2c2n2nl?n2n3?r2-2a2c2nlnln2?n3?r2+nl1?n22n3? r22) ,
5 (cln3nln2+cln2nln3+clnln2n3) rl 1
nl? n22 n3? ) n13n23n33
5 (a2 c2n3?n1”n2? + a2 c2n2 c2n3 n1? n2 n3 + a2 c2nl c2n3 nl n2* n3 +
a2 c2n2?n1?n3? + a2 c2nl c2n2 nl n2 n3% + a2 ¢2n1? n22 n3?% -
c2n3nl?n2?n3r2-c2n2nl1?n2n3?r2-c2nlnl n2?n3? r2) ,

10 <a22 c2n3?n1?n2? + a22 c2n2 c2n3nl?n2n3 +a2?c2nl c2n3nl n2?n3 +

1
n13 n23 n33
c1n2? n1” n3% + cinl c1n2 n1 n2 n3® + c1n1? n2% n3?) -

1
n13n23n33

c2n2?n1?n3? + c2nl c¢2n2 nl n2 n3% + c2n1? n2? n32) }

(c1n32 nl?n2? + cln2 c1n3nl?n2n3 +clnl cln3 nl n2?n3 +

(c2n32 n12n2% + c2n2 c2n3 nl1?n2 n3 + c2nl c2n3 nl n2?n3 +
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Factor[pslx3Y1C + pslx3Y2C]

1
{ nl3 n23n33
az2 <a22 c2n3?nl1* n2? + a2? c2n3?nl1?n2* + a2 c2n2 c2n3nl* n2 n3 - a22 c2nl c2n3 n1®n2%n3 -
a2? c2n2 c2n3nl1?n23n3 +a2? c2nl c2n3 nl n2* n3 + a2? c2n2?2 n1* n3? -
a2? c2nl c2n2 n1®n2n3? - a2? c2nl c2n2 n1 n23n3? + a2? c2n1? n2* n3? -
a2? c2n2 c2n3nl1?n2n33 - a2? c2nl c2n3 nl1 n22 n3% + a2? c2n2?2 n1? n3* +
a2? c2nl c2n2 n1 n2 n3* + a22 c2n1? n2? n3* - a22 n1? n22 n3? py2 -
3a2c2n3nl?n2?n3r2-3a2c2n3nl?n2*n3r2-3a2c2n2nl®*n2n3?r2+
3a2c2n1nl®*n2?n3?r2+3a2c2n2n1?n2°n3?r2-3a2c2nlnln2*n3?r2+
3a2c2n3n1?n2?2n3°r2-3a2c2n2n1?n2n3*r2-3a2c2nlnln2?n3?r2+
3n1*n22n3%2r22+3n1?n2*n3?r22+3n12n22n3! r22) ,
1
nl13 n23 n33
a2? c2nl c2n3 n1®n2?n3 +a2?c2n2 c2n3n1?n23n3 - a2? c2nl c2n3 nl n2* n3 -
a2? c2n2?n1*n3? +a2?2 c2nl c2n2 n1®n2 n3% + a2? c2nl c2n2 nl1 n23n3? - a2? c2n1? n2* n3?% +
a2? c2n2 c2n3nl1?n2n3®+a2?c2nl c2n3 nl n22n3%-a2?c2n2?2n1?n3? -
a2%? c2nl c2n2 nln2n3* - a2?c2n1?n2?n3* +a22n1?n22n3? py2 +n1* n22n3?ri1? +
n12n2*n32r1? +n1?n22n3*r1?2+2a2c2n3n1*n2?n3r2+2a2c2n3n1’n2*n3 r2+
2a2c2n2nl®n2n3?r2-2a2c2n1n1®*n2?n3?r2-2a2c2n2nl1?n23n3?r2+
2a2c2nlnln2*n3?r2-2a2c2n3n1?n2?n3®r2+2a2c2n2n1?n2n3*r2+
2a2c2nlnln2?2n3*r2-n1*n22n3?r22-n1?n2*n3%2r22-n1? n22 n3* r22) ,

1
- 3 (az c2n3?n1*n2? + a2 ¢2n3?n1? n2* + a2 c¢2n2 c2n3 nl1* n2 n3 -

n13n23n33
a2 c2nl c2n3nl®n22n3-a2c2n2c2n3nl?n23n3+a2c2nlc2n3nln2®*n3+
a2 c2n2?n1* n3% - a2 c2nl c2n2 n1®n2n3? - a2 e¢2nl c2n2 nl1 n2®n3% + a2 c2n1? n24 n3? -
a2 c2n2c2n3nl?n2n3®-a2c2nlc2n3nln2?n3®+a2c2n2?2n1?n3* +a2c2nl c2n2 nl n2

n3*+a2c2n1?n2?n3?-a2n1?n2?n3?py2+cin3nl*n22n3rl+cln3nl?n2'n3rl+

cln2nl*n2n3?rl-clninl1®n2?2n3%rl-cln2nl?n2°n3?rl+clnlnln2*n3?ril-
cln3nl?n2?n3®rl+cln2nl?n2n3*rl +clnlnln2?n3*rl-c2n3nl*n2?n3r2-
c2n3nl1?n2*n3r2-c2n2nl1*n2n3?r2+c2n1ni1®>n22n3?r2+c2n2nl?n2°n3?r2-
c2nlnln2?n3?r2+c2n3n1?n2?2n3r2-c2n2n1?n2n3*r2-c2nlnln2?n3! r2) ’

3 (—aZ2 c2n3?n1* n2? - a2?2 c2n3?n1?n2* - a2?2c2n2c2n3nl®*n2n3 +

53 (c1n32 n1* n2% - c2n3? n1* n2? + ¢1n3?n1? n2* - c2n3%? n1? n2* +

nl° n2°n3

cln2 cln3nl®n2n3-c2n2c2n3nl*n2n3-cilnlcin3nl®n2?2n3+

c2nl c2n3nl®n22n3-cln2cln3nl?n2®n3+c2n2c2n3nl?n23n3 +

clnl cln3 nln2*n3-c2nlc2n3nln2®n3+cln2?nl®n3?-c2n22n1*n3?-
clnlcln2nl®n2n3?2+c2nlc2n2nl®n2n3?-clnlcln2nln23n3?+

c2nl c2n2nl n2®n3?+clnl?n2?n3?-c2n1?n2*n3? -cln2 cln3 nl?n2n3d+
c2n2 c2n3nl?n2n3®-clnl cln3 nl n2?n3%+c2nl c2n3nl n22n3’ +
cln2?2n1?n3*-c2n2?n1?n3* + clnl cln2 nl1 n2 n3* - c2nl c2n2 nl n2 n3% +

cln1? n2? n3* - ¢2n1® n2? n3* + n1% n2? n3% pY1 + n1° n2? n3® pv2) }
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Factor [Solve [{

1 3
d= - —— a2
n13 n23 n33
(a22 c2n3? n1? n2? + a22 ¢2n2 c¢2n3 n1? n2 n3 + a2? c2nl c2n3 n1 n2%n3 +
a22 c2n2?2n1?2n3%2 + a2?2 c2nl1 c2n2 nl1 n2 n3% + a2?2 ¢c2n1? n22 n3%2 -
5a2c2n3n12n22n3r2-5a2c2n2n1?n2n3?2r2-5a2c2nlnln2?n3?r2+
10 n12 n22 n32 r22) ,
1
=-————— 5a2?
n13 n23 n33
(a22 c2n3? n1? n2? + a22 c¢2n2 c¢2n3 n1?n2 n3 + a2? c2nl c2n3 n1 n2%n3 +
a22 c2n2?n1?2n32 + a22 c2nl1 c2n2 nl1 n2 n3% + a22 ¢c2n1? n22 n3%2 -
4a2c2n3n1?n2?2n3r2-4a2c2n2n1’?n2n3?r2-4a2c2nlnin2?2n3?r2+
6 n12 n22 n3? r22) ,
1
== - —— 10 a2
n13n23n33
(a22 c2n3?n1?n2? + a22 c2n2 c¢2n3 n1?n2 n3 + a2? c2nl c2n3 n1 n22n3 +
a2? c2n22n12 n3% + a2? c2nl c2n2 nl1 n2 n32 + a22 c2n12 n22 n32 -
3a2c2n3n1?n2?2n3r2-3a2c2n2n1?n2n3?r2-3a2c2nln1in2?2n3?r2+
3n1? n2? n3? r2?)

}, {d, c2nl, cznz}”

->-———, c2nl > - ’
nln2n3 2 a2?n3?

H a2’ r2? a2’c2n3nln3-3a2nln3’*r2++/3 \/—a22n12 n3? (a2 c2n3 -n3r2)?

n2 (a22 c2n3nln3-3a2nln3?r2-+/3 \/—a22 n1? n3? (a2 c2n3 -n3r2)? )

c2n2 - - }I
2 a2? nl n3?
a2’ r2? a2?2c2n3nln3-3a2nln3?r2-+/3 \/—a22 nl?n3? (a2 c2n3 -n3r2)?
{ - - ———, c2nl - - ,
nln2n3 2 a22n3?

n2 [a22c2n3nln3-3a2nln3?r2++3 \/—a22 n1?n3? (a2 c2n3 -n3r2)? )

c2n2 - - }}
2 a2? nl n3?

(******************************
As in Case B, the solution cannot be complex thus (a2 c2n3-n3 r2)== 0

******************************)
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Factor [Solve [{

1
d=-——— 323
nl13 n23 n33
(a22 c2n32n1? n2? + a2? ¢2n2 c2n3 n1? n2 n3 + a2%2 c2nl c2n3 n1 n2? n3 +
a22 c2n22n1?n3? + a22 ¢2nl1 c2n2 nl1 n2 n32 + a22 c2n1?2 n22 n32 -
5a2c2n3n1’n2?n3r2-5a2c2n2n1?n2n3?r2-5a2c2nlnln2?n3?r2+
10 n12 n22 n32 r22) ,
0= - __t 5a2?
nl13 n23 n33
(a22 c2n32n12 n2? + a22 ¢2n2 c2n3 n1?2 n2 n3 + a22 c2nl c2n3 n1 n2?n3 +
a2? c2n2?2 n12 n32% + a2% c2nl ¢2n2 n1 n2 n32 + a2? c2n1?2 n2%2 n3? -
4a2c2n3n1?n22n3r2-4a2c2n2nl?n2n32r2-4a2c2ninin22n3?r2+
6 n12 n22 n32 r22) ,
1
0= -————10a2
nl13 n23 n33
(a22 c2n32n12 n2? + a22 ¢2n2 c2n3 n1?2n2 n3 + a22 c2nl c2n3 n1 n22n3 +
a22 c2n22n1?2 n3? + a2? c2nl1 c2n2 n1 n2 n3% + a22 c2n12 n22 n3? -
3a2c2n3n12n22n3r2-3a2c2n2n1?2n2n32r2-3a2c2nlin1in22n3?2r2+
3 n12 n22 n3? r22) ,
0 == a2c2n3 -n3 r2
}, {d, c2nl, c2n2, c2n3}]]

a2’ r2? nlr2 n2 r2 n3r2
Hde—i, c2nl - , €2n2 - , €2n3 > }}
nln2n3 a2 a2 a2

Factor [Solve [{

a23 r2? nl r2 n2 r2 n3 r2
== = —————, c2nl == ; €2n2 = , €2n3 = , pY2 = -3,
nln2n3 a2 a2 a2
p d ==
1 2 2 14 _+2 2 2 12 _ 4 2 4
- —a2 (a2 c2n3“nl* n2° + a2 c2n3“nl“n2* + a2“ c2n2 c2n3 nl* n2 n3 -

nl13 n23 n33
a2? c2nl c2n3 n1® n2% n3 - a2%2 c2n2 c2n3 n1?2 n23 n3 + a22 c2nl c2n3 n1 n2* n3 +
a22 c2n22n1*n3?-a22c2nl c2n2nl1®n2n32-a2%2c2nl c2n2nln23n3?+
a22 c2n1?2 n2* n32% - a22 c2n2 c2n3 n12 n2 n33% - a2%2 c2nl1 c2n3 n1 n22 n33% +
a22 c2n22n1?2 n3* + a2? c2nl c2n2 nl n2 n3* + a22 c2n12 n22 n3* - a22 n12 n22 n3% py2 -
3a2c2n3nl1*n22n3r2-3a2c2n3nl?n2*n3r2-3a2c2n2n1*n2n3?r2+
3a2c2n1n1®n2?2n32r2+3a2c2n2n1?n23n32r2-3a2c2nlnln2*n3?r2+
3a2c2n3n12n2?2n33r2-3a2c2n2n12n2n3*r2-3a2c2ninln22n3*r2+
3n1% n2? n3% r2? + 3 n1% n2* n3% r2? + 3 n1% n2% n3* r2?)

}, {p, d, c2nl, c2n2, c2n3, pYZ}]]

4

3a2%2+n1%r2?+n22r2%+n3?r2?
{{e-
a2? r2?
a2’ r2? nlr2 n2 r2

, c2nl > , €2n2 -

- , c2n3 >
nln2n3 a2 a2

d-

2 , pY2 - —3}}



Computations for Theorem D.
The case where the fixed points are Y* U Z? U P°.

Computations for Lemma 6.5.
The case where the action is semi-free.

(******************************
NOTATIONS
rY xY denotes the restriction of x to ¥
rZ xZ denotes the restriction of x to 2
aZ denotes the Hopf weight at Z
aP denotes the Hopf weight at P

cYj xYJ denotes the j-th Chern class of the normal bundle of Y
czl xZ denotes the first Chern class of the normal bundle of Z
pux5Y denotes the local datum of x° at Y
ux5z denotes the local datum of x° at Z
ux5P denotes the local datum of x° at P

We use the variable t to extract the coefficient of order 2 of xY and
of order 1 of xZ. We then evaluate xY¥? and xZ to 1.

The orientation of the point P is -1, this explains the negative sign.
Once evaluated, we extract all the coefficients in 1 into a list.
******************************)

ux5Y =
Factor[CoefficientList|

Coefficient[Expand[(rYth.+ lz)ﬂ
Series[(cy2xv?t?®z+ c¥lxvtz?+ 23)7%, (x¥, 0, 2}], t, 2], 1]] /. x¥*2 > 1

{o, 0, 0, 10 rY?, -5cYlry, cY12-cY2}

ux5z =
CoefficientList[
Coefficient[Expand[(rz xZt + (aZ +1) z)5] Series[(ch xZt + z) Y, {xz, 0, 1}] z73,
t, 1], 1] /7. %2 > 1

{—azch1+-5aZ4rZ, -5az*czl+20az’rz,
-10az3®czl1+30a%%rz, -10az?czl +20azr%, -5azczl +5rz, —ch}

ux5P:=CoefficientList[Expand[—((aP4—1)z)s]z's,1]

{-aP®, -5aP*, -10 aP?, -10 aP?, -5aP, -1}

(******************************

NOTATIONS

uslx3Y denotes the local datum of pl(X)x? at ¥

uslx3Z denotes the local datum of pl(X)x® at 2

uslx3P denotes the local datum of pl(X)x3 at P
******************************)

SymmetricReduction[(le't +2)2+ (yY2t+ z)2+ (y¥3t+ 2)2, {y¥Yl, y¥2, y¥3},
{e¥1xy, cv2xv?, c¥3x¥’}]

{eY1? €2 xv? -2 cv2t? x¥* + 2cYl £ xY z + 3 2%, 0}
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uslx3Y =
Factor[CoefficientList|

Coefficient[(le t2+ c¥12e2xy?-2c¥2t2x¥2+2c¥1ltx¥z+3 zz)
Expand[(rYth + 1z)3] Series[(cYZ x¥2t%2z+ cYlxv tz?+ z3)'1, {x¥, O, 2}], t, 2],
1]] 7. x¥x"2 > 1

{0, 9rY2, -3cYlry, 2cY12—5cY2+pY1}

uslx3z =
CoefficientList[

Coefficient[((czl xZt+2z)2+ 3 zz) Expand[(rz XZt + (aZ + 1) z)3]
Series[(ch xZt + 2z)° Y, {xz, 0, 1}] z73, ¢, 1], 1] /.%xZ » 1

{72 azlczl +12az%rz, -6az’czl +24azr%, -6aZczl+12r%, -2 cz1}

uslx3P = CoefficientList[—S z? Expand[ ((aP +1) z) 3] z7%, l]

{-5aP®, -15aP?, -15aP, -5}

SymmetricReduction[Expand[ (y¥lt+ z)*+ (y¥2t+ z)*+ (y¥3t+ z)*], {y¥l, y¥2, y¥3},
{cYlx¥, c¥2xY"2, c¥3 xY¥"3}]

{ch“ txY* -4 cYl?cey2tixyt +2cv22tt k¥  +4cYley3tixyt v 4 Y133y -
12cYley2 £3x¥’ z+ 12c¥3 £ xY% z + 6 cY1? £ x¥* 2° - 12 cY2 £? x¥? 2* + 4 cY1 £ xY 2° + 3 2%, 0}

us2xY =
Factor[CoefficientList[

Coefficient[(G c¥1? £2xv?2 22 - 12 cY2 t? x¥2 2% + 4 cY1 t XY z3+3z4) (r¥YxY¥t + 12z)
Series[(cYZsztzz+ cYlxytz?+ z3)'1, {xy¥, O, 2}], t, 2], 1]] /. xXY*2 51

{ch ryY, 5 (ch2 -3 cYZ) }

US2xZ =
CoefficientList[

Coefficient|((cZlxzt+z)*+ 32z*%) (rz2xZt + (az+ 1) z)
Series[(czl xZt + z)Y, {xz, 0, 1}] z73, t, 1], 1, 2] /.xZ -1

{4drz, 0}

US2xP = CoefficientList[—S z* ((aP+1) z) 275, 1]

{-5aP, -5}

Factor[ux5Y + pux5Z + px5P]

{—aPS—aZ5 czl+5az*rz, -5 (aP4+aZ4 czl -4 az’ rZ), -10 (aP3+aZ3 cZ1 - 3 az? rz),
-10 (aP2+aZ2 czl-rY?-2az rZ>, -5 (aP+aZzczZl +cYlrY-r2Z), —1+cY12—cY2—cZ1}

Factor[us1x3Y + ps1lx3Z + us1lx3P]

{—5 aP?®-2az3czl1 +12 aZZrZ, -3 <5aP2+2aZ2cZ1—3rY2—8aZ rZ),
-3 (5aP+2azczl+cYlrY-4rz), -5+2cYl?-5¢cY2-2czl +pYl}
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Factor [us2xY + us2xZ + ps2xP]

{-5aP+cY¥lrY+4rz, 5 (-1+cYl®-3cy2)}

Solve[{
(******************************
The following equations are given respectively by the above computations of x°,
pl(X)x3® and s2(X)x locally
******************************)
0= -1+c¥1%-cv2-c21,
= -5+2c¥12-5¢c¥2-2czl +p¥l,
=5 (—1+cY12—3cY2),
pY1l == 3
}l

{cY1l, c¥2, cz1, le}]

{{cY¥l > -1, c¥2 50, cZ1 >0, p¥l >3}, {cYl 51, c¥2 >0, cZ1 >0, pYl > 3}}

Solve[{
0= -1+c¥1%-cv2-c21,
= -5+2c¥12-5c¥2-2czl +p¥l,
= 5 (-1+cv1?-3cv2),
pY1l == 3,
(******************************
The following equations are given by the above computations of x
******************************)
d = -aP®-az’czl+5az* rz,
== —5(aP4+az4cz1-4az3rz),
= -10 (aP3 +az3cz1 -3 az? rz) ’
0= -10 (aP? + az? cz1 - rv? - 2 az rz),
= -5 (aP+aZcZl +c¥lrY-rz),
(******************************
The following equations are given by the above computations of pl(X)x
******************************)
= -3 (5ap?+2az?cz1-3rv?-8azrz),
== -3 (5aP+2aZcZl +cY¥YlrY-4rz)
}l

{4, aP, rY¥, rZ, cY1l, cY2, cZ1, le}]

5 locally

3 locally

{{d-0, aP-»0, rY-0, rZ2-0, c¥Yl->-1, cY2 50, cZl >0, pYl > 3},
{d-»0, aP->0, rY>0, rz->0, cYl>1, c¥Y2-50, cz21 >0, pYl-> 3}}
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Computations for Lemma 6.10.
The case where there exists N° s.t. Fix (N) = Y*U Z2 U P°.

Case A.l.i where the other normal weights are trivial.

(******************************
NOTATIONS
rY xY denotes the restriction of x to ¥
rZ xZ denotes the restriction of x to Z
aZ denotes the Hopf weight at Z
aP denotes the Hopf weight at P
cY¥nl xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cZnl xZ denotes the first Chern class of the normal bundle of Z in the
direction of N
cYj x¥J denotes the j-th Chern class of the normal bundle of Y in the
remaining directions
czl xZ denotes the first Chern class of the normal bundle of Z in the
remaining directions
ux5YAli denotes the local datum of x° at Y
ux5ZAli denotes the local datum of x° at 2
ux5PAli denotes the local datum of x° at P

We use the variable t to extract the coefficient of order 2 of xY and
of order 1 of xZ. We then evaluate xY¥? and xZ to 1.

The orientation of the point P is -1, this explains the negative sign.
Once evaluated, we extract all the coefficients in 1 into a list.
******************************)

ux5YAli =
Factor[CoefficientList|

Coefficient[Expand[(rY xYt +1 z)5] Series[(cYnl k¥t + nlz)?!, {x¥, 0, 2}]
Series[(c¥2 xv?t%+ cY¥lxYtz+ 2°)7, {x¥v, 0, 2}], t, 2], 1]] /. x¥* 51

0. 0. 0 10 ry? 5 (cY¥nl +cY¥lnl) r¥Y c¥nl?+cYlcYnlnl+cY1l?nl?-cy2nl?
{ tUCT nl? ' n13 }
SymmetricReduction[Expand[(yzlt + nlz) (yz2t + nlz)], {yzl, yz2},

{can XZ, cZn2 xzz}]

{cZnZ t2 %272 + cZnl nl t X2 z + nl? zz, 0}

ux52Ali =
CoefficientList[

Coefficient[Expand[(erzt + (az+—1)z)$
Series[(can nlt xZ z + nl? zz)'l, {xz, 0, 1}] Series[(czl xZt + z) Y, {xZ, 0, 1}] z7,
t, 1], 1] /.xZ > 1

{ az’®cZnl aZ’czl 5az®rz 5az‘cznl 5az*czl 20az’rz

- + r - - + r
ni13 nl? nl? nl3 nl? nl?
10 aZz3 cznl 10 az3czl 30 az?rz 10 az%2cznl 10 az?cZl 20aZrz
- - + r - - + ’
ni3 ni1? nil? ni3 ni1? nl?
5aZ czZnl 5azczl 5rz cZnl ch}
_ _ + _ 2t
ni3 nil? n12 ' n13 nil?

ux5PAli =CoefficientList[Expand[—((aP4—1)z)5](nlz)'3(z)'2,l]

14

n13’  n13 ' ni3 n13 '

{ ap’® 5 ap* 10 ap3 10 ap? 5 aP 1 }

a3’ ) ) IESEREYE)



Complex 5-dimensional complete intersection. Case 2.nb | 5

SymmetricReduction[Expand[ (yY¥2t + z)2+ (y¥3t + z)z] , {y¥2, y¥3}, {ch xY, cY2 sz}]

{chZ t2xy?-2cY2t?xY?+2cYltxYz+ 222, 0}

uslx3YAli =
Factor[CoefficientList|

Coefficient|

Expand[le 2+ (c¥nl xY t +nl z)2 + (ch2 t2 xy? - 2 cy2 t2 xY2+2cY1tsz+222)]
(r¥xY¥t + 1z)®Series[(c¥nlx¥Yt +nlz)™*, {x¥, 0, 2}]
Series[(cYZ xv2t2 4+ cYlxVYtz+ zz)'l, {x¥, 0, 2}], t, 2], 1]] /.x¥2 51

3 <2+n12> ry? 3 (—2 cYnl + cYnl nl? - cY1l n13) rY
{0, nl ! n12 !

2cYnl? + cY1?2nl1? -4 c¥2nl? -cYlcYnlnl®+cy1?nl? - cy2 nl® + n1? pyl }

nl3

8ymmetricReduction[Expand[ (vyZlt + n1z)2+ (y22t + nl z)2] , {vZzl, yz2},
{can XZ, cZn2 sz}]

{can2 t?2x2%-2czZn2t?x2%+2cZnlnl t xZ z + 2 nl? zz, 0}

uslx32Ali =
Factor[CoefficientList[

Coefficient[Expand[(Z czZnlnlt xZz+2nl? z2) + (CZ1xZ t + z)2+z2]
(rz2xZt + (aZz+1) z)3Series[(cZn1 nlt xZ z + nl? zz)'l, {xz, 0, 1}]
Series|[(czlxzt + 2z)™', {x2, 0, 1}] 2%, ¢, 1], 1]] /. xz2>1

2 az? (aZ czZznl +aZczlnl®-3nlrz-3nl3 rZ)
{ nl3

4

6 az (aZ czZnl +aZczlnl®-2nl1rz-2nl3 rZ)

I
nl3

6 (aZ cznl +aZczlnl®-nlrZ-ni3 rZ) 2 (can +czl n13)

n1? T n13 }
uslx3PAli =
. . 2 2 2 2 2 3
Factor[CoeffJ.CJ.entLJ.st[((n1 z)“+ (n1z)°+ (n1z)“+2°+z ) Expand[— ((aP +1) z) ]
(n1z)7 (z)72, 1]]

aP? (2 +3n1?) 3ap? (2+3n1?) 3aP (2+3n1?) 2 +3n12
{_ nl3 " nl3 " nl3 YE }
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ux5YAli + ux52ZA1i + ux5PAli

{ aP® aZz®cZnl azZ’cZl 5az‘rz 5aP?* 5az*czZznl 5aZz‘czl 20az3rz

- - - + r - - - + r
nl3 nl3 nl1? nl? nl3 nl3 nl1? nl1?
10 aP® 10aZ3czZznl 10az3czl 30az’rz

_ _ _ + ,

nl3 nl13 nl? nl?
10 aP? 10aZ?czZznl 10az’®czl 10rY?> 20azZrz
- - - + +
ni3 nl3 nl? nl niz '
5aP 5aZcZnl 5aZcZl 5 (c¥nl+cYlnl)rY 5riZ

_ _ _ _ N ,
ni13 nl3 nl? nl? nl1?

1 czZznl c¢Zl1 «c¥Ynl?+cY1lcYnlnl +cY1?nl? - cY2 nl? }

- — - +
nl3 nl3 nl? nl3

uslx3YAli + uslx3ZAli + uslx3PAli

ap3 (2 +3 nlz) 2 az? <aZ czZnl +aZczlnl®-3nlrz-3nls rZ)

4

{ nl3 nl3
3 aP? (2+3n12> 3 (2+n12) ry? 6az (aZcan+aZcZ1n13—2n1rZ—2n13rZ>
_ 4 _
ni3 nl nid

3 aP (2+3n12) 3 (-2 cYnl + cYnl nl? - cY1 n13) ry
_ N _

4

ni3 nl?
6 (aZ cznl +aZczlnl®-nlrz-ni1d rZ) 2.+3n12 2 (can +czl n13)
- - +
n13 ' n13 ni13
2cYnl? + cY1?nl1? - 4 cY2nl? - cY¥lcYnl nl® + cY¥1%?nl* - cY2 nl1? + n1? le}
n13

Factor [Solve [{

(******************************

5

The following equations are given by the above computations of x° locally

******************************)

aP® aZ’cZnl aZ’cZzl 5az*rz

= - — - - + ,
n13 n13 n1? n1?

0 5aP?* 5az’cznl 5az*czl 20az3rz
T a1r nl3 YT ' n1z2

0 10ap?® 10az3cznl 10az3czl 30az?rz
T oa1d n13 ) nl? ' n1z2

0 10aP? 10az?cznl 10az2czl 10rv? 20aZrz
T a1r nl3 ) n1? * nl ' niz2

(******************************
The following equations are given by the Lemma 6.8
eZN denotes the orientation of Z in N

******************************)

3apP? 3rv? 3azezN (aZczZnl-2nlr3z)

== - + - ’
n13 nl n13
3aP 3c¥nlrY 3eZN (aZczZnl-nlr3z)
0 = - — - v
n13 n1? n13
1 cYn12 cZnl eZN
0= -—+ - ,
ni3 n13 ni3

eZN2 = 1

}

{d, c¢Znl, c¥nl, cz21, rz, rY, aP, eZN}]]



{{d»o, cznl -0,

{d->0, cZnl >0,
{d-0, cZnl >0,
{d-0, cZnl >0,

72 az’®
{de P cZnl
nl

72 az’®
{de 3 cZnl
nl
4 az®

nl

Complex 5-dimensional complete intersection. Case 2.nb | 7

cYnl-»>-1, ¢c21-50, rZ2-0, rY>0, aPp> 0, eZN-> -1},

c¥nl»>1, ¢cz21-50, r2->0, r¥Y->0, aPp->0, eZN-> -1},
c¥nl »-1, ¢c2z1-50, r2-0, r¥Y-0, abp->0, eZN-> 1},
cYnl-»>1, cz1-0, rZ2-0, rY->0, aP-> 0, eZN-> 1},

24 az 6 az
- 80, c¥nl >9, cz1-50, rzZz > , Y > — ,aPe—ZaZ,eZNel},
nl nl
24 az 6 az
580, cYnl > -9, c21 50, rZ - , rY > ,aPe—2aZ,eZN+1},
nl nl
6 2a 2 az
{da -——, ¢cZnl->1, ¢c¥n1 50, c21 > —, rZ2»> ——, r¥Y>-——, aP > -aZz, eZNafl},
3 n nl nl
4 az’ 6 2 az 2 az
{de —5 cZznl->1, ¢c¥Ynl >0, c21 > —, rzZ > —1, rY - , aP > -az, eZNe—l},
n n

nl

{d-0, ¢cZnl » -1, c¥nl1 -0, c21 >0, rz->0, rY-0, aP > aZ, eZN- 1},

{deo, cZnl > 1,

2
cYnl - 0, cZ1—>——1, rZ-0, rY-> 0, aP - az, eZN—>—1},
n

2i (1++/7) az® 1 1
{d% ( ) ,cane—(1+3i\/7—>,cYnl%7(3—i\/7_>,
nl13 2 2
11+1+/7 3+1+/7) az 2 az 1
ch»i,rZeg,rYg, a ,aP»—(l—i\/T)aZ,eZNe—l},
nl nl nil 2
21 Jl+\/7— az’® 1 1
{de ( ) ,cZnl > — (1+31i+/7), c¥nl> —i (3i++/7),
ni13 2 5
11+1+/7 3+i+/7) az 2 az 1
CZI_)L\/_’rzég’rY%i'aP%_(l—j—\/T>aZ,eZNe—l},
nl nl ni P
21 (-1++/7) az’® 1 1
{d%, ( ) ,cZnl> = (1-31i+/7), c¥nl> = (3+1+/7),
nl3 2 2
11-1i+/7 3-1+/7) az 2 az 1
ch»i,rZag,rYa, a ,aP%*(1+1'l\/7_)aZ,eZNe71},
nl nl nil 2
21 —J'l+\/7— azs 1 1
{de_ < ) ,cana—(1—3]1\/7_>,CY111%——11<—3]1+\/7—>,
ni3 2 5
11-1+/7 3-1+/7) az 2 az 1
cheé\F,rZ9< ) , Y > a ,aP95(1+i\/7_)aZ,eZN»—l}}

nl
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Factor[Solve[{
(******************************
Since there are many solutions to the above system of equations, we simply
copy it instead of copying the solutions and compute in each of the cases

5

The following equations are given by the above computations of x° locally.

******************************)

aP®> aZ®cznl aZ’czl 5azrz

= - — - - + ,
n13 n13 nl1? n12
5aP?* 5az*czZznl 5aZ‘czl 20az3rz
== - — — +
n13 n13 n1? ni1? !
10ar® 10az®cznl 10az3czl 30az?rz
) — - +
ni3 n13 n1? n1? !
10aP? 10az?cznl 10az?czl 10ry? 20aZrz
= - - - + + ,
n13 n13 n1? nl n1?

(******************************

The following equations are given by the Lemma 7.8

eZN denotes the orientation of Z in N
******************************)

3ar? 3ry? 3azezN (aZczZnl-2nlrz)
== - + -
nl3 nl nl3 !

3aP 3cY¥nlrY 3eZN (aZcznl-nlrZ)

4

nl13 nl? nl13
1 c¥nl? cZnl ezZN
BT ' n1®  n13
ezZN? = 1,

(******************************

3

The following equations are given by the above computations of pl(X)x® locally

******************************)

ap? (2 +3 n12) 2 az? (az czZnl +aZ czlnl?® -3 nlrz-3nl3 rz)

pd == -
n13 n13

}, {p, 4, c¥nl, czZnl, czl, rz, rY, aP, eZN}]]
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{{d»o, cYnl - -1, c¢Znl >0, cZ1 >0, rZ -0, r¥ >0, aP >0, eZN - -1},

{d-0, c¥nl>1, ¢cZnl >0, c21 >0, r2->0, ry>0, aP->0, eZN-> -1},
{d-0, c¥nl>-1, ¢cZnl >0, c21 >0, rz->0, rY-0, ap->0, eZN-> 1},
{d-0, c¥nl->1, ¢cZnl >0, c21 -0, r2-0, rY>0, aP-> 0, eZN-> 1},

7 n1? 72 az’ 24 agz
{ >

, d— , ¢c¥nl -9, ¢zZnl - 80, c21 >0, rZ >
3 az? nl3 nl

6 az

7 nl? 72 az’®
,aPa—2aZ,eZN+1},{pe , d-> , ¢¥nl > -9,
3 az? nl13

4 az 6 az
, Y >
nl nl

3 (4 +n1?) 4 az’ 6 2 az
o et

rY - -

nl

cZznl - 80, cZ1 -0, rZ - ,aPa—ZaZ,eZNel},

,d»> —, ¢c¥nl >0, ¢cZnl~>1, cZl > —, rz > ,
4 az? ni13 nl nl

3 (4+n12) 4 azs

, aP > -aZz, eZNe—l}, {pa _——,d>
4 az? n13

2 az
rY -» -

nl

6 2 az 2 az
cZznl>1, czl > —, rz > , rY -
nl nl nl

~4-121+/7 +7n1?2-31+/7 n1? 2i (1+4/7) az® 1
{pa - e S BN ( ) ,e¥nl - = (3-1+/7),
8 az? nl3 2

11+1+/7 (3+1+7) az 2 az
_ %2> ———— Y > - ,
nl nl nl

-4-121+/7 +7n1%2-31+/7 n1?
4

8 az?

, aP > -az, eZNe—l},

1
caneE(1+3i\/77>,cZ19

aPe%(l—i\/7—> az, eZNe—l}, {pe

21 (1++/7) az® 1 1
d- ( ) ,c¥nl> — i (31++/7 ), cznl> = (1+31+/7),
nl3 2 2
11+ /7 3+1+/7) az 2 az 1
cZ1+£,rZa¥,rY+ a ,aPef(l—Jix/7)aZ,eZN+—l},
nl nl nl 2
441217 +7n12+31+/7 nl? 21 (-1i++/7) az® 1
{pe i ]1\/—+ neroa - , d— - ( ) ,cYnle—(3+i\/7),
8 az? nl3 2
1 11-1+/7 3-1+/7) az 2 az
can»—(1—3j\ﬁ>,cZ1»$,rZe¥,rY»— a ,
2 nl nl nl
1 -4 +1214/7 +7n1%2+31+/7 nl?
aP»7(1+j\/7_>aZ,eZN%71},{pa il rineret 1 ,
2 8 az?
21 (-1++7) az® 1 1
do - ( ) ,c¥nl>-—i (-3i++/7), cznl> = (1-3i+/7),
nl3 2 2
11-1+/7 3-1+/7) az 2 az 1
ch»i,rZag,rYai, aP%—(l+jw/7)aZ, eZNefl}}
nl nl nl 2
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Computations for Lemma 6.10.
The case where there exists N° s.t. Fix (N) = Y*U Z2 U P°.

Case A.l.ii where there exists M (not contained in N) containing Z and P.

(******************************
NOTATIONS
rY xY denotes the restriction of x to ¥
rZ xZ denotes the restriction of x to Z
aZ denotes the Hopf weight at Z
aP denotes the Hopf weight at P
cZn2 xZ denotes the first Chern class of the normal bundle of Z in the
direction of M
cZnl xZ denotes the first Chern class of the normal bundle of Z in the
direction of N
czl xZ denotes the first Chern class of the normal bundle of Z in the
remaining directions
cY¥nl xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cYj xYJ denotes the j-th Chern class of the normal bundle of Y in the
remaining directions
ux5YAlii denotes the local datum of x° at Y
pux5zZAlii denotes the local datum of x° at 2
ux5PAlii denotes the local datum of x° at P

We use the variable t to extract the coefficient of order 2 of xY and
of order 1 of xZ. We then evaluate xY¥? and xZ to 1.

The orientation of the point P is -1, this explains the negative sign.
Once evaluated, we extract all the coefficients in 1 into a list.

******************************)

ux5YAlii =
Factor[CoefficientList[
Coefficient[Expand[(rY x¥Yt + 1 z)5] Series[(cYnl x¥t + nl z)'l, {x¥, O, 2}]
Series[(cYZ x¥2t%2+ cY¥YlxYtz+ zz)'l, {xY, O, 2}], t, 2], 1]] /.x¥2 51

10 ry? 5 (c¥nl +cY¥lnl) r¥Y c¥Ynl?+cYlcYnlnl+cY1?nl?-cy2nl?

{0,000, =2, - e , T }

SymmetricReduction[Expand[(yzlt + nlz) (yz2t + nlz)], {yzl, yz2},
{canxZ,cZanxzz}]

{cZan t2 %72 + cZnl nl t X% z + nl? 22, 0}

ux52zAl1ii =
CoefficientList[
Coefficient [Expand[(rZxZt + (azZ+1) z)°]
Series[(can nlt xZ z + nl? zz)'l, {xz, 0, 1}] Series[(cZnZ xZt + n2z) !, {xz, 0, 1}]
Series|[(czlxzt + z)™%, {x2Z, 0, 1}], £, 1], 1] /. %2> 1

{ az’®czZn2 aZ’czZnl aZz’czl 5azirz 5az%czn2 5az*czZznl 5aZ‘czl 20az3rz
- - - + - - - +

nl? n2? nl3n2 nl? n2 ni?n2 nl? n2? nl3 n2 nl? n2 nl? n2
10 az3czn2 10aZ3czZznl 10az3czl 30az’rz
- - - +
nl? n22 nl3n2 nl? n2 nl? n2
10 aZz2czn2 10 azZ?cznl 10azZ?czl 20azriz
- - - +
nl? n2? nl3n2 nl? n2 ni?n2
5az czZn2 5az ciZnl 5azczl 5rz cZn2 cznl cZl
_ _ _ . , - _ _ }
nl? n2? nl3 n2 nl? n2 nl? n2 nl?n2? nl13n2 nl?n2
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ux5PAlii = CoefficientList [Expand[- ((aP+1) z)°] (nlz)™® (n2z)7?, 1]

{ ap® 5 aP* 10 aP3 10 aP? 5 aP 1 }

n13n22’ n1°n22’ n13n22" n13n22’ n1®n2?2’ n1®n22

SymmetricReduction[Expand[ (y¥2t + z)2+ (y¥3t + z)z] , {y¥2, y¥3}, {ch XY, cY2 sz}]

fe¥1? £? xv? -2 cv2t? x¥* + 2cY1 £ XY z + 2 27, 0}

uslx3YAlii =
Factor[CoefficientList[

Coefficient[

Expand[le 2+ (c¥nl xY t +nl z)2 + (ch2 t2xy%2-2cy2t? xY2+2cY1tsz+2z2)]
(ryxY t + lz)3Series[(cYn1 kYt +nlz)!, {xv, 0, 2}]
Series|(cv2xv?t?+ c¥lxvtz+ z?)7%, {x¥, 0, 2}], t, 2], 1]] /. x¥* > 1

3 (2+n12) ry? 3 (—2 cyYnl + cYnl nl? - cY1l n13) ry

[o, — ' — ,
2c¥Ynl? +cY1?nl? - 4 c¥2nl1? - cYl cynlnl3 + cY¥1? n1? - cY¥2 n1? + n1? pY1l }
n13

SymmetricReduction[Expand[ (y2lt + n1z)2+ (y22t + nl z)z] , {vzl, yz2},
{can XZ, cz2n2 xzz}]

{—2 cz2n2 t? x2% + czZnl1? t? x2% + 2 cZnl nl t xZ z + 2 n1? zz, O}

uslx3zAlii =
Factor[CoefficientList[

Coefficient[Expand[(Z czZnlnl t xZ z + 2 nl? zz) +(cZn2xZ2t +n2z)%2+ (cZlxzt + z)2]
(rzxZt + (az+1) z)3Series[(cZn1 nlt xz z +nl? zz)'l, {xz, 0, 1}]
Series[(cZnZ xZt + n2z) Y, {xz, 0, 1}] Series[(czl xZt + z)° Y, {xZ, 0, 1}], t, 1],
1]] 7-xz>1

{ 1
nl3n22
az? (aZ czZn2nl +2aZcZn2nl®+aZcZnln2-aZcZlnln2+2aZczlnl®n2-a%czn2nln2?+
azZzczZnln2®+azcZ2lnln2®-3n1ln2rz-6n1®n2rz-3n1n23rz ’
1
- ﬁ3 az (aZ cZn2nl +2aZczn2nl®+azcZnln2-aZzczZlnln2+2a%cZlnl®n2-
nl’ n2
aZczn2nln2?+azcznln2®+aZcZlnln2®-2n1n2rZ-4n1®n2rz-2nln23 rZ) ,
1
- ﬁ‘?’ (aZ czZn2nl+2aZczZzn2nl®+aZcZnln2-aZzcZlnln2+2a%Zczlnl®n2-
nl® n2
aZczZn2nln2?+azZcznln2’®+azczlnln2®-nln2rz-2n1n2rz-nln2? rZ) ’

czn2nl+2czn2nld®+czZznln2-cZlnln2+2czZlnl®n2-czZn2nln2?+cznln2’+czlnln23 }

nl3n2?
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uslx3PAlii =
Factor[CoefficientList[((nlz)?+ (nlz)?+ (nlz)?+ (n2z)%+ (n22)?)
Expand[- ((aP+1) z)°] (nlz)™® (n22z)7%, 1]]

aP® (3n1? + 2 n2?) 3ap? (3nl? + 2n2?) 3aP (3nl?+2n2?) 3n1?+2n2?

4 14 14

{ nl3n22 nl3n2? nl3n2? nl3 n22 }

ux5YAlii + px52ZA1ii + ux5PAlii

ap® az®czZzn2 az’cznl aZ’cZl 5az‘rz
{_ n1®n22  n1?n2?2  nl®n2  nl2n2 " nl?n2
5 ap* 5az*czn2 5az*czZnl 5az*czl 20az’rz
nl3 n2? nl1? n2? n13n2 nl?n2 " nl? n2
10aP® 10az3®czn2 10az®cznl 10az3czl 30az’rz
"n1®n22 n1?n2?  nldn2 "~ nl2n2 " nl? n2
10aP? 10az%?czn2 10azZ’cznl 10aZ?czl 10rY? 20aZrZ
" n1®n2?  nl’?n22  nl’n2 © nl?n2 " nl " ni?n2
5 aP 5aZcZn2 5azZcZnl 5aZcZl 5 (c¥nl+cY¥lnl) rryY 5rZ
_ _ _ _ _ + ,
nl13 n2? nl? n2? nl3 n2 nl? n2 nl? nl? n2
cYnl? + cY1l c¥nl nl + cY1? n1? - cY2 n1? 1 cZn2 czZnl czl
nl3 " n1%n22 nl12n2?2 nl®n2 nl2 nz}

uslx3YAlii + us1lx3ZAlii + uslx3PAlii

aP?® (3n1?+2n2?) 1

{ nl3n2? nl3 n2?
az? (az czZn2nl +2aZczZn2nl®+aZcZnln2-aZzcZlnln2+2a%Zczlnl®n2-
aZczZzn2nln2?+aZzcznln2®+azczlnln2®-3n1n2rz-6n1°n2rz-3nln2 rZ) ’

3aP? (3n1%?+2n2%) 3 (2+nl?) ry? 1
- +

n13 n2? nl " n1®n2?
3 az (aZ cZn2nl+2azczZzn2nl’®+azczZnln2-aZzczlnln2+2a%zczlnl®n2-
azZczZn2nln2?+aZzcznln2’+azczlnlin2®-2n1n2rz-4n1°n2rz-2nln23 rZ) ’
3 aP (3 n12+2n22) 3 (—2 cYnl + c¥nl nl? - cY1 n13) ry 1
_ n _
nl3 n2? nl? nl13 n2?
3 (aZ cZn2nl +2aZcZn2nl®+azczZnln2-aZcZlnln2+2a%cZlnl®n2-azczn2nln2?+
3n1? + 2 n2?
nl3 n2?

czn2nl +2czn2nld+czZnln2-cZlnln2+2czZlnl®n2-czZzn2nln2?+cznln23+czlnln2?

azcznln2®+azczlnln2®-n1ln2rz-2n1®n2rz-n1n2’rz ’

nl3 n2?
2cYnl? + cY¥1?nl1? - 4 c¥2nl? - cYl c¥nl nl3 + cY1? n1* - cY2 n1* + n1? pY1l }

nl3
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Factor [Solve [{

(******************************

The following equations are given by the above computations of x>

locally

******************************)

4 ap’ az®czn2 az®cznl az5czl 5az'rz
"~ " n1%n2?  nl?n22  nl’*n2  nl’n2 * nl? n2
0 5 ap? 5az*czn2 5azcznl 5az*czl 20azdrz
T n13 n22 ) n12 n22 ) nl13 n2 ) n12 n2 * n1? n2 !
0 10ap® 10az3czn2 10az3cznl 10azdczl 30az?rz
"~ n1*n22  ni1?n22  nl®n2  nl?n2 ' ni2n2
10aP? 10az?czn2 10aZ?cznl 10az?czl 10r¥? 20aZrz
0= - - - - + + ,
nl3 n22 nl2 n22 n13 n2 nl2 n2 nl nl2 n2

(******************************
The following equations are given by Lemma 6.8

******************************)

3apP? 3rv? 3azeZN (aZczZnl-2nlr3z)

== - + - r

n13 nl n13
3aP 3cY¥nlrY 3eZN (aZcznl -nlr2z)

0 = - — - v
n13 n1? n13

1 cYn12 cZnl eZN

0= -— + - ,

ni13 n13 ni3

(******************************
The following equations are given by Lemma 6.7
******************************)
2 (aP ePM - aZ cZn2 eZM + eZM n2 r7)

- 14
n22

ePM - cZn2 eZM

n22

0 ==

}

{d, cZnl, cZn2, cZl1, c¥nl, rz, rYy, aP}]]

1 ePM
{{d» 0, cZnl > - ——, cZn2 > ——,
ezZN ezM

eZM eZN + ePM eZN nl - eZM n2
cZl > - , ¢¥nl > 0, rZeO,rYaO,aP»aZ}}

eZM eZNnl n2
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Computations for Lemma 6.10.

The case where there exists N® s.t. Fix (N) = Y*U Z2 U P° and
M*in N® s.t. Fix(M) = Z2 U P°

Case A.2.i where the other normal weights are trivial.

(******************************
NOTATIONS
rY xY denotes the restriction of x to Y
rZ xZ denotes the restriction of x to Z
aZ denotes the Hopf weight at Z
aP denotes the Hopf weight at P
czZnl2 xZ denotes the first Chern class of the normal bundle of Z in
the direction of M
cznl xZ denotes the first Chern class of the normal bundle of Z in the
remaining direction in N
czl xZ denotes the first Chern class of the normal bundle of Z in the
remaining directions
cY¥nl xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cYj x¥J denotes the j-th Chern class of the normal bundle of Y in the
remaining directions
px5YA2i denotes the local datum of x° at Y
ux5ZA2i denotes the local datum of x°> at 2
ux5PA2i denotes the local datum of x®> at P

We use the variable t to extract the coefficient of order 2 of xY and
of order 1 of xZ. We then evaluate xY? and xZ to 1.

The orientation of the point P is -1, this explains the negative sign.
Once evaluated, we extract all the coefficients in 1 into a list.
******************************)

ux5YA2i =
Factor[CoefficientList[

Coefficient[Expand[(rY xYt +1 z)5] Series[(cYnl xYt + nlz)?, {xv, 0, 2}]
Series[(cYZ x¥2t2+ cYlxVtz+ zz)'l, {xyY, O, 2}], t, 2], 1]] /.x¥2 51

10 ry? 5 (cYnl +cY1lnl) rY cYnl?+cYlcYnlnl+cY1?nl?-cy2nl?
{0,000, =2, - e , N }
ux5ZA2i =
CoefficientList|

Coefficient [Expand[(rZxZt + (aZ+1) z)°]| Series[(cznltxZ +nlz)™?, {x2, 0, 1}]
Series[(canZ xZt +nln2z)!, {xz, 0, 1}] Series[(ch xZt + z) !, {xz, 0, 1}] z71,
t, 1], 1] /.xZ > 1

5aztrz 5az*cznl2 5az*cznl 5az*czl 20az3rz

{ az® czZnl2 aZ’cznl aZz’czl

- + +
ni13 n2? nl3 n2 nl? n2 ni?n2 nl3 n2? nl3n2 nl? n2 ni?n2
10 az3cznl2 10aZ3cznl 10az3®czl 30az’rz
- - - +
nl3n2? nl3 n2 nl? n2 nl? n2
10 az? cznl2 10 aZ’czZnl 10a%?czl 20azZrz
- - - +
nl3n2? nl3n2 nl? n2 nl? n2
5aZ czZnl2 5az cZnl 5azczl 5rz czZnl2 cznl czl
_ _ _ . , - _ _ }
nl3 n2? nl3 n2 nl? n2 nl? n2 n13n2? n1®n2 nl?n2
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ux5PA2i = CoefficientList [Expand[- ((aP +1) z)°] (nlz)™ (nln2z)7? (z)7?, 1]

{ ap® 5 aP* 10 aP3 10 aP? 5 aP 1 }

n13n22’ n1°n22’ n13n22" n13n22’ n1®n2?2’ n1®n22

SymmetricReduction[Expand[ (y¥2t + z)2+ (y¥3t + z)z] , {y¥2, y¥3}, {ch XY, cY2 sz}]

fe¥1? £? xv? -2 cv2t? x¥* + 2cY1 £ XY z + 2 27, 0}

uslx3YA2i =
Factor[CoefficientList[

Coefficient[

Expand[le 2+ (c¥nl xY t +nl z)2 + (ch2 t2xy%2-2cy2t? xY2+2cY1tsz+2z2)]
(ryxY t + lz)3Series[(cYn1 kYt +nlz)!, {xv, 0, 2}]
Series|(cv2xv?t?+ c¥lxvtz+ z?)7%, {x¥, 0, 2}], t, 2], 1]] /. x¥* > 1

3 (2 + nlz) ry? 3 (—2 cyYnl + cYnl nl? - cY1l n13) ry
[o, — ' — ,

2c¥Ynl? +cY1?nl? - 4 c¥2nl1? - cYl cynlnl3 + cY¥1? n1? - cY¥2 n1? + n1? pY1l }

n13

uslx3zZA2i =
Factor[CoefficientList[

Coefficient[Expand[(can xZt +nlz)2+ (cZnl2xZt +nln2z)? + (cZlxZ2t + z)2 +z2]
(rZ2xZt + (aZ+1) z)3Series[(cZn1txZ +nl z)'l, {xz, O, 1}]
Series[(czZnl2xZt +nln2z)™!, {x%, 0, 1}] Series[(cz2lxzt + 2)™*, {xZ, 0, 1}] z7*,
t, 1], 1]] /. xz2>1

1
{nl?’ n22
az? (—2 az czZnl2 - aZczZnl2nl? -2 azczZnln2 +aZczZznlnl®?n2-azczZlnl®n2+a%cznl2nl?n2?-
azcznlnl?n23®-azczinl®n2®+6nln2rz+3n13n2rz+3n1®n23rz ’ ﬁ
nl°n

3 az (—2 aZ czZnl2 - aZcznl2nl?-2azcznln2 +aZczZnlnl®n2-aZzczlnl®n2+

az czZnl2nl?n2?-azcznlnl?n2®-azczlnl®n2®+4n1n2rz+2n13n2rz+2n13n2’3 rZ) ,

1

—3 (—2 aZ czZnl2 - aZcZnl2nl?-2aZcZnln2 +azczZnlnl?n2-azczlnld®n2+

nl3 n2?
azczZnl2nl?n2? - azcznlnl?n23-azcz1lnl®n23+2n1n2rz+nl1®>n2rz+nl1dn23 rZ) ’
1

S — (—2 cZnl2 - cznl2nl?-2czZnln2 +czZnlnl?n2 -cz1lnln2+

nl3 n22

cznl2 nl? n2? - ¢zZnl nl1? n23 - cz1 nl13 n23) }
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uslx3PA2i =
Factor[CoefficientList[((nlz)?+ (n1n2z)?+ (n1n2z)?+2%+2%) Expand[- ((aP +1) z)?]
(nl1z)™* (nln22z)? (2)?%, 1]]

{ aP?® (2 +nl?+2nl”n2?) 3ap? (2 +nl?+2nl?n2?)
nl3 n22 ! nl3n2? !
3aP (2+nl1?+2nl1?n2?) 2+n12+2n12n22}
nl3 n2? ! nl3 n2?
ux5YA2i + ux5ZA2i + ux5PA2i
{ ap’® az’cznl2 aZzZ’cznl az®czZl 5aZ‘rz
- - - - +
nl3n22 nl3 n2? nl3n2 nl? n2 nl? n2
5 ap* 5az%cznl2 5az*cznl 5az?czl 20az’rz
- - - - +
nl3 n22 nl3 n2? nl3n2 nl? n2 nl? n2
10 aP® 10az3czZnl2 10az3®cznl 10az3cZl 30azZ’rz
_ _ _ _ + ,
nl3 n22 nl3n2? nl3n2 nl? n2 nl? n2
10 aP? 10 az? cZnl2 10aZ%Z?czZznl 10aZ’czl 10rY?> 20azZrz
- - - - + +
nl13 n2? nl3 n2? nl3 n2 nl? n2 nl nl? n2
5 aP 5aZcZnl2 5aZcZnl 5aZcZl 5 (c¥nl+cYlnl) rryY 5rz
_ _ _ _ _ + ,
nl3n22 nl3n22 nl3n2 nl? n2 nl? nl? n2
cYnl? + cYl cYnl nl +cY1?nl? - cY2 n1? 1 cznl?2 cznl czl }
nl3 n1®n2? n13®n2? n1®n2 nl1?n2

uslx3YA2i + us1x3ZA2i + us1x3PA2i

ap3 (2+n12+2n12 n22) 1

- +
{ nl3 n22 nl3n22
az? (—2 az czZnl2 - aZczZnl2nl?-2aZcZnln2+azczZznlnl?n2-azczlnl®n2+

aZcznl2nl?n2? - azcznlnl?n23-azczlnl®>n2®+6nln2rZ+3n1®n2rz+3nl13n23 rZ) ’

3apP? (2+n1%?+2n1?n2?) 3 (2+n1?) ry? 1
- + +
nl3 n22 nl nl3 n2?

3 az (—2 aZ czZnl2 - aZ cZnl2nl? -2 aZcZnln2 +aZczZnlnl®n2-aZzczlnldn2+

aZcznl2nl?n2? - azcznlnl?n2’-azcz1nl®n2®+4nln2rz2+2n1®n2r2+2nl13n23 rZ) ’

3aP <2+n12+2n12 n22) 3 (—2 cYnl + c¥nl nl1? - cY1l n13) ry 1
- + +
nl13 n2? nl? nl13 n2?

3 (—2 aZ czZnl2 - aZ czZnl2nl? -2 aZcZnln2 +azczZnlnl®n2-aZzczlnl®n2+

azZcznl2nl?n2?-azcznlnl?n2®-azczlnl®n2®+2n1n2rz+nl1®n2rz+nl1dn2’ rZ) ’

2 +nl? + 2 nl? n2? 1 , ,
- + (—2 cZznl2 - cZnl2nl“-2cZnln2 + cZnl nl“n2 -

nl3 n2? nl3 n2?
cZz1n1®n2 +c2zn12nl1?n2? - czZnl n1?n23-c21n1? n23) +

2c¥Ynl? +cY1?2nl1? - 4c¥2nl? - cY¥l cY¥nl n1®+cyY1?2n1? - cY2 n1* + n1? pyl }

nl3
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Factor [Solve [{

(******************************

The following equations are given by the above computations of x°> locally
******************************)
4 ap’ az® cznl2 az®czZnl az5czl 5az‘rz
== - — — — +
nl3 n2? nl13 n2? nl3 n2 nl? n2 nl? n2
5 ap* 5az*cznl2 S5az®cznl 5azczl 20azirz
= - -— — -— +
n13 n22 n13 n22 nl13 n2 n12 n2 n1? n2 !
10aP® 10az3cznl2 10az3cznl 10az3czl 30az?rz
== - - - - +
n13 n22 nl3 n22 nl3n2 nl? n2 nl? n2
}
{d, cz1, rz}]]
aP3 (aP - az)?
([a 2P (ep-am)?
n13n22
-3aP*+ 4 apP?az +az*cznl2 +az?czZnl n2 aP? (-aP +a2)
cZl » - ,rZa——}}
az*nln2 az>nln2
Solve[{
(******************************
The following equations are given by Lemma 6.9
******************************)
o 3 ap? 3r¥?2 3 aZeZN (aZcznl2+aZczZnln2-2nln2rz)
== - + -
n13 n2? nl nl13 n2? ’
3 aP 3cY¥nlrY 3eZN (azZzcZnl2 +aZcZnln2-nln2ri7)
=T 2 2 - 352 ’
nl® n2 nl nl® n2
c¥nl? 1 €ZN (cZnl2 + cZnl n2)
BSE n13 n2? nl13 n22 !
1+cZnl2 eZN - cznl eZNn2 + 2 n22 - cZnl2 eZN n2? + cZnl ezZN n23 - n22 py1
== - ’
nl n2?
pY1l == 3,

(******************************
The following equations are given by Lemma 6.7
******************************)

2aPePM 2eZM (aZ cZnl2 -nl n2r7)

4

n12 n22 n12 n22
ePM cZnl2 eZM
" n12n22 n12 n22

}

{rY, rZ, pYl, rY¥, c¥nl, cZnl2, cZnl, eZM}]

aP - az aP - az 1
{{rYa -\ 2> ———, p¥Y1 >3, c¥nl >0, ¢cZnl2 > - ——, cZnl > 0, eZMe—ePMeZN},

nln2 ! eZNnl n2 eZN
-aP + az aP - az 1
{rYe -y r2 > ———, p¥1 -3, c¥nl -0, cZnl2 > - ——, cZnl > 0, eZMe—ePMeZN},
nl n2 eZNnl n2 ezZN
aP + az -aP + aZz 2 1
{rYe -———, 125 ——, p¥Yl->3, c¥nl-» —, ¢cZnl2 - —,
nl n2 eZNnl n2 n2 ezZN

2 aP +az -aP + az
cZznl > ———, eZM » ePM eZN}, {rYe _

I r - R 4
eZN n2 nl n2 eZNnl n2

2 1 2
p¥l -3, ¢c¥nl-» -—, ¢Znl2 > —, cZnl » ——, eZM > ePMeZN}}
n2 ezZN eZN n2
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(******************************
It is now interesting to compare the values of rZ
******************************)

Factor[Solve[{
aP - aZ apP? (-aP + az)
nln2 az3 nl n2

). o]

{{aP—>—aZ}, {aP » azZ}, {aPe%(l—i\/?) aZ}, {aPe%(l+J’1\/3—) az}}

(******************************
Since aP is not equal to aZ and needs to be an integer, we have that aP = -aZ
******************************)
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Factor [Solve [{

(******************************
The following equations are give by the above computations

******************************)

apP? (aP - az)? -3 aP*+ 4 aP?az +az*cznl2 +az* cznl n2
aP=-aZ, d=-—— ' o7l - ,
nl3 n2? az®nln2

aP? (-aP + az)

rZ = -
az3nln2

(******************************

3

The following equations are given by the above computations of pl(X)x® locally

******************************)
ap? (2 +nl12%+2n1? n22)
pd == = +
nl3 n22

1
n13 n2?
az? (—2 aZ czZnl2 - aZ czZnl2nl? -2 azczZnln2 +a%ZczZnlnl?n2-aZczlnl®n2+
aZ cznl2nl1?n2? -aZcznlnl?n2®-azcz1nl1®n2®+6n1ln2rzZ+3n1°n2r7+
3n1°n2’rz),
(******************************
The following equations are given by Lemma 6.9
******************************)

3 ap? 3r¥?2 3aZezN (azcznl2 +aZczZnln2-2nln2r3z)

- + -

- 4

nl13 n2? nl nl13 n22
3 aP 3c¥nlrY 3eZN (aZcznl2 +aZcZnln2-nln2ri7)

== - _— - ,

nl3 n22 nl2 n13 n22

c¥nl? 1 eZN (cZnl2 + cznl n2)

== — - v

nl3 nl3 n2? nl3 n22

1+cZnl2 eZN - czZnl eZNn2 + 2 n2%2 - czZnl2 eZN n2? + cznl ezZN n23 - n22 py1
== - ’

nl n2?

pY¥l == 3, eZN? == 1,
(******************************
The following equations are given by Lemma 6.7
******************************)

2aPePM 2eZM (aZcZnl2-nln2r27)

- 4

n1? n22 n1? n22
ePM cZnl2 eZM
" n1? n22 ni?n2?

eZM? == 1, ePM? == 1

}

{p, d, c¢cZ1, cZnl2, cZnl, c¥nl, rZ, rY, aP, eZM, ePM, eZN, le}]]
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3 (4+n12 n22) 4 azs
p- , d-o , CZ1 > , ¢Znl2 -1, ¢cZnl -0, cYnl > 0,
2 3 .92
4 az nl® n2 nln2
2 az 2 az
rZ > , r¥>»>-——, aP > -az, eZMe—l,ePMe—l,eZNe—l,lee3},
nl n2 nl n2
3 (4 +nl1%n2? 4 az’
{pa , d- , CZ1 > , ¢Znl2 -1, ¢cZnl -0, c¥Ynl >0,
4 az? n13 n2? nln2
2 az 2 az
rZ - , r¥Y»>-——, aP > -az, eZM»l,ePM»l,eZNa—l,le%3},
nln2 nl n2
3 <4+nl2 n2? 4 az’s
{pe 5 , d- 3 2,che 1 2,cZn12+1,cZn1+O,cYn1+0,
4 az nl’ n2 nln
2 az 2 az
rz - , Y - ,aPe—aZ,eZMe—l,ePMa—l,eZNe—l,lea3},
nl n2 nl n2
3 (4 +nl?n2? 4 azs
{pe , do , ¢zl > , cZznl2 > 1, cZnl -0, c¥nl - 0,
4 az? nl13 n2? nl n2
2 az 2 az
rZ - , Y > , aP > -az, eZzM-> 1, ePMel,eZNe—l,le+3},
nl n2 nl n2
8 +4n1? + 3n1? n2? 4 az® 2
p- , d- , CZ1 > , ¢Znl2 ->1, cZnl > —,
2 3 .92
4 az nl® n2 nl n2 n2
2
cYnl »>-—, rZz - , rY-> o0, aP»—aZ,eZMe—l,ePMa—l,eZN»l,le»3},
n2 nln2
8 +4n1% + 3n12 n2? 4 az® 2
{pe - s ds ———, cz1 > , cZnl2 > 1, cznl » —,
4 az nl® n2 nln2 n2
2 Z
cYnl > - —, r7 - , rY >0, aPe—aZ,eZMel,ePMel,eZNal,pY1+3},
n2 nln2
8 +4nl1?+3nl1?n22 4 az’ 2
{pe ,do , cz1 - , cZnl2 > 1, cZnl - —,
4 az? nl3 n2? nln2 n2
2
cYnl > —, rZ - , ¥r¥Y>0, aP—> -aZ, eZM~> -1, ePM> -1, eZN-> 1, pY1+3},
n2 nl n2
8 +4n1? + 3n12 n2? 4 az®
p- , d- , CZ1 > , ¢Znl2 ->1, cZnl > —,
2 3 .92
4 az nl® n2 nl n2 n2

2 2 az
c¥nl> —, rZ2»> —, r¥Y>0, aP-> -az, eZM>1, ePM> 1, eZN-> 1, le»3}}
n2 nln2
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Computations for Lemma 6.10.

The case where there exists N s.t. Fix(N;) = Y*UZ? U P°
and M* in N,® and N,° s.t. Fix(M) = Z2 U P°
Case A3

(******************************
NOTATIONS
rY xY denotes the restriction of x to Y
rZ xZ denotes the restriction of x to 2
aZ denotes the Hopf weight at Z
aP denotes the Hopf weight at P
czZnl23 xZ denotes the first Chern class of the normal bundle of Z in
the direction of M
cznl xZ denotes the first Chern class of the normal bundle of Z in the
remaining direction in N1
cZn2 xZ denotes the first Chern class of the normal bundle of Z in the
remaining direction in N2
cZl xZ denotes the first Chern class of the normal bundle of Z in the
remaining directions
cY¥nl xY denotes the first Chern class of the normal bundle of Y in the
direction of N1
cY¥n2 xY denotes the first Chern class of the normal bundle of Y in the
direction of N2
cYl xY denotes the first Chern class of the normal bundle of Y in the
remaining directions
ux5YA3 denotes the local datum of x° at ¥
ux5zA3 denotes the local datum of x° at Z
ux5PA3 denotes the local datum of x° at P

We use the variable t to extract the coefficient of order 2 of xY and
of order 1 of xZ. We then evaluate xY¥? and xZ to 1.

The orientation of the point P is -1, this explains the negative sign.
Once evaluated, we extract all the coefficients in 1 into a list.
******************************)

Ux5YA3 =
Factor[CoefficientList|
Coefficient [Expand[(r¥xYt + 1z)°] Series[(c¥nlx¥t + nlz)™*, {x¥, 0, 2}]
Series[(cYnZ xYt + n2z) !, {x¥, 0, 2}] Series[(ch xYt + z) Y, {x¥, 0, 2}], t, 2],
1]] 7. x¥*»1
10 ry? 5 (cYn2nl + cYnln2 +cYlnln2) rY
{o, 0,0, , - ,
nl n2 nl12 n2?
cYn22n12+cYn1cYn2n1n2-+chcYn2n12n2+cYn12n22+chcYn1n1n22+cY12n12n22}

nl3 n23
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ux52ZA3 =
CoefficientList[

Coefficient[Expand[(rZ xZ2t + (aZ +1) z)5] Series[(cantxZ +nlz) !, (xz, 0, 1}]
Series[(czZnl23xZ t +nln2n32z)™, {xZ, 0, 1}]
Series[(cZnthZ +n2 z)'l, {xz, O, 1}] Series[(ch XZ t + z)'l, {xz, O, 1}], t, 1],

1] 7. %2> 1
az®cznl23  aZ’ czZn2 az> cznl az’ czl 5az’rz
{_ n1®n2°n3? n1?n2°n3 nl’n2’°n3 nl?n22n3 " n12n22n3

5az*czZnl23 5az?czZn2 5az*czZnl 5az’czl 20 az3rz

R nl13 n23 n3? B n12n23n3 B n13n2?n3 ) n1%2n2%n3 " nl?n22n3 '
10 az3cznl23 10az3czn2 10az3cznl 10az®czl 30az’rz

© n1%®n2°n3? n1’n2°n3  nl®n2’n3  nl®n2%n3 ’ n12n22n3 "
10 aZ? cznl23 10 az?cZn2 10az?cZnl 10aZ?czl 20 aZrZ

© n1%n2’n3’ n1%?n2%n3  nl®n22n3  nl?n22n3 " n12n22n3
5aZcZnl23 5aZ cZn2 5aZ cinl 5azcZl 5rZ

n1°n2°n3’ nl2n2°n3 n1®n2’n3 nl2n22n3 ’ n1?n22n3 "’

cZnl23 cZn2 czZnl czl
" n1®n2°n3? nl2n2°n3 nl1®n2?n3 nl?n2? n3}

ux5PA3 = CoefficientList [Expand[- ((aP+1) z)°] (n1n2n32z)? (nlz)™* (n2z)'z?, 1]

{ ap® 5 ap* 10 aP3 10 aP? 5 aP 1 }
n13n23n32’ n13n23n32’ n13n2®n32° n13n23n32’ n13n23n3?’  n1%n23n3?

us1lx3YA3 =
Factor[CoefficientList|

Coefficient[Expand[le t2+ (c¥nlxY¥Yt+nlz)? + (c¥n2x¥t+n2z)2+ (c¥1lxYt+ z)z]
(r¥xY¥t + 12z)°Series[(c¥nlx¥t + nlz)™*, {x¥, 0, 2}]
Series[(cYnZ x¥t + n2z) !, {x¥, 0, 2}] Series[(c!l XYt + z) Y, {x¥, 0, 2}], t, 2],
1]] 7. x¥? > 1

3 (1 +nl? +n22) ry?
[o, ,
nl n2

1
- ﬁ3 (cYnZ nl +c¥n2nl®+c¥nln2 -c¥lnln2-c¥nlnl?n2+cY¥lnl®n2-
nl“n2

cYn2 nln2? + cYnl n2®+cylnl n23> ry,

53 (cYnZ2 nl? + cYn2? n1* + c¥nl cYn2 nl n2 - cY1l c¥n2 n1? n2 - c¥nl c¥n2 n13n2 +
nl® n2
cY1l cYn2 n1* n2 + c¥nl1? n22 - ¢Y¥1 c¥nl nl1 n2% - c¥1 c¥nl n13 n2%2 + c¥1? n14 n22 -

cYnl cYn2 nl1 n23 - c¥1 c¥n2 n12 n23 + c¥n1? n2* + c¥1 c¥nl nl n2* + ¢¥12 n1%2 n2* + n12? n2? le) }
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uslx3ZA3 =
Factor[CoefficientList|

Coefficient[
Expand[(can xZt +nl z)2+ (cZnl23 xZt +nln2n3 z)2 + (cZn2 xZ t +n2 z)2+
(cz1xZt + 2z)?] (rz2xZt + (az+1) z)*Series[(cZnltxZ +nlz)™", {xZ, 0, 1}]
Series[(czZnl23xZt +nln2n3z)™Y, {x2, 0, 1}]
Series[(cZnthZ +n2z)!, {xz, 0, 1}] Series[(czl xZt + z) Y, {xz, 0, 1}], t, 1],

1]] 7-xz>1
{; a_Z2
n13 n23 n3?

(—aZ cZnl23 - a%cznl23nl? - a%cznl23n2? - aZcZn2nln3 -aZcZn2nl®n3-a%czZnln2n3+
azczlnln2n3+aZczZznlnl?n2n3-azczlnl®n2n3+azczn2nln2?n3-azcznln2dn3-
azczlnln23n3+a%cznl23nl?n22n3?-azczn2nl®n2?2n3%®-azcznlni?n2n3’-
azczlnl®n2®n3°+3n1ln2n3rz+3n1°n2n3rz+3n1n2®n3rz+3n1°n23n33 rZ) ,

1

nl13 n23 n3?
azczn2nl®n3-azcznln2n3+azczlnln2n3+aZczZznlnl®n2n3-
azczlnl®n2n3+a%Zczn2nln2?n3-azcznln2®n3-aZzczlnln2’n3+
aZzcznl23n1?n2%2n3?-azczn2nl1’®n2?n3%-azcznlnl?n2°n3®-azcz1n1®n23n3’+
1

n13 n23 n3?

3 (—aZ cznl23 - az cznl23nl? - azcznl23n2?-azczn2nln3-azczn2nl®n3-azcznln2n3+

3 az (—aZ cZnl23 - aZ cznl23 nl? - aZz cZnl23 n2? - aZ cZzn2 nl n3 -

2n1n2n3rZ+2n13n2n3rZ+2n1n23n3rZ+2n13n23n33rz>,

azczlnln2n3+aZcZznlnl?n2n3-a%Zczlnl®n2n3+a%czn2nln2?n3-a%cznln2’n3-
aZczZlnln23n3+a%zcznl23nl?n2?2n3?-azczn2nl®n2?n3’®-azcznlni?n23n3d-
azcz1nl1®n2°n3®+n1ln2n3rz+n1®n2n3rz2+nln23n3rz+nl1dn23n3? rZ) ’
1
nl13 n23 n3?
czZlnln2n3+cZnlnl®n2n3-cZlnl®>n2n3+czZn2nln2?n3-cznln2®n3-

czlnln23n3+cznl23nl1?n22n3%-czn2nl1®n2?n33-czZnlnl?n23n33-cz1n13n23 n33) }

(—cZn123 - cZnl23nl? - c2Znl23n2?-czn2nln3 -czn2nl3®n3 -czZnln2n3+

us1lx3PA3 =
Factor[CoefficientList[((n1n2n32z)%+ (n1n2n32z)%+ (nlz)?+ (n2z)?+2?)

Expand[— ((aP +1) z)3] (n1n2n3z) 2 (n1z)?!@m2z)1z7?, l]]

aP? (1+nl1%+n2?+2n1°n22n3?)  3aP? (1+nl%+n2?+2nl1%n2’n3?)

4 4

{7 nl3 n23 n3? n13 n23 n3?

14

3aP (1+nl1?+n2?+2n12n22n3%)  1.n1%2+n2?+2nl? n22n32}

nl3n23 n3? nl3n23 n3?
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Ux5YA3 + ux52A3 + ux5PA3

{

ap’® az®cZnl23  aZ®cZn2 az® cznl az% cz1 5az’rz
" n13n2°n3? n1n2°n3? nl1?n2°n3 n1®n22n3 nl2n2?n3 " n12n22n3 "
5 ap* 5az%cznl123 5az?*czn2 5aZczZnl 5az®czl 20az3rz
"n1%n2°n3?2  n1°n2°n3’® n1?n2°n3  nl®n22n3  nl?n22n3 ’ n1?n22n3’
10 aP? 10 az®cZnl23 10az3czn2 10aZ®cznl 10az’®cZl 30az’rZ
" n1%n2°n32  n1®n2°n3?  nl?n2°n3  nl®n2’n3  nl?n2%n3 ’ n12n22n3
10 ap? 10 az? cZnl23 10 az?’cZn2 10aZz?cZnl 10aZ?cZl 10rY? 20aZrZ
) n13n23n3? ) n13n23n3? ; n1? n23n3 B nl3n2?n3 B nl? n2? n3 " nln2 " nl? n2? n3 !
5 aP 5aZzcZnl23 5aZ cZn2 5azciZnl
" n1°n2°n3? 01®n2’n3’° n1’n2°n3 nl®n22n3
5azczl 5 (c¥n2 nl + cYnl n2 +cY1l nl n2) rY 5rZ
nl? n2?n3 B nl1? n2? " n1%n2%n3 '

cYn22nl? + c¥nl cYn2 nl n2 + cY¥1l c¥n2 nl1? n2 + c¥nl? n2% + cY1l c¥nl nl n22 + cY1? n1? n2?

nl3n23
1 cZnl23 cZn2 cZnl czl }
n13n23n3?2 n13n2°n3? nl1?n2°n3 nl1®n2?2n3 nl?n2?n3
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uslx3YA3 + uslx3ZA3 + us1lx3PA3
aP?® (1+nl1?+n2?+2nl?n2? n3?
- +
{ nl3 n23 n3?
1
nl3 n23 n3?
azczn2nl®n3-aZczZznln2n3+aZcZlnln2n3+aZcznlnl®n2n3-
azczZlnl®>n2n3+a%czZn2nln2’n3-aZcznln2’n3-a%zczlnln2n3+
azczZnl23nl?n22n3?-azczn2nl®>n2?n3’®-azcznlnl?n2®n3’®-azcz1n1®n23n3d+
3n1n2n3rZ+3n13n2n3rZ+3n1n23n3rZ+3n13n23n33rZ),

az? (—aZ cZnl23 - azczZnl23nl? - az cznl23 n2? - aZ cZn2 nl n3 -

3apP? (1+n1%+n2%+2n1°n22n3%) 3 (1+nl?+n2?) ry?
- + +
nl3 n23 n3? nln2

1
n13n23 n3?
(—aZ cZnl23 - aZcznl23nl? - aZ czZnl23 n2? - aZczZn2nln3 - aZczn2nl®n3 -aZcZnln2n3+

3 az

azczlnln2n3+aZczZnlnl’?n2n3-azczlnl®n2n3+aZczZn2nln2?n3-aZcznln23n3-
azczZlnln23n3+a%cznl23nl?n2?n3?-azczn2nl’®>n2?n3%-azcznl nl?n23n33-
azczlnl®n23n3®+2n1n2n3rz+2n1°n2n3rz+2n1n2®n3rz+2n13n2n33 rZ) ’
3aP<1+n12+n22+2n12n22n32) 1
- - 3 (cYnZ nl +cyn2 nl® + c¥nln2 - c¥l nln2 -
nl3n23 n3? nl?n22

1
nl3 n23 n3?

3 (—aZ cZnl23 - aZczZnl23 nl? - az czZnl23 n2? - aZz czZn2nln3 - aZ cZn2 nl’n3 - aZ czZnl n2 n3 +

cYnl nl?n2 +c¥1lnl3n2 - c¥n2 nl n2?+c¥nln2® +c¥lnl n23) rY +

azczZlnln2n3+aZczZznlnl?®n2n3-azczlnl®n2n3+azczn2nln2?n3-aZcznln23n3-
azczlnln23n3+a%cznl23nl?n2?n3?-aZczn2nl®>n2?n3%-azcznlnl?n23n33-
azczlnl®n2®n3®+n1ln2n3rz+n1®n2n3rZ+nln2>n3rz+nldn23n3’ rZ) ’

1+n1%+n2?+2nl1?n22 n3? 1 , )
- + (-czn123 - czn123 nl® - czn123 n2? -
nl3 n23 n3? n13 n23 n3?
cZn2 nln3 -czn2nl®n3 -cznln2n3+cZlnln2n3+czZnlnl?n2n3-
cZl1nl®>n2n3 +czn2nln2?n3-czZnln2®n3-czlnln23n3+

czZnl123nl1?n2?n3? - czn2 n1®n2%2n3%-cznln1?n2°n33-cz1 nl1’n23 n33) +

— (cYnZ2 nl? + c¥n2? n1? + c¥nl c¥n2 nl n2 - ¢¥1 c¥n2 n1? n2 - c¥nl c¥n2 n13n2 +
nl® n2
cY¥l c¥n2 n1? n2 + c¥nl? n2% - ¢¥1 c¥nl nl n2% - ¢¥1 c¥nl n13 n2% + ¢Y1? n1 n2% - c¥nl c¥n2

nln23-c¥1lcYn2nl?n23+c¥n1?n2?+c¥1lcy¥nl nl n2* +c¥1?2n1? n2* + n1% n2? le) }
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Factor [Solve [{

(******************************

The following equations are given by the above computations of x°> locally
******************************)
apP® az’® cznl23 az’ czZn2 az’ cznl az® cz1l 5 az*rz
e -_— — — - + ’
n13n23n32 n13n2°n32 n12n2°n3 n1®n22n3 nl1?n22n3 nl1?n2?n3
5 ap* 5 az?czZnl23 5aZ*czn2 5az*czZznl 5az*czl 20 az3 rz
== - — — - - +
n13 n23 n32 n13 n23 n32 n1? n23 n3 n13 n22n3 n1? n22 n3 n1? n22 n3 !
0 10 ap? 10 az3 cznl23 10aZz3czn2 10az3cznl 10az3czl 30az?rz
= - — — - - +
n13 n23 n32 n13 n23 n32 n1? n23 n3 n13n22n3 n1?n22 n3 n1? n22 n3
}
(4, cz1, rZ}]]
aP? (aP - az)?
{{d Lo =Rt
nl3 n23 n3?
-3 aP*+4aP’®azZ+az*czZznl23 +az*czn2nln3 +az*czZnl n2n3 aP3 (-aP + az)
cZl — - ,rZe——}}
aZ?nln2n3 az3nln2n3
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Solve [{

(******************************
The following equations are given by Lemma 6.10 for N1

******************************)

3 ap? 3ry?2 3azZezNl (aZczZnl23 +azcznln2n3-2nln2n3rz)
== - + - ,
nl13 n22 n3? nl nl13 n22 n3?
3 aP 3cY¥nlrY 3 eZNl (aZcZnl23 +aZczZnln2n3-nln2n3rz)
"~ n13n22n3? nl? nl3 n22 n3? ’
c¥nl? 1 eZN1 (cZnl23 + czZnl n2 n3)
T n13 nl13 n22 n32 n13 n22 n32 !
1 2 a2 2 a2
-— (1 +cZnl23 eZN1 - cZnl eZN1 n2 n3 + 2 n2° n3° - cZnl23 eZN1 n2° n3° +
nl n22 n32
cznl eZN1 n23 n33 - n22 n32 le) ’
pYl = 3,

(******************************
The following equations are given by Lemma 6.7 for M
******************************)
2 aP ePM 2 eZM (aZ cZnl23 - nl n2 n3 r7)

" n12?n22n3?2 n12 n22 n32 !
0 ePM cZnl23 eZM
" n12n22n32 n12n2?n3?

{rY, rZ, pYl, rY¥, c¥nl, ¢cZnl23, cZnl, eZM}]

-\ r%2 5> ——— , p¥Yl 53, ¢c¥nl -0, cZnl23 > - ’
nl n2n3 eZN1l nl n2 n3 eZN1

-aP + az aP - az
—_— Yy Xz —
nln2n3 eZN1 nl n2 n3

aP - aZ aP - az
{{rY<+

cznl - 0, eZM - —ePM eZNl}, {rY N

pY¥l > 3, c¥nl - 0, cZnl23 > - , ¢Znl - 0, eZM » -ePM eZNl},

eZN1
aP +az -aP + az
() r2 5> ———, p¥l 53, c¥nl > , €Znl23 > ,
nl n2n3 eZN1 nl n2 n3 n2 n3 eZN1l

aP + az -aP + az
Y Y75 —)
nl n2n3 eZN1 nl n2 n3

{rY—»—

2
cZznl > ———, eZM > ePM eZNl}, {rY -
eZN1l n2 n3

1 2
, cZnl23 - ,cZnl > — | eZM - ePM ezm}}

pYl > 3, c¥nl > -
n2 n3 eZN1l eZN1l n2 n3

(******************************
It is now interesting to compare the values of rZ

******************************)

Factor [Solve [{

apr3 (-aP + az) -aP + aZ

az®nln2n3 nln2n3
}o tem]]

{{aP—>—aZ}, {aP » aZ}, {aPe % (1—]1\/?) aZ}, {aPe % (1+J'L\/3—) az}}

(******************************
Since aP is not equal to aZz and needs to be an integer, we have that aP = -aZ
******************************)

Factor [Solve [{
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(******************************

The following equations are give by the above computations
******************************)

apP? (aP - az)?
nl13 n23 n3?

-3 aP*+4 apP?az +az*cznl23 +az?czn2nln3 +az*cznln2n3 apP? (-aP +a3)

cZl == , ¥Z = -
az*nln2n3 az3nln2n3

(******************************
The following equations are given by the above computations of pl(X)x
******************************)
aP? (1+n1%+n2? + 2 n1% n2? n3?)

pd = - +
n13 n23 n32

aP = -aZ, d = -

3 locally

1
n13 n23 n3?
azczn2nl1®n3 -azcznln2n3 +azczlnln2n3+aZcznlnl?n2n3-
aZczlnl®n2n3 +aZczn2nln2?n3-azcznln23n3-azczlnln2’n3+
az cznl23n12n22n3? - az czn2 n13n22n3% - az cznl n12n23n33 -
azcz1nl®*n23n3*+3nln2n3rzZ+3n1®n2n3rz2+3n1n2°n3rz+3nl1’n23n33 rz) ’

az? (—az cZnl23 - aZ czZnl123 nl? - aZ cZnl123 n2? - aZ cZn2 nl n3 -

(******************************
The following equations are given by Lemma 6.10 for N1

******************************)

0w 3 ap? . 3 ry? ) 3 aZ ezN1 (aZ cznl23 +aZcZznln2n3-2nln2n3rz) ,
nl13 n22 n32 nl nl13 n22 n3?
3 aP 3c¥nlrY 3eZNl (azZzcZznl23 +aZczZznln2n3-nln2n3rz)
0=- n1®n22n3? nl? ) nl13 n22 n32 !
c¥n1? 1 eZN1 (cZnl23 + czZnl n2 n3)
0= n1® nl1®n22n3% nl13 n22 n3? !

1
- ————(1+c2nl123 ezN1 - cznl ezN1n2n3 + 2 n2? n3% - cZn123 ezZN1 n2? n3% +
nl n22 n3?
cznl ezZN1 n23 n33 - n22 n3? le) '
p¥l= 3, ezN1? = 1,

(******************************
The following equations are given by Lemma 6.10 for N2

******************************)

3 ap? 3ry? 3azezZN2 (aZcznl23 +aZczZzn2nln3-2nln2n3rz)
== - + -— ,
nl2 n23 n32 n2 n12 n23 n32
o 3 aP 3c¥n2rY 3eZN2 (aZczZnl23 +aZczZn2nln3-nln2n3rZ)
"~ n1?n23n3? n2? nl2 n23 n3? !
cyn2? 1 eZN2 (cZnl23 +cZn2 nl n3)
- n23 n12 n23 n3? nl2 n23 n3? '

1
_—— (1 +cZnl23 eZN2 - ¢Zn2 eZN2 nl n3 + 2n12 n3%2 - cZn123 eZN2 n12 n3? +
nl1? n2 n32
czn2 ezN2 n13 n33 - n12 n32 le) ’
ezZN2? = ,

(******************************
The following equations are given by Lemma 6.7
******************************)
2 aP ePM 2 eZM (aZ cZnl23 -nl n2n3 rz7)

== - 14
n12 n22 n3? n12 n22 n32?
ePM cZnl23 eZM
" n12n22n32 nl12n22n32
ezM? == 1, ePM? ==
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}

{p, d, cZl1, cZnl23, cZnl, cZn2, c¥nl, c¥n2, rzZ, r¥, aP, eZM, ePM, eZN1l, eZN2, le}]]
3 (4n1? + 4n2? + 5n1% n22 n3?)
{{e-

4 4 az®
5
4 az? !

Y 3 N S
n13n23n3?’ nln2n3’

2 az
cZznl23 -1, ¢cZnl -0, ¢Zn2-50, ¢c¥nl >0, c¥n2-0, rz-> —,
nln2n3
2 az
rYos-——"%  aP>-aZ, eZM—> -1, ePM > -1, eZN1 - -1, eZN2 - -1, le»3},
nln2n3

3 (4n1? + 4n2%+5n1? n2% n3?) 4 a7z’ 6
{pA) v déi, cZl -

nl13 n23 n3?

4 az? " nln2n3’
2 az
cZznl23 -1, ¢Znl -0, ¢cZn2 >0, ¢cYnl -0, c¥n2 -0, rz -

n1n2n3’
2 az
ry - -

_C aP>-azZ, eZM -1, ePM 1, eZN1 > -1, eZN2 - -1, lea3},
nln2n3

3 (4n1? + 4n2? + 5012 n2? n3?) 4 az® 6
{p% ,do ————, cZl > - ——,
4 az? nl13n23n3? nln2n3

2 az
cZznl23 -1, ¢Znl -0, ¢cZn2->0, cYnl -0, c¥n2 -0, rz -

nl n2n3 !
2 az
rY -

_f aP > -azZ, eZMo -1, ePM o -1, eZN1 > -1, eZN2 » -1, le+3},
nln2n3
3 (4 nl? + 4 n2% + 5 nl? n22n32) 4 azs 6
{pa ,d»> —, ¢c2l > - ——,
4 az? n13 n23 n3? nln2n3
2 az
cZnl23->1, ¢Znl -0, ¢cZn2 >0, c¥nl >0, cYn2->0, rz >

nln2n3 !
2 az
rY »

_f% aP>-aZ, eZM o1, ePM > 1, eZNl > -1, eZN2 > -1, pY1+3},
nl n2n3

8 nl1? + 8 n22 + 7nl1? n2? n3? 4 az®
{p-

,d> —, ¢zl > -
4 az? nl3 n23 n3?

——, CcZnl23-1,
nl n2n3
cZznl -

2 2 2 az
, CZn2 - , c¥nl - - , cY¥n2 > - , e » ————,
n2 n3 nln3 n2 n3 nln3 nln2n3
rY >0, aP > -a%, eZM > -1, ePM > -1, eZN1 > 1, eZN2 - 1, lee3},
8nl? +8n2%+7nl1%2n2%n3? 4 az®
{p-

;,d» ——, cZl > -
4 az? nl3 n23 n3?2

—, CZnl23 -1,
nl n2n3
cZnl -

, CZn2 - , cY¥nl - -
n2 n3

2 2 2 az
, cY¥Yn2 > - , Y2 > ——,
nl n3 n2 n3 nln3 nl n2n3

rY 50, aP > -aZ, eZM > 1, ePM 5 1, eZN1 > 1, eZN2 > 1, p¥Yl - 3},
8 nl1? + 8 n22 + 7nl1? n2? n3? 4 az®
{p-

,d» ——, cZl > -
4 az? nl3 n23 n3?

, ¢cZnl23 -1,
nl n2n3
cZznl -

2 2 2 az
, CZn2 - , cY¥nl - - , cYn2 -
n2 n3 nln3

, Y2 > —M,

n2 n3 nl n3 nl n2 n3

rY >0, aP— -aZ, eZM—> -1, ePM—> -1, eZN1 > 1, eZN2 > 1, lee3},

8nl?+8n2%+7nl1%n2?n3? 4 az®
{p-

y,d»> ———, cZl > -
4 az?

, €cZnl23 -1,

nl n2n3
2 2 2 az
cZznl - , CZn2 - , cY¥nl - - , cYn2 - , rZ > ———,
n2 n3 nl n3 n2 n3 nln3 nl n2n3

rY 50, aP > -aZ%, eZM > 1, ePM > 1, eZN1 > 1, eZN2 > 1, pYl - 3},
8nl2 +8n22+7nl%?n22n3?
{p-

4 az®
,d» ——, 2l > -——, cZnl23->1,
4 az? nl3n23 n3? nln2n3
2 2 az
cznl - , CZn2 - , ¢c¥nl > —, c¥n2 - - r
n2 n3 nln3 n2 n3

14 - D 4
nln3 nl n2n3
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rY >0, aP— -aZ, eZM - -1, ePM > -1, eZN1 > 1, eZN2 > 1, le»3},

8nl1%+8n2%+7nl1?n2%n3? 4 az’ 2
,d»> ————, 2l 5 -——, cZnl23 -1,
4 az? nl3 n23 n3? nl n2 n3

o

2 2 2 az
cZnl - , CZn2 - , c¥nl - , cY¥Yn2 - - , Y2 > ———,
n2 n3 nln3 n2 n3 nln3 nln2n3

rY >0, aP > -a%, eZM > 1, ePM > 1, eZN1 > 1, eZN2 > 1, pY1—>3},

8nl% +8n2%+7nl1?n2%n3? 4 az® 2
{pe ,do — = eZlo-—" , cznl23-1,
4 az? nl3n23n3? nln2n3

2 2 az
, CZn2 > , c¥nl > , cY¥n2 - , Y72 >

cznl - ’
n2 n3 nln3 n2 n3 nln3 nln2n3

rY >0, aP— -aZ, eZM - -1, ePM > -1, eZN1 - 1, eZN2 > 1, le»S},

8nl1?+8n22+7nl1?n22n3? 4 az’
,d> ————, 2l 5 - ——, cZnl23->1,
4 az? nl13 n23 n3? nln2 n3

-

2 2 2 2 2 az
cZnl - , CZn2 - , c¥nl - , cYn2 - , YZ > ’
n2 n3 nln3 n2 n3 nln3 nln2n3

rY >0, aP > -a%, eZM > 1, ePM > 1, eZN1 > 1, eZN2 > 1, pY1—>3}}

Computations for Lemma 6.10.
The case where there exists N s.t. Fix(N;) = Y*UZ? UP°

and M* in N8, N, and N3® s.t. Fix(M) = Z2UP°
Case A4

(******************************
NOTATIONS
rY xY denotes the restriction of x to Y
rZ xZ denotes the restriction of x to Z
aZ denotes the Hopf weight at Z
aP denotes the Hopf weight at P
czZnl234 xZ denotes the first Chern class of the normal bundle of Z in
the direction of M
czZnl xZ denotes the first Chern class of the normal bundle of Z in the
remaining direction in N1
czZn2 xZ denotes the first Chern class of the normal bundle of Z in the
remaining direction in N2
czZn3 xZ denotes the first Chern class of the normal bundle of Z in the
remaining direction in N3
cY¥nl xY denotes the first Chern class of the normal bundle of Y in the
direction of N1
c¥n2 xY denotes the first Chern class of the normal bundle of Y in the
direction of N2
cY¥n3 xY denotes the first Chern class of the normal bundle of Y in the
direction of N3
ux5YA4 denotes the local datum of x° at Y
ux5ZA4 denotes the local datum of x° at 2
px5PA4 denotes the local datum of x° at P

We use the variable t to extract the coefficient of order 2 of xY and
of order 1 of xZ. We then evaluate xY? and xZ to 1.

The orientation of the point P is -1, this explains the negative sign.
Once evaluated, we extract all the coefficients in 1 into a list.
******************************)
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ux5YA4 =
Factor[CoefficientList|
Coefficient[Expand[(rY xYt + lz)5] Series[(cYnl xY¥t + nlz)?, {x¥, 0, 2}]
Series[(c¥n2xYt + n22z)™', {x¥, 0, 2}] Series[(c¥n3 x¥t + n32z)™, {x¥, 0, 2}],
t, 2], 1]] 7. x¥* 51
10 ry? 5 (cYn3nln2 +c¥Yn2nln3+c¥nln2n3) ry

0,0, 0 -
{’ "' nin2n3’ n12 n22 n3?2

4

3 33 cYn3? n1? n2? + c¥n2 c¥n3 n1? n2 n3 +
nl°n2°n3

c¥nl c¥n3 nl n2?n3 + c¥n2? n12 n3% + c¥nl c¥n2 nl n2 n3? + cynl? n2? n32) }

Ux5ZA4 =
CoefficientList[

Coefficient [Expand[(rz XZt + (az+1) z)5]
Series[(czZnl234xZ t +nln2n3n4z)™*, {xZ, 0, 1}]
Series[(cantxZ +nl z)'l, {xz, O, 1}] Series[(cZnthZ +n2 z)'l, {xz, O, 1}]
Series[(cZn3 xZt + n3z) !, {xz, 0, 1}], t, 1], l] /. XZ-> 1

az®cznl234 az® czn3 az® czn2 az® cznl 5az’rz

{7 nl13 n23 n33 n4? ) n1?n22n33n4 ) n1?n23n3? n4 ) n13n2?n3?n4 " n1?n2?n3? n4 !
5az* cznl234 5 az* czn3 5 az* czn2 5az® cznl 20 az3rz

n1%n2°n3°n4? nl2n22n3°n4 nl’n2°n3’n4 nl®n22n3?nd " n1?n22n32n4
10 az® cznl234 10 az® czn3 10 az® czn2 10 az® cznl 30 az?rz

" n1%n23n3°n4’ n1’n22n3’n4 nl2n2°n3’n4  nl®n22n3? n4 " n12n22n3%n4
10 az? czZnl1234 10 az? cZn3 10 az? czn2 10 az? cznl 20 az rz

" n1°n2°n3°n4’ nl?n22n3’n4 nl’?n2°n3’nd4 nldn22n3? nd ’ n12n22n32n4

5aZcZnl234 5 az czZn3 5 az czZn2 5az cznl 5rz

- - +
nl13 n23 n33 n4? nl?n22n33n4 nl?n23n3% n4 nl13n22n3%n4 nl?n22n3% n4 !
czZnl234 cZn3 cZn2 cZnl }

n13n2°n33n4? nl1’n22n3°n4 nl12n2°n32n4 nl13n22n32n4

ux5PA4 = CoefficientList [Expand[- ((aP+1) z)°] (n1n2n3n4z)™? (nlz)™! (n22)" (n3z)7?,

1]

{ ap® 5 ap* 10 ap3
n13n23n33n4?’ n13n23n3*n4?’ n13n23n33na?’
10 aP? 5 aP 1 }
n13n23n3*n42’ n13n23n33n4?’  n13n23n33n4?
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uslx3YA4 =
Factor[CoefficientList|

Coefficient[
Expand[le t2 . (c¥nl xY¥ t +nl z)2 + (c¥n2 xY t + n2 z)2 + (c¥n3 xYt+ n3 z)z]
(r¥xY¥t + 12z)°Series[(c¥nlx¥t + nlz)™*, {x¥, 0, 2}]
Series[(c¥n2xYt + n2z)™', {x¥, 0, 2}] Series[(c¥n3 x¥t +n32z)™*, {x¥, 0, 2}],
t, 2], 1]] /. x¥? 51

3 (nl2 +n22 + n32) ry?
[o, ,
nl n2n3

1
-—3 (cYn3 nl®n2 + c¥n3nln23 +c¥n2nl3®n3 - c¥nlnl?n2n3 -

nl? n2? n3?
cYn2 nln2?n3 +c¥nl n23®n3-c¥n3nln2n3?+cy¥n2nln3’+cy¥nln2 n33) ryY,
1
n13n23n33
cYn2 c¥n3 nl?n2°n3 +cyYnl cyn3 nl n2? n3 + cYn22n1? n3%2 - c¥nl c¥n2 n1® n2 n3? -
c¥nl c¥n2 nl n23n3% + c¥nl? n2* n3? - c¥n2 c¥n3 nl? n2 n3° - c¥nl c¥n3 nl n2? n33+

(cYn32 nl4 n2? + cYn3? n1%2 n2% + cYn2 c¥n3 nl1* n2 n3 - c¢¥nl c¥n3 n1’ n2? n3 -

cYn2?n1? n3% + c¥nl c¥n2 n1 n2 n3* + cYn1? n22 n3* + n1%2 n2? n3? le) }

uslx3ZA4 =
Factor[CoefficientList[
Coefficient[
Expand[(cZnl234xZt +nln2n3n4z)? + (cZnlxZt +nlz)?+ (cZn2xZt +n22z)%+
(cZn3 xZ t +n3 z)2] (rZ2xZt + (@aZ +1) z)3Series[(cZn1txZ +nl z)'l, {xz, 0, 1}]
Series[(czZnl234xZt +nln2n3n4z)™*, {xZ, 0, 1}]
Series[(cZn2 t xZ +n22z)™, {xZ, 0, 1}] Series[(czZn3 xzt +n32)™*, {xZ, 0, 1}],
t, 1], 1]] /. xz2>1

1
{n13 n23 n33 n4?
az? (—aZ cznl234 nl1? - az cznl234 n2? - az cznl234 n3?-azczn3nl®n2n4 - aZz cZn3 nl n23n4 -
azczn2nl®n3n4 +azcznlnl?n2n3n4+aZczZn2nln2’°n3n4 -azcznln2’n3nd+
aZczZzn3nln2n3?n4 -aZczZzn2nln3®>n4 -azcznln2n3®nd +aZcznl234n1?n2?2n3?n4?-
azczn3nl®n23n3?n4®-azczn2n1®n2?2n3®n4®-azcznlini?n23n3nd’+
3n1°n2n3n4rz+3n1n2®n3nd4rz+3nln2n33nd4rz+3nldn23n3dn4’? rZ) ’
1
n13n23n33 n4?
aZczn3nl’n2n4 - azczn3nln2’n4 -azczn2nl®n3nd +azczZnlnl?n2n3nd +
azczn2nln2?n3n4 -azcznln2®n3nd+aZczZzn3nln2n3?nd-azczn2nln3®ng-
aZcznln2n3’n4 +azcznl234n1?n2? n32 n4? - az czn3 n1®n23n3% n43 -
aZczn2nl®n22n3%®n4®-azcznlnl?n23n33n4®>+2n1°n2n3nd rz +
1
n13 n23n33n4?

3 (—aZ cznl1234 nl? - a% cznl234 n2? - az cznl234 n3?-azczn3nl®n2n4 - aZz cZn3 nl n2’n4 -
azczn2nl®n3n4 +azcznlnl?n2n3n4+aZczZn2nln2’°n3n4 -azcznln2’n3nd+
azczn3nln2n3?n4 -azczn2nln3®nd -azczZznln2n3®n4 +azcznl234n1?n22n32n4?-
azczn3nl®n23n3%?n4’-azczn2n1®n2?2n3%®n4®-azcznl n1?n23n33n4’+
n1®n2n3n4rz+nln2’n3n4rz+nln2n33n4rz+n1®n23n33n4’rz ’

1
n13 n23 n33 n4?
czn3nln2®n4 -czn2nl®n3nd +cZnlnl?n2n3nd +czn2nln2?2n3n4 -cznln2®n3nd +
czn3nln2n3?n4 - czn2nln3®n4 - cZnln2n33n4 +cznl234 n1? n22 n3? n4? -

3 az (—aZ cZnl234nl? - aZ cznl234 n2? - aZ cZnl234 n3?% -

2nln2°n3n4rz+2n1n2n3®nd4rz+2n13n23n33n4’ rZ) ,

-cZnl234n1? - cznl1234 n2% - czZn1234 n3? - czZn3 nl’n2 n4 -

czn3nl3®n23n32n43-czn2n1®n22n33n43-cznlni?n23n33 n43) }
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uslx3PA4 =
Factor[CoefficientList[((nln2n3n4z)?+ (n1n2n3n4z)?+ (nlz)?+ (n22)%+ (n3z)3?)

Expand[- ((aP+1) z)°] (n1n2n3n4z)? (nlz)™* (n2z)! (n32)7, 1]]

ap3 (nl2 +1n22+n32 +2n12n22 n3? n42) 3 ap? (nl2 +1n22+n32+2n12n22 n3? n42)
{_ n13 n23n33 n4? " n13n23n33 n4? !
3aP (nl2 +n22 +n3? +2nl12 n22 n32 n42) nl? + n22 + n3? + 2 n1? n22 n3% n4?
) n13 n23 n33 n4? " n13 n23n33n4? }

ux5YA4 + ux5ZA4 + ux5PA4

ap® az® cznl234 az> czn3 az> czn2
{_ n1®n2°n3°n4? n1n2°n3°n4? n1’?n22n3°nd4 nl’n2°n3’nd
az® cznl 5az*rz 5 ap* 5az®cznl234
n13n22n3?n4 " n1% n22 n3? n4 " nl13 n23 n33 n4? ) n13 n23n33 n4? )
5az* czn3 5 az* czn2 5az* cznl 20 az3rz
n1?n2?n3°n4 nl2n2°n32n4 nl®n2%n3%n4 ’ n12n22n32n4
10 apP? 10 az® cZnl234 10 az® czn3 10 az® czZn2
" n1°n2°n3°n4?2 n13n2°n3’°n4? n1’?n22n3’°n4 nl’n2°n3?nd
10 az3 cznl 30 az%rz 10 aP? 10 az? cZnl234
n13n22n3?n4 " n1?n2?n3?n4’ nl1®n2°n3°n4? n1®n2’n3’n4?
10 az? czZn3 10 az? czn2 10 az? czZnl 10 ry? 20 az rZ
n1?n22n3°n4 nl2n2°n32n4 nl®n2%n3%n4 " nln2 n3 " n12n22n32n4
5 aP 5aZ cZnl234 5aZ cZn3 5aZ cZn2
" n1°n2°n3°n42 nl®n23n33n4? nl?n22n3°n4 nl’n2°n3’nd
5aZciZnl 5 (¢c¥n3nln2 +c¥n2nln3+c¥nln2n3) rY 5rZ
n1®n22n3?nd nl? n22 n3? ' n1?n22n32n4
1

U (cYn?;2 nl? n2? + cYn2 c¥n3 nl?n2 n3 + c¥nl c¥n3 nl n2? n3 +
nl°n2°n3

1
c¥n2?n1? n3? + c¥nl c¥n2 nl n2 n3? + cYn1? n2? n32> e —
nl13 n23 n33 n4?
cZnl234 cZn3 cZn2 cZnl }
n1°n23n33n4? nl?n2?n3°n4 nl?n2°n3?n4 nl3®n22n3?n4
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uslx3YA4 + uslx3ZA4 + usl1lx3PA4

ap3 (nl2 +n22 +n32 +2n1%2n22n3? n42)
+

{ n13 n23n33n4?
1
n13 n23n33n4?

azczn3nl®n2n4 - aZzczZn3nln2’n4 -a%zczn2nl®>n3nd +azcznlnl?n2n3nd+
aZzczn2nln2?n3n4 - aZczZnln2’>n3n4 +aZczZzn3nln2n3?nd -azczn2nln3’n4-
azcznln2n3®n4 +azczZnl234n1?n22n3?n4?-azczn3nl®n23n3?n4d -
azczn2nl®n22n3%®n4®-azczninl?n2°n3®n4®>+3n1°n2n3ndrz+
3n1n2°n3n4rZ+3nln2n3°ndrz+3nl1°n23n33n4’ rZ) ’

az’ (-azcznl234 nl” - az cznl1234 n2” - az cznl1234 n3” -

3 ap? (nl2 +n22 +n32+2n1%2n22n3? n42> 3 (nl2 +n22 + n32> ry?
+ +
n13 n23 n33 n4? nln2n3

1

n13 n23 n33 n4?
(—aZ cZnl234nl? - az cznl234n2? - aZ cznl234n3% - azczZn3nl®n2n4 - azczn3nln23n4 -

3az

azczn2nl®n3n4 +aZczZnlnl®n2n3n4 +aZ%czZzn2nln2’°n3nd - azcznl n2>n3n4d +
azczn3nln2n3?nd4 -azczZzn2nln3®nd-azcznln2n3®nd +azcznl234n1?n2?n3?n4?-
az czn3nl®n23n3%?n4’-azczn2n1®n2?2n3%®n4’-azcznlni?n23n33n4’+
2n1°n2n3n4rz+2n1n2®n3nd4rz+2nln2n33n4rz+2n1n23n33n4? rZ) ’

3aP (n12+n22 +1n3%2+2n12n2%2n3? n42) 1
B n13 n23 n33 n4? B nl? n2? n3?
3 (cYn3 n1®n2 + cyn3nln23®+c¥n2n1®n3-cy¥nlnl?n2n3-c¥n2nln2?n3+

1
nl3 n23 n33 n4?

3 (—aZ cZnl234 nl? - aZ cznl234 n2? - aZ czZnl234 n3% - azczZn3nl®n2 n4 - aZz czn3nl n23n4 -

cYnl n23n3-c¥n3nln2n3?+c¥n2nln3®+cyYnln2n3?) ry+

azczn2nl®n3n4 +azcznlnl?>n2n3nd+azczn2nln2?2n3nd-azcznln2®n3nd+
azczn3nln2n3?n4 -azczZzn2nln3®nd-aZczZznln2n3’®n4 +a%cznl234n1?n2?n32n4?-
az czn3 nl®n23n3%n43 - az czn2 n1’®n2?n33n4’ - a% cznl n1? n23 n33 n43 +
n1®n2n3n4rz+nln2°n3n4rz+nln2n33n4rz+nl3n23n33n4 rZ) ’
n1? +n22 + n3? + 2 n1? n22 n3% n4? 1
nl13 n23n33 n4? " nl13n23n33 n4?
(-czn1234 n1® - ¢zn1234 n2? - ¢zn1234 n3® - czn3nl’n2n4 - czn3 nl n2’n4 -

czn2nl®n3n4 +cznlnl?n2n3n4 +cZn2nln2°n3 n4 - czZnl n23n3 nd +
czZn3nln2n3?n4 - czn2nln3®n4 -czZnln2n33n4+cznl234n1?n2?n3?n4? -
czn3nl®n23n3%?n4®-czn2n1®n2?n33°n43 - cznl n1?n23n33 n43) +

1

nl3 n23 n33
cYn2 c¥n3 nl1?n23n3 + c¥nl c¥n3 nl n2* n3 + c¥n2? n1* n3% - c¥nl c¥n2 n1®n2 n3? -
cYnl c¥n2 nl n23n3? + c¥nl? n2* n3? - c¥n2 c¥n3 n1? n2 n3° - c¥nl c¥n3 nl n2? n33 +

(cYn32 nl%n2% + cYn3?n1? n2* + c¥n2 c¥n3 nl* n2 n3 - c¥nl c¥n3 n1’®n2%2n3 -

cYn2?n1? n3? + cY¥nl c¥n2 n1 n2 n3? + c¥n1? n22 n3* + n12 n22? n3? le) }
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Factor [Solve [{

(******************************

5

The following equations are given by the above computations of x’ locally

******************************)

ap® az® cznl234 az® czn3 az® czn2
T n1%n23n3°n4% n1’n23n3°n4? nl%n22n3°n4 nl?n2’n32n4
az® cznl 5 az? rz
n13n22n3%2n4 * n12n22n3%2 n4 !
0. 5 aP? 5 az® czZnl234 5 az® czn3 5 az® czZn2 )
n1®n23n33n4? n13n23n33°n4? n1?n22n3°n4 nl?n23n32n4
5 az? cznl 20 az3 rz

+
n1®n22n32n4 nl?n22n32n4

10 aP? 10 az® czZnl234 10 az? czn3 10 az?® czn2
T n1°n23n33n42 n13n2°n3°n4? nl2n22n33n4 nl2n23n3?n4d
10 az3 cznl 30 az2rz

+
n13n22n32n4 n1?n22n3?n4

}

{d, cZnl, rZ}”

{{d ap3 (aP—aZ)2
n13n23n3%n4?’
-3aP*+4aP?azZ+aZ?cznl234 +az*czZzn3nln2n4 +az*czZzn2nln3n4

cZnl - - ’
az*n2n3n4

7 aP3 (-aP +az) }}

aZ3nln2n3n4
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Solve [{

(******************************

The following equations are given by Lemma 6.11 for N1

******************************)

3 ap? 3ry?2 3 azezNl (aZcZnl234+aZczZnln2n3nd-2nln2n3ndrz)
T n1%n2? n32 n4? nl nl13 n22 n32 n4?
3 aP 3cY¥nlrY 3eZNl (aZcZnl234+aZcznln2n3n4d-nln2n3nédrz)
T T nl®n2?n3?na? nl? ) nl13 n22 n32 n4?
c¥nl? 1 €ZN1 (cZnl234 + cZnl n2 n3 n4)
- n1®  n13n22n32n4? nl13 n22 n32 n4? !
1

nl n22 n32 n4?

(1 +cZnl234 eZN1 - c¢Znl eZN1 n2 n3 n4 + 2 n2? n32 n4? - ¢Zn1234 eZN1 n22 n3? na? +

cznl eZN1 n23 n33 n43 - n2? n32 n4? le) '
pYl = 3,

(******************************

The following equations are given by Lemma 6.7 for M

******************************)

2 aP ePM 2 eZM (aZ cZnl234-n1ln2n3n4rz)
" n12 n22 n32 n4? nl12? n22 n32 n4? ’
ePM cZnl234 eZM

n12 n22 n32 n4? n12 n22 n32 n4?

1,

{rY, rZ, pYl, c¥nl, cZnl234, cZnl, eZM}]

aP - az aP - az
{{rY > —\ Y7 > ’
nl n2n3 n4 €ZN1l nl n2 n3 n4

pYl > 3, c¥nl - 0, ¢cZnl234 - -

eZN1
-aP + az aP - az
{rYei, r7 - , pYl >3, cYnl > 0, cZnl234 - -
nl n2 n3 n4 eZN1 nl n2 n3 n4

aP + az

, ¢znl - 0, eZM - —-ePM eZNl},

-aP + az

cznl - 0, eZM - —ePM eZNl}, {rY -

2 1 2
cYnl> ———, ¢cZnl234 > ,¢cZnl » ——
n2 n3 n4 eZN1 eZN1 n2 n3 n4

aP + az -aP + az
{rY > —\ Y7 >
nl n2 n3 n4 eZN1l nl n2 n3 n4

, pYl > 3, c¥nl - -

1 2
cZnl234 - ,¢cZnl » ——
eZN1 eZN1l n2 n3 n4

, €ZM —» ePM eZNl}}

(******************************
It is now interesting to compare the values of rZ

******************************)

Factor [Solve [{
aP3 (-aP +aZz) aP - az
az®nln2n3n4  nln2n3n4

}. o]

{{aPa—aZ}, {aP > az}, {aPe % (1—1‘1\/3—) aZ}, {aPe % (l+1’1\/3—) az}}

—, YZ >
nln2n3 n4 eZN1l nl n2 n3 né

, €ZM - ePM eZNl} ’

2

n2 n3 n4 !

4

4
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(******************************
Since aP is not equal to aZ and needs to be an integer, we have that aP = -aZ

******************************)

Factor [Solve [{

(******************************

The following equations are give by the above computations
******************************)

apP? (aP - az)?

nl13 n23 n33 n4? !

-3aP*+4aP?az+az*cznl234 + az* cZn3 nl n2 n4 + aZ* czn2 nl n3 n4

cZnl == - ’
az*n2 n3 n4

aP == -aZ, d = -

apP? (-aP + az)
rZ = - —0m/8,
az3nln2n3n4

(******************************

3

The following equations are given by the above computations of pl(X)x® locally

******************************)
ap3 (nl2 +n22 +n32 + 2n12 n22 n32 n42)
pd = - +
n13 n23 n33 n4?

1
nl13 n23 n33 n4?
(-az czn1234 n1? - az czn1234 n2? - az czn1234 n3% - aZ czZn3 n1® n2 n4 -
azZczn3nln2®n4-azczn2nl®n3nd +azZcznlnl?>n2n3néd+a%czn2nln2?n3 ns-
aZ cznln2®n3né4 +azczn3nln2n3?nd4 -azZczn2nln3®>né-aZcznln2n3’®nd+
aZ czn1234 n12n22n32n4? - azZ czn3 n1® n23n32n4? - az czn2 n13 n22 n33 nad -
azczn1inl1?n23n3®n4®>+3n13n2n3n4rz+3n1n2°n3nérz+3nin2n33ndrz+
3n13n23n33 n4d rz) ’
(******************************

The following equations are given by Lemma 6.11 for N1

az?

******************************)

3 ap? 3r¥? 3azezNl (aZczZnl234+azcznln2n3n4-2nln2n3ndrz)
0=- nl13 n22 n32 n4? * nl nl13 n22 n32 n4? !
3 aP 3c¥nlrY 3eZNl (aZzcZnl234+aZczZznln2n3né4é-nln2n3ndrz)
T nl13 n22 n32 n4? ) nl? ) nl13 n22 n32 n4? !
cYnl? 1 eZN1 (cZnl234 + cZnl n2 n3 n4)
T Ta1®  nl®n2?n3?na? nl13 n22 n32 n4? ’
1

nl n22 n32 n4?
(1+cZn1234 eZN1 - cZnl eZN1 n2 n3 n4 + 2 n2% n3? n4? - czn1234 ezN1 n2? n3% n4? +
czZnl ezN1 n23 n33 n43 - n2% n3? n4? le) ,
pYl == 3, ezZN12? == ’
(***'k**************************
The following equations are given by Lemma 6.11 for N2
******************************)

3 ap? 3ry? 3azezZN2 (aZcznl234+aZczZzn2nln3nd-2nln2n3n4dr3z)
0= - + - ,
n12 n23 n32 n4? n2 n12 n23 n32 n4?
o 3 aP 3c¥n2rY 3eZN2 (aZczZnl234+azZzcZn2nln3n4d-nln2n3nd4rz)
"~ n1?n23 n3? n4? n22 nl? n23 n32 n4? !
c¥n2? 1 eZN2 (cZnl234 +czZn2 nl n3 n4)
- n23 n1? n23 n32 n4? n1? n23 n32 n4? '
1

0o0==-—
n12 n2 n32 n4?

(1 +cZnl234 eZN2 - cZn2 eZN2 n1 n3 né + 2n1?n32 n4? - cZnl1234 ezZN2 n12n3? na? +
czn2 ezN2 n13 n33 n43 - n12 n32 n4? le) v
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ezN2? == ’
(******************************
The following equations are given by Lemma 6.11 for N3

******************************)

0. 3 ap? . 3 ry? ) 3 aZ ezZN3 (aZ cznl234 +aZczZzn3nln2n4 -2nln2n3n4rz) ,
n12 n22 n33 n4? n3 n12 n22 n33 n4?
3 aP 3c¥n3rY 3eZN3 (aZzcZnl234+azZczn3nln2n4-nln2n3ndrz)
0=- n1?n22 n3®na? n32 ) nl2 n22 n33 n4? ’
c¥n3? 1 eZN3 (cZnl234 + czn3 nl n2 n4)
0= n3®  nl2n22n3%n4? n12 n22 n33 n4? !
1

0 = —-—
n1? n22 n3 n4?

(1 +cZnl234 eZN3 - c¢Zn3 eZN3 nl n2 n4 + 2 n12 n22 n4? - ¢Zn1234 ezZN3 n1% n22 n4? +
czn3 ezN3 n13 n23 n43 - n12 n22 n4? le) '
eZN22 -- 1,
(******************************

The following equations are given by Lemma 6.7 for M

******************************)

2 aP ePM 2eZM (aZ czZnl234-n1n2n3 ndrz)
" n12 n22 n32 n4? n1? n22 n32 n4? !
ePM cZnl234 eZM

N n12n22n32n4? nl1?n22n32na?’
ezM? == 1, ePM? ==
}
{p, d, ¢Znl1234, cZnl, ¢cZn2, ¢cZn3, c¥nl, c¥n2, c¥n3, rz, rY, aP, eZM, ePM,
eZN1, eZN2, eZN3, le}]]

,d» —m
4 az? nl3 n23 n33 n4?
2

nin2nd’

2 az
ctnl - -——,c¢¥n2>-———,c¥n3o-——, rZ2 > ———,
n2 n3 n4 nln3 n4 nln2n4 nln2n3n4

rY->0, ab—> -a%Z, eZM—> -1, ePM> -1, eZN1 > 1, eZN2 > 1, eZN3 > 1, pY1e3},

{{ 4nl1% +4n2%+4n3%+3n1%2n2?n3?n4? 4 az®
p%

cZnl234 > 1, cZnl > czin2 - cZn3 -

n2n3nd’ nln3nd’

4n1% +4n2%+4n3%+3n12n2%2n32n4? 4 az’
{p% ,do — 2% cznl234 -1,
4 az? nl13 n23 n33 n4?

2 2
-y ¢cZn3> ——, c¥nl > - —,
nl n3 n4 nl n2 n4 n2 n3 n4

2 2 az
c¥n2»-——,c¥n3o-——, r2 > —M—
nl n3 n4 nl n2 n4 nl n2n3 n4

cZnl - cZn2 -

n2 n3 n4 !

, rY-> 0,

abP > -aZ, eZM>1, ePM> 1, eZN1 > 1, eZN2 > 1, eZN3 > 1, pY1a3},

,d» ————, ¢cZnl234 -1,
4 az? n13n23 n33 n4?

{ 4n1%+4n2%+4n3%+3n12n2%n32?n4? 4 az®
p -

2 2 2 2
¢cZnl > ——, ¢cZn2»> ——,¢cZzn3»> ——, c¥nl-> - —,
n2 n3 n4 nln3 n4 nl n2 n4 n2 n3 n4

2 2 az
cYfn2»-——,¢c¥Yn3» —, r2 > ———
nln3 n4 nln2n4 nl n2n3 n4

aP > -a%Zz, eZM > -1, ePM > -1, eZN1 > 1, eZN2 > 1, eZN3 > 1, pY1+3},

, rY->0,

4n1% +4n2%+4n3%+3n12n2%2n3?n4? 4 azd
{p% ,do — 2% cznl234 > 1,
4 az? nl13 n23n33 n4?
2 2 2 2
cZznl > ——, ¢cZn2 > ——, ¢cZn3 > ——, c¥nl > -

n2 n3 n4 nl n3 n4 nl n2 n4 n2 n3 n4 !
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2 2 az
c¥n2>-—-,c¥n3> ——, r2 > ——M—
nl n3 n4 nl n2 n4 nl n2n3 n4

aP > -aZz, eZM>1, ePM> 1, eZN1 > 1, eZN2 > 1, eZN3 > 1, pY1+3},

, rY > 0,

4nl1% +4n2%+4n3%+3n1? n22 n32 n4? 4 az®
{pe ,d»> ———, ¢cZnl234 -1,
4 az? nl3 n23 n33 n4?
2 2 2 2
cznl»> ——, ¢cZn2»> ——, cZzn3»> ——, ¢c¥nl > - —,
n2 n3 n4 nl n3 n4 nl n2 n4 n2 n3 n4

2 2 az
c¥fn2»> —, c¥Yn3--—, rZ2»> ———, r¥Y->0,
nl n3 n4 nl n2 n4 nl n2 n3 n4

a°P-»> -az, eZM > -1, ePM~> -1, eZN1 > 1, eZN2 > 1, eZN3 > 1, lee3},

4nl1?+4n2%+4n3%+3nl1%2n2? n3? n4? 4 az’
{P% ;yd» ————, cZnl234 -1,
4 az? n13 n23n33 n4?

2 2 2 2
cznl> ——,¢cZn2 > ——, ¢cZzn3 > ——, c¥nl > - ——,
n2 n3 n4 nl n3 n4 nl n2 n4 n2 n3 n4

2 2 az
cYn2» —,c¥n3-o-——, r2 > ——
nl n3 n4 nl n2 n4 nl n2 n3 n4

aP > -aZz, eZM>1, ePM> 1, eZN1 > 1, eZN2 > 1, eZN3 > 1, pY1+3},

, rY-> 0,

,d» ————, ¢cZnl234->1,
nl3 n23 n33 n4?

{ 4nl1%+4n2%+4n3%+3n12n2%n3?n4? 4 az’
p -
4 az?

2 2
- ¢Zn3 > ———, c¥nl > - ——,
nl n3 n4 nl n2 n4 n2 n3 n4

2 az
—_— Y Y5 —
nln2n4 nln2n3 n4

czZnl - cZn2 -

n2 n3 n4 !

cYn2 - cYn3 - , ¥r¥-> 0, aP-> -az,

nin3nd’

eZM > -1, ePM > -1, eZN1 > 1, eZN2 > 1, eZN3 > 1, lee?:},

4n1% +4n2%+4n3%2+3n12n2%2n32n4? 4 az’
{pe ,do — % cznl234 > 1,
4 az? nl13 n23 n33 n4?

2
- ¢Zn3> ——, c¥nl > - —,
nl n3 n4 nl n2 n4 n2 n3 n4

2 az
_, —_— Y Y7 5> —M
nl n3 n4 nl n2 n4 nl n2 n3 n4

abP > -aZz, eZM>1, ePM> 1, eZN1 > 1, eZN2 > 1, eZN3 > 1, pY1—>3},

cZznl - cZn2 -

n2 n3 n4 !

cYn2 - cYn3 - , ¥rY >0,

4nl1?+4n22+4n3%+3n1%n2? n3? n4? 4 az®
{P* ;,d»> ———, cZnl234 -1,
4 az? nl3n23n33 n4?
2

cZn2 - B
n2 n3 n4

cZnl - czZn3 - cYnl -

nln2nd’

2 az
cYfn2-»-——,c¢c¥n3 »o-———, r2 > ——
nln3 n4 nln2n4 nl n2n3 n4

n2n3nd’ nln3nd’

, rY-> 0,

aP > -aZz, eZM—> -1, ePM > -1, eZN1 > 1, eZN2 > 1, eZN3 > 1, pY1+3},

4n1% +4n2%+4n3%+3n12n2%2n32n4? 4 az’
{FH ,d> ————————, cZnl234 > 1,
4 az? nl13 n23 n33 n4?

cZnl - cZn2 - cZn3 - cYnl -

nln2n4' n2n3n4’

2 2 az
c¥n2>-——,c¥n35o-——, rZ2 > ——
nl n3 n4 nl n2 n4 nl n2n3 n4

abP-» -aZz, eZM>1, ePM> 1, eZN1 > 1, eZN2 > 1, eZN3 > 1, lea3},

n2n3n4’ nln3n4'

, rY-> 0,

4n1%+4n2%+4n3%+3n12n2%n3?n4? 4 az’
{P* yd» ————, cZnl234 -1,
4 az? n13n23 n33 n4?

2 2 2
cZnl> ——,c¢cZn2 > ——, c¢cZzn3 > ——, c¥Ynl » —,
n2 n3 n4 nln3 n4 nln2n4 n2 n3 n4

2 2 az
cYn2 > - ——, c¥n3 >

-V r2 > —————, r¥Y->0,
nln3 n4 nln2n4 nl n2n3 n4

39



40 | Complex 5-dimensional complete intersection. Case 2.nb

a°P > -aZz, eZM > -1, ePM > -1, eZN1 > 1, eZN2 > 1, eZN3 > 1, lee3},

4n1%+4n2%+4n3%+3n1%2n2%n3?n4? 4 az’
{P% ;,d» —————, cZnl234 -1,
4 az? n13 n23n33 n4?

2 2 2
cZnl> ——,¢cZn2 > ——, cZn3 > ——, c¥Ynl > —,
n2 n3 n4 nl n3 n4 nl n2 nd n2 n3 n4

2 2 az
cYn2 > - ——, c¥n3 >

-V r2 > ———, rY-> 0,
nl n3 n4 nl n2 n4 nl n2n3 n4

aP > -aZz, eZM>1, ePM> 1, eZN1 > 1, eZN2 > 1, eZN3 > 1, pY1+3},

,do — 2% e7n1234 51,
n13 n23 n33 n4?

{ 4n1%+4n2%+4n3%+3n1%2n2%n3?n4? 4 az’
p -
4 az?

cznl - cZn2 - czn3 - cYnl -

n1n2n4' n2n3n4'

2 2 az
c¥n2»> ——, c¥n3-o-——, rZ2 > ——
nl n3 n4 nl n2 n4 nl n2n3 n4

n2n3n4' nln3n4'

, rY-> o0,

a°P-»> -az, eZM > -1, ePM~> -1, €eZN1 > 1, eZN2 > 1, eZN3 > 1, lee3},

4nl1?+4n2?+4n3%+3nl1%2n2? n3? n4? 4 az’
{P% ;,d»> —————, cZnl234 -1,
4 az? n13n23 n33 n4?

cZnl - cZn2 - cZn3 - cY¥nl -

n1n2n4' n2n3n4’

2 2 az
cYn2» —,c¥n3-o-———, r2 > ——
nl n3 n4 nl n2 n4 nl n2n3 n4

n2n3nd’ nlin3nd’

, rY-> 0,

aP > -aZz, eZM>1, ePM> 1, eZN1 > 1, eZN2 > 1, eZN3 > 1, pY1—>3},

4nl1% +4n2%2+4n32+3n12n22n32n4? 4 az®
{P* ;d»> ——————, cZnl234 -1,
4 az? nl3 n23 n33 n4?
2 2 2
cznl > ——, ¢cZzn2 > ——, ¢Zn3»> ——, c¥nl» —,
n2 n3 n4 nln3 n4 nln2n4 n2 n3 n4

2 2 az
c¥n2 > ——, c¥Yn3 >

-y r2 > —————, r¥-> 0, aP > -az,
nln3 n4 nln2n4 nl n2n3 n4

eZM > -1, ePM > -1, eZN1 > 1, eZN2 > 1, eZN3 > 1, le+3},

4n1% +4n2%+4n3%+3n12n2%2n32n4? 4 az’
{FH y,d> ————————, cZnl234 -1,
4 az? nl3 n23 n33 n4?

2 2
cZznl»> ——, ¢cZn2 > ——, ¢cZn3 > ——, c¥nl » —,
n2 n3 n4 nl n3 n4 nl n2 n4 n2 n3 n4

2 2 az
c¥n2»> —, ¢c¥n3> ——, rZ2 > ———
nl n3 n4 nl n2 n4 nl n2 n3 n4

aP > -aZ, eZM > 1, ePM > 1, eZN1 > 1, eZN2 > 1, eZN3 > 1, pY1a3}}

, rY-> 0,

Computations for Lemma 6.14.
The case there exists N® s.t. Fix (N) = Y* U P°.

Case B.| where the other normal weights are trivial.
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(******************************
NOTATIONS
rY xY denotes the restriction of x to Y
rZ xZ denotes the restriction of x to Z
aZ denotes the Hopf weight at Z
aP denotes the Hopf weight at P
c¥nl xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cYj x¥J denotes the j-th Chern class of the normal bundle of Y in the
remaining directions
czl xZ denotes the first Chern class of the normal bundle of Z
ux5¥Bl denotes the local datum of x° at Y
ux5zZB1 denotes the local datum of x° at 2
px5PB1l denotes the local datum of x° at P

We use the variable t to extract the coefficient of order 2 of xY and
of order 1 of xZ. We then evaluate xY? and xZ to 1.

The orientation of the point P is -1, this explains the negative sign.
Once evaluated, we extract all the coefficients in 1 into a list.
******************************)

ux5YB1 =
Factor[CoefficientList|

Coefficient[Expand[(rY xYt +1 z)5] Series[(cYnl kYt + nlz)?!, {x¥, 0, 2}]
Series[(c¥2 xv?t%+ cY¥lxYtz+ 2°)7, {xv, 0, 2}], t, 2], 1]] /. x¥* 51

0. 0.0 10 ry? 5 (c¥nl +cYlnl) rY c¥nl?+cY1lcYnlnl+cY1?2n1?-cy2nl?
{ tUCT T nl? ' n13 }

ux5ZB1 =
CoefficientList[

Coefficient[Expand[(rz xZt + (aZ +1) z)5] Series[(czl xZt + z)7Y, {x2, 0, 1}] z73,
t, 1], 1] /. x2> 1

{—azch1+—5aZ4rZ, —5aZ4c21-r20aZ3rZ,
-10 az®czl + 30 az’ rz, -10 az’ czl + 20 az rz, -5a%zczl +5r%, -czl}

ux5PB1 =CoefficientList[Expand[—((aPa—l)z)s]z'lz'l(nlz)'l(nlz)'l(nlz)'l,1]

n1?’  n13 ' n13 ' n1® ' n13 ni3

{ aPp’® 5 aP* 10 ap3 10 aP? 5 aP 1 }

14

(******************************

NOTATIONS

us1lx3¥YBl denotes the local datum of pl(X)x3 at ¥
uslx3zZBl denotes the local datum of pl(X)x3 at Z
uslx3PBl denotes the local datum of pl(X)x? at P

******************************)

SymmetricReduction[Expand[(c¥nl=xY¥t + nlz)?+ (y¥2t + z)%+ (y¥3t + z)?],
{y¥2, y¥3}, {chxY, cYZsz}]

{eY1? €2 x¥? - 2 cY2 £? x¥? + c¥nl? £? x¥? + 2cYl £ xY z + 2c¥nl nl £ XY z + 2 2° + n1® 2, 0}
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uslx3YB1 =
Factor[CoefficientList|

Coefficient[
(le t2+cY12e?x¥?-2cY2t?x¥?+c¥n1?t?x¥? +2cY1tx¥z+2c¥nlnl txYz +
222 +n1? zz) Expand[(rY XYt + lz)3] Series[(cYnl kYt + nlz)?!, {x¥, 0, 2}]
Series[(c¥2 xv?t%+ cYlxYtz+ 2°)7, {xv, 0, 2}], t, 2], 1]] /. x¥* > 1

3 (2+n12) ry? 3 (—2 cyYnl + cYnl nl? - cY1l nl3) ry
0
{ ! nil ! n12

4

2cY¥nl? +cY1?nl? - 4 c¥2nl1? - cYl cynlnl3 + c¥12n1? - cY¥2 n1? + n1? pY1l }

nl3

uslx3ZB1 =
CoefficientList[

Coefficient[((czl xZt+2z)2+ 3 zz) Expand[(rz xZt + (aZ +1) z)3]
Series[(ch xZt + z)° Y, {xzZ, 0, 1}] z73, t, 1], 1] /.xZ->1

{72 azczl +12az%rz, -6az’czl +24azr%, -6aZczl+12r%, -2 cz1}

uslx3PB1 =
Factor[CoefficientList[(z2 +z2+ (n1z)2+ (n1z)%2+ (nl z)2) Expand[— ((aP +1) z)3]
z7'z' (nlz)™! (nlz)™! (nlz)t, 1]]

ap3 (2+3n12) 3 aP? (2+3n12) 3ap(2+3n12) 2 +3n12

{ nl3 ! nl3 ! nl3 ! ni3 }
ux5Y¥B1 + ux5ZB1 + ux5PB1
s ap® . . 4 5 5 10 ap? 5
{—aZ cZl - +5az2*rZ, -5az” czl - +20az”rZ, -10az” czl - +30az°rz,
nl13 nl nl
, 10 aP? 10 ry? 5aP 5 (cYnl +cYlnl) ry
-10az“czl - + +20aZzrz, -5azczl - - +5r7,
1'113 nl nl3 1'112
1 cYnl? + cYl cYnl nl + cY¥1?nl? - cY2 nl?
-czl- — + }
n13 n13
us1lx3YB1 + us1x3ZB1l + us1lx3PBl1
aP? (2 +3n1?)
{—2 az3cz1- —— ' 112 az? rzZ,
n13
3aP? (2+3nl1%) 3 (2+nl%) ry?
-6 az?czl - + +24azrz,
n1? nl
3aP (2+3nl1%?) 3 (-2c¥nl+c¥nlnl?-cYlnl?®) ry
-6azczl - + +12r7,
ni3 ni1?
- 2+3nl1? 2c¥nl?+cY¥12nl?-4c¥2nl?-cYlcYnlnld+cy1?nl?-c¥2nl1?+nl1?pyl }
-2czZl - +
n13 ni13
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Factor [Solve [{

(******************************
The following equations are given by the above computations of x°> locally
******************************)
p5

5 a 4
d= -az”czZl - — +5az2°rz,
n13
p4
= -5az%czl - +20 az? rz,
n13
3 10 ap? )
== -10az°czl- —— +30az“rz,
nl13
) 10 aP? 10 ry?
=-10az“czl - —— + —— +20azrz,
nl3 nl

(******************************
The following equation is given by the above computations of pl(X)x3 locally
******************************)

apP?® (2 +3n12)
pd = -2azcz21- ————* 1 12az%rz,
nl3
(******************************
The following equations are given by Lemma 6.13
******************************)
3ap? 3 ry?

+
n13 nl
3aP 3c¥nlry

- 14

n13 n12?
1 cYni12
== - — 4
n13 n13

}, {p, d, cZ1, c¥nl, rz, rY, aP, nl}]]

{{deo, cz1 50, c¥nl > -1, rZ2-50, r¥ >0, aP-0},

{d-»0, cZ21 >0, cYnl 1, rz->0, rY-0, ab-> 0},

3 (-2+n1?) 8 az® 16 8 az 2 az
{p% — ¢ de—T, czZl > ?, cYnl->1, rz > T' rY—>——l, aPeZaZ},
az n n n n
3 (-2+n1?) 8 az® 16 8 az 2 az
{pe -—d>-——,¢2l»> —, c¥nl>-1,rZ2»> —, r¥ > ——, aPe2aZ}}
az? ni3 n13 nl13 nl
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Computations for Lemma 6.14.
Case where there exists N® s.t. Fix (N) = Y* U P°.

Case B.2 where the other normal weights are not trivial.

(******************************
NOTATIONS
rY xY denotes the restriction of x to Y
rZ xZ denotes the restriction of x to Z
aZ denotes the Hopf weight at Z
aP denotes the Hopf weight at P
cY¥nl xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cYj xYJ denotes the j-th Chern class of the normal bundle of Y in the
remaining directions
cZn2 xZ denotes the first Chern class of the normal bundle of Z in the
direction of M
czl xZ denotes the first Chern class of the normal bundle of Z in the
remaining directions
ux5YB2 denotes the local datum of x° at ¥
ux5zZB2 denotes the local datum of x° at 2
ux5PB2 denotes the local datum of x° at P

We use the variable t to extract the coefficient of order 2 of xY and
of order 1 of xZ. We then evaluate xY¥? and xZ to 1.

The orientation of the point P is -1, this explains the negative sign.
Once evaluated, we extract all the coefficients in 1 into a list.

******************************)

ux5YB2 =
Factor[CoefficientList|

Coefficient[Expand[(rY xYt +1 z)5] Series[(cYnl k¥t + nlz)?!, {x¥, 0, 2}]
Series[(c¥2 xv?t%+ cY¥lxYtz+ 2°)7, {x¥v, 0, 2}], t, 2], 1]] /. x¥* 51

0. 0. 0 10 ry? 5 (cY¥nl +cY¥lnl) r¥Y c¥nl?+cYlcYnlnl+cY1l?nl?-cy2nl?
{ AR nl? ' n13 }

Simplify[Series[(cZnZ xZt + n2z) !, {xz, 0, 1}] Series[(czl xZt + z) Y, {x2, 0, 1}] z'z]

1 (cZn2 +cZ1l n2) t xZ 2
- +0([xZ]
n2 z* n2? z5

Ux52ZB2 =
CoefficientList[

Coefficient[Expand[(rz xZt + (aZ +1) z)5] Series[(cZnZ xZt + n2z) !, {xz, 0, 1}]
Series[(czl xZt + z)° Y, {xz, 0, 1}] z72, t, 1], 1] /.xZ->1

{ az’® cZn2 aZ°’czl 5az®rz 5az‘czn2 5az*czl 20az’rz

n2?  n2 ' n2 " n2? B n2 ' n2 !
10az3czZn2 10az3czl 30az?rz 10 az2czZn2 10az?czl 20azrZ
B n2?2 R n2 " n2 a n2?2 B n2 " n2 !
5azZcZn2 5azZcZil 5rZ cZn2 cZl
- n22 - n2 ! n2 - n2? B H}

ux5PB2 =CoefficientList[Expand[—((aP4—1)z)5] (n1z) ! (n1z)!(m1z)?!@2z)?! (n22)77,
1]
{ ap® 5 ap? 10 ap? 10 ap? 5 aP 1 }

"n13n22’ n13n22’ n13n22’ n1*n22’ n1®n22’ n1®n22
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SymmetricReduction[Expand[ (cYnlx¥t + nlz)2+ (y¥2t + z)%+ (y¥3t + z)2] ’
{y¥2, y¥3}, {ch xY, cY2 sz}]

{chz t2xY?-2cY2t?x¥? +c¥nl?t?x¥?+2cYltxY¥z+2c¥nlnltxYz+2z?+nl?z?, o}

uslx3YB2 =
Factor[CoefficientList[

Coefficient[
(pY1xv? e+ cv1? £? x¥? -2 cv2 £ x¥? + c¥n1? £? x¥? + 2c¥l t x¥z+2c¥nlnl t x¥ z +
2 z2 +n1? zz) Expand[(rY XYt + 1z)3] Series[(cYnl xYt + nlz)?!, {x¥, 0, 2}]
Series[(cYZ x¥2t%2+ cY¥YlxVtz+ zz)'l, {x¥, O, 2}], t, 2], 1]] /.x¥2 51

3 (2 + nlz) ry? 3 (—2 cyYnl + cYnl nl? - cY1l nl3) ry
{0’ nl ! n]_2 !

2cYnl? + cY12n1? -4 c¥2nl? -cYlcYnl nl3+cY1?2nl1% - cy2 nl* + n1? pyl }

nl3

uslx3ZB2 =
CoefficientList[

Coefficient[((cZnZ xzZt + n2z)2+ (cZ1xZt + z)2+222) Expand[(rz xZt + (aZ +1) z)3]
Series[(czZn2xZt + n2z)™', {xZ, 0, 1}] Series[(czZlxzt + z)™!, {x2, 0, 1}] 272,
t, 1], 1] /.xZ -1

5 3az3czn2 azdczl 5 9 az?ryz 5
{az cZn2 - - -az’cZln2+ —— +3az“n2riz,
n2? n2 n2
5 9 az?czn2 3az?czl , 18 aZ rz
3 az® cin2 - - -3az“cZln2+ —— +6azn2rz,
n22 n2 n2
9 aZ czZn2 3azczl 9rz 3cZn2 czl
3 azZcZn2 - - -3aZzczln2+ +3n2rZ,cZn2—7———cZ1n2}
n2? n2 n2 n2? n2
|J.S].X3PBZ =

Factor[CoefficientList[((n2 z)2+ (n22)2+ (n12)2+ (n12)%2+ (nl z)z)
Expand[- ((aP+1) z)®] (n22)™* (n2z)™! (nlz)™* (nlz)™* (nlz)}, 1]]

aP® (3n1? + 2 n2?) 3apP? (3n1? + 2 n2?) 3aP (3nl?+2n2?) 3n1? + 2 n22

{ nl3n2? ! nl3n2? ' nl3n2? ! nl3 n22 }

ux5YB2 + ux5ZB2 + ux5PB2

az> czn2 ap® az®czl 5az’rz
{_ n2>  nl3n22  n2 T2
5 az* czn2 5 ap* 5az?czl 20az3rz 10 az3czn2 10aP® 10az3czl 30az’rz
) n2? " nl3n22 n2 ’ n2 T n2? " nl3n22 n2 " n2 '
10 az2czZn2 10aP? 10az?czl 10rY? 20aZrz
" n22 n®n2?  nz a1 nz '
5az cin2 5 aP 5azcZl 5 (cYnl+cYlnl)rY 5rZ
© n22 nl*n22  n2 n1? T h2 !
cYnl? + cYlcYnlnl +c¥1?2nl1? -cY2nl? czn2 1 czl
n1? " n22  nl¥n22 g}
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uslx3YB2 + uslx3ZB2 + usl1lx3PB2

3az’czn2 az’czl aP® (3n1%?+2n2?) 9gaz?rz

{az3 cZn2 - -azdczln2 - + +3az?n2 rzZ,
n22 n2 nl3 n2? n2
9az?czn2 3az?czl 3ap? (3nl1?+2n2?) 3 (2+nl?) ry?
3 az?czZn2 - - -3az?czln2- + +
n22 n2 n13 n2? nl
18 aZ rZ 9 aZczZn2 3azczl 3aP (3nl1?+2n2?)
—————————+6azn2rzZ, 3azZzcizn2 - - -3azcZln2 -
n2 n2? n2 n13 n2?
3 (—2 cYnl + c¥nl nl? - cY1nl3) rY 9y 3¢Zn2 ¢zl
+ +3n2rzZ, cZn2- —— - —— —-czln2 -
nl? n2 n22 n2
3n12+2n2?> 2c¥nl?+c¥1?2nl?-4c¥2nl?-cY¥lcYnlnld+cY1?nl*-c¥2nl?*+nl?pyl }
+
n13 n2? n13

Factor [Solve [{

2 (aP ePM - aZ cZn2 eZM + eZM n2 r7)
= r
n2?
ePM - cZn2 eZM
0 = -,
n2?

3ap? 3ry?

0= - +

n13 nl

3aP 3cY¥nlry
0= - - ’

n13 n12

1 cYnl?
0= -—+

ni3 ni3

}, {rY, rZ, cZn2, cYnl}]]

abP (aP - aZ) ePM ePM
{{rY» -—yr2»>-——————,¢cZn2 > ——, cY¥nl > l},
nl eZMn2 ezZM
aPbP (aP - aZ) ePM ePM
{rYe —y 2> -——————, CcZn2 - ——, c¥nl - —1}}
nl ezZMn2 ezM



Factor [Solve [{

(********************

az® czZn2

The following equations are given by the above computations of x
******************************)
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*khkkkkkkkkk

5

locally
g _ ap’ _az5cz1+5az4rz,
n22 n13 n2? n2 n2
5 aZ* czZn2 5 ap* 5az*czl 20az3rz
T 7T 22 a2z 2 nz
10 az3czn2 10aP® 10az3czl 30az2rz
o n2? " n13n2? n2 ¥ n2 !
10 az?2czn2 10aP? 10az?czl 10r¥? 20azZriz
T n22 " n13n2? n2 ! nl * n2
}, {d, cz1, rY, rz}]]

aP3 (aP - az)?

fa--

-3aP*+4aP?az+az?czn2nll
, CZ1 > - ,
nl3 n2? az%ni1’n2
aP (aP - aZz) aP? (aP - az) aP? (aP - az)?
ryo--——— ', r7-> },{de—
aZnln2 az3nl3n2 nl3 n2?
-3 aP%+ 4 aP?aZ +az*czZn2nl?
czl —» -

az?ni1’n2

(******************************

== n2+1.

Comparing the values of rZ and rY allows us to obtain that nl =
n2-1 or nl

We write
khkkkkkkkhkkkkkkhkkkkkkkkkkkkk*k

aP (aP - az)
, Y >

aP? (aP - az)

’ -

aznln2

})

az3n13n2

nl == n2 + u,
*kkk)

where u? =

1
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Factor [Solve [{

2
nl = (n2+u), u® =1,
(******************************

3

The following equations are given by the above computations of pl(X)x’ locally

******************************)
3azdczn2 azdczl aP?® (3n1%2+2n2%) 9az?ryz

pd= az3czn2- - -az3cz1n2- + +
n2? n2 n13 n2? n2

3az?n2 rz,
(******************************
The following equations are given by the above computations of x° locally

******************************)

az® czn2 ap® az®czl S5az*rz
T n22  nin2?2  n2 * n2

5az®czn2 5apP* 5az®czl 20az’rz

0= - n22 “nl%n22 n2 * n2 !

10 az3czn2 10aP® 10az3czl 30az?rz
EEPY Cn1n22 n2 T2

10 az2czn2 10aP? 10az2czl 10r¥? 20azrz
T n2? T n1®n2?2 n2 * nl * n2

(******************************
The following equations are given by Lemma 6.7
******************************)

2 (aP ePM - aZ cZn2 eZM + eZM n2 r7)
== 2
n2?

ePM - cZn2 eZM
n2?

epM? == 1, ezZM? == ’

(******************************

4

The following equations are given by Lemma 6.13
******************************)

3ap? 3ry?

+
nl13 nl
3aP 3c¥nlry

= 14

n13 n12
1 cYn12
== - — 4
n13 n13

}, {p, 4, cZ1, c¥nl, czZn2, rY¥, rZ, eZM, ePM, aP, nl, u}]]
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6
{{pe — d - az®, cz1 53, c¥nl > -1, czZn2 > 1, r¥ > -aZz,
az

Y% >aZ, eZM - -1, ePM > -1, aP > -aZ (-1 +n2), nl - -1 +n2, u%—l},
6 5
{pe — d->az’>, cZ1 >3, c¥nl>-1, cZn2->1, r¥Y > -aZ, rz - az,
az
eZM 51, ePM > 1, aP > -aZ (-1+n2), nl > -1 +n2, ue—l},
6 5
{p—> — d->az’, cZ1 >3, c¥nl->1, cZn2->1, r¥Y > aZ, rz - az,
az
eZM > -1, ePM > -1, aP > -aZ (-1 +n2), nl > -1 +n2, ue—l},

6

{p-e — s d- az®, czl >3, c¥nl > 1, czZzn2 > 1, r¥ > az, rZ - az,
az

eZzM > 1, ePM> 1, aP > -aZ (-1+n2), nl > -1+n2, ue—l},

6
{pe — d->-az’, cZ1 >3, c¥nl > 1, cZn2 > -1, r¥ > -aZ%, rZ > a%Z, eZM— -1,
Z

6
ePM > 1, aP-aZ (1+n2), nl->1+n2, u- 1}, {p-ﬁ — d- —aZ5, cZzl >3, cYnl-> 1,
az

cZzn2 »>-1, rY> -a%Z, rZ >aZ, eZM->1, ePM> -1, aP > aZ (1+n2), nl > 1+n2, uel},

6
{p—>4—;,d—e—aZ5,ch—>3,cYnl—a—l,cZn2—>—1,rY—>aZ,rZ—>aZ,eZM—>—1,
az

6
ePM 5 1, aP - aZ (1+n2), nl - 1+n2, uel}, {p» ——,d>-az’, cz153, c¥nl > -1,
az

cZzn2 » -1, rY > a%z, rZ > aZ, eZM->1, ePM> -1, aP>aZ%Z (1+n2), nl>1+n2, u- 1}}

Computations for Lemma 6.15.
Case where there exists N* s.t. Fix(N) = Z2 U P°.

Case C where the other normal weights are trivial.

(******************************
NOTATIONS
rY xY denotes the restriction of x to Y
rZ xZ denotes the restriction of x to 2
aZ denotes the Hopf weight at Z
aP denotes the Hopf weight at P
cYj x¥) denotes the j-th Chern class of the normal bundle of Y
cznl xZ denotes the first Chern class of the normal bundle of Z in the
direction of N
czl xZ denotes the first Chern class of the normal bundle of Z in the
remaining directions
pux5YC denotes the local datum of x° at Y
ux5zC denotes the local datum of x° at Z
ux5PC denotes the local datum of x° at P

We use the variable t to extract the coefficient of order 2 of xY and
of order 1 of xZ. We then evaluate xY¥? and xZ to 1.

The orientation of the point P is -1, this explains the negative sign.
Once evaluated, we extract all the coefficients in 1 into a list.

******************************)
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ux5¥YC =
Factor[CoefficientList|

Coefficient[Expand[(rY XYt + lz)5]
Series[(c¥2xv?t®z+ c¥lxytz?+ 2%)7Y, (x¥, 0, 2}], t, 2], 1]] /. x¥* > 1

{0, 0, 0, 10rY?, -5¢c¥1rY, cv1®-cv2}

UX5ZC =
CoefficientList[

Coefficient[Expand[(rZ xZt + (aZ+1) z)s] Series[(can xZt + nlz)?!, {xz, 0, 1}]
Series[(ch xZt + z)°Y, {xzZ, 0, 1}] z7%, t, 1], 1] /.%XZ -1

{ az’cznl az’czl 5az’rz 5az‘cznl 5az*czl 20az’rz

- + r - - + [
nl1? nl nl nl? nl nl
10 az3cznl 10az3cZl 30az®rz 10 az2cznl 10 az?cZl 20aZrz
- - + - - +
nl? nl nl ! nl? nl n1 '

— — + — -

ni1? nl nl ' n12 nl

5aZ czZnl 5azczl 5rz cZnl ch}

ux5PC = CoefficientList[Expand[— ((aP +1) z)5] z1z1z! (n1z)?! (n1z)?, l]

n12’7nl2 " nl? " nl? ,7n12'7n12

{ ap® 5 aP? 10 ap? 10 ap? 5 aP 1 }

SymmetricReduction[Expand[ (y¥lt + z)?+ (y¥2t + z)?+ (y¥3t + z)?],
{y¥1l, y¥2, y¥3}, {ch xY, c¥2 xY?, c¥3 xY3}]

{eY1? €2 xv? -2 cv2t? x¥? + 2cY1 £ XY z + 3 27, 0}

usl1lx3¥YC =
Factor[CoefficientList[

Coefficient[ (p¥1x¥?t%+cy1? t? x¥? -2 cv2 £? x¥? + 2 Y1 £ x¥ z + 3 2?)
Expand[(rYth + 1z)3] Series[(cYZ x¥2t2z+ cYlxvtz?+ z3)'1, {xy, O, 2}], t, 2],
1]] 7. x¥? > 1

{0, 9r¥?, -3cYlrY, 2c¥1®-5cY2 +pYl}

usl1lx3ZC =
CoefficientList[

Coefficient[((cZnlxZt + nlz)?+ (c21xZt + z)?+22%) Expand[(rZxz2t + (aZ+1) z)?]
Series[(can xZt + nlz)?!, {xz, 0, 1}] Series[(ch xZt + z) !, {xz, 0, 1}] z72,
t, 1], 1] /.xZ -1

3 3az3cznl azdczl 3 9 az?rz )
{az cZnl - - -az’cZlnl+ — +3az°nlrz,
nl? nl nl
, 9 az?cznl 3 az?czl , 18 aZ rz
3 az° cznl - - -3az“cZlnl+ —— +6aznlrz,
nl? nl nl
9 aZ cznl 3azczl 9rz 3 cZnl cZl

3 azcznl - - -3aZzczZlnl+ +3ner,cZn1—7———cZInl}

nl1? nl nl nl? nl



Complex 5-dimensional complete intersection. Case 2.nb | 51

uslx3PC =
Factor[CoefficientList[(z®+2%+2%+ (nl2)?+ (nlz)?) Expand[- ((aP+1) z)°]

ztztz (n1z)™! (nlz)7t, 1]]

aP’ (3+2n1?) 3apP? (3+2n1?) 3aP (3+2n1?) 3:+2n1?
{_ ni1? " nl1? " nl1? " n1? }

ux5YC + ux5zZC + ux5PC

5az’rz 5aP?* 5az®*czZznl 5az‘czl 20az3rz

{ aP® az’czZnl az’®czl

-5 + 4 + r
nl1? nl? nl nl nl? nl1? nl nl
10 aP® 10aZ3czZnl 10az3czl 30az’rz

- - - +

nl? nl? nl nl !
10aP? 10az®’cznl 10 az’czl , 20azrz
- - - +10ry" + —,
nl1? nl? nl nl
5aP 5 aZzciZnl 5azczl 5rZ 2 1 czZznl czl

- - - -5¢cYlry+ , CcY1l —cYZ———i——}

nl? nl? nl nl nl? nl? nl

uslx3YC + us1lx3ZC + us1lx3PC

5 3az’cznl azdczl 5 aP® (3 +2n1? 9 az?rz 5
{aZ cZnl - - -az”cZlnl - + +3az“nlrz,
nl? nl nl? nl
, 9 az?cznl 3 az?czl ,
3 az“ cZnl - - -3az“czZzlnl -
nl? nl
3ap? (3+2nl?) 18 az rz
+9ryY?+ —— +6aznlrz,
nl? nl
9 azcznl 3azczl 3aP (3+2nl?) 9rz
3 azZcZnl - - -3aZzczlnl - ——— - 3cYlrY+ +3nlrz,
nl? nl nl? nl
5 3czZnl ¢zl 3 +2nl?
2cYl“-5¢Y¥2+cZnl - ——— - —— - ¢cZ1lnl - —+pY1}
nl? nl ni1?

Factor [Solve [{

2 (aPePN-aZ cZnl eZN + eZNnl rz)

= 14

nl1?
o ePN - cZnl eZN
- n1?

}

{cZnl, rZ}”
ePN (aP - aZ) ePN

{{can - ——, YZ > - —}}

ezZN eZN nl
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Factor [Solve [{

(******************************

5

The following equations are given by the above computations of x> locally

******************************)

aP> aZ%czZnl a%°czl 5azrz

== —— -_— + ’
nl1? n1? nl nl
5aP* 5az*cznl 5az'czl 20azdrz
== -— - -_— +
nl? nl? nl nl !
10ap® 10az3cznl 10az3czl 30az?rz
= - -_— -_ +
nl? nl12 nl nl '
(******************************
The following equations are given by the above computations of pl(X)x? locally
******************************)
3 3azdcznl aziczl 3 aP?® (3+2n1%) 9az?rz )
pd = aZ’ cZnl - - -az’ czlnl - + +3az°nlrz,
nl1? nl n1? nl

(******************************
The following equations are given by Lemma 6.7
******************************)
2 (aP ePN - aZ cZnl eZN + eZN nl rZ)

I
ni1?

ePN - cZnl eZN

4

nl?
ePN? = 1, ezZN? == 1

1,

{p, 4, cZ1, cZnl, rZ, aP, ePN, eZN}”



Complex 5-dimensional complete intersection. Case 2.nb | 53

3 (4+n1?) 4 az® 6 2 az
{{pei, - , czZl > —, cZnl>1, rz > ,aPe—aZ,ePNe—l,eZNe—l},
4 az? nl? nl nl
3 (4+n1?) 4 az® 6 2 az
{p% a8t g1 —, cznl > 1, rZ o , aP > -aZ, ePN > 1, eZN - 1},
4 az? nl? nl nl
3(4+4(-1)Y3+4(-1)23-n1%+ (-1)¥3n1?+3 (-1)?/3n1?)
{P% 2 4
4 az
(-1+ (-1)'3)% az® 3 (-1+(-1)3)
d- , CZ1 > - , CZnl > 1,
nl? nl
(-1+(-1)173) az
rZ - - . ,aP%(—l)l/"’aZ,ePNa—l,eZNa—l},
n
3(4+4 (-3 44 (-1)?2-n1%+ (-1)¥3n1?+3 (-1)2/3 n1?) (-1+(-1)?)% az®
{p% ; d- ’
4 az? nl1?
3 (—1+ (,1)1/3> (—l+ (—1)1/3> az
cZl > - , cZnl > 1, rz - - ,aPe(—1)1/3aZ,ePNel,
nl nl
3(-4+4(-1)'3+4(-1)*3+nl1?+3 (-1)3n1?+ (-1)?3n1?)
eZNel}, {pa— ’
4 az?
(1-(-1)'3+2 (-1)%?) az® 3 (1+(-1)%73)
d- ,c2l> —— °, cZnl->1,
nl? nl
(1+(-1)273) az
rZ - n ,aPe—(—l)ZBaZ,ePNe—l,eZNa—l},
n
3(-4+4(-1)M3+4(-1)*3+nl1?+3 (-1)3n1%+ (-1)?3n1?)
{pﬁ* 2 14
4 az
(1-(-1)¥3+2 (-1)%3) az® 3(1+(-1)273)
d- ,¢cz2l > ———, ¢cZnl > 1,
nl1? nl
(1+(-1)%3) az
r7 - . ,aPe—(—l)Z/SaZ,ePN%l,eZNel},
n
6_-21i+3 +nl12-1i+/3 n12 31'1(—1'1+\/3)az5 3]'1(—3Ji+\/3)
{pe , d- - , CZ1 - - '
2 az? 2 n1? 2nl
i(-3i++V3)az 1
czZnl > -1, rZ - - ,aP > - — 1 (711+\/3 ) az, ePN - 1, eZN»—l},
2nl 2
6-21i+/3 +nl?-i+/3 ni? 3i(-i++/3) az® 3i (-31++/3)
{pa , d- - , CZ1 —» - ’
2 az? 2nl? 2nl
i(—3i+\/3)az 1
cZznl > -1, rz -» - ,aP > - —1 (—J'l+\/3 ) az, ePN- -1, eZNel},
2nl 2
6+2i+3 +nl2+i+/3 ni? 3i (i++/3) az® 31 (3i++3)
{pe , d- , 21 »> ———
2 az? 2 nl? 2nl

i(3i++/3)az 1

,aP- — i (i++/3)az, ePNo 1, eZNe—l},
2nl 2

{ 6+2i+/3 +n1?+i+/3 nl? 3i (1++/3) az® 3i (3i++V3)
P~ ' _—

cZznl > -1, rz -

5 - 3 , CZ1 -
2 az 2nl 2nl

i(31++/3) az 1
czZnl > -1, rz > ( o1 ) ,aPeEJ'1<1'L+\/3)aZ,ePNe—l,eZN»l}}
n




Computations for Theorem D.
The case where the fixed points are YAUPyUP, UP,.

Computations for Lemma 6.16.
The case where the action is semi-free.

(******************************
NOTATIONS
rY xY denotes the restriction of x to ¥
ai denotes the Hopf weight at Pi

cYj x¥) denotes the j-th Chern class of the normal bundle of Y
ux5Y denotes the local datum of x° at Y
px5Pi denotes the local datum of x°> at Pi

We use the variable t to extract the coefficient of order 2 of xY. We
then evaluate xY¥? to 1.

The orientation of the point PO is 1 while those from Pl and P2 are -
1. This explains the signs at their local datum

Once evaluated, we extract all the coefficients in 1 into a list.

******************************)

ux5Y =
Factor[CoefficientList|
Coefficient[Expand[(rYth.+ lz)ﬂ

Series[(c¥2xv?t%z+ c¥lxvtz?+ 2%)7Y, (x¥, 0, 2}], t, 2], 1]] /. x¥* > 1

{0, 0, 0, 10.rY2, -5cYlry, cY12-—cY2}

ux5P0 =CoefficientList[Expand[((aO-+1)z)5]z'5,1]

{a0®, 5a0*, 10a0%, 10a0%, 5a0, 1}

ux5°P1 =CoefficientList[Expand[-((a14-1)z)s]z‘5,1]

{-a15, -5al%, -10a1%, -10al1?, -5al, -1}

ux5P2 =CoefficientList[Expand[—((a24-1)z)s]z's,1]

{-a2°, -5a2%, -10a2%, -10a2?, -5a2, -1}

(******************************

NOTATIONS

uslx3Y denotes the local datum of pl(X)x? at ¥
us1lx3Pi denotes the local datum of pl(X)x® at Pi

******************************)

SymmetricReduction[(let +2z)24 (yY2t+ z)2+ (y¥3t+ z)2, {y¥Yl, y¥2, y¥3},
{ch xY , c¥2 x¥?, cy3 xY3}]

{chZ t2xy?-2cY2t?x¥?+2cYltxYz+ 322, 0}
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uslx3Y =
Factor[CoefficientList|

Coefficient[(le t2+c¥12¢2x¥2-2cy2t2x¥2+2cY¥ltx¥z+3 zz)
Expand[(rYth + 1z)3] Series[(cYZ x¥2t%2z+ cYlxv tz?+ z3)'1, {x¥, O, 2}], t, 2],
1]] 7-x¥? > 1

{0, 9r¥?, -3cYlryY, 2c¥1®-5cY2 +pYl}

us1x3PO = CoefficientList[((z)2 +(2)2+ (2)%+ (z2)%+ (z)2) Expand[((a0+l) z)3] z73, 1]

{5 a03, 15a0?%, 15 a0, 5}

uslx3P1 = CoefficientList[((z)2 +(2)2+ (2)%2+ (2)%+ (z)z) Expand[—((al +1) z)3] z73, 1]

{-5a1®, -15a1%, -15al, -5}

us1x3P2 = CoefficientList[((2z)?+ (z)2+ (2)?+ (2)%+ (2)?) Expand[- ((a2+1) z)3] 27°, 1]

{-5 a2®, -15a2?, -15 a2, —5}

SymmetricReduction[ (YY1t + z)%+ (y¥2t+ 2z)%+ (y¥3t+ z)*, {y¥l, y¥2, y¥3},
{ch xY , c¥2 x¥?, cy3 xY3}]

{ev1®tfxv? -4 cvi?cv2t? xy* + 2cv2® t' xv* + dcvley3 ti xv* + 4 ey’ ¥ xv3 2 -
12cYley2 £3x¥’ z+ 12 cy3 £ x¥° z + 6 cY1? £ x¥? 2° - 12 cY2 £? x¥? 2* + 4 cY1 £ x¥ 2° + 3 2%, 0}

us2xY =
Factor[CoefficientList[

Coefficient[(G c¥1? £2xv?2 22 - 12 cY2 t? x¥2 2% + 4 cY1 t XY z3+3z4) (r¥YxY¥Yt + 1z)
Series[(cYZsztzz+ cYlxYtz?+ z3)'1, {xy¥, O, 2}], t, 2], 1]] /. XxXY*2 51

{ch ryY, 5 (chz -3 cYZ) }

us2xP0O = CoefficientList[((z)*+ (2)*+ (2)*+ (z)* + (2)*) Expand[((a0+1) z)] z°, 1]

{5a0, 5}

us2xPl = CoefficientList[((2)*+ (2)*+ (2)*+ (2)* + (2)*) Expand[- ((al+1) z)] z™°, 1]

{-5al, -5}

us2xP2 = CoefficientList[((2)*+ (2)*+ (2)*+ (2)* + (2)*) Expand[- ((a2+1) z)] z7°, 1]

{(-5a2, -5}

Factor [ux5Y + ux5P0 + px5P1 + px5P2]

{a0® - al®-a2°, 5 (a0* - al? - a2%), 10 (a0’ -al’-a2®),
10 (a0®-al?-a2?+ryv?), 5 (a0 -al -a2 -cYlry), —1+cY12—cY2}

Factor[us1x3Y + ps1x3PO + us1lx3P1 + pslx3P2]

{5 (a0®-al’-a2’), 3 (5a0®-5a1”-5a2*+3rY?),
3(5a0-5al-5a2-cYlrY), -5+2cY1?-5cY2+pYl}
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Factor[pus2xY + us2xPO + ps2xP1 + us2xP2]

{5a0-5al-5a2+cylry, 5 (-1+cyl?-3cv2)}

(******************************
One way to get a contradiction
******************************)

Solve[{

(******************************

The following equations are given by the above computations of x
******************************)

(#d== a0%-al®-a25,

0==5 (a0*-al®-a2‘),

0==10 (a03—a13—a23) , %)
=10 (a0? - a1? - a2? + rv?),
=5 (a0-al-a2-cyYlry),
=-1+cv1?-cv2,

(******************************

The following equations are given by the above computations of pl(X)x

5 locally

3 locally

******************************)
(xp 4 = 5 (a0®-al3-a2?),

= 3 (3+5 a0%-5 al?’-5 a2?),x)

== 3 (5a0-5al-5a2-cYl),

= -5+2c¥12-5c¥2 +pvl,

(******************************
The following equation is given by the above computations of s2(X)x locally

******************************)

0==5 (—1 +cy1? —3cY2)

1,

{cY1, c¥2, rY, pYl, a0, al}]
1 1
{{CY1—>—1, OY2 50, XY _, pYl >3, a0 > a2, al - E}’

1 1
{che 1, €¥250, r¥ > -, pY1 -3, a0 > a2, ala—g}}

(******************************
Another way to get a contradiction

******************************)
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solve[{

(******************************

The following equations are given by the above computations of x° locally
******************************)

= a0% - a1%-a25%,
0==5 (a0* - a1* - a2?),
=10 (a03 -a1d- a23) ,
= 10 (aO2 -al?2-a2%+ rYz) ,
=5 (a0 -al-a2-cYlry),
= -1+cY1%-cy2,
(******************************
The following equations are given by the above computations of pl(X)x3® locally
******************************)
(¥p d = 5 (a03—a13—a23),
0= 3 (3+5 a0?-5 al®’-5 a2?),
0-= 3 (5 a0-5 al-5 a2-cY1l),
= -5+2 cY1?-5 cY2+p¥l,*)
(******************************
The following equation is given by the above computations of s2(X)x locally
******************************)
0 == (—1+CY12—3CY2)

}

{d, cY1, c¥2, rY, al, a2}]

{{d-»0, cY1>-1, c¥Y2>50, rY>0, al> 0, a2 > a0},
{d-0, cYl1>1, c¥Y2-0, rY->0, al >0, a2 > a0},
{d-0, c¥Y1>-1, c¥Y2->50, rY>0, al > a0, a2 >0},
{d-0, c¥Yl1>1, cY2->50, rY>0, al > a0, a2 >0}}

Computations for Lemma 6.19.
Case A.| where there exists N° s.t. Fix(N) = YU Py U P, U
P,.

(******************************
NOTATIONS
rY xY denotes the restriction of x to Y
ai denotes the Hopf weight at Pi
Nij denotes the product of the normal weights shared between Pi and Pj
Sni is the sum of the square of the normal weights at Pi
cY¥nl xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cYj x¥) denotes the j-th Chern class of the normal bundle of Y in the
remaining directions
pux5YA denotes the local datum of x° at Y
px5PiA denotes the local datum of x° at Pi

We use the variable t to extract the coefficient of order 2 of xY¥. We
then evaluate xY¥? to 1.

The orientation of the point PO is 1 while those from Pl and P2 are -
1. This explains the signs at their local datum

Once evaluated, we extract all the coefficients in 1 into a list.
******************************)
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ux5YAl =
Factor[CoefficientList|

Coefficient[Expand[(rY XYt + lz)5]
Series[(c¥2 xv?t%+ cYlxYtz+ 2°)7, {x¥, 0, 2}]
Series[(cYnl xYt +nlz)!, {xv, 0, 2}], t, 2], 1]] /. x¥2 51

10 ry? 5 (cYnl +cY¥lnl) r¥Y c¥Ynl?+cYlcYnlnl+cY1?2nl?-cy2nl? }

{0' 0r0r — 7 niz ' n1?

ux5POAL = CoefficientList [Expand[ ((a0+1) z)°] n17° NO17' NO27" 27°, 1]

{ a0’ 5 a0* 10 a0?3 10 a02 5 a0 1 }
NO1N02n13  NO1N02nl13® NO1N02n1® NO1NO2n1® NO1N02nl13  NO1NO02n13

ux5P1A1 = CoefficientList [Expand[- ((al+1) z)>] n1-3N01"'N12"12z75, 1
P

{ al’® 5al? 10 al3 10 al? 5al 1 }
NO1n13®N12  NO1nl13N12  NO1nl1®N12  NO1nl3N12  NO1nl1®N12  NO1nl3N12

ux5P2A1 = CoefficientList [Expand[— ((a2 +1) z) 5] n1-3N02"1N1271 275, 1]

{ a2® 5 a2t 10 a23 10 a2? 5 a2 1 }
N02n13N12  NO2nl13N12  NO2n13N12  NO2n13N12  NO2nl3N12  NO2nl3N12

SymmetricReduction[Expand[ (yY¥2t + z)2+ (y¥3t + z)z] , {y¥2, y¥3}, {ch xY, cY2 sz}]

{chZ t2xy?-2cY2t?xY?+2cYltxYz+ 222, 0}

U.S].X3YA1 =
Factor[CoefficientList|

Coefficient|
Expand[le t2+ (c¥nlx¥t +nlz)?+c¥1?t2x¥2-2c¥2t2x¥2+2cY1tx¥z+2 zz]
(r¥YxYt + 1z)° Series[(cv2xv?t?+ c¥lxytz+ z2)7%, {x¥, 0, 2}]
Series[(cYnlet +nlz)!, {xv, 0, 2}], t, 2], 1]] /.x¥2 51

3 (2 + nlz) ry? 3 (—2 cyYnl + cYnl nl? - cY1l n13) ry
{0, nl ! n]_2 !

2cYnl? + cY12n1? -4 c¥2nl? -cYlcYnl nl®+cY1?2nl1* - cy2 nl* + n1?2 pyl }

nl3

us1x3POAl = Factor [CoefficientList[Sn0 z? ((a0 + 1) z)> n173 NO17' NO27* 27%, 1]]

{ a03sno 3 a0?sn0 3 a0 Sno0 Sno }
NO1N02n1® NO1N02nl13®  NO1N02n13® NO1NO2n13

us1x3P1Al = Factor [CoefficientList[- Snlz® ((al+1) z)®n13NO17'N127 27, 1]]

{ al3 snl 3al?snl 3 al snl snl }
NO1n13N12  NO1nl3N12  NO1nl13®N12  NO1nl3N12
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us1x3P2Al = Factor [CoefficientList[- Sn2 z? ((a2+1) z)>n1?N027'N1271 27, 1]]

{ a2’ sn2 3 a2%2sn2 3 a2 sn2 Sn2 }
N02n13®N12  N02n13N12  NO2n1®N12  NO2nl13N12

ux5YAl + pux5POAl + pux5P1A1l + ux5P2A1

a0® al® a2’ 5a0* 5al* 5 a2
{NOI N02nl® NO1nl3N12 N02nl®N12 NOLNO2nl® NOLnl®N12 NO2nl3N12
10 a03 10 a13 10 a23 10 a0? 10 al? 10 a2? 10 ry?
NOINO2nl® NOLnl1’NI2 NO02nl’N12 NOLNO2nl® NOlnl®N12 NO2nl®Nl2 ~ nl
5 a0 5al 5a2 5 (c¥nl +cY1lnl) rY
NO1N02nl® NOlnl®N12 NO2nl®N12 n1? ’
1 cYnl? + cYl cYnlnl +cY1?nl1? - c¥2 nl1? 1 1
NO1NO0Zn1® n1?  NO1nl®N12 NO2nl’N12 }

Factor[us1x3YAl + pslx3POAl + pslx3P1Al + us1lx3P2A1]

{ a03 N12 Sn0 - al3>N02 Snl - a23 NO1 Sn2
NO1 NO2 nl13N12
3 (2 NO1 N02nl?2N12 rY?+NO1NO02nl?N12rY? +a02N12 Sn0 -al?2N02 Snl -a22N01 Snz)

14

4

NO1 NO2 nl13N12
1

 NO1NO02nl3N12
CY1N01N02nl*N12rY-a0N12Sn0+alNO2Snl+a2N01Sn2),

1
NO1 N02 nl13N12
€Y1 cYnl NO1 N02nl13N12 +cY12NO1 N02 n1*N12 - cY2 NO1 NO2 nl1*N12+

NO1NO02 nl®N12 pY1l + N12 Sn0 - NO2 Snl - NO1 Sn2) }

3 (2 cYnl NO1 NO2 nl N12 rY - cYnl NO1 N02 n13N12 rY +

(2 cYnl? NO01 N02 N12 + cY12 N01 N02 n1? N12 - 4 cY2 NO1 N02 n1%2 N12 -
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Factor [Solve [{

a0’ a1’ a2’
¥ NOLINOZn1® NOlnl®N12 NO2nl®Ni2
0 - 5 a0* ) 5alt ) 5 a2
"~ NO1N02nl1® NO1nld®N12 NO2nl®N12
10 a0? 10 a13 10 a23
T NOLNO2n1® NOlnl®N12 NO2nl®Ni2 '
10 a0? 10 a1? 10 a22 10 ry?
¥ NO1NOZn1® NOInI®Niz NOZnl®Niz | nl
5 a0 5al 5a2 5 (c¥nl + c¥1 nl) rY
0= NolW0zZnl’ WOInI’Niz NOZml®NiZ | n12 !
1 c¥nl? + c¥1l c¥nlnl + c¥1? n1? - c¥2 n1? 1 1
NO1 NO2 n13 " nl13 " NO1n13N12 NO2nl1dN12'
b= a03 N12 Sn0 - al3 NO2 Snl - a23 NO1 Sn2
= ,

NO1 NO2 n13 N12

3 (2 NO1 NO2 nl12N12 rY¥? + NO1 NO2 n1% N12 rY? + a0% N12 Sn0O - al? NO2 Snl - a22 NO1 Snz)

4

NO1 NO2 n13 N12
1
NO1 NO2 n13 N12

(2 c¥n1 NO1 NO2 n1 N12 rY - c¥nl NO1 NO2 n1® N12 rY¥ + c¥1 NO1 NO2 n1® N12 r¥ -

a0 N12 Sn0 + al NO2 Snl + a2 NO1 Sn2),
1

NO1 NO2 n13 N12

(2 c¥n1? NO1 NO2 N12 + c¥1% NO1 NO2 n1% N12 - 4 c¥2 NO1 NO2 n1? N12 -
cY1 c¥nl NO1 NO2 n13 N12 + c¢Y¥12 NO1 NO2 n1® N12 - ¢c¥2 NO1 NO2 n1® N12 +
NO1 NO2 n12 N12 pY1 + N12 SnO - NO2 Snl - NO1 Snz) ,

pYl == 3
}, {p, d, NO1, NO2, N12, SnO, Snl, Sn2, p¥l, c¥1, cYZ}”
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1
Hp - (-a0% a1? a2? cYn1? + 3 a0% a1? a2’ n1? + a0% al? a2® cyn1? n1? +
a0? al? a2? nl1? ry?
a0 al a2 ry?
a0? al?n1?ry? + a0%? a2?2n1? ry? + al? a2? n1? rY2> , do - 71,
n
a0 (a0 -al) al a0 (a0 -a2) a2 al (al -a2) a2
NO1>o-——+——,N02 ————,NI12> — —————————
a2?nlry al?nlry a0?nlry
1
Sn0 > —— (—aO2 al? a2? cYn1? + 3a0?al?a2?nl1? + a0? al? a2? cyn1?n1? -

al? a2? n1? ry?
2a0al?a2?cy¥nlnlrYy+2a0al?a2?cynlnl®ry+a0?al?ni?ry?-2a0al?a2nl?ry?+
a0?a2?2n1?ry?-2a0ala2?n1?ry?+al?a2?2n1?ry?+al?a2?2ni1? rYZ) ’
snl - ﬁ (-a0% a1? a2? cyn1? + 3 a0% al® a2 n1? + a0® al? a2? cyn1? n1? -
a0 a2 nlry
2a0%ala2?c¥nlnlrY+2a0?ala2?cy¥nlnl®ry+a0?al?nl?ry?-2a0?ala2nl?ry?+
a0?a2?2n1?ry?-2a0ala2?nl?ry?+al?a2?2n1?ry?+a0?a2?2ni1? rYZ) ,
Sn2 - ﬁ (—aO2 al? a22cynl? + 3 a02al?a2?2n1?+a0%al?a2?cyn1?ni1?-
a0 al“ nl°ry
2a0%al?a2c¥nlnlrY+2a0?al?a2cy¥nlnl®ry+a0?al?nl?ry?-2a0?ala2nl?ry?-
2a0al?a2nl?rv?+a0?a2?2n1?ryv?+al?a2?n1?ry?+a0?al?ni? rYz) ,
a0ala2c¥nl+alalnlrY+a0a2nlrY+ala2nlryY

pYl > 3, cYl - - ,
a0ala2nl

1
cY2» —— (aO al a2 cYnl? + a0 al cYnl nl rY +
a0 al a2 nl?

a0 a2 cYnlnlrY+ala2cYnlnlrY+aOnl?ry?+alnl?ry?+a2nl? rYZ) },
1
(e~
a0? al? a2?2 n1? ry?
a0? al?n1? ry? + a0%? a2?2 n1? ry? + al? a2? n1? rY2> ,
a0 al a2 ry? a0 (a0 -al) al a0 (a0 -a2) a2

d»-————, N0l > —————, N02 > -
nl a2’nlry al’nlry

al (al -a2) a2

(—aO2 al? a2? cYnl1? + 3a0? al? a2?nl1? + a0? al? a2? cynl?n1? +

N12 - -
a0?nlry

Sn0 - ﬁ (—aO2 al? a22cynl? + 3 a02al?a2?2n1?+a0%al?a2?cyn1?ni1?-
alc a2 nl“ry
2a0al?a2?cY¥nlnlrY+2a0al?a2?cy¥nlnl®ry+a0?al?nl?ry?-2a0al®?a2nl?ry?+
a0? a2’ n1? ry® - 2 a0 al a2® n1® rv? + al® a2’ n1? ry? + al? a2’ n1* rv?),
Snl - % (—aO2 al? a2?2 cynl1? + 3a02al?a2?nl1?+a0?al?a2?2cynl?nil? -
al0< a2 nl“ry
2a0%?ala2?cy¥nlnlrY+2a0?ala2?cynlnl®ry+a0?al?nl?ry?-2a0?ala2nl?ry?+
a0? a2?2n1?ry?-2a0ala2?n1?ryv?+al?a2?n1?ry?+a0?a2?ni1? rYZ) ’
sSn2 - ﬁ (-a0% a1? a2? cYn1? + 3 a0% al® a2 n1® + a0® al? a2® cYn1? n1” -
a0 al“nl“ry
2a0%?al?a2c¥nlnlry+2a0?al?a2cy¥nlnl®ry+a0?al?ni?ry?-2a0?ala2nl?ry?-
2a0al?a2nl?ry?+a0?a22n1?ry?+al?a2?n1?ry?+a0?al?ni? rYZ) ’
a0ala2c¥nl+alalnlrY+a0a2nlrY+ala2nlry

Yl- 3, cYl > -
P ! a0ala2nl !

1
cYy2 > ——— (aO al a2 cyYnl? +a0 al cYnlnl ry +
a0 al a2 n1?

a0a2cYnlnlrY+ala2cYnlnlrY+a0Onl?ry?+alnl?ry?+a2nl? rY2) }}

Computations for Lemma 6.19.
Case A.2 where there exists N° s.t. Fix(N;) = YAUPyUP, U
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P,.

(******************************
NOTATIONS
rY xY denotes the restriction of x to ¥
ai denotes the Hopf weight at Pi
Nij denotes the product of the normal weights shared between Pi and Pj
Sni is the sum of the square of the normal weights at Pi
cY¥nl xY denotes the first Chern class of the normal bundle of Y in the
direction of N1
c¥n2 xY denotes the first Chern class of the normal bundle of Y in the
direction of N2
cYl xY denotes the first Chern class of the normal bundle of Y in the
remaining directions
ux5YA denotes the local datum of x° at ¥
ux5PiA denotes the local datum of x° at Pi

We use the variable t to extract the coefficient of order 2 of xY. We
then evaluate xY¥? to 1.

The orientation of the point PO is 1 while those from Pl and P2 are -
1. This explains the signs at their local datum

Once evaluated, we extract all the coefficients in 1 into a list.

******************************)

Ux5YA2 =
Factor[CoefficientList|
Coefficient[Expand[(rY XYt + 1z)5] Series[(cYnl x¥t +nlz)!, {x¢, 0, 2}]
Series[(cYnZ xYt +n2z)7!, {x¥, 0O, 2}] Series[(ch xYt +2)7%, {x¥, O, 2}], t, 2],
1]] 7. x¥* > 1
10 ry? 5 (cYn2nl + cYnln2 +cYlnln2) ryY
{o, 0,0, , - ,
nl n2 n1? n2?
cYn22n12+cYn1cYn2n1n24+chcYn2n12n2+cYn12n22+chcYn1n1n22+cY12n12n22}

nl3n23

ux5P0A2 =CoefficientList[Expand[((aO-+1)z)5]n2'3n1'3N01'1N02'1z'5,1]

a0® 5a0* 10 a03
{NOI N02n1®n2®  NO1N02n13n2®  NO1N02n1®n23’
10 a0? 5a0 1
NO1N02nl1®n2®  NO1N02n13n2®  NO1NO2nl®n23 }

ux5P1A2 =CoefficientList[Expand[—((a1-+1)z)5]n1'3n2'3N01'1N12'lz'5,1]

{ al’ 5al? 10 a1l
NO1n13®N12n23 NO1nl13®N12n2®  NO1nl3N12n23
10 al? 5al 1 }
NO1n13N12n23  NO1n13®N12n23®  NO1n1®N12n23

ux5P2A2 = CoefficientList [Expand[- ((a2+1) z)°] n17 n27? N027' N127! 2%, 1]

{ a2’ 5 a2t 10 a23
N02n13N12n23 N02n13®N12n23 NO2n13N12n23
10 a2? 5a2 1 }
N02n13N12n23  N02n13®N12n23 NO2n1®N12 n2?
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SymmetricReduction[Expand[ (yY3 t + z)z] , {v¥3}, {cyl xY}]

feY1? £?x¥? + 2 cYl £ xY z + 2%, 0}

uslx3YA2 =
Factor[CoefficientList|

Coefficient[
Expand[le t2 s (c¥nlxY¥t +nl z)2+ (c¥n2 xY¥ t +n2 z)2 +cY¥12 £2 x¥2 4+ 2cYl t xY 2 +z2]
(r¥xY¥t + 12z)°Series[(c¥nlx¥t +nlz)™*, {x¥, 0, 2}]
Series[(cYnZ xYt +n2z)7!, {x¥, O, 2}] Series[(ch xYt +2z)7t, {x¥, O, 2}], t, 2],
1]] 7- x¥? > 1

3 (1 +nl? +n22) ry?
[o, ,
nln2

1
-—3 (cYnZ nl +c¥n2 nl® +c¥nln2 -c¥lnln2-c¥nlnl?n2+c¥lnl3n2 -

nl? n2?
cYn2 nl1 n2% + c¥nl n2® + cY1l nl n23) ry,

3 (cYn22 nl? + cYn2? n1* + c¥nl c¥n2 nl n2 - ¢¥1l c¥n2 nl? n2 - c¥nl c¥n2 n13n2 +
nl” n2

cY1l cYn2 n1® n2 + c¥n1? n2%2 - c¢¥1 c¥nl nl n2? - ¢¥1 c¥nl n1®n2% + cY1? n1* n2?% -
c¥nl c¥n2 nl n2% - c¥1l c¥n2 n1?n23+ cyn1?n2* + c¢¥1 c¥nl nl n2* + c¥1?n1? n2* + n1% n22 le) }

us1x3POA2 = Factor [CoefficientList[Sn0 z? ((a0+1) z)’n17® n27° NO17' NO27* 27%, 1]]

{ a03 sno 3 a0?sn0 3 a0 Sno0 Sno0 }
NO1N02n13n23  NO1N02n13n23 N01N02n13n23’ NO1NO2n13n23

us1x3P1A2 = Factor [CoefficientList[- Snlz? ((al+1) z)’n1?n27* NO17'N127127%, 1]]

{ aldsnl 3al?snl 3al snl Snl }
NO1n1®N12n2®  NO1n1®N12n2®  NO1n13N12n2®  NO1nl13N12n23

us1x3P2A2 = Factor [CoefficientList[- Sn22z? ((a2+1) z)>n173n273N027'N1271 27, 1]]

{ a23 sn2 3 a2%sn2 3 a2 Sn2 Sn2 }
N02n13N12n2%  N02n13N12n23 NO2n13N12n23  NO2nl13N12n23
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ux5YA2 + pux5PO0A2 + ux5P1A2 + ux5P2A2

a0’ al’ a2’
{NOI N02n1®n2® NO01nl®N12n2® NO2nl3N12n2®’
5 a0* 5al? 5a2*
NO1N02nl1®n2® NOlnl®N12n2® NO2nl1®N12n2%’
10 a03 10 a13 10 a23
NO1N02nl13n2® NOlnl®N12n2® NO2nl1®N12n2%’
10 a0? 10 al1? 10 a2? 10 ry?
NOIN02n1°n2® NOlnl®N12n2® NO2nl®N12n2® nln2 '
5 a0 5al 5a2 5 (c¥n2 nl + cYnl n2 +cYl nln2) ry
NOLNO2n1®n2® NOlnl3N12n2® N02nl®N12n23 n1? n22 !
1 1 1

- - +
N01N02n13n23® NO01nl13N12n23 NO02n13N12n23
cYn2?2nl? + cYnl c¥n2 nl n2 + cY¥l c¥n2 nl?n2 + c¥nl? n2% + cY1l c¥nl nl n2% + cY1? n1? n22 }

nl3n23

Factor[us1x3YA2 + pslx3POA2 + puslx3P1lA2 + us1lx3P2A2]

14

a03N12 Sn0 - al3> N02 Snl - a23 NO1 Sn2
{ NO1N02nl13N12n23
1
NO1 N02 n13N12 n23
NO1NO02 n1?N12 n2* rY® + a0® N12 Sn0 - a1? N02 Snl - a2 NO1 Sn2),
1
NO1NO02nl13N12 n23
cYnl NO1 N02 nl N12n2?rY-cY1NO1NO2nl?N12n22rY-cYnl NO1N02nl3N12n2?ryY+
€Y1 NO1NO02 nl®N12n2% rY - c¥Yn2 NO1N02nl?N12n23rY +c¥nl NO1NO2nlN12n2*ry+
CcY1NO1N02nl1?N12n2*rY-a0N12 Sn0 +alNO02 Snl +a2N01 Sn2),
1
NO1NO02 nl13N12 n23
c¥nl cYn2 NO1 NO2 nl N12n2 - ¢Y1 c¥n2 NO1 N02 n12 N12 n2 - ¢Ynl c¢¥n2 NO1 N02 n13 N12 n2 +
€Y1 cYn2 NO1 N02nl1?*N12n2 + cYnl? NO1 NO2 N12 n2? - ¢Y1 cYnl NO1 NO2 nl N12 n2? -
€Y1 cYnl NO1N02nl13N12n22%+cY1?2N01N02nl1?N12n2?%-c¥nl cYn2 N01N02nl N12n23-
cY1 cYn2 NO1 N02nl1?N12n2%+cYnl? NO1 NO2 N12 n2* + cY1 cYnl NO1 NO2 nl N12 n2* +

cY1? NO1 N02 n1? N12 n2* + NO1 N02 n1% N12 n2? pY1 + N12 Sn0 - N02 Snl - NO1 Snz)}

3 (N01 N02 nl1?N12 n2? rY? + NO1 NO2 n1* N12 n2? ry? +

3 (cYn2 NO1N02n1®N12n2 rY +cYn2 NO1 NO2 n1® N12n2 rY +

(cYn2? NO1 N0O2 n1? N12 + cYn2? NO1 NO2 n1* N12 +
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Factor [Solve [{

a0’ a1’ a2’
¥ NOLNOZn1®n2® NOLnl®N12n2® NO2nl®N12n2®’
0 - 5 a0* _ 5alt ) 5 a2
"~ NO1NO2nl13n2® NO1nl®N12n2® NO2n13N12n23'
10 a0® 10 a1d 10 a23
NO1 NO2n1®n2® NO1nl3N12n23 NO2n13N12n23’
10 a0? 10 al? 10 a22 10 ry?
NO1NO02n1®n2® NO1nl3N12n2® NO2nl3N12 n23 * nln2 '
5 a0 5al 5 a2
0== NO1NO02n1®n23 NO1nl3N12n23 NO2n13N12n23
5 (c¥n2 nl + c¥nl n2 + c¥1l nl n2) rY
nl2 n2? !
1 1 1
NO1NO02n1®n2® NO1nl3N12n2® NO2nl3N12 n23 *
c¥n22 n1? + c¥nl c¥n2 nl n2 + c¥1 c¥n2 n1? n2 + c¥n1? n22 + c¥1 c¥nl nl n22 + c¥12 n12 n22
n13 n23 !
g a03 N12 Sn0 - al3 NO2 Snl - a23 NO1 Sn2
pe= NO1 NO2 n13 N12 n2? !
0 == 1

NO1 NO2 n13 N12 n23
3 (NO1 NO02 n1? N12 n2? r¥? + NO1 NO2 n1* N12 n2? r¥? + NO1 NO2 n1? N12 n2* ry? +
a0? N12 Sn0 - al? NO2 Snl - a2% NO1 Sn2),
1
= - 3
NO1 NO2 n13 N12 n23
(c¥n2 NO1NO21n1?N12 n2 rY + c¥n2 NO1 NO2 nl1* N12 n2 r¥ + c¥nl NO1 NO2 n1 N12 n2? r¥ -
€Y1 NO1 NO2 n12 N12 n22 rY - ¢Y¥nl NO1 NO2 n13 N12 n22 rY + c¥1 NO1 NO2 n1* N12 n22 ry -
c¥n2 NO1 N02 n12 N12 n23 rY + ¢c¥nl NO1 NO2 nl1 N12 n2* rY + ¢¥1 NO1 NO2 n1? N12 n2* rY -
a0 N12 SnO + al NO2 Snl + a2 NO1 Snz) ,

1

NO1 NO2 n13 N12 n23
(c¥n2? NO1 NO2 n1? N12 + c¥n2? NO1 NO2 n1? N12 + c¥nl c¥n2 NO1 NO2 n1 N12 n2 -
cY1 c¥n2 NO1 NO2 n12 N12 n2 - c¥nl c¥n2 NO1 NO2 n13 N12 n2 + c¥1 ¢¥n2 NO1 NO2 n1* N12 n2 +
c¥n1? NO1 NO2 N12 n2% - ¢Y1 c¥nl NO1 NO2 n1 N12 n22% - ¢¥1 ¢¥nl NO1 NO2 n13 N12 n22 +
c¥1?2 NO1 N02 n1? N12 n22 - c¥nl c¥n2 NO1 NO2 nl1 N12 n23 - ¢¥1 c¥n2 NO1 NO2 n12 N12 n23 +
c¥n1? NO1 NO2 N12 n2* + ¢Y1 c¥nl NO1 NO2 n1 N12 n2% + c¥12 NO1 NO2 n12 N12 n2* +
NO1 NO2 n12 N12 n2? pY1 + N12 SnO - NO2 Snl - NO1 Sn2) ,
pY1l ==
}, {p, d, NO1, NO2, N12, Sn0O, Snl, Sn2, p¥l, nl, nz}]]

3 +cY1? + cYnl? + cYn2?
{{e-

I
ry?

ry? (aO ala2cYl?+a0alcYlrY+a0a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rY2)
d- -
cYnl c¥n2 !

NO1l -
(a0 - al) (aO ala2cYl?+al0alcYlrY+a0a2cYlrY+ala2cYlrY+a0rY?+alry?+a2 rYZ)

a2’ cyYnl cYn2 ry

14

NO02 -
(a0 - a2) (aO ala2cYl?+a0alcYlrY+a0a2cYlrY+ala2cYlrY+a0ryY?+alry?+a2 rYZ)

14

al’®c¥Ynl cYn2 ry
N12 >
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(al - a2) (aO ala2cYl?+a0alcYlrY+a0a2cYlrY+ala2cYlrY+a0ryY?+alry?+a2ry?

a03 cYnl cYn2 ry
Sn0 > (6 a0* al” a2? cv1* c¥nl + 2 a0* al® a2? c¥1® c¥nl + 2 a0* al? a2% cY1? c¥nl’ +
2 a0%al?a2?cyYl? c¥nl c¥n2? +12 a0* al?a2 cy13cynl ry + 12 a0 al a2? cY13 c¥nl ry +
12 a0% al? a2? cY13 cY¥nl rY + 4 a0? al? a2 cY1® cYnl rY + 4 a0* al a2? cY1® cYnl rY +
8 a0° al? a2? cY1®° c¥nl rY + 4 a0? al? a2 cY1% cY¥n1’ rY + 4 a0% al a2? cY13 c¥n1d ry +
2a0%al?a2?cy1®cynl’®ry + 4 a0*al?a2cyl®cynl cYn2?ry +
4 a0% al a2? cY13 c¥nl c¥n2?2 rY + 2 a0% al? a2? cY1® c¥nl c¥n2? rY + 6 a0* al? cY1? c¥nl ry? +
24 a0* al a2 cY1? c¥nl r¥? + 24 a0% al? a2 c¥1? c¥nl r¥? + 6 a0* a2 cY1? c¥nl ryY? +
24 a0% al a2?2cY1? cYnl rY? + 6 a0%? al? a2?2 cY1? c¥nl rY? + 2 a0? al? cY1® cYnl ry? +
8 a0* al a2 cY1? cyYnl ryY? + 16 a0° al? a2 cY1® c¥nl ry? + 2 a0* a2? cY1* cYnl rv? +
16 a0% al a2 cY1? cYnl rv? + 12 a0% a1? a2? cY1? c¥nl rY? + 2 a0* a1? cY1? c¥nl® rv? +
8 a0? al a2 cY1? cynl3 rY? + 4 a03 al? a2 cY1? cYnl® r¥? + 2 a0* a2? cY1? cYnl® rv? +
4 a0%al a2?cy1?cynldry?-3a0?al?a2?cy1?cynl1®ry?+2a0?al?cy1l? cy¥nl cyn2? ry? +
8 a0? al a2 cY1? c¥nl c¥n2? rv? + 4 a0% al? a2 cY1? c¥nl c¥n2? ry? +
2 a0* a2? cY1? c¥nl c¥n2? rvY? + 4 a0% al a2? cY1? c¥nl c¥n2? ry? -
3a0%al?a2?cyY1? c¥nl c¥n2?2 ry? + 12 a0* al cYl c¥nl rY3 + 12 a03 al? cYl c¥nl rys> +
12 a0* a2 cY1 c¥nl r¥® + 36 a0% al a2 cY1l c¥nl rY> + 12 a0 al? a2 cY1 c¥nl ry3 +
12 a0% a2? cY1l cYnl rY3 + 12 a0? al a2?2 cY1l cYnl rY3 + 4 a0% al cY13 cyYnl ry3 +
8 a0%al?cyY13cyYnl rY® + 4 a0* a2 cY13 c¥Ynl rY3 + 28 a0 al a2 cY1® cYnl ry3 +
24 a0% al? a2 cY13 cYnl rv3 + 8 a0% a2?2 cY13® c¥nl rY® + 24 a0? al a2 cY13 c¥nl ry? +
8 a0 al? a2?cY1®cYnl rY® + 4 a0*alcylceynl®ry?+2a0%al?cyl cyn1dry’+
4a0*a2cYlcynl®ry’+6a0’ala2cYlcynl®ry®-2a0?al?a2cyYlcynl’ry’+
2a0%a22cylcynl®ry?®-2a0%ala2?cylcynld®ry?®-2a0al?a2?cylcyn1d®ry’+
4 a0 al cY1 cYnl cYn2? ry® + 2 a0% al? cY1 c¥nl c¥n2? r¥3 + 4 a0* a2 cY1 c¥nl c¥Yn2? ry> +
6 a0% al a2 cYl cYnl cYn2? ry3 - 2 a0? al? a2 cY1l c¥nl cYn2? ry3 +
2 a0% a2% cYl cy¥nl c¥n2? rY® - 2 a0? al a2% cY1 c¥nl cyn2? ry3 -
2 a0 al? a2? cY¥l c¥nl cYn2? rv3 + 6 a0 cynl rv* + 12 a0% al c¥nl rY? + 6 a0 al? c¥nl ry* +
12 a0% a2 cYnl rY* + 12 a0? al a2 c¥nl r¥? + 6 a0 a22 cynl rY* + 2 a0 cY1? c¥nl ry* +
12 a0 al cY1? cYnl rY* + 12 a0? al? cY1? c¥nl ry* + 12 a0% a2 cY1? c¥nl ry* +
36 a0?al a2 cY1? cYnl rY* + 16 a0 al®? a2 cY1? cYnl r¥? + 12 a0%? a2 cY1? c¥nl ry? +
16 a0 al a22 cY1? cYnl rY* + 2 al? a2?2 cY1? c¥nl r¥? + 2 a0? cYn13 rv* + 2 a0% al cyn1d ry* +
a0? al? cyn13 ry* + 2 a0 a2 cyn1d®ry* - 2a0%al a2 cynl’ry?-2a0al?a2cynl’ry?+
a0? a2? cYn1® rvy* - 2 a0 al a2? cYnl® rv* + al? a2? cyn1® rvy* + 2 a0% c¥nl cyn2? ry* +
2 a0%alcyYnl cYn2? ry* + a0? al? cynl cYn2? ry* + 2 a0% a2 c¥nl cYn2? rv* -
2 a0% al a2 cY¥nl cY¥n2? ry? - 2 a0 al? a2 cy¥nl cyn2? rv* + a0? a2 c¥nl cyn2? ry* -
2 a0 al a2? c¥nl cYn2? ryY* + al? a2? cYnl cYn2? rY* + 4 a0° cY1l c¥nl rY° +
12 a0% al cY1l cYnl rY® + 8 a0 al? cY1l c¥nl r¥° + 12 a0%? a2 cY1l c¥nl rY° +
20 a0 al a2 cYlcYnl rY® + 4 al® a2 cYl cY¥nl rY® + 8 a0 a2 cY1l c¥nl rY°® +
4 al a2?cYlcYnl rY® +2a0?c¥nl rY®+4a0alcyYnlrY®+2al?cy¥nlry®+
4 a0 a2cYnlrY®+4ala2cYnlry®+2a22cynlryY®-2a0?ala2cyl?cynl?
ry \/ ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cynl? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cY¥lrY+alry’+alry?+a2ry?)) +2a0®ala2cyl? cyn2?
ryY \/ < (a0 al a2 cY1l cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2cynl? (aO ala2cYl?+a0alcYlrY+ala2cYlrY+
ala2cYlrY+a0ry?+alry?+a2 rYZ) ) -2a0%alcYlcynl?
ry? N ( (a0 al a2 cYlcYnl +a0alcYnlrY+ala2cYnlrY+ala2c¥nlry)?-
4a0ala2cynl? (a0ala2cyl?+a0alcYlrY+ala2cylry+
ala2cYlrY+a0ry?+alry?+a2 rY2) ) -2a0%a2cYlcyni?
ry? J ( (a0 al a2 cYlcY¥nl +a0alcY¥nlrY+ala2cY¥nlrY+ala2cYnlry) 2.
4a0ala2cynl? (a0ala2cyl®+a0alcYlrY+a0a2cylry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) -a0ala2cYlcynl?
ry? N, ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -

4 a0 al a2 cynl? (aO ala2cYl?+alalcYlrY+ala2cYlrY+
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ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +2a0%alcYl cyn2?
ry? N ( (a0 al a2 cYlcYnl +a0alcYnlrY+al0a2cYnlrY+ala2c¥nlry)?-
4a0ala2cynl? (a0ala2cyl?+a0alcYlrY+ala2cylry+
ala2cYlrY+a0ry?+alry?+a2 rY2) ) +2 a0? a2 cYl cyYn2?
ry? J ( (a0 al a2 cYlcY¥nl +a0alcY¥nlrY+ala2cY¥nlrY+ala2cYnlry) 2.
4a0ala2cynl? (a0ala2cyl®+a0alcyYlrY+a0a2cylry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) +a0al a2 cYl cyn2?
ry? N ( (a0 al a2 cYl c¥nl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlry+
a0a2cyYlrY+ala2cYlrY+a0ry’+alry®+a2ry?)) -
2 a0? cyn1? ry3 \/ ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlry+
a0la2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
a0 al cynl? ry?3 \/ ( (a0 al a2 cYlc¥nl +a0 al cYnl r¥ + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlry+
a0l a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
a0 a2 cYnl1? ry3 \/ ( (a0 al a2 cY1l cYnl + a0 al cYnl rY + a0 a2 c¥Ynl rY +al a2 c¥nl ry)? -
4a0ala2cynl? (a0ala2cyl?+a0alcyYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) +
al a2 cYnl1? ry3 \/ ( (a0 al a2 cY¥lc¥nl +al0alcY¥nlrY+ala2c¥nlrY+ala2cyYnlry) z_
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0l a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +
2 a0?% cyn2? ry3 ~/ ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0a2cYlrY+ala2cYlrY+a0ry’+alry®+a2ry?)) +
a0 al cYn2? ry3 \/ ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlry+
a0a2cylrY+ala2cYlrY+a0ry?+alry®+a2ry?)) +
a0 a2 cyn2? ry? \/ ( (a0 al a2 cYlc¥nl +a0 al cYnl r¥ + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cyYnl? (aO ala2cYl?+a0alcYlry+
ala2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
al a2 cYn2? ry? \/ ( (a0 al a2 cY1 cYnl + a0 al cYnl rY + a0 a2 c¥nl rY +al a2 c¥nl ry)? -
4a0ala2cynl? (a0ala2cyl?+a0alcYlrY+ala2cylry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) ) / (2 cYnl ry?
(aO ala2cYl?+alalcYlrY+ala2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rY2)2) ,
snl - (6a0%al®a2®cyl?cynl +2a0®al®a2? cY1® c¥nl + 2 a0? al? a2? c¥1® cynl® +

2 a0% al* a2? cY1® cYnl cyn2? + 12 a0? al® a2 cY1® c¥nl ry +
12 a0%2 a1’ a2?2cY1®cY¥nlrY + 12 a0 al* a2? cY13 c¥nl ry +

4 a0%? al® a2 cY1® c¥nl rY + 8 a0 a1’ a2? cY1® c¥nl r¥ +
4a0al*a2?cyY1®cy¥nlry+4a0?al*az2cyl®cynid®ry+
2a0%al1’®a2?cy1®cynl®ry+ 4 a0 al?a2?cy1®cynid®ry+

4 a0%? al® a2 cy13 c¥nl cyn2?2ry + 2 a0? al1® a2? cv1® c¥nl cYn2? ry +
4a0al*a2?cyY1®cynl cYn2?ryYy+6a0?al?cyl? cynl rvy?+
24 a0% al® a2 cY1%? cYnl r¥Y? + 24 a0 al? a2 cY1? c¥nl ryY? +

6 a0% al? a2?2 cY1? cYnl rY? + 24 a0 al® a2? cY1? cYnl rvy? +
6 al? a2? cY1? cYnl ry? + 2 a0? al® cY1® cYnl ry? +

16 a0%2 a1’ a2 cY1l? c¥nl rY? + 8 a0 al® a2 cY1? cY¥nl rvy? +

12 a0? al? a22 cY1® c¥nl rY? + 16 a0 al® a2? cY1* cYnl ry? +
2al*a2?2cyl? cynl ry? + 2 a0% a1? c¥1? cyn1® ry? +

4 a0%al’®a2cyY1?cynl®ry?+ 8 a0 al? a2 cy1? cynl’ ry? -
3a0%al1?a2?cY1?cyn1’®ry? + 4 a0 a1® a2 cv1? cyn1d ry? +
2al*a2?2cy1?cynl®ry?+2a02al* cyl? cynl cyn2? ry? +
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4 a0%? a1’ a2 cy1? cynl cyn2? rvy? + 8 a0 al? a2 cY1? c¥nl c¥n2? ry? -
3a02al?a2?cyY1?cyYnl cY¥n2?2ry? + 4 a0 al® a2? cy1? c¥nl c¥n2? ry? +
2al*a2?2cY1? cy¥nl cYn2? ry? + 12 a0? al1® cYl c¥nl ry® +
12 a0 al® cY1l c¥nl rY® + 12 a0? al? a2 cY1 c¥nl ry3 +
36 a0 al*a2cYlcYnlry®+12al?a2cylcynl ry3+
12 a0 al? a2? cYl cYnl rY® + 12 al1® a2? cY1l c¥nl rY> +
8 a0 ald cY1® cYnl ry® + 4 a0 al* cy1® cynl rv3 +
24 a0%?al? a2 cy1®cynl ry® + 28 a0 al®a2 cy1d cynl rvd+
4al*a2cy1®cynlry®+8a0?ala2?cyl®cynlryd+
24 a0 al? a2? cY1® cYnl ry3 + 8 al® a2? cY1® cYnl ry3 +
2a0%al’®cYlcyYnl®ry3 +4a0al*cylcynl’ry’-
2a0%?al?a2cYlcynl®ry’ +6a0al®a2cylcynl®ryd+
4al*a2cYlcynl’®ry?®-2a0?ala2?cylcynl’ry’-
2a0al?a2?cYlcynl®ry’ +2al®a2?cy¥lcynldry’ +
2 a0%al’cYl cyYnl cyn2? ry® + 4 a0 al? cYl cYnl cyn22 ry3 -
2 a0%al?a2cYlcynl cyn2?ry?®+6a0al’a2cyYlcynl cyn2? ry?+
4 al* a2 cY1l cYnl c¥n2? r¥Y3 - 2 a0? al a2? cY1 c¥nl cYn2? ry3 -
2a0al?a2?cyYlcynl cyn2? ry?+2al1®a2?cyl c¥nl cYn2? ry? +
6 a0?al?cynl ry*+12 a0 aldcynl ry*+6al?cynl ry?+
12 a0 al? a2 cY¥nl rY* + 12 al® a2 cY¥nl rv* + 6 al? a2? c¥nl ry* +
12 a0? al? cY1?cyYnl ry* + 12 a0 al® cY1? c¥nl rv* + 2 al® cY1? cYnl ry* +
16 a0% al a2 cY1? cYnl rY* + 36 a0 al? a2 cY1? c¥nl ry* +
12 al® a2 cY1%? cYnl r¥* + 2 a0 a2? cY1%? c¥nl ry* +
16 a0 al a2?2 cY1? cYnl rv* + 12 al? a2?2 cY1? c¥nl ry? +
a0?al?cynl®ry?*+2a0al’®cyn1®ry*+2al?cynldry*-
2a0%?ala2cyYnl®ry*-2a0al?a2cynl®ry*+2al®a2cynl’ry*+
a0? a2?2 cyn1®ry* - 2 a0 al a2?2 cYn1® ry* + al? a2? cyn1® ry* +
a0? al? cYnl cyn2? ry* + 2 a0 al® c¥nl cYn2? ry* + 2 al? c¥nl cYn2? rv? -
2 a0%al a2 c¥nl c¥n2? ry* - 2 a0 al? a2 c¥nl cyn2? ry* +
2 al’®a2 cyYnl cyn2? ry* + a0? a2? cynl cYn2? ry* - 2 a0 al a2? cYnl cYn2? ry? +
al? a22 cYnl cyn2? ry* + 8 a02al cYl cYnl rY® + 12 a0 al? cY1l cYnl rY> +
4 al®cYlcYnl rY® + 4 a0% a2 cYlcY¥nl rY® + 20 a0 al a2 cY1 c¥nl ry° +
12 al? a2 cY1 cYnl rY° + 4 a0 a2%2 cY1 c¥nl rY® + 8 al a2 cY1 cYnl r¥® +
2a0%cyYnl ry®+4a0alcynl ry®+2al?cynlry®+4a0a2cynlry®+
4ala2cynlry®+2a2?2cynlry®-2a0al?a2cyYl?cynl?ry

N ( (a0 al a2 cYlcYnl +a0alcYnlrY+a0a2cYnlrY+ala2cYnlry)?-

4 a0 al a2 cyni? (aO ala2cYl?+a0alcYlrY+ala2cYlrY+
ala2cYlrY+a0ry?+alry?+a2 rY2) ) +2a0al?a2cyY1? cyn2?
ry V < (a0 al a2 cYlcY¥nl +a0alc¥nlrY+ala2cY¥nlrY+ala2c¥Ynl rY)2 -
4a0ala2cynl? (a0ala2cyl®+a0alcyYlrY+a0a2cylry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) -2a0al?cyYlcynl?
ry? N ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cYlrY+alry’+alry’+a2ry?)) -a0ala2cylcynl?

ry? \/ ( (a0 al a2 cY1l cYnl +a0 al cYnl rY + a0 a2 cYnl rY +al a2 c¥nl rY)?
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cYlrY+a0ry’+alry?+a2ry?)) -2al”a2cylcynl?
ry? N ( (a0 al a2 cYlcYnl +a0alcYnlrY+al0a2cYnlrY+ala2cYnlry)?-
4 a0 al a2 cyYni? (aO ala2cYl?+a0alcYlrY+ala2cYlrY+
ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +2a0al?cYlcyn2?
ry? N ( (a0 al a2 cY1lcY¥nl +a0 al cYnl rY+ a0 a2cY¥nlrY+al a2c¥nlry)?-
4 a0 al a2 cyni? (aO ala2cYl?+a0alcYlrY+ala2cYlrY+
ala2cYlrY+a0ry?+alry?+a2 rY2) ) +a0al a2 cYl cyn2?
ry? J ( (a0 al a2 cY¥lcY¥nl +a0alcY¥nlrY+ala2cY¥nlrY+ala2cYnlry) 2.
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| Complex 5-dimensional complete intersection. Case 3.nb

4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cYlrY+aldry’+alry’+a2ry’)) +2al”a2cYlcyn2?
ry? N ( (a0 al a2 cY1lcYnl +a0 al cYnl rY + a0 a2 cYnlrY+ala2c¥nlry)?-
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlry+
a0a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
a0 al cYnl? ry? \/ ( (a0 al a2 cY1 cYnl + a0 al cYnl rY+ a0 a2 cYnl rY +al a2 c¥nl ry)?
4 a0 al a2 cYni? (aO ala2cYl?+a0alcYlry+
a0 a2 cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
2 al?cyni? ry? \/ ( (a0 al a2cY¥lc¥Y¥nl +alalcY¥YnlrY+ala2c¥nlrY+ala2cYnlry) 2
4a0ala2cynl? (a0ala2cyl®+a0alcyYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +
a0 a2 cYnl? ry? \/ ( (a0 al a2 cY¥lc¥nl +al0alcY¥YnlrY+ala2c¥nlrY+ala2cyYnlry) 2
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) -
al a2 cYnl? ry3 ~/ ( (a0 al a2 cY1l cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nl ry) 2
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlry+
a0a2cylrY+ala2cYlrY+a0ry?+alry®+a2ry?))+
a0 al cyn2? ry3 \/ ( (a0 al a2 cYl c¥nl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nl ry)?
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) +
2 al? cyn2? ry? \/ ( (a0 al a2 cY1 cYnl +a0 al cYnl rY+a0 a2 c¥Ynl rY +al a2 c¥nl ry)?
4 a0 al a2 cyni? (aO ala2cYl?+a0alcYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
a0 a2 cyn2? ry? \/ ( (a0 al a2 cY1l c¥nl + a0 al cYnl rY + a0 a2 cY¥nl rY + al a2 c¥nl ry) 2
4a0ala2cynl? (a0ala2cyl?+a0alcyYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +
al a2 cYn2? ry3 \/ ( (a0 al a2 cY¥lc¥nl +al0alcY¥YnlrY+ala2c¥nlrY+ala2cyYnlry) 2
4a0ala2cynl? (a0ala2cyl’+a0alcyYlrY+a0a2cylry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) ) / (2 cYnl ry?
(aO ala2cYl®?+al0alcYlrY+a0a2cYlrY+ala2cYlrY+alrY?+alrY?+a2 rYz)z) ,

Sn2 - (6 a0? al? a2* cY1% c¥nl + 2 a0? al? a2® cY1® cYnl + 2 a0% al? a2* cY1? cynl3 +

2 a0%al?a2* cYl? cynl cYn2? + 12 a0? al?2a23cy1®cynlry +

12 a0%2 al a2? cY1® c¥nl rY + 12 a0 al? a2* cY1® cYnl ry +

8 a0%2 al? a2® cY1® cYnl rY + 4 a0? al a2* cY1® cYnl rY +
4a0al?a2?cyl®cynlry+2a0?al?a2’cyld®cyn1dry+
4a0%ala2*cyl®cynl®ry+4a0al?a2?cyl®cynl’®ry+

2 a0% al? a23cy1®c¥nl c¥n2? rY + 4 a0? al a2* cY13 c¥nl cYn2? ry +
4 a0 al? a2? cy13 cynl cyn2?2ry + 6 a0%2 al? a2? cY1? cYnl ry? +
24 a0 al a2® cY1?cYnl ry? + 24 a0 al? a23 cY1? cYnl ry? +

6 a0 a2* cY1%2 cYnl rY? + 24 a0 al a2 cY1? c¥nl ryY? +

6 al?a2*cY1? cYnl rY? + 12 a0 al? a22 cY1® cYnl rv? +

16 a0%2 al a2 cY1? c¥nl rY? + 16 a0 al? a23 cY1? cynl ry? +

2 a0% a2 cY1? c¥nl rY? + 8 a0 al a2* cY1® cYnl rv? +

2a1? a2? cY1® cynl ry? - 3a0% a1? a2? cY1? cYnl® ry? +
4a0%ala2’cyl?cynl®ry?+4a0al?a2’cyl?cynl®ry?+

2 a0% a2 cY1? cynl1® ry? + 8 a0 al a2 cY1? cynl® ry? +

2 al? a2 cY1? cynld rv? - 3 a0% al? a2? cY1? c¥nl c¥n2? ry? +

4 a0% al a2’ cyY1?cynl cYn2? ry? + 4 a0 al? a23 cY1? c¥nl cYn2? ry? +
2 a0% a2 cY1? c¥nl cY¥n2? rY? + 8 a0 al a2* cY1% c¥nl c¥n2? ry? +
2 al? a2* cY1? c¥nl c¥n2? rv? + 12 a0? al a2? cY1 c¥nl ry¥3 +

12 a0 al? a22 cY1l cY¥nl rY® + 12 a02 a2® cY1 c¥nl ryY3 +

36 a0 al a2 cYlcYnl ry? +12al1?a23cYl cynl ry’ +

12 a0 a2® cY1l c¥nl r¥® + 12 al a2* cY1l c¥nl ryY3 +
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8 a0%2 al? a2 cY1® cYnl ry® + 24 a0? al a2? cY1® cynl r¥3 +
24 a0 al? a2? cY13 cynl ry3 + 8 a0%? a23 cY1® cynl ry? +
28 a0 al a2® cY1®cynl ry®+8al1?2a2’cy1®cynl ryd+
4a0a2*cy1®cynl ry?+4ala2*cyl’®cynl ry’ -
2a0%al?a2cylcynl®ry3®-2a0?ala2?2cylcynldryd-
2a0al?a2?2cyYlcynl®ry?®+2a0%a2’cylcyn1dry’+
6 a0 al a2 cYlcynl®ry®+2al1?a2%cylcynldryd+
4 a0 a2?cYlcynl®ry? +4ala2*cylcynld®ry’ -
2 a0%al?a2cYlcynl cyn2? ry? - 2a0?al a2? cYl c¥nl cYn2? ry? -
2 a0 al? a2?cYl c¥nl cyn2? ry? + 2 a02 a2® cY1 c¥nl cYn2? ry3 +
6 a0 al a2® cY1 c¥nl cYn2? ryY® + 2 al? a23 cY1 c¥nl c¥n2? ry3 +
4 a0 a2* cY1l c¥nl cYn2? rY3 + 4 al a2* ¢Y1l c¥nl cYn2? ry3 +
6 a0? a22 cYnl ry* + 12 a0 al a2? cYnl rY* + 6 al? a2% cYnl rv* +
12 a0 a23 cYnl ry* + 12 al a2® cYnl rv* + 6 a2* cynl rv* +
2a0%a1?2cY1? cynl ry? + 16 a0? al a2 cY1? cYnl rv* +
16 a0 al? a2 cY1? cYnl rY* + 12 a0%2 a2? cY1? cYnl rv* +
36 a0 al a2? cY1? c¥nl ry* + 12 al? a2? c¥1? cynl ry* +
12 a0 a23 cY1? cYnl ry* + 12 al a23 cY1? c¥nl ry? +
2a2*cY1? cYnl ry* + a0%? al? cynl® ry* - 2 a0? al a2 cynl® ry* -
2 a0 al?a2cy¥nl’®ry* + a0? a2? cyn1® ry* - 2 a0 al a2 cynl® rv* +
al? a2?2cyn1d®ry*+2a0a23cyn1d®ry*+2ala2’cyn1®ry?+
2 a2* cyn1® ry* + a0? al? c¥nl cYn2? rv* - 2 a0% al a2 c¥nl cyn2? rv* -
2 a0 al? a2 c¥nl c¥n2? rv* + a0? a2? c¥nl c¥n2? ry* -
2 a0 al a2? cYnl cYn2? ry? + al? a2? cYnl cYn2? ry? +
2 a0 a2®cyYnl cyn2? rv* + 2 al a2® cYnl cyn2? rv* +
2 a2* c¥nl c¥n2? rv* + 4 a0%2 al cY1 c¥nl r¥® + 4 a0 al? cY1l c¥nl ry> +
8 a0%2 a2 cYl cYnl rY® + 20 a0 al a2 cYl cYnl rY® +
8al?a2cYlcYnlryY®+12a0a2?cyYlcyYnl ry’+
12 al a2? cY1l c¥nl r¥® + 4 a23 cY1 c¥nl r¥® + 2 a0% cYnl ry® +
4a0alcynlry®+2al?cynlry®+4a0a2cynlry®+
4ala2cynlry®+2a2?2cynlry®-2a0ala2?cyl?cynl?ry

J ( (a0 al a2 cYl cY¥nl + a0 al cY¥nlrY +ala2c¥nlrY+ala2c¥Ynl rY)2 -

4a0ala2cynl? (a0ala2cyl®+a0alcyYlryY+ala2cylry+
al a2 cYlrY+a0ry?+alry?+a2 rYz) ) +2 a0 al a2 cY1? cyn2?
rY 4/ ( (a0 al a2 cY1l cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cY¥lrY+al0ry’+alry’+a2ry?)) -a0ala2cylcynl?
ry? N ( (a0 al a2 cY1lcYnl +a0 al cYnl rY+ a0 a2cYnlrY+ala2c¥nlry)?-
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) -2a0a2?cYlcynl?
ry? N ( (a0 al a2 cYlcYnl +a0 al cYnlrY+a0a2cYnlrY+ala2c¥nlry)?-
4a0ala2cynl? (a0ala2cyl?+a0alcyYlrY+ala2cylry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) -2ala2?cYlcynl?
ry? J ( (a0 al a2 cYlcY¥nl +a0alcY¥nlrY+ala2cY¥nlrY+ala2cYnlry) 2.
4a0ala2cynl? (a0ala2cyl®+a0alcYlrY+a0a2cylry+
ala2cYlrY+a0ry?+alry?+a2 rY2) ) +a0al a2 cYl cyn2?
ry? \/ ( (a0 al a2 cY¥lcY¥nl +a0alcYnlrY+ala2cY¥nlrY+ala2cYnlry) 2_
4a0ala2cynl? (a0ala2cyl’+a0alcyYlrY+a0a2cylry+
al a2 cYlrY+a0ry?+alry?+a2 rYZ) ) +2 a0 a2? cYl cYn2?
ry? N ( (a0 al a2 cYl c¥Ynl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -
4 a0 al a2 cYnl? (aO ala2cYl?’+a0alcYlrY+ala2cYlry+
ala2cY¥lrY+a0ry’+alry?+a2ry?)) +2ala2’cylcyn2?

ry? N ( (a0 al a2 cY1l cYnl +a0 al cYnl rY + a0 a2 cYnl rY +al a2 c¥nl rY)?
4 a0 al a2 cynl? (aO ala2cYl?+al0alcYlrY+
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| Complex 5-dimensional complete intersection. Case 3.nb

a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +
a0 al cYnl? ry3 \/ ( (a0 al a2 cY1 cYnl + a0 al cYnl rY + a0 a2 c¥Ynl rY +al a2 c¥nl ry)? -
4a0ala2cynl? (a0ala2cyl?+a0alcyYlry+
a0 a2 cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
a0 a2 cYnl1? ry? \/ ( (a0 al a2 cY¥lc¥nl +al0alcY¥YnlrY+ala2c¥nlrY+ala2cYnlry) z_
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0l a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) -
al a2 cYnl? ry3 ~/ ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlry+
a0a2cyYlrY+ala2cYlrY+a0ry’+alry®+a2ry?)) -
2 a2? cyn1? ry3 \/ ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlry+
a0la2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
a0 al cyn2? ry? \/ ( (a0 al a2 cYlc¥nl +a0 al cYnl r¥ + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlry+
a0l a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) +
a0 a2 cyn2? ry? \/ ( (a0 al a2 cY1l cYnl + a0 al cYnl rY + a0 a2 c¥Ynl rY +al a2 c¥nl ry)? -
4a0ala2cynl? (a0ala2cyl?+a0alcyYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) +
al a2 cYn2? ry? \/ ( (a0 al a2 cY¥lc¥nl +al0alcY¥nlrY+ala2c¥nlrY+ala2cyYnlry) z_
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0l a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +
2 a2? cyn2? ry3 ~/ ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -
4a0ala2cynl? (a0ala2cyl®+a0alcyYlrY+a0a2cylry+
ala2cY¥lrY+alry’+alry?+a2ry?))) / (2 cYnl ry?
(aO ala2cyl?+alalcYlrY+a0a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) 2) ,
pY¥l -3, nl > - ( (aO al a2cY¥lc¥nl +a0alcY¥YnlrY+ala2cY¥nlrY+ala2cY¥nlrY+
\/ ( (a0 al a2 cYl cY¥nl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO ala2cY1? +a0 al cY1lrY +
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) )/
(2 (aO ala2cYl?+a0alcYlrY+a0a2cYlrY+ala2cYlrY+alry?+alry?+a2 rYz) ) ) ’
n2 - - ( (cYn2 (aO ala2cY¥lcY¥nl+a0alcYnlrY+al0a2cY¥nlrY+ala2cYnlryY-
~/ ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO ala2cYl? +a0al cYlrY +
a0 a2 cYlrY+al a2cYlrY+alry? +a1rY2+a2rY2))))/
(2c¥nl (a0ala2cyl®+a0alcYlrY+a0a2cyYlrY+ala2cYlry+a0ry?+

3 +cY1? + cYnl? + cYn2?

14

aer2+a2rY2>>>}, {pe -

ry? (aO ala2cYl?+a0alcYlrY+a0a2cYlrY+ala2cYlrY+a0rY?+alry?+a2 rYZ)
d- -
cYnl cYn2 !

NO1l -
(a0 - al) (aO ala2cYl?+al0alcYlrY+a0a2cYlrY+ala2cYlrY+a0rY?+alry?+a2 rYz)

4

a23 cYnl cYn2 ry
NO2 —»

(a0 -a2) (a0ala2cyl?+al0alcYlrY+a0a2cYlrY+ala2cYlrY+alry?+alry?+a2ry?)

al3 cYnl cY¥n2 ry

4

N1l2 -
(al - a2) (aO ala2cYl?+al0alcYlrY+a0a2cYlrY+ala2cYlrY+a0rY?+alry?+a2 rYz)

a03 cYnl cYn2 ry
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, Sn0 > (6 a0 al” a2? cv1* c¥nl + 2 a0* al® a2? c¥1® c¥nl +
2a0*al?a2?cyl*cynl®+2a0%al? a2? cYl? cynl cyn2? + 12 a0* al? a2 cy¥1® c¥nl ry +
12 a0 a1l a22cY1® c¥nl ry + 12 a0% a1? a22 cY13 c¥nl rY + 4 a0% a1? a2 cY1® c¥nl rY +
4 a0%al a2?cy1®cynlry +8a0’al?a2?2cyl®cynlry +4a0?al?a2cyl®cyn1dry+
4a0*ala2?2cy1®cynl®ry+2a0®al?a2?cy1®cyni®ry+4a0?al?a2cyl®cynl cyn2?ry +
4 a0* al a2? cY13 c¥nl c¥n2?2 rY + 2 a0° al? a2 cY13 c¥nl c¥n2? rY + 6 a0* al? cY1? cYnl rv? +
24 a0® al a2 cY1? cYnl rY? + 24 a0® al? a2 cY1? cYnl rY? + 6 a0% a22 cY1? cYnl ryY? +
24 a0% al a2?2 cY1?cYnl rY? + 6 a0? al? a22 cY1? c¥nl rY? + 2 a0® a1? cY1? cynl rv? +
8 a0? al a2 cyl® c¥nl rv? + 16 a0% al? a2 c¥1? cynl rY? + 2 a0* a2? c¥1? c¥nl rv? +
16 a0° al a2% cY1® cYnl rY? + 12 a0% al? a2? cY1? c¥nl ryY? + 2 a0* a1? cY1? c¥nl® ry? +
8a0?ala2cyl?cynl®ry?+4a0’al?a2cyl?cyn1®ry?+2a0*a2?2cy1?cynl’®ry?+
4 a0%al a2?cY1? cynl® ry? - 3a0%al? a2? cY1? cynl® ry? + 2 a0 al? cv1? c¥nl cyn2? rvy? +
8 a0* al a2 cY1%? cYnl cYn2? r¥? + 4 a0® al? a2 cY1? c¥nl c¥n2? rvy? +
2 a0* a22 cY1? c¥nl cYn2? rv? + 4 a0% al a22 cY1? c¥nl cYn2? ry? -
3a0?al? a2? cY1? c¥nl cYn2? rv? + 12 a0* al c¥1l c¥nl rY>® + 12 a0% al? cY1l c¥nl rv3 +
12 a0 a2 cY1 c¥nl r¥® + 36 a0% al a2 cY1l c¥nl rY® + 12 a0%2 a1? a2 cY1 c¥nl rY3 +
12 a0% a22 cY1l cYnl rY3 + 12 a02 al a2?2 cY1l c¥nl rY> + 4 a0* al cY13 cYnl rv3 +
8 a0° al? cY1® cYnl ry3 + 4 a0* a2 cY13 cy¥nl rY® + 28 a0% al a2 cY1® cynl rv3 +
24 a0%2al? a2 cY13 c¥nl rY> + 8 a0® a2 cY13 c¥nl ry3 + 24 a0? al a2? cY1% cy¥nl ry3 +
8a0al?a2?cy1®cynlry’®+4a0?alcylcynl®ry?®+2a0’al?cylcynl®ryd+
4a0*a2cYlcynl®ry?®+6a0’ala2cylcynl®ry’-2a0%al?a2cylcynl®ry’+
2 a0%a22cYlcyYnldry® -2 a0%al a2?c¥lcyYnld®ry®-2a0al?a2?cy¥lcynldry’+
4 a0% al cYl cYnl cYn2? ry® + 2 a0 al? cY1l c¥nl cYn2? rv3 + 4 a0* a2 cY1l c¥nl cYn2? ry3 +
6 a0 al a2 cY1l c¥nl cYn2? rY® - 2 a0? al? a2 cY1l c¥nl cyn2? ry3 +
2 a0% a22 cYl c¥nl cyYn2? ry? - 2 a0%? al a2? cY1 c¥nl cYn2? rys -
2 a0 al?a2?cyYlcyYnl cYn2?ry3+6 a0 cynl ry* +12a0%al cynl ry?+6a0?al?cynl ry*+
12 a0%® a2 cYnl rY* + 12 a0%2 al a2 cYnl rY* + 6 a0? a2 cYnl rY* + 2 a0 cY1? cynl ry? +
12 a0% al cY1? cYnl r¥* + 12 a0%? al? cY1? c¥nl rY* + 12 a0% a2 cY1? c¥nl ry* +
36 a02ala2cYl?cyYnlryY?+16a0al?a2cYl?cynl ry? +12 a0 a2? cyl? cynl ry* +
16 a0 al a22 cY1? cYnl ryY? + 2 al? a22 cY1? c¥nl rY? + 2 a0? cyn1® ry* + 2 a0 al cyn1® ry* +
a0? al?cynl®ry? +2a0%a2cyn1®ry*-2a0?ala2cynl®ry*-2a0al®a2cynl’ry*+
a0? a2?2 cyn13 ry* - 2 a0 al a2?2 cYn1® ry* + al? a2?2 cyn1® rvy* + 2 a0% c¥nl cyn2? ry* +
2 a0%alcynl cyn2? rv* + a0? al? c¥nl c¥n2? ry* + 2 a0® a2 c¥nl cYn2? ry? -
2 a0% al a2 c¥nl c¥n2? ry* - 2 a0 al? a2 cY¥nl c¥n2? rv* + a0? a2 c¥nl cYn2? ry? -
2 a0 al a2? c¥nl c¥n2? rv* + al? a2? c¥nl c¥n2? r¥* + 4 a0° cY1 c¥nl ry° +
12 a0%2 al cY1l cYnl r¥® + 8 a0 al? cYl cYnl rY® + 12 a0% a2 cY1 c¥Ynl ry> +
20 a0 al a2 cY1l cYnl r¥® + 4 al? a2 cY1l c¥nl r¥® + 8 a0 a2 cY1 c¥Ynl ryY° +
4 ala2?cY¥lcYnlrY®+2a0%c¥nlry®+4a0alc¥nlryY®+2al?cynlry®+
4a0a2cynlry®+4ala2cynlry®+2a2?2cynlry®-2a0%ala2cyl?cyni?
rY +/ ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -

4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cY¥lrY+alry’+alry?+a2ry?)) +2a0®ala2cyl’® cyn2?
ry \/ ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) -2a0%alcYlcynl?
ry? ./ ((a0ala2cYlcyYnl+a0alcynlrY+a0a2cy¥nlryY+ala2cy¥nlry)?-
4 a0 al a2 cyYnl? (aO ala2cYl?+a0alcYlrY+ala2cYlrY+
ala2cYlrY+a0ry?+alry?+a2 rYZ) ) -2a0%a2cYlcynil?
ry? N ( (a0 al a2 cY1lcYnl +a0 al cYnl rY+ a0 a2c¥YnlrY+ala2c¥nlry)?-
4a0ala2cynl? (a0ala2cyl?+a0alcYlrY+ala2cylry+
ala2cYlrY+a0ry?+alry?+a2 rY2) ) -a0ala2cYlcynl?
ry? J ( (a0 al a2 cY¥lcY¥nl +a0alcY¥nlrY+ala2cY¥nlrY+ala2cYnlry) 2.
4a0ala2cynl? (a0ala2cyl®’+a0alcyYlrY+a0a2cylry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) +2a0?al cYl cyn2?
ry? N, ( (a0 al a2 cYl c¥nl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnl ry)? -
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4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cYlrY+alry’+alry’+a2ry’)) +2a0®a2cYlcyn2?
ry? N ( (a0 al a2 cY1lcYnl +a0 al cYnl rY + a0 a2 cYnlrY+ala2c¥nlry)?-
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlrY+a0a2cYlry+
ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +a0al a2 cY1 cYn2?
ry? N ( (a0 al a2 cYlcYnl +a0 al cYnl rY+ a0 a2cYnlrY+ala2c¥nlry)?-
4 a0 al a2 cYni? (aO ala2cYl?+a0alcYlry+
a0 a2 cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
2 a0% cyni? ry? \/ ( (a0 al a2cY¥lc¥Y¥nl +alalcY¥YnlrY+ala2c¥nlrY+ala2cYnlry) 2
4a0ala2cynl? (a0ala2cyl®+a0alcyYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) -
a0 al cYnl? ry? \/ ( (a0 al a2 cY¥lc¥nl +al0alcY¥YnlrY+ala2c¥nlrY+ala2cyYnlry) 2
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) -
a0 a2 cYnl? ry3 ~/ ( (a0 al a2 cY1l cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nl ry) 2
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlry+
a0a2cylrY+ala2cYlrY+a0ry?+alry®+a2ry?))+
al a2 cynl? ry3 \/ ( (a0 al a2 cYlc¥nl +al0 alcY¥nlrY+ala2cYnlrY+ala2cY¥nlry) 2
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) +
2 a0? cYn2? ry? \/ ( (a0 al a2 cY1 cYnl +a0 al cYnl rY+a0 a2 c¥Ynl rY +al a2 c¥nl ry)?
4 a0 al a2 cyni? (aO ala2cYl?+a0alcYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) +
a0 al cYn2? ry3 \/ ( (a0 al a2 cY1l c¥nl + a0 al cYnl rY + a0 a2 cY¥nl rY + al a2 c¥nl ry) 2
4a0ala2cynl? (a0ala2cyl?+a0alcyYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +
a0 a2 cYn2? ry3 \/ ( (a0 al a2 cY¥lc¥nl +al0alcY¥YnlrY+ala2c¥nlrY+ala2cyYnlry) 2
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
al a2 cYn2? ry3 ~ ( (a0 al a2 cY1l cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nl ry) 2
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cYlrY+a0ry?+alry?+a2 rYZ) ) ) / (2 cYnl ry?
(a0ala2cyl?+a0alcylrY+ada2cYlrY+ala2cYlryY+alry’ +al ry? + a2 ry?) 2) ,

Snl - (6 a0? al* a2? cY1 c¥nl + 2 a0? al? a22 cY1® cYnl + 2 a0? al* a2? cY1? cynl3 +

2 a0% al* a2? cY1* c¥nl c¥n2? + 12 a0? al® a2 cY1® c¥nl ry +

12 a0%2al1®a2?2cyY1®cYnlry+12a0al*a2?2cy1®cynl ry+

4 a0% al* a2 cY1® c¥nlrYy+ 8 a0?al®a2?cyY1® cy¥nlry+
4a0al*a2?cyl®cYnlrYy+4a0?al*a2cyi®cyni®ry+
2a0%a1’a2?cy1®cyni®ry+4a0al?a2?cyi®cynid®ry+

4 a0% al* a2 cY13 c¥nl cYn2?2 rY + 2 a0%? al® a2 cY13 c¥nl c¥n2? ry +
4 a0 al*a2?cY1’ c¥nl c¥n2?2rY + 6 a0? al* cv1? c¥nl rv? +

24 a02 al® a2 cY1? cYnl ry? + 24 a0 al? a2 cY1? c¥nl ry? +

6 a0 al? a2? cY1? c¥nl rY? + 24 a0 al® a2? cY1? cyYnl ry? +

6 al? a2? cY1? cYnl rv? + 2 a0? al® cY1* cYnl rv? +

16 a0? al® a2 cYl? cynl rY? + 8 a0 al* a2 cY1? cYnl ry? +

12 a0% a1? a2? cY1% cYnl rY? + 16 a0 al® a2? cY1® cYnl ry? +

2 al*a2?cyY1? c¥nl r¥? + 2 a0% a1l c¥1? cynl® rv? +

4 a0?al1a2cy1?cyn1®ry?+8a0al®a2cyl?cynl’ry?-
3a02al?a2?2cy1?cynl®ry?+4a0al’a2?cyi?cyn1dry?+
2al*a2?cY1? cynl® ry? + 2 a0%? al* cY1? c¥nl cyn2? ry? +

4 a0%2 a1 a2 cy1? cynl cyn2?2 ry? + 8 a0 al® a2 cY1? cynl cyn2? ry? -
3a02al?a2?2cyY1? c¥nl cYn22rv? + 4 a0 al® a2? cY1? c¥nl cYn2? ry? +
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2 al* a2? cY1? c¥nl c¥n2? rv? + 12 a0? al® cY1l c¥nl rv3 +
12 a0 al®* cYl cynl ry3 + 12 a0%? al? a2 cY¥l cynl ry3 +
36 a0 al®a2cYlcyYnl ry3+12ala2cyYl cynl ryd+
12 a0 al? a2? cY1l c¥nl rY® + 12 al® a2? cY1 c¥nl rY3 +
8a0%?al®cYl®cyYnlry®+4a0al®cyl®cynl ry®+
24 a0? al? a2 cY1® cYnl ry3 + 28 a0 al® a2 c¥1® cy¥nl ry® +
4al*a2cy1®cynl ry?+8a0%ala2?cyl®cynl ryd+
24 a0 al? a2? cY13 cynl ry® + 8 a1 a2? cy1® cynl ry? +
2a0%al®cYlcynl®ry’ +4a0al*cylcynl®ry’-
2a0%al?a2cYlcynl®ry’+6a0al®a2cylcynl’ry’+
4al*a2c¥lcynl’®ry?-2a0%ala2?cylcynl’ry’-
2a0al?a2?2cyYlcynl®ry®+2a1®a22cylcyn1dry’ +
2 a0%al’cYl cyYnl cyn2? ry® + 4 a0 al® cY1l c¥nl cyn2? ry3 -
2 a0%?al?a2cYlcYnlcY¥n2?ry?+6a0al’a2cyYlcyYnl cYn2? ry®+
4 al* a2 cYl cY¥nl cYn2? rY3® - 2 a0% al a22 ¢Y1 c¥nl c¥n2? ry3 -
2a0al?a2?cYl cynl cyn2? ry? + 2 a1’ a2? cYl c¥nl cYn2? ry3 +
6 a02 al? cynl ry* + 12 a0 a1 cYnl r¥* + 6 al* c¥nl ry* +
12 a0 al?a2 cYnl ry* + 12 al® a2 cYnl ry* + 6 al? a22 cynl ry* +
12 a0%2 a1? cY1? c¥nl ry* + 12 a0 al® cY1? c¥nl rv* + 2 al? c¥1? c¥nl ry* +
16 a0? al a2 cY1? cynl rY* + 36 a0 al? a2 cY1? cYnl rY* +
12 al® a2 cY1? c¥nl ry? + 2 a0 a2? cy1? cynl ry* +
16 a0 al a2?2 cY1? cYnl rY* + 12 a1? a2? cY1? cYnl rv* +
a0?al1?cyn1®ry* +2a0a1’cyni1’®ry? +2 a1 cyni’ ryt -
2a0?ala2cyYnl®ry?-2a0al?a2cynl®ry?+2al1®a2cynl1’®ry?+
a0?a2?cynl®ry?-2a0ala2?cyn1®ry?+al?a2?cynl®ry?+
a0? al? cYnl cYn2? ry* + 2 a0 al® c¥nl c¥n2? rY* + 2 al? c¥nl cYn2? ry* -
2 a0%al a2cYnl cyn2?ry?-2a0al?a2cynl cyn2? ryt+
2 al®a2cynl cyn2? rv* + a0? a22 c¥nl cYn2? ry* -
2 a0 al a2? c¥nl c¥n2? rv* + a1? a2? c¥nl c¥n2? ry* +
8 a0%?alcYlcYnlrY® +12a0al?cYlcYnl rY®+4aldcYlcynl ry®+
4 a0%a2cYlcYnl rY® +20a0ala2cYlcYnlry®+12al?a2cYlcynlry®+
4 a0 a2? cYlcYnl rY° + 8 al a2? cY1l c¥nl rY® + 2 a0% cYnl rv® +
4a0alcyYnlry®+2al?cynlrY®+4a0a2cynlry®+
4ala2cynlry®+2a2?2cynlry®-2a0al?a2cyl?cynl?ry

N ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -

4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cYlrY+alry’+alry?+a2ry?)) +2a0al?a2cyl’® cyn2?
ry \/ ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cY¥lrY+a0ry’+alry?+a2ry?))-2a0al’cylcynl?
ry? N ( (a0 al a2 cY1l cYnl + a0 al cYnl rY + a0 a2 c¥nl rY + al a2 c¥nl ry) 2
4 a0 al a2 cynl? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cYlrY+a0ry?+alry?+a2 rYZ) ) -a0ala2cYlcynl?

ry? + ( (a0 al a2 cYlcYnl +a0alcYnlrY+al0a2cYnlrY+ala2c¥nlry)?-
4a0ala2cynl? (a0ala2cyl?+a0alcYlrY+ala2cylry+
ala2cYlrY+a0ry?+alry?+a2 rY2) ) -2al?a2cYlcyni?
ry? J ( (a0 al a2 cYlcY¥nl +a0alcYnlrY+ala2cY¥nlrY+ala2cYnlry) 2.
4a0ala2cynl? (a0ala2cyl®+a0alcyYlrY+a0a2cylry+
ala2cYlrY+a0ry?+alry?+a2 rY2) ) +2a0al?cYl cyn2?
ry? N ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -
4a0ala2cynl? (a0ala2cyl®+a0alcyYlrY+a0a2cylry+
ala2cYlrY+a0ry’+alry’+a2ry?)) +a0ala2cylcyn2’
ry? \/ ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
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ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +2al?a2cYl cyn2?
ry? N ( (a0 al a2 cYlcYnl +a0alcYnlrY+al0a2cYnlrY+ala2c¥nlry)?-
4a0ala2cynl? (a0ala2cyl?+a0alcyYlry+
a0 a2 cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
a0 al cynl1? ry3 \/ ( (a0 al a2 cY¥lc¥nl +al0alcY¥YnlrY+ala2c¥nlrY+ala2cYnlry) z_
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0l a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) -
2 al? cyn1? ry3 ~ ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlry+
a0a2cyYlrY+ala2cYlrY+a0ry?+alry®+a2ry?)) +
a0 a2 cYnl? ry3 \/ ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlry+
a0la2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
al a2 cynl? ry? \/ ( (a0 al a2 cY¥lc¥nl +a0 alcY¥nlrY+ala2cYnlrY+ala2cY¥nlry) 2_
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlry+
a0a2cYlrY+ala2cYlrY+a0rY?+alrY?+a2 rYz) ) +
a0 al cYn2? ry? \/ ( (a0 al a2 cY1l cYnl + a0 al cYnl rY + a0 a2 c¥Ynl rY +al a2 c¥nl ry)? -
4a0ala2cynl? (a0ala2cyl?+a0alcyYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) +
2 al? cyn2? ry? \/ ( (a0 al a2 cY¥lc¥nl +alalcY¥YnlrY+ala2c¥nlrY+ala2cYnlry) z_
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0l a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) -
a0 a2 cYn2? ry3 ~/ ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0a2cYlrY+ala2cYlrY+a0ry’+alry®+a2ry?)) +
al a2 cYn2? ry3 \/ ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnil? (aO ala2cYl?’+a0alcYlrY+ala2cYlry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) ) / (2 cYnl ry?
(aO ala2cYl?+alalcYlrY+ala2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) 2) ,
Sn2 - (6 a0?al1? a2? cY1® c¥nl + 2 a0% a1? a2® cY1® c¥nl + 2 a0? a1? a2* cY1? cYnid +

2 a0% al? a2* cY1* c¥nl c¥n2? + 12 a0? al? a23 c¥1® cY¥nl rY +

12 a0%? al a2? cY1®cy¥nl ry + 12 a0 al? a2* cY13 cYnl ry +

8 a0 al? a2 cY1® cYnl rY + 4 a0? al a2® cY1® c¥nl ry +

4 a0 al? a2® cY1® cYnl rY + 2 a0%? a1? a2’ cy1® cyn1®ry +
4a0%ala2*cyl®cynl®ry+4a0al?a2?cyl®cynl’®ry+

2 a0%al1?a23cy1®cynl cyn2?ryY + 4 a0? al a2* cY13 c¥nl cYn2? ry +
4 a0 al?a2®cy1®cynl cyn22ry+ 6 a0?al? a2?cy1?cynl ry? +
24 a0%? al a2 cY1? cYnl rv? + 24 a0 al? a23 cY1? cYnl ry? +

6 a0 a2* cY1? cYnl rY? + 24 a0 al a2 cY1? c¥nl ry? +

6 al? a2% cY1? c¥nl ry? + 12 a0%? a1? a2 cY1* c¥nl rv? +

16 a0? al a2® cY1? cYnl rY? + 16 a0 al? a2 cY1? cynl ry? +

2 a0% a2 cY1? cynl ry? + 8 a0 al a2* cY1l® cYnl ry? +

2 al? a2% cY1? cynl rv? - 3a0% al? a2? cv1? cynl® rv? +

4 a0%ala2’cyl?cynl®ry?+4a0al?a2dcyl?cyn1dry?+
2a0%a2%cyY1?cynl1®ry?+ 8 a0 al a2? cy1? cynl1® ry? +

2 al? a2% cY1? cyn1d rv? - 3a0%2 al? a2? cY1? c¥nl c¥n2? ry? +

4 a0%?al a2’ cyl?cynl cyn2?2ryY? + 4 a0 al? a2® cY1? cYnl cYn2? ry? +
2 a0% a2 cY1? c¥nl cYn2?2 rv? + 8 a0 al a2* cY1% cYnl c¥n2? ry? +
2 al? a2 cY1? c¥nl c¥n2? rY? + 12 a0? al a2% cY1l c¥nl ry3 +

12 a0 al? a2? cY1 c¥nl r¥Y® + 12 a0 a23 cY1 c¥nl rY® +

36 a0 al a2® cYl cy¥nl ry® +12al?a2%cyYl c¥nl ry® +

12 a0 a2® cY1l c¥nl r¥® + 12 al a2* cY1l c¥nl rY3 +

8 a0 al? a2 cYl® cynl ry® + 24 a0? al a2? cY1® cynl r¥* +
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24 a0 al? a2? cY13 c¥nl rY® + 8 a0% a23 cY1® cy¥nl ry3 +
28 a0 al a2®cyY1®cynl rY® + 8al? a2’ cy1dcynl rvd+
4a0a2*cy1®cynl ry?+4ala2?cyl’®cynl ry’ -
2 a0%al? a2 cYlcyYnld ry? - 2 a0% al a2? c¥l cYn1d ry’ -
2a0al?a2?cylcynld®ryd®+2a0?2a23cylcyn1®ry’+
6 a0 al a2® cYlcynl1®ry®+2a1?2a2’cylcynl1®ryd+
4a0a2*cYlcynl’®ry?+4ala2?cylcynid®ry’-
2 a0%al?a2cylcynl cYn2?ry3-2a0%?ala2?2cylcynl cyn2?ry?-
2a0al?a2?2cYlcynl cyn2? ry? +2a02a2%cyYl c¥nl cYn2? ry? +
6 a0 al a23 cY1 c¥nl cYn2? ryY® + 2 al? a2® cY1 c¥nl cyn2? ry3 +
4 a0 a2*cYlcYnl cY¥n2? rY® + 4 al a2* cY1l c¥nl c¥n2? ry’ +
6 a0? a22 cYnl ry* + 12 a0 al a2? cYnl rY* + 6 al? a2 cYnl rv* +
12 a0 a23 cYnl rv* + 12 al a2® cYnl ry* + 6 a2* cynl ry? +
2a0%al1?cY1?cYnl ry* + 16 a0? al a2 cY1? c¥nl ry?* +
16 a0 al? a2 cY1? cYnl ry* + 12 a02 a2? cY1? cYnl rv* +
36 a0 al a2? cY1? cynl rY? + 12 a1? a2%2 cY1? cYnl ry* +
12 a0 a2% cY1? cY¥nl r¥* + 12 al a23 c¥1? c¥nl rv? +
2a2*cyY1?cyYnl ry* + a02 al? cynl1® ry* - 2 a0? al a2 cynl® ry* -
2a0al?a2cynl’®ry?+a0?a2?cynl’®ry? -
2a0al a2?cyYnl®ry* +al?a2?cynl®ry* +2 a0 a2’ cynl’ ry*+
2ala2’cyn1d®ry*+2a2cyn1®ry?+a0?al?cynl cyn2? ry? -
2 a0%ala2c¥Ynl cyn2?rv*-2a0al?a2cynl cyn2? ry*+
a0? a2? cYnl cYn2? ryY* - 2 a0 al a2? c¥nl c¥n2? ry* +
al? a2? cynl cYn2? ry* + 2 a0 a2® c¥nl cYn2? rv* +
2 al a2®cy¥nl cyn2? rv*+ 2 a2® cy¥nl cyn2? rvy* +
4 a0%al cYlcYnl rY® + 4 a0 al?cYlcYnl ry® +
8 a0%2 a2 cYl cYnl rY® + 20 a0 al a2 cYl cYnl rY® +
8al?a2cYlcYnlryY®+12a0a2?cyYlcyYnl ry’+
12 al a2? cY1l c¥nl r¥® + 4 a23 cY1 c¥nl r¥® + 2 a0% cYnl ry® +
4a0alcynlry®+2al?cynlry®+4a0a2cynlry®+
4ala2cynlry®+2a2?2cynlry®-2a0ala2?cyl?cynl?ry

J ( (a0 al a2 cYl cY¥nl + a0 al cY¥nlrY +ala2c¥nlrY+ala2c¥Ynl rY)2 -

4a0ala2cynl? (a0ala2cyl®+a0alcyYlryY+ala2cylry+
al a2 cYlrY+a0ry?+alry?+a2 rYz) ) +2 a0 al a2 cY1? cyn2?
rY 4/ ( (a0 al a2 cY1l cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cY¥lrY+al0ry’+alry’+a2ry?)) -a0ala2cylcynl?
ry? N ( (a0 al a2 cY1lcYnl +a0 al cYnl rY+ a0 a2cYnlrY+ala2c¥nlry)?-
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) -2a0a2?cYlcynl?
ry? N ( (a0 al a2 cYlcYnl +a0 al cYnlrY+a0a2cYnlrY+ala2c¥nlry)?-
4a0ala2cynl? (a0ala2cyl?+a0alcyYlrY+ala2cylry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) -2ala2?cYlcynl?
ry? J ( (a0 al a2 cYlcY¥nl +a0alcY¥nlrY+ala2cY¥nlrY+ala2cYnlry) 2.
4a0ala2cynl? (a0ala2cyl®+a0alcYlrY+a0a2cylry+
ala2cYlrY+a0ry?+alry?+a2 rY2) ) +a0al a2 cYl cyn2?
ry? \/ ( (a0 al a2 cY¥lcY¥nl +a0alcYnlrY+ala2cY¥nlrY+ala2cYnlry) 2_
4a0ala2cynl? (a0ala2cyl’+a0alcyYlrY+a0a2cylry+
al a2 cYlrY+a0ry?+alry?+a2 rYZ) ) +2 a0 a2? cYl cYn2?
ry? N ( (a0 al a2 cYl c¥Ynl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -
4 a0 al a2 cYnl? (aO ala2cYl?’+a0alcYlrY+ala2cYlry+
ala2cY¥lrY+a0ry’+alry?+a2ry?)) +2ala2’cylcyn2?

ry? N ( (a0 al a2 cY1l cYnl +a0 al cYnl rY + a0 a2 cYnl rY +al a2 c¥nl rY)?
4 a0 al a2 cynl? (aO ala2cYl?+al0alcYlrY+

23
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a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +
a0 al cYnl? ry3 \/ ( (a0 al a2 cY1 cYnl + a0 al cYnl rY + a0 a2 c¥Ynl rY +al a2 c¥nl ry)? -
4a0ala2cynl? (a0ala2cyl?+a0alcyYlry+
a0 a2 cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
a0 a2 cYnl1? ry? \/ ( (a0 al a2 cY¥lc¥nl +al0alcY¥YnlrY+ala2c¥nlrY+ala2cYnlry) z_
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0l a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) -
al a2 cYnl? ry3 ~/ ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlry+
a0a2cyYlrY+ala2cYlrY+a0ry’+alry®+a2ry?)) -
2 a2? cyn1? ry3 \/ ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlry+
a0la2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
a0 al cyn2? ry? \/ ( (a0 al a2 cYlc¥nl +a0 al cYnl r¥ + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlry+
a0l a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) +
a0 a2 cyn2? ry? \/ ( (a0 al a2 cY1l cYnl + a0 al cYnl rY + a0 a2 c¥Ynl rY +al a2 c¥nl ry)? -
4a0ala2cynl? (a0ala2cyl?+a0alcyYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) +
al a2 cYn2? ry? \/ ( (a0 al a2 cY¥lc¥nl +al0alcY¥nlrY+ala2c¥nlrY+ala2cyYnlry) z_
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0l a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +
2 a2? cyn2? ry3 ~/ ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -
4a0ala2cynl? (a0ala2cyl®+a0alcyYlrY+a0a2cylry+
ala2cY¥lrY+alry’+alry?+a2ry?))) / (2 cYnl ry?
(aO ala2cyl?+alalcYlrY+a0a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) 2) ,
pY¥l -3, nl > - ( (aO al a2cY¥lc¥nl +a0alcY¥YnlrY+ala2cY¥nlrY+ala2cY¥nlrY+
\/ ( (a0 al a2 cYl cY¥nl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO ala2cY1? +a0 al cY1lrY +
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) )/
(2 (aO ala2cYl?+a0alcYlrY+a0a2cYlrY+ala2cYlrY+alry?+alry?+a2 rYz) ) ) ’
n2 - - ( (cYn2 (aO ala2cY¥lcY¥nl+a0alcYnlrY+al0a2cY¥nlrY+ala2cYnlryY-
~/ ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO ala2cYl? +a0al cYlrY +
a0 a2 cYlrY+al a2cYlrY+alry? +a1rY2+a2rY2))))/
(2c¥nl (a0ala2cyl®+a0alcYlrY+a0a2cyYlrY+ala2cYlry+a0ry?+

3 +cY1? + cYnl? + cYn2?

14

aer2+a2rY2>>>}, {pe -

ry? (aO ala2cYl?+a0alcYlrY+a0a2cYlrY+ala2cYlrY+a0rY?+alry?+a2 rYZ)
d- -
cYnl cYn2 !

NO1l -
(a0 - al) (aO ala2cYl?+al0alcYlrY+a0a2cYlrY+ala2cYlrY+a0rY?+alry?+a2 rYZ)

a23 c¥Ynl cYn2 ry

14
NO02 -
(a0 -a2) (a0ala2cyl?+al0alcYlrY+a0a2cYlrY+ala2cYlrY+alry?+alry?+a2ry?)

4

al3 c¥Ynl cY¥n2 ry
N12 >

(al - a2) (aO ala2cyYl?+a0alcYlrY+a0a2cYlrY+ala2cYlrY+a0rY?+alry?+a2 rYz)

4

a03 cYnl cYn2 ry



Complex 5-dimensional complete intersection. Case 3.nb | 25

Sn0 > (6 a0* al” a2? cv1* c¥nl + 2 a0* al® a2 c¥1® c¥nl + 2 a0* al® a2? cY1? c¥nl’ +
2 a0*al1?a2?cyl* cYnl cyn2? + 12 a0? al? a2 cY1® cYnl ry + 12 a0* al a22 cY13 cY¥nl ry +
12 a0% a1? a2?2 c¥1® cYnl rY + 4 a0? al? a2 cY1% c¥nl rY + 4 a0? al a2? cY1® c¥nl ry +
8 a0%al?a2?2cY1’cYnl rY+ 4 a0*al?a2cyl®cynl®ry+ 4 a0*al a2?cyl®cyni’®ry+
2a0%al?a2?cy1®cynl®ry+4a0?al?a2cyl®cynl cyn2?ry +
4 a0* al a2? cY13 c¥nl c¥n2?2 rY + 2 a0° al? a2 cY13 c¥nl c¥n2? rY + 6 a0* al? cY1? cYnl rv? +
24 a0® al a2 cY1? cYnl rY? + 24 a0® al? a2 cY1? cYnl rY? + 6 a0% a22 cY1? cYnl ryY? +
24 a0% al a2?2 cY1?cYnl rY? + 6 a0? al? a22 cY1? c¥nl rY? + 2 a0® a1? cY1? cynl rv? +
8 a0? al a2 cyl® c¥nl rv? + 16 a0% al? a2 c¥1? cynl rY? + 2 a0* a2? c¥1? c¥nl rv? +
16 a0° al a2% cY1® cYnl rY? + 12 a0% al? a2? cY1? c¥nl ryY? + 2 a0* a1? cY1? c¥nl® ry? +
8a0?ala2cyl?cynl®ry?+4a0’al?a2cyl?cyn1®ry?+2a0*a2?2cy1?cynl’®ry?+
4 a0%al a2?cY1? cynl® ry? - 3a0%al? a2? cY1? cynl® ry? + 2 a0 al? cv1? c¥nl cyn2? rvy? +
8 a0* al a2 cY1%? cYnl cYn2? r¥? + 4 a0® al? a2 cY1? c¥nl c¥n2? rvy? +
2 a0* a22 cY1? c¥nl cYn2? rv? + 4 a0% al a22 cY1? c¥nl cYn2? ry? -
3a0?al? a2? cY1? c¥nl cYn2? rv? + 12 a0* al c¥1l c¥nl rY>® + 12 a0% al? cY1l c¥nl rv3 +
12 a0 a2 cY1 c¥nl r¥® + 36 a0% al a2 cY1l c¥nl rY® + 12 a0%2 a1? a2 cY1 c¥nl rY3 +
12 a0% a22 cY1l cYnl rY3 + 12 a02 al a2?2 cY1l c¥nl rY> + 4 a0* al cY13 cYnl rv3 +
8 a0° al? cY1® cYnl ry3 + 4 a0* a2 cY13 cy¥nl rY® + 28 a0% al a2 cY1® cynl rv3 +
24 a0%2al? a2 cY13 c¥nl rY> + 8 a0® a2 cY13 c¥nl ry3 + 24 a0? al a2? cY1% cy¥nl ry3 +
8a0al?a2?cy1®cynlry’®+4a0?alcylcynl®ry?®+2a0’al?cylcynl®ryd+
4a0*a2cYlcynl®ry?®+6a0’ala2cylcynl®ry’-2a0%al?a2cylcynl®ry’+
2 a0%a22cYlcyYnldry® -2 a0%al a2?c¥lcyYnld®ry®-2a0al?a2?cy¥lcynldry’+
4 a0% al cYl cYnl cYn2? ry® + 2 a0 al? cY1l c¥nl cYn2? rv3 + 4 a0* a2 cY1l c¥nl cYn2? ry3 +
6 a0 al a2 cY1l c¥nl cYn2? rY® - 2 a0? al? a2 cY1l c¥nl cyn2? ry3 +
2 a0% a22 cYl c¥nl cyYn2? ry? - 2 a0%? al a2? cY1 c¥nl cYn2? rys -
2 a0 al?a2?cyYlcyYnl cYn2?ry3+6 a0 cynl ry* +12a0%al cynl ry?+6a0?al?cynl ry*+
12 a0%® a2 cYnl rY* + 12 a0%2 al a2 cYnl rY* + 6 a0? a2 cYnl rY* + 2 a0 cY1? cynl ry? +
12 a0% al cY1? cYnl r¥* + 12 a0%? al? cY1? c¥nl rY* + 12 a0% a2 cY1? c¥nl ry* +
36 a02ala2cYl?cyYnlryY?+16a0al?a2cYl?cynl ry? +12 a0 a2? cyl? cynl ry* +
16 a0 al a22 cY1? cYnl ryY? + 2 al? a22 cY1? c¥nl rY? + 2 a0? cyn1® ry* + 2 a0 al cyn1® ry* +
a0? al?cynl®ry? +2a0%a2cyn1®ry*-2a0?ala2cynl®ry*-2a0al®a2cynl’ry*+
a0? a2?2 cyn13 ry* - 2 a0 al a2?2 cYn1® ry* + al? a2?2 cyn1® rvy* + 2 a0% c¥nl cyn2? ry* +
2 a0%alcynl cyn2? rv* + a0? al? c¥nl c¥n2? ry* + 2 a0® a2 c¥nl cYn2? ry? -
2 a0% al a2 c¥nl c¥n2? ry* - 2 a0 al? a2 cY¥nl c¥n2? rv* + a0? a2 c¥nl cYn2? ry? -
2 a0 al a2? c¥nl c¥n2? rv* + al? a2? c¥nl c¥n2? r¥* + 4 a0° cY1 c¥nl ry° +
12 a0%2 al cY1l cYnl r¥® + 8 a0 al? cYl cYnl rY® + 12 a0% a2 cY1 c¥Ynl ry> +
20 a0 al a2 cY1l cYnl r¥® + 4 al? a2 cY1l c¥nl r¥® + 8 a0 a2 cY1 c¥Ynl ryY° +
4 ala2?cY¥lcYnlrY®+2a0%c¥nlry®+4a0alc¥nlryY®+2al?cynlry®+
4a0a2cynlry®+4ala2cynlry®+2a2?2cynlry®+2a0?ala2cyl?cyni?
rY +/ ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -

4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cYlrY+alry’+alry?+a2ry?)) -2a0®ala2cyl’®cyn2?
ry \/ ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) +2a0%alcYlcynl?
ry? ./ ((a0ala2cYlcyYnl+a0alcynlrY+a0a2cy¥nlryY+ala2cy¥nlry)?-
4 a0 al a2 cyYnl? (aO ala2cYl?+a0alcYlrY+ala2cYlrY+
ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +2a0%a2cYlcynl?
ry? N ( (a0 al a2 cY1lcYnl +a0 al cYnl rY+ a0 a2c¥YnlrY+ala2c¥nlry)?-
4a0ala2cynl? (a0ala2cyl?+a0alcYlrY+ala2cylry+
ala2cYlrY+a0ry?+alry?+a2 rY2) ) +a0al a2 cYl cynl?
ry? J ( (a0 al a2 cY¥lcY¥nl +a0alcY¥nlrY+ala2cY¥nlrY+ala2cYnlry) 2.
4a0ala2cynl? (a0ala2cyl®’+a0alcyYlrY+a0a2cylry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) -2a0?alcYl cyn2?
ry? N, ( (a0 al a2 cYl c¥nl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnl ry)? -
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4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cY¥lrY+a0ry’+alrY?+a2ry?)) -2a0®a2cylcyn2?
ry? N ( (a0 al a2 cY1lcYnl +a0 al cYnl rY + a0 a2 cYnlrY+ala2c¥nlry)?-
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlrY+a0a2cYlry+
ala2cY¥lrY+alry’+alry’+a2ry?)) -a0ala2cylcyn2’
ry? N ( (a0 al a2 cYlcYnl +a0 al cYnl rY+ a0 a2cYnlrY+ala2c¥nlry)?-
4 a0 al a2 cYni? (aO ala2cYl?+a0alcYlry+
a0 a2 cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) +
2 a0% cyni? ry? \/ ( (a0 al a2cY¥lc¥Y¥nl +alalcY¥YnlrY+ala2c¥nlrY+ala2cYnlry) 2
4a0ala2cynl? (a0ala2cyl®+a0alcyYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +
a0 al cYnl? ry? \/ ( (a0 al a2 cY¥lc¥nl +al0alcY¥YnlrY+ala2c¥nlrY+ala2cyYnlry) 2
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +
a0 a2 cYnl? ry3 ~/ ( (a0 al a2 cY1l cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nl ry) 2
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlry+
ala2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
al a2 cynl? ry3 \/ ( (a0 al a2 cYlc¥nl +al0 alcY¥nlrY+ala2cYnlrY+ala2cY¥nlry) 2
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
2 a0? cYn2? ry? \/ ( (a0 al a2 cY1 cYnl +a0 al cYnl rY+a0 a2 c¥Ynl rY +al a2 c¥nl ry)?
4 a0 al a2 cyni? (aO ala2cYl?+a0alcYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
a0 al cYn2? ry3 \/ ( (a0 al a2 cY1l c¥nl + a0 al cYnl rY + a0 a2 cY¥nl rY + al a2 c¥nl ry) 2
4a0ala2cynl? (a0ala2cyl?+a0alcyYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) -
a0 a2 cYn2? ry3 \/ ( (a0 al a2 cY¥lc¥nl +al0alcY¥YnlrY+ala2c¥nlrY+ala2cyYnlry) 2
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) +
al a2 cYn2? ry3 ~ ( (a0 al a2 cY1l cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nl ry) 2
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cYlrY+a0ry?+alry?+a2 rYZ) ) ) / (2 cYnl ry?
(a0ala2cyl?+a0alcylrY+ada2cYlrY+ala2cYlryY+alry’ +al ry? + a2 ry?) 2) ,

Snl - (6 a0? al* a2? cY1 c¥nl + 2 a0? al? a22 cY1® cYnl + 2 a0? al* a2? cY1? cynl3 +

2 a0% al* a2? cY1* c¥nl c¥n2? + 12 a0? al® a2 cY1® c¥nl ry +

12 a0%2al1®a2?2cyY1®cYnlry+12a0al*a2?2cy1®cynl ry+

4 a0% al* a2 cY1® c¥nlrYy+ 8 a0?al®a2?cyY1® cy¥nlry+
4a0al*a2?cyl®cYnlrYy+4a0?al*a2cyi®cyni®ry+
2a0%a1’a2?cy1®cyni®ry+4a0al?a2?cyi®cynid®ry+

4 a0% al* a2 cY13 c¥nl cYn2?2 rY + 2 a0%? al® a2 cY13 c¥nl c¥n2? ry +
4 a0 al*a2?cY1’ c¥nl c¥n2?2rY + 6 a0? al* cv1? c¥nl rv? +

24 a02 al® a2 cY1? cYnl ry? + 24 a0 al? a2 cY1? c¥nl ry? +

6 a0 al? a2? cY1? c¥nl rY? + 24 a0 al® a2? cY1? cyYnl ry? +

6 al? a2? cY1? cYnl rv? + 2 a0? al® cY1* cYnl rv? +

16 a0? al® a2 cYl? cynl rY? + 8 a0 al* a2 cY1? cYnl ry? +

12 a0% a1? a2? cY1% cYnl rY? + 16 a0 al® a2? cY1® cYnl ry? +

2 al*a2?cyY1? c¥nl r¥? + 2 a0% a1l c¥1? cynl® rv? +

4 a0?al1a2cy1?cyn1®ry?+8a0al®a2cyl?cynl’ry?-
3a02al?a2?2cy1?cynl®ry?+4a0al’a2?cyi?cyn1dry?+
2al*a2?cY1? cynl® ry? + 2 a0%? al* cY1? c¥nl cyn2? ry? +

4 a0%2 a1 a2 cy1? cynl cyn2?2 ry? + 8 a0 al® a2 cY1? cynl cyn2? ry? -
3a02al?a2?2cyY1? c¥nl cYn22rv? + 4 a0 al® a2? cY1? c¥nl cYn2? ry? +
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2 al* a2? cY1? c¥nl c¥n2? rv? + 12 a0? al® cY1l c¥nl rv3 +
12 a0 al®* cYl cynl ry3 + 12 a0%? al? a2 cY¥l cynl ry3 +
36 a0 al®a2cYlcyYnl ry3+12ala2cyYl cynl ryd+
12 a0 al? a2? cY1l c¥nl rY® + 12 al® a2? cY1 c¥nl rY3 +
8a0%?al®cYl®cyYnlry®+4a0al®cyl®cynl ry®+
24 a0? al? a2 cY1® cYnl ry3 + 28 a0 al® a2 c¥1® cy¥nl ry® +
4al*a2cy1®cynl ry?+8a0%ala2?cyl®cynl ryd+
24 a0 al? a2? cY13 cynl ry® + 8 a1 a2? cy1® cynl ry? +
2a0%al®cYlcynl®ry’ +4a0al*cylcynl®ry’-
2a0%al?a2cYlcynl®ry’+6a0al®a2cylcynl’ry’+
4al*a2c¥lcynl’®ry?-2a0%ala2?cylcynl’ry’-
2a0al?a2?2cyYlcynl®ry®+2a1®a22cylcyn1dry’ +
2 a0%al’cYl cyYnl cyn2? ry® + 4 a0 al® cY1l c¥nl cyn2? ry3 -
2 a0%?al?a2cYlcYnlcY¥n2?ry?+6a0al’a2cyYlcyYnl cYn2? ry®+
4 al* a2 cYl cY¥nl cYn2? rY3® - 2 a0% al a22 ¢Y1 c¥nl c¥n2? ry3 -
2a0al?a2?cYl cynl cyn2? ry? + 2 a1’ a2? cYl c¥nl cYn2? ry3 +
6 a02 al? cynl ry* + 12 a0 a1 cYnl r¥* + 6 al* c¥nl ry* +
12 a0 al?a2 cYnl ry* + 12 al® a2 cYnl ry* + 6 al? a22 cynl ry* +
12 a0%2 a1? cY1? c¥nl ry* + 12 a0 al® cY1? c¥nl rv* + 2 al? c¥1? c¥nl ry* +
16 a0? al a2 cY1? cynl rY* + 36 a0 al? a2 cY1? cYnl rY* +
12 al® a2 cY1? c¥nl ry? + 2 a0 a2? cy1? cynl ry* +
16 a0 al a2?2 cY1? cYnl rY* + 12 a1? a2? cY1? cYnl rv* +
a0?al1?cyn1®ry* +2a0a1’cyni1’®ry? +2 a1 cyni’ ryt -
2a0?ala2cyYnl®ry?-2a0al?a2cynl®ry?+2al1®a2cynl1’®ry?+
a0?a2?cynl®ry?-2a0ala2?cyn1®ry?+al?a2?cynl®ry?+
a0? al? cYnl cYn2? ry* + 2 a0 al® c¥nl c¥n2? rY* + 2 al? c¥nl cYn2? ry* -
2 a0%al a2cYnl cyn2?ry?-2a0al?a2cynl cyn2? ryt+
2al®a2cynl cyn2? rv* + a0? a22 c¥nl cYn2? ry* - 2 a0 al a2? c¥nl cYn2? rvy* +
al? a2? cYnl cyn2? ry* + 8 a0 al cY1l cYnl rY° + 12 a0 al? cY1l c¥nl rY° +
4al®cYlcYnlrY® +4a0?a2cYlcyYnl ry®+20a0ala2cYlcynl ry®+
12 al? a2 cY1l cYnl rY> + 4 a0 a22 cY1l cYnl r¥® + 8 al a2? cY1l cYnl rY> +
2a0%cYnl rY®+4a0alcYnlryY®+2al?cyYnlry®+4a0a2cynlry®+
4ala2cy¥nlry®+2a2?cynlry®+2a0al?a2cyl?cynl?ry

N ( (a0 al a2 cY1lcYnl +a0 al cYnl rY +a0 a2 cYnlrY+ala2c¥nlryY)?-

4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cY¥lrY+alry’+alry?+a2ry?)) -2a0al?a2cyl? cyn2?
ry \/ < (a0 al a2 cYlcYnl +a0alcYnlrY+a0a2cYnlrY+ala2cYnlry)?-
4 a0 al a2 cYni? (aO ala2cYl?+a0alcYlrY+ala2cYlrY+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) +2a0al?cYlcynl?
ry? J ( (a0 al a2 cYlcY¥nl +a0alcY¥nlrY+ala2cY¥nlrY+ala2cYnlry) 2.
4a0ala2cynl? (a0ala2cyl?+a0alcYlrY+ala2cylry+
ala2cYlrY+a0ry?+alry?+a2 rY2) ) +a0al a2 cYl cyYnl?
ry? \/ ( (a0 al a2 cY¥lcY¥nl +a0alcYnlrY+ala2cY¥nlrY+ala2cYnlry) 2_
4a0ala2cynl? (a0ala2cyl®’+a0alcyYlryY+ala2cylry+
ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +2al?a2cYl cynl?
ry? N ( (a0 al a2 cYl c¥nl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cY¥lrY+a0ry’+alry?+a2ry?)) -2a0al’cylcyn2?

ry? N ( (a0 al a2 cY1l cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nl rY)?
4 a0 al a2 cyYnl? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cY¥lrY+alry’+alry’+a2ry?)) -a0ala2cylcyn2’
ry? N ( (a0 al a2 cYlcYnl +a0alcYnlrY+ala2cYnlrY+ala2cYnlry)?-
4 a0 al a2 cynl? (aO ala2cYl?+a0alcYlrY+ala2cYlrY+
ala2cYlrY+a0ry?+alry?+a2 rYZ) ) -2al?a2cYlcyn2?
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ry? J ( (a0 al a2 cY¥lcY¥nl +a0alcY¥nlrY+ala2cY¥nlrY+ala2cYnlry) 2.
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) +
a0 al cynl? ry3 N ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO al a2cYl?+a0al cYlryY+
a0a2cYlrY+ala2cYlrY+a0rY?+alrY?+a2 rYZ) ) +
2 al? cyn1? ry3 \/ ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlry+
a0a2cYlrY+ala2cYlrY+a0rY?+alrY?+a2 rYz) ) -
a0 a2 cYnl1? ry? \/ ( (a0 al a2 cYlcYnl +a0 al cYnl rY+a0 a2c¥nlrY +ala2c¥nlry)?-
4 a0 al a2 cyn1? (aO al a2 cYl? +a0 al cYlry+
a0a2cYlrY+ala2cYlrY+a0rY?+alry?+a2 rYz) ) +
al a2 cYnl1? ry? \/ ( (a0 al a2 cY1 cYnl + a0 al cYnl rY + a0 a2 c¥nl rY + al a2 c¥nl ryY)? -
4 a0 al a2 cyni? (aO al a2 cYl? +a0alcYlry+
a0a2cYlrY+ala2cYlrY+a0ryY?+alry?+a2 rYz) ) -
a0 al cYn2? ry? \/ ( (a0 al a2 cY¥lc¥nl +al0alcY¥YnlrY+ala2cY¥nlrY+ala2cyYnlry) z_
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) -
2 al? cyn2? ry3 N ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -
4 a0 al a2 cYnl? (aO al a2 cYl? +a0al cYlryY+
a0a2cYlrY+ala2cYlrY+a0rY?+alrY?+a2 rYZ) ) +
a0 a2 cYn2? ry? \/ ( (a0 al a2 cYlc¥nl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO al a2 cYl?+a0alcYlry+
a0a2cYlrY+ala2cYlrY+a0rY?+alrY?+a2 rYz) ) -
al a2 cyn2? ry* ./ ((a0 ala2cYlcYnl +a0alcynlrY+a0a2cyYnlrY+ala2c¥nlrY) 2.
4 a0 al a2 cyni? (aO ala2cYl?+a0alcYlrY+a0a2cYlry+
ala2cYlrY+a0ry?+alry?+a2 rY2) ) ) / (2 cynl ry?
(aO ala2cYl’?+a0alcYlrY+a0a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz)z) ,
Sn2 - (6 a0? al? a2* cy1? c¥nl + 2 a0 al? a2® cY1® cYnl + 2 a0%? al? a2* cY1? cynl? +
2 a0% al? a2* cY1* c¥nl c¥n2? + 12 a02? al? a23 cY13 cY¥nl ryY +
12 a0? al a2* cY1®c¥nlry + 12 a0 al? a2* cY13 cY¥nl ry +
8 a0? al? a23 cY1® c¥nl rY + 4 a0? al a2® cY1® c¥nl ry +
4a0al?a2cyYl®cynl rY+2a0?al?a2’cyl®cynl’®ry +
4 a0%ala2*cy1l®cyn1®ry+4a0al?a2?cyi®cyni®ry+
2a0%a1?2a2®cy1®cynl c¥n2? ryY + 4 a0? al a2 c¥13 c¥nl cYn2? ry +
4 a0 al?a2%cyY1’®cynl cYn2?2rY + 6 a0? al? a22 cY1? cy¥nl ry? +
24 a0%2 al a2’ cY1? cY¥nl rY? + 24 a0 al? a2® c¥1? c¥nl ry? +
6 a0 a2* cY1? cYnl ry? + 24 a0 al a2 cY1? c¥nl ry? +
6 al?a2* cYl?cYnl ry?+ 12 a0?al? a2? cY1l? cynl ry? +
16 a0? al a2® cY1* cYnl rY? + 16 a0 al? a23 cY1® cynl rv? +
2 a02a2® cyl® cYnl ry? + 8 a0 al a2 cy1® cynl ry? +
2al? a2 cyY1? cynl ry? - 3a0%al1?a2?cy1l?cynl®ry? +
4a0%al1a2’cy1?cyn1®ry?+4a0al?a2’cy1?cyni®ry?+
2 a0%2a2® cY1?cYn1®ry? + 8a0 al a2* cY1? cYn1® ry? +
2al? a2 cyY1? cynl® ry? - 3a02al? a2? cYl? cynl cyn2? ry? +
4 a0% a1l a23 cY1? c¥nl c¥n2? rv? + 4 a0 al? a23 cY1? c¥nl c¥n2? ry? +
2 a02a2® cY1? cYnl cYn2? ry? + 8 a0 al a2*® cY1? cYnl cYn2? rvy? +
2 al? a2 cY1? c¥nl cYn2? ry? + 12 a0? al a2 cY1l c¥nl ry3 +
12 a0 al? a2? cY1l cY¥nl rY® + 12 a0%? a2® cY1 c¥nl rY3 +
36 a0 al a23 cYl cYnl ry® + 12 al? a23 cYl cYnl rY3 +
12 a0 a2® cYl cYnl r¥Y®+ 12 al a2* cYl c¥nl rY3 +
8 a0 al? a2 cY1® cYnl ry3 + 24 a0%? al a2? cY1® cyYnl rv3 +
24 a0 al? a2? cY13 c¥nl rY® + 8 a0% a2° cY1% cynl ry3 +



Complex 5-dimensional complete intersection. Case 3.nb

28 a0 al a2 cY13 cynl r¥3 + 8 a12 a2® cv1® cynl rv3 +
4 a0 a2?cy1®cynl ry® +4ala2*cy1’®cynl ry’ -
2a0%al1?2a2cYlcynl®ry®-2a0%ala2?2cylcynldry’-
2a0al?a2?cYlcyYnl®ry’ +2a0%a2’cyYl cynldry’ +
6a0ala2’cYlcynl®ry®+2a1?2a23cylcyn1®ry’+
4a0a2*cyYlcynl®ry?+4ala2?cylcynidry’-
2 a0% al? a2 cYl c¥nl cyn2? ry? - 2 a0% al a2? c¢Y1 c¥nl cYn2? ry3 -
2a0al?a2?cYlcynl cyn2? ry®+2a0?a2®cyl c¥nl cYn2? ry? +
6 a0 al a2 cY1 c¥nl cYn2? ry® + 2 al? a23 cY1l cYnl cyn2? rv3 +
4 a0 a2* cY1l cYnl cYn2? rY3 + 4 al a2* cY1l c¥nl cYn2? ry3 +
6 a0 a22 cYnl ry* + 12 a0 al a22 c¥nl rY* + 6 al? a2? cynl rv* +
12 a0 a2 cYnl ry* + 12 al a23 cYnl ry* + 6 a2? cynl ry? +
2a02a1?cY1?cynl ry* + 16 a0 al a2 cY1? c¥nl ry?* +
16 a0 al? a2 cY1? cynl rY* + 12 a0 a2 cY1? cYnl ry* +
36 a0 al a2? cY1? cynl ry* + 12 a1? a22 c¥1? cynl ry? +
12 a0 a23 cY12 cYnl ry* + 12 al a23 cY1? c¥nl ryt +
2 a2*cY1? cy¥nl ry* + a0? a1? cyn13 rv* - 2 a0%2 al a2 cYn1® ry* -
2a0al?a2cynl®ry? +a0?a2?2cynl®ry?-2a0ala2?cynl®ry*+
al?a2?cynl®ry?+2a0a23cyn1®ry*+2ala23cynl1’®ry*+
2 a2* cYn13® ry* + a0? al? c¥nl cY¥n2? rv* - 2 a0% al a2 c¥nl cYn2? rv* -
2 a0 al? a2 cYnl cYn2? ry? + a0% a2? cYnl cYn2? ry? -
2 a0 al a2? cYnl c¥n2? rv* + a1? a22 c¥nl cYn2? ry* +
2 a0 a2® c¥nl c¥n2? rv* + 2 al a2% c¥nl cyn2? ry* +
2 a2 cyYnl cyn2? ry* + 4 a0%? al cY1l cYnl rY° + 4 a0 al? cY1l cYnl r¥Y’ +
8 a0? a2 cY1l cYnl rY® + 20 a0 al a2 cY1 cYnl ry> +
8 al?a2cYlcYnl rY® + 12 a0 a2 ¢cY1l c¥nl ry® +
12 al a2? cY1l c¥nl r¥® + 4 a23 cY1l c¥nl rY® + 2 a0 cYnl ry® +
4a0alcynlry®+2al?cynlryY®+4a0a2cynlry®+
4ala2cynlry®+2a2?cy¥nlry®+2a0ala2?cyl?cynl?ry
V/ ((a0ala2cYlcynl+a0alcYnlry+ala2cynlrY+ala2cynlry)?-
4a0ala2cynl? (a0ala2cyl?+a0alcYlrY+ala2cylry+
ala2cYlrY+a0ry?+alry?+a2 rY2) ) -2a0ala2?cy1?cyn2?
ry V < (a0 al a2 cY1l c¥nl +a0 alcYnlrY+a0a2c¥nlrY+ala2cy¥nl rY)2 -
4a0ala2cynl? (a0ala2cyl®’+a0alcYlrY+a0a2cylry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) +a0al a2 cYlcynl?
ry? N ( (a0 al a2 cYl c¥Ynl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -
4 a0 al a2 cynl? (aO ala2cYl?+a0alcYlrY+a0a2cYlry+
al a2 cYlrY+a0ry?+alry?+a2 rYZ) ) +2a0 a2? cY1 cyn1?
ry? \/ ( (a0 al a2 cYl c¥nl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnl ry)? -
4 a0 al a2 cynl? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cY¥lrY+a0ry’+alry?+a2ry?)) +2ala2’cylcynl?
ry? N ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cynl? (aO ala2cYl?+a0alcYlrY+ala2cYlrY+
ala2cYlrY+a0ry?+alry?+a2 rYZ) ) -a0ala2cYlcyn2?
ry? N ( (a0 al a2 cYlcYnl +a0alcYnlrY+a0a2cYnlrY+ala2c¥nlry)?-
4a0ala2cynl? (a0ala2cyl?+a0alcYlrY+ala2cylry+
ala2cYlrY+a0ry?+alry?+a2 rY2) ) -2 a0 a2?cYl cyn2?
ry? J ( (a0 al a2 cYlcY¥nl +a0alcY¥nlrY+ala2cY¥nlrY+ala2cYnlry) 2.
4a0ala2cynl? (a0ala2cyl®+a0alcyYlrY+a0a2cylry+
ala2cYlrY+a0ry?+alry?+a2 rY2) ) -2 al a2?cY1 cYn2?
ry? N, ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -
4 a0 al a2 cynl? (aO ala2cYl?+a0alcYlry+
a0a2cYlrY+ala2cYlrY+a0ry*+alry’+a2ry?)) -
a0 al cynl? ry3 \/ ( (a0 al a2 cYl cY¥nl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -

29



30 | Complex 5-dimensional complete intersection. Case 3.nb

4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlry+
a0a2cyYlrY+ala2cYlrY+a0ry?+alry®+a2ry?)) +
a0 a2 cYnl? ry3 \/ ( (a0 al a2 cYl c¥nl +a0 al cYnl r¥ + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlry+
a0a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) +
al a2 cYnl1? ry3 \/ ( (a0 al a2 cY1 cYnl + a0 al cYnl rY + a0 a2 c¥nl rY + al a2 c¥nl ry)? -
4 a0 al a2 cYni? (aO ala2cYl?+a0alcYlry+
a0 a2 cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) +
2 a2? cYni? ry? \/ ( (a0 al a2cY¥lc¥Y¥nl +alalcY¥YnlrY+ala2c¥nlrY+ala2cYnlry) z_
4a0ala2cynl? (a0ala2cyl®+a0alcyYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +
a0 al cYn2? ry? \/ ( (a0 al a2 cY¥lc¥nl +al0alcY¥YnlrY+ala2c¥nlrY+ala2cyYnlry) z_
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) -
a0 a2 cYn2? ry3 ~/ ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlry+
ala2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
al a2 cYn2? ry3 \/ ( (a0 al a2 cYlc¥nl +al0 alcY¥nlrY+ala2cYnlrY+ala2cY¥nlry) 2
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -

2 a2? cYn2? ry? \/ ( (a0 al a2 cY1 cYnl + a0 al cYnl rY + a0 a2 c¥Ynl rY + al a2 c¥nl ry)? -
4 a0 al a2 cyni? (aO ala2cYl?+a0alcYlrY+ala2cYlrY+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) ) / (2 cYnl ry?
(aO ala2cYl?+a0alcYlrY+a0a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rY2)2) ,
pYl—> 3, nl > - ( (aO al a2 cYlcYnl +a0alcY¥nlrY+ala2cY¥nlrY+ala2cYnlrY-
\/ ( (a0 al a2 cY¥l c¥nl + a0 al cY¥YnlrY+ala2c¥nlrY+ala2cYnlry) z_
4a0ala2cynl? (a0ala2cyl®’+a0alcYlry+
a0a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) ) /
(2 (aO ala2cYl?+alalcYlrY+a0a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) ) ,
n2 - - ( (cYn2 (aO al a2 cYlcY¥nl +a0alcY¥nlrY+ala2cY¥nlrY+ala2cY¥YnlrY+
V/ ((a0ala2cYlcynl+a0alcYnlryY+ala2c¥nlrY+ala2cynlry)?-
4a0ala2cynl? (a0ala2cyl®+a0alcYlry+
a0 a2 cYlrY+ala2cYlrY+a0ry? +a1rY2+a2rY2))))/
(2 cYnl (aO ala2cYl?+a0alcYlrY+a0a2cYlrY+ala2cYlrY+alry?+

3 +cY1? + cYnl? + cYn2?

14

aer2+a2rY2>>)}, {pe 5

ry? (aO ala2cYl?+al0alcYlrY+a0a2cYlrY+ala2cYlrY+a0rY?+alry?+a2 rYZ)
d- -
cYnl cYn2 !

NO1 -
(a0 - al) (aO ala2cYl?+al0alcYlrY+a0a2cYlrY+ala2cYlrY+a0rY?+alry?+a2 rYZ)

14

a23®c¥Ynl cYn2 ry
NO2 -

(a0 - a2) (aO ala2cYl?+al0alcYlrY+a0a2cYlrY+ala2cYlrY+a0rY?+alry?+a2 rYZ)

al’ cYnl cYn2 ry

14

N12 -
(al - a2) (aO ala2cYl?+a0alcYlrY+a0a2cYlrY+ala2cYlrY+a0rY?+alry?+a2 rYZ)

a03 cYnl cY¥n2 rY
, Sn0 > (6 a0 al” a2? cv1* c¥nl + 2 a0* al® a2? c¥1® c¥nl +
2a0*al?a2?cyl*cynl®+2a0%al? a2? cYl? cynl c¥n2? + 12 a0* al? a2 c¥13 c¥nl ry +
12 a0* al a2? cY1® c¥nl rY + 12 a0° al? a2? cY1® cYnl rY + 4 a0 al? a2 cY1® cYnl ry +
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4 a0* al a2?cY1® cYnl rY + 8 a0°al? a2?cy1® cY¥nl rY + 4 a0? al? a2 cy1® cyn1®ry +
4 a0%ala2?2cy1dcyn1®ry+2a03al?a2?2cy1®cyni®ry+4a0?al?a2cyl’®cynl cYn2?ry +
4 a0* al a22cY1® c¥nl cYn2?2 ry + 2 a0° al? a22 cY1® c¥nl c¥n2? rY + 6 a0% al? cv1? c¥nl rv? +
24 a0* al a2 cY1? c¥nl rY? + 24 a0% al? a2 cY1? c¥nl rY? + 6 a0* a2 cY1? c¥nl ryY? +
24 a0% al a2?cY1? cYnl ryY? + 6 a0%? al? a2?2 cY1? cynl rY? + 2 a0? al? cY1® cYnl ry? +
8a0?ala2cyl?cynl rv?2+16a0%al?a2cyl? cynl ry? +2 a0* a22cyl? cynl ry? +
16 a0% al a2? cY1? c¥nl rY? + 12 a0? a1? a2? c¥1* c¥nl rv? + 2 a0% a1? c¥1? cYnl® rv? +
8 a0* al a2 cYl?cynld®ryv?+ 4 a0%al?a2cy1?cynl’®ry? + 2 a0?a22cy1l?cynl’®ry? +
4a0%ala2?2cy1?cynl®ry?-3a0?al?a2?2cy1?cynl®ry?+2a0?al?cyl?cynl cyn2? ry?+
8 a0? al a2 cY1? c¥nl c¥n2? rv? + 4 a0% al? a2 cY1? c¥nl c¥Yn2? ry? +
2 a0* a22 cY1? c¥nl c¥n2? r¥? + 4 a0 al a2? cY1? c¥nl c¥n2? ry? -
3a0%a1?2a2?cy1? cynl c¥n2? ry?2+ 12 a0* al cYl c¥nl rY® + 12 a0% al? cYl cYnl ry3 +
12 a0* a2 cY1l c¥nl rY® + 36 a0% al a2 cY1l c¥nl rY> + 12 a0? al? a2 cY1l c¥nl rv3 +
12 a0% a2? cY1 c¥nl ry3 + 12 a0%? al a22 c¢Y1 cYnl rY® + 4 a0* al cY1® c¥nl rY> +
8 a0 al?cyY1®cynl ry3 + 4 a0?a2cy1®cynl ry®*+28a0%ala2cyl®cynl ryd+
24 a0 al? a2 cY1® cYnl ry3 + 8 a0% a22 cY1% cYnl r¥3 + 24 a0%? al a2? cY1® cynl rv3 +
8 a0 al?a2?cyY1®c¥nl ry®+4a0?alcylcynl®ry?+2a0®al?cy¥lcynl®ry’+
4a0*a2cyYlcynl®ry®+6a0’ala2cylcynli®ry’-2a0%al1?2a2cylcynid®ry’®+
2a0%a22cYlcynl®ry®-2a0%ala2?2cyYlcynl®ry’-2a0al?a2?2cylcynldry’+
4 a0% al cY1 cYnl cYn2? ry® + 2 a0% al? cY1 c¥nl c¥n2? rY3 + 4 a0* a2 cY1 c¥nl c¥Yn2? ry> +
6 a0% al a2 cYl cYnl cYn2? ryY3 - 2 a0? al? a2 cY1l c¥nl cYn2? ry3 +
2 a0%a22cYl cYnl cyn2? ry? - 2 a0%2 al a2? cY1 c¥nl cYn2? ry3 -
2 a0 al? a2? cYl c¥nl c¥n2? ry3 + 6 a0? c¥nl ry* + 12 a0® al cynl rv* + 6 a0? al? cynl ry* +
12 a0% a2 cYnl rY* + 12 a0% al a2 c¥nl rY? + 6 a0? a22 cynl rY* + 2 a0 cY1? c¥ynl rv* +
12 a0% al cY1? cYnl ry? + 12 a02 al? cY1? cYnl rv* + 12 a0% a2 cY1? cYnl ry? +
36 a0? al a2 cY1? cYnl rY* + 16 a0 al? a2 cY1? c¥nl r¥* + 12 a0? a2? cY1? cYnl ry* +
16 a0 al a2? cY1? cYnl rY* + 2 al? a2?2 cY1? c¥nl r¥? + 2 a0? cYn13 rv* + 2 a0% al cyn1® ry* +
a0?al?cynl®ry?*+2a0%a2cyni®ry*-2a0?ala2cynl®ry*-2a0al?a2cynl’®ry*+
a0? a2? cynl®ry?-2a0al a2?cynl®ry*+al?a2?cynl’®ry* + 2 a0 cynl cYn2? ry +
2 a0%alcynl cYn2? ry* + a0? al? cynl cYn2? ry* + 2 a0% a2 cYnl cyn2? rv* -
2a0%ala2cynl cyn2?2ry?*-2a0al?a2cynl cyn2? ry* + a0? a2? c¥nl cyn2? ry -
2 a0 al a2? c¥nl c¥n2? rv* + a1? a2 c¥nl c¥n2? ry* + 4 a03 cY1 c¥nl ry° +
12 a0? al cY1l cYnl rY® + 8 a0 al? cY1l cYnl rY® + 12 a0? a2 cY1 c¥nl r¥> +
20 a0 al a2 cYl cYnl rY® + 4 al? a2 cYl cYnl rY® + 8 a0 a22 cY1l cYnl ry> +
4 al a2?cY1lcYnl rY® +2a0%cy¥nl ry®+4a0alcyYnlry®+2al?cynlry®+
4a0a2cynlrY®+4ala2cy¥nlry®+2a2?cynlry®+2a0?ala2cyl?cynl?

ry \/ < (a0 al a2 cY1l cY¥nl +a0 alcYnlrY+a0a2cY¥nlrY+ala2cy¥nl rY)2 -

4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) -2a0%ala2cyYl?cyn2?
rY ./ < (a0 al a2 cYlcYnl +a0alcYnlrY+ala2cYnlrY+ala2cY¥nlry)?-
4a0ala2cynl? (a0ala2cyl?+a0alcYlrY+ala2cylry+
ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +2a0%alcYlcynl?
ry? J ( (a0 al a2 cYlcY¥nl +a0alcY¥nlrY+ala2cY¥nlrY+ala2cYnlry) 2.
4a0ala2cynl? (a0ala2cyl®+a0alcYlrY+a0a2cylry+
ala2cYlrY+a0ry?+alry?+a2 rY2) ) +2 a0 a2 cYl cYni?
ry? \/ ( (a0 al a2 cY¥lcY¥nl +a0alcYnlrY+ala2cY¥nlrY+ala2cYnlry) 2_
4a0ala2cynl? (a0ala2cyl®’+a0alcyYlrY+a0a2cylry+
al a2 cYlrY+a0ry?+alry?+a2 rYz) ) +a0al a2 cYlcynl?
ry? N ( (a0 al a2 cYl c¥Ynl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cYlrY+a0ry’+alry?+a2ry?)) -2a0®alcylcyn2?
ry? N ( (a0 al a2 cY1lcYnl +a0 al cYnl rY + a0 a2 cYnl rY +al a2 c¥nl rY)?

4 a0 al a2 cynl? (aO ala2cYl?+alalcYlrY+a0a2cYlrY+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) -2 a0%a2cYlcyYn2?
ry? N ( (a0 al a2 cYlcYnl +a0 al cYnlrY+a0a2cYnlrY+ala2c¥nlry)?-
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4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlrY+ala2cYlrY+
ala2cYlrY+a0ry’+alry’+a2ry?)) -a0ala2cyYlcyn2’
ry? N ( (a0 al a2 cY1lcYnl +a0 al cYnl rY + a0 a2 cYnlrY+ala2c¥nlry)?-
4 a0 al a2 cYn1? (aO al a2 cYl?+a0alcYlry+
a0a2cYlrY+ala2cYlrY+a0rY?+alry?+a2 rYz) ) +
2 a0% cYn1? ry? \/ ( (a0 al a2 cY1 cYnl + a0 al cYnl rY + a0 a2 c¥Ynl rY + al a2 c¥nl rY)? -
4 a0 al a2 cyni? (aO al a2 cYl?+a0alcYlry+
a0a2cYlrY+ala2cYlrY+a0ryY?+alry?+a2 rYz) ) +
a0 al cYnl1? ry3 \/ ( (a0 al a2 cY¥lc¥nl +a0alcY¥nlrY+ala2c¥nlrY+ala2cyYnlry) z_
4a0ala2cynl? (a0ala2cyl®+a0alcyYlry+
a0a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +
a0 a2 cYnl? ry? \/ ( (a0 al a2 cY¥lc¥nl +al0alcY¥YnlrY+ala2c¥nlrY+ala2cyYnlry) z_
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) -
al a2 cYnl? ry3 ~/ ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO al a2 cYl?+a0al cYlryY+
a0a2cYlrY+ala2cYlrY+a0rY?+alrY?+a2 rYz) ) -
2 a0? cyn2? ry3 \/ ( (a0 al a2 cYlcY¥nl +a0alcY¥nlrY+ala2cYnlrY+ala2cY¥nlryY) z_
4 a0 al a2 cYn1? (aO al a2 cYl?+a0al cYlry+
a0a2cYlrY+ala2cYlrY+a0rY?+alrY?+a2 rYz) ) -
a0 al cYn2? ry? \/ ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 c¥nl rY +al a2 c¥nl ry)? -
4 a0 al a2 cynl? (aO al a2 cYl? +a0 al cYlry+
a0a2cYlrY+ala2cYlrY+a0rY?+alry?+a2 rYz) ) -
a0 a2 cyn2? ry? \/ ( (a0 al a2 cY1l c¥nl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4a0ala2cynl? (a0ala2cyl?+a0alcyYlry+
a0a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +
al a2 cYn2? ry3 \/ ( (a0 al a2 cY¥lc¥nl +al0alcY¥YnlrY+ala2c¥nlrY+ala2cyYnlry) z_
4a0ala2cynl? (a0ala2cyl’+a0alcyYlrY+a0a2cylry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) ) / (2 c¥nl ry?
(aO ala2cYl®?+al0alcYlrY+a0a2cYlrY+ala2cYlrY+alrY?+alrY?+a2 rYz)z) ,
Snl - (6 a0? al* a2? cY1? c¥nl + 2 a0 al* a2? cY1® c¥nl + 2 a02? al* a2? cY1* cynl?+
2 a0 al® a2?cyYl? c¥nl cYn2? + 12 a0? al® a2 cy1® c¥nl ry +
12 a0%2 al1®a2?2cyY1®cYnlry+12a0al*a2?2cy1®cynlry+
4 a0?al*a2cyl®cYnlrY+8a0?al®a2?cyl®cynl ry +
4a0al?a2?cy1®cynlry +4a0?al?*a2cyl®cyn1dry+
2a0%a1®a2?cy1®cynl®ry+4a0al?a2?cy1l®cynid®ry+
4 a0%2a1?a2cy1®cynl cyn22 ry + 2 a0? a1 a2? c¥1® c¥nl c¥n2? ry +
4 a0 al? a2?2 cy13 cy¥nl cyn2?2ry + 6 a0%2 al® cY1? cYnl ry? +
24 a02 al® a2 cY1? cYnl ry? + 24 a0 al? a2 cY1? c¥nl ry? +
6 a0 al? a2? cY1? c¥nl rY? + 24 a0 al® a2? cY1? c¥nl ry? +
6 al® a2?2 cY1? cYnl rY? + 2 a0 al? cY1® cynl rv? +
16 a0%2 al® a2 cY1l? c¥nl rY? + 8 a0 al® a2 cY1? cYnl ry? +
12 a0% a1? a2? cY1* cYnl rY? + 16 a0 al® a2? cY1® cYnl rv? +
2 al*a2? cY1l? cynl ry? + 2 a0%? a1’ cv1? cyni1® rv? +
4a0%a1’a2cy1?cynl®ry?+8a0al?a2cyl?cynl’®ry?-
3a0%al?a2?cy1?cynl®ry? + 4 a0 al’a2?cy1?cyn1®ry?+
2al*a2?2cY1? cynl® ry? + 2 a0? al* cY1? c¥nl cYn2? ry? +
4 a0% a1’ a2 cyY1? cy¥nl cYn2? rv? + 8 a0 al* a2 cY1% cYnl c¥n2? ry? -
3a0?al? a2? cY1? c¥nl cYn2?2 rY? + 4 a0 al® a2? cY1? c¥nl cYn2? rv? +
2 al* a2? cY1? c¥nl c¥n2? rv? + 12 a0? al® cY1l c¥nl rv3 +
12 a0 al® cYl cYnl rY® + 12 a0%? al? a2 cY¥1l cYnl ry3 +
36 a0 al® a2 cYlcYnl ry® + 12 al a2 cyYl cYnl ryd +
12 a0 al? a2? cY1l c¥nl r¥Y® + 12 a1’ a2? cY1 c¥nl rY® +
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8 a0%2a1’cy1®cynl ry®+4a0al?cy1®cynl ryd+
24 a0%? al? a2 cy1l®cynl ry® + 28 a0 al®a2 cy1dcynl rvd +
4al*a2cy1®cynlry®+8a0?ala2?cyl®cynlryd+
24 a0 al? a2? cY1® cYnl ry3 + 8 a1 a2? cY1® cYnl ryd +
2a02al1dcylcyn1®ry?®+4a0al®cylcynl®ry’-
2a0%al?a2cYlcynl®ry’+6a0al®*a2cylcynl®ryd+
4al*a2cYlcynl’®ry?-2a0?ala2?cylcynl’ry’-
2a0al?a2?cylcynld®ryd®+2a13a2?cylcynl®ry’+
2 a0%al’cYl cyYnl cyn2? ry®+ 4 a0 al cYl cYnl cyn2? ry3 -
2 a0%al?a2cYlcyYnl cyn2? ry® + 6 a0 al® a2 cYl c¥nl cyn2? ry3 +
4 al* a2 cY¥lcYnl c¥n2? r¥Y3 - 2 a0? al a2? ¢¥1 c¥nl c¥n2? ry3 -
2a0al?a2?2cyYlcynl cyn2? ry?+2al1®a2?cyYl c¥nl cyn2? ry? +
6 a0? al?cYnl ry*+12 a0 al®cyYnl ry* + 6 al? cynl ry? +
12 a0 al? a2 cY¥nl ry* + 12 al® a2 c¥nl rY* + 6 al? a2? c¥nl ry* +
12 a02a1?cY1? cynl ry* + 12 a0 al® cY1? cY¥nl rv* + 2 al? c¥1? c¥nl ry? +
16 a0% al a2 cY1? cYnl rY* + 36 a0 al? a2 cY1? c¥nl rv* +
12 al® a2 cY1%? c¥nl r¥Y* + 2 a0? a2? cY1%? c¥nl ry* +
16 a0 al a22 cY1? cYnl ry* + 12 a1?2 a2? cY1? cYnl rv* +
a0?al?cynl®ry?*+2a0al’®cyn1®ry*+2al?cynldry*-
2a0%?ala2cyYnl®ry*-2a0al?a2cynl®ry*+2al®a2cynl’ry*+
a0? a2?2 cyn13® ry* - 2 a0 al a2?2 cYn1® ry* + al? a2? cyn13 ry* +
a0? al? cYnl cyn2? ry* + 2 a0 al® c¥nl cYn2? ry* + 2 al? c¥nl cYn2? rv? -
2 a0%al a2 c¥nl c¥n2? rv* - 2 a0 al? a2 c¥nl cyn2? rv* +
2 al’ a2 cynl cyn2? ry* + a0? a2 c¥nl cYn2? ry* -
2 a0 al a2? cynl c¥n2? rv* + a1? a22 c¥nl cYn2? ry* +
8 a0%? al cYlcYnl rY® + 12 a0 al? ¢cY1l c¥nl r¥® + 4 a1’ cYl c¥nl ry> +
4 a02a2cYlcYnlrY’ +20a0ala2cYlcYnlrY®+12al?a2cYlcynl ry®+
4 a0 a2? cYl cYnl rY® + 8 al a2? ¢Y1l c¥nl rY® + 2 a0% cYnl ry® +
4a0alcynlrY®+2al?cy¥nlrY®+4a0a2cynlry®+
4ala2cynlry®+2a22cynlry®+2a0al?a2cyl?cynl?ry

\/ ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -

4 a0 al a2 cYnl? (aO ala2cYl?’+a0alcYlrY+ala2cYlry+
ala2cYlrY+alry’+alry?+a2ry?)) -2a0al?a2cyl? cyn2?
ryY \/ < (a0 al a2 cYlcYnl +a0alcYnlrY+ala2cYnlrY+ala2cYnlry)?-
4 a0 al a2 cyYni? (aO ala2cYl?+a0alcYlrY+ala2cYlrY+
ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +2a0al?cYlcynl?
ry? N, ( (a0 al a2 cY1lcY¥nl +a0 al cYnl rY+ a0 a2c¥YnlrY+ala2c¥nlry)?-
4 a0 al a2 cyni? (aO ala2cYl?+a0alcYlrY+ala2cYlryY+
ala2cYlrY+a0ry?+alry?+a2 rY2) ) +a0al a2cYl cynl?
ry? J ( (a0 al a2 cY¥lcY¥nl +a0alcY¥nlrY+ala2cY¥nlrY+ala2cYnlry) 2_
4a0ala2cynl? (a0ala2cyl®’+a0alcyYlrY+a0a2cylry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) +2al?a2cYl cynl?
ry? N ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cY¥lrY+al0ry’+alry?+a2ry?)) -2a0al’cylcyn2?
ry? \/ ( (a0 al a2 cYl c¥nl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nl ry)? -
4 a0 al a2 cYnil? (aO ala2cYl?’+a0alcYlrY+ala2cYlry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) - a0al a2 cYl cYn2?

ry? N ( (a0 al a2 cYlcYnl +a0 al cYnl rY+ a0 a2cYnlrY+ala2cy¥nlry)?
4 a0 al a2 cynl? (aO ala2cYl?+a0alcYlrY+ala2cYlrY+
ala2cYlrY+a0ry?+alry?+a2 rYZ) ) -2al?a2cYl cyn2?
ry? N ( (a0 al a2 cYlcYnl +a0 alcYnl rY+a0a2cY¥nlrY+ala2c¥nlry)?-
4 a0 al a2 cyni? (aO al a2 cYl? +a0alcYlry+
a0 a2 cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) +
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a0 al cynl1? ry? \/ ( (a0 al a2 cY¥lc¥nl +a0alc¥nlrY+ala2cYnlrY+ala2c¥nlryY) z_
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) +
2 al? cyn1? ry3 N ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -
4 a0 al a2 cYnl? (aO al a2cYl?+a0al cYlryY+
a0a2cYlrY+ala2cYlrY+a0rY?+alrY?+a2 rYZ) ) -
a0 a2 cYnl? ry3 \/ ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlry+
a0a2cYlrY+ala2cYlrY+a0rY?+alrY?+a2 rYz) ) +
al a2 cYnl? ry? \/ ( (a0 al a2 cY¥lc¥nl +a0alcY¥nlrY+ala2cYnlrY+ala2cY¥nlryY) 2.
4 a0 al a2 cyn1? (aO al a2 cYl? +a0 al cYlry+
a0a2cYlrY+ala2cYlrY+a0rY?+alry?+a2 rYz) ) -
a0 al cYn2? ry3 \/ ( (a0 al a2 cY1 cYnl + a0 al cYnl rY + a0 a2 c¥nl rY + al a2 c¥nl ryY)? -
4 a0 al a2 cyni? (aO al a2 cYl? +a0alcYlry+
a0a2cYlrY+ala2cYlrY+a0ryY?+alry?+a2 rYz) ) -
2 al? cyn2? ry? \/ ( (a0 al a2 cY¥lc¥nl +alalcY¥YnlrY+ala2c¥nlrY+ala2cYnlry) z_
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +
a0 a2 cYn2? ry?3 ~/ ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO al a2 cYl? +a0al cYlryY+
a0a2cYlrY+ala2cYlrY+a0rY?+alrY?+a2 rYZ) ) -
al a2 cYn2? ry3 \/ ( (a0 al a2 cYlc¥nl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlrY+ala2cYlrY+
ala2cYlrY+a0ry?+alry?+a2 rY2) ) ) / (2 cynl ry?
(aO ala2cYl®?+alalcYlrY+ala2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) 2) ,
Sn2 - (6 a0? al? a2? cy1? cynl + 2 a0? a1? a2* cY1® c¥nl + 2 a0? a1? a2* cY1* cyni1d®+
2a0%al1? a2? cY1* c¥nl cYn2? + 12 a0%2 a1? a2 cY1® c¥nl ry +
12 a0? al a2* cY1® cYnl rY + 12 a0 al? a2® cY1® cYnl ry +
8 a0%2 a1? a23 cY1® c¥nl rY + 4 a0? al a2® cY1® c¥nl rY +
4 a0 al? a2® cY1® cYnl rY + 2 a0%? a1? a2 cv1® cyn1® ry +
4 a0%ala2?cyl®cynl®ry+4a0al?a2tcyld®cynld®ry+
2a02a1?a23cyY1® c¥nl c¥n2? rY + 4 a0? al a2* c¥13 c¥nl cYn2? ry +
4 a0 al?a2® cy1® cynl cyn22ryY + 6 a0? a1? a2? cv1? cYnl ry? +
24 a0%? al a2 cY1? cYnl ry? + 24 a0 al? a23 cY1? cYnl ry? +
6 a0% a2% cY1? c¥nl rY? + 24 a0 al a2* cY¥1? cYnl ry? +
6 al?a2* cY1? cYnl ry? + 12 a0? al? a2? cY1? c¥nl ry? +
16 a0% al a2’ cY1! c¥nl rv? + 16 a0 al® a2’ cY1* c¥nl rv? +
2 a0%? a2 cY1® cYnl ry? + 8 a0 al a2* cY1® cYnl ry? +
2 al? a2% cY1? cynl rv? - 3a0% a1? a2? cy1? cynl® ry? +
4 a0%ala2’cy1?cyn1®ry?+4a0al?a2’cy1?cyn1®ry?+
2 a02a2?cY1?cyn1® ry? + 8a0 al a2* c¥1? cyn1® ry? +
2 al? a2% cY1? cynl® ry? - 3a0%2 al? a2? cY1? c¥nl cYn2? ry? +
4 a0% al a23 cY1? c¥nl c¥n2?2 rv? + 4 a0 al? a2® cY1? c¥nl cYn2? ry? +
2 a0%? a2? cY1%? cYnl cYn22 rY? + 8 a0 al a2* cY1? c¥nl cYn2? ry? +
2 al? a2 cY1? c¥nl c¥n2? rv? + 12 a0? al a2% cY1l c¥nl ry3 +
12 a0 al? a2? cY1l c¥nl r¥Y® + 12 a0%? a2% cY1 c¥nl rY® +
36 a0 al a23 cY1l cY¥nl r¥Y® +12a1%? a23 cYl cynl ry® +
12 a0 a2® cY1l cYnl r¥Y® + 12 al a2* cYl c¥nl rY3 +
8 a0% al® a2 c¥1’ c¥nl r¥’ + 24 a0? al a2’ cY1® c¥nl rv’ +
24 a0 al? a2? cY13 cYnl rY® + 8 a0% a23 cY1® c¥nl ry? +
28 a0 al a2® cY1®cynl ry®+8a1?2a2’cy1®cynl ryd+
4 a0a2*cY1®cyYnl ry? + 4 al a2? cy1® cynl ry’ -
2a02al?a2cylcynl®ry3-2a0%?ala2?2cylcynldryd-
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2a0al?a2?cYlcyYnl®ry’ +2a0%a2’cyl cynldry’ +
6a0ala2’cYlcynl®ry®+2a1?2a23cylcynl®ry’+
4a0a2*cyYlcynl®ry?+4ala2?cylcynidry’-
2 a0% al? a2 cY1l c¥nl cyn2? ry? - 2 a0%? al a2? c¢Y1 c¥nl cYn2? ry3 -
2 a0 al? a2? cYl cYnl cYn2? ry3 + 2 a02 a2% cYl c¥nl cyn2? ry3 +
6 a0 al a2 cY1 c¥nl cYn2? ry® + 2 al? a23 cY1l c¥nl cyn2? ry3 +
4 a0 a2* cY1l cYnl cYn2? r¥Y3 + 4 al a2* cY1 c¥nl cYn2? ry3 +
6 a0%? a2? cYnl ry* + 12 a0 al a2? c¥nl rY* + 6 al? a2? cYnl ry* +
12 a0 a2® cYnl ry* + 12 al a2® cYnl ry* + 6 a2? cynl ry? +
2 a0% al?cY1? cynl rY? + 16 a0? al a2 cY1? cYnl rv* +
16 a0 al? a2 cY1? cYnl rY* + 12 a0 a2 cY1? cYnl ry* +
36 a0 al a2? cY1? cynl rv* + 12 al? a22 c¥1? cynl ryt +
12 a0 a23 cY12 cYnl rY* + 12 al a23 cY1? c¥nl ryt +
2 a2* cY1? c¥nl ry* + a0%? al? cynl® ry* - 2 a0%? al a2 c¥nl® ry* -
2a0al?a2cynl®ry?+a0?a2?cynl®ry? -
2a0ala2?cyYnl®ry?+al?a2?cyn1®ry?+2a0a23cynl’ry*+
2ala2®cynl®ry*+2a2*cynl’®ry* + a0? al? cynl cYn2? ryt -
2a0%ala2cynl cyn2?ry*-2a0al?a2cynl cyn2?ry*+
a0? a2? cYnl cyn2? ry* - 2 a0 al a2 c¥nl cYn2? ry* +
al? a2? cYnl cYn2? ry? + 2 a0 a2% c¥nl cyn2? ry? +
2 al a2®cyYnl cYn2? ry* + 2 a2% c¥nl cyn2? ry* +
4a0%alcYlcYnlrY®+4a0al?cYlcYnl ry’+
8 a0%2 a2 cY1 cYnl rY® + 20 a0 al a2 cY1 c¥nl ry°® +
8al?a2cYlcYnlrY® +12 a0 a2?cYlcYnl ry’+
12 al a22cYl cYnl r¥® + 4 a2 cY1l c¥Ynl r¥® + 2 a0 cYnl ry® +
4a0alcynlrY®+2al?cy¥nlrY®+4a0a2cynlry®+
4ala2cynlry®+2a22cynlry®+2a0ala2?cyl?cynl?ry

\/ ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -

4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) -2a0ala2?cY1? cyn2?
ry +/ ( (a0 al a2 cYlcYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nl ry)? -
4 a0 al a2 cYnl? (aO ala2cYl?+a0alcYlrY+ala2cYlrY+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) +a0al a2 cYl cYn1?
ry? N ( (a0 al a2 cYlcYnl +a0alcYnlrY+ala2cYnlrY+ala2c¥nlry)?-
4a0ala2cynl? (a0ala2cyl?+a0alcYlrY+ala2cylry+
ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +2 a0 a2?cYl cYni?
ry? J ( (a0 al a2 cYlcY¥nl +a0alcY¥nlrY+ala2cY¥nlrY+ala2cYnlry) z_
4a0ala2cynl? (a0ala2cyl®+a0alcyYlrY+a0a2cylry+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) +2ala2?cyYl cynl?
ry? N, ( (a0 al a2 cYl c¥Ynl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnl ry)? -
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cYlrY+a0ry’+alry’+a2ry?)) -a0ala2cyYlcyn2’
ry? \/ ( (a0 al a2 cYl c¥nl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -
4 a0 al a2 cYnil? (aO ala2cYl?+a0alcYlrY+ala2cYlry+
ala2cYlrY+a0ry?+alry?+a2 rY2) ) -2a0a2?cYl cyn2?
ry? N ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cyYni? (aO ala2cYl?+a0alcYlrY+ala2cYlrY+
ala2cYlrY+a0ry?+alry?+a2 rYz) ) -2ala2?cYlcyn2?
ry? N ( (a0 al a2 cYlcYnl +a0alcYnlrY+ala2cYnlrY+ala2c¥nlry)?-
4a0ala2cynl? (a0ala2cyl?+a0alcyYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
a0 al cYnl1? ry? \/ ( (a0 al a2 cY¥lc¥nl +al0alcY¥YnlrY+ala2c¥nlrY+ala2cyYnlry) z_
4a0ala2cynl? (a0ala2cyl®+a0alcylry+

35
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a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rY2) ) +
a0 a2 cYnl1? ry3 \/ ( (a0 al a2 cY1 cYnl + a0 al cYnl rY + a0 a2 c¥Ynl rY +al a2 c¥nl ry)? -
4a0ala2cynl? (a0ala2cyl?+a0alcyYlry+
a0 a2 cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) +
al a2 cYnl1? ry? \/ ( (a0 al a2 cY¥lc¥nl +al0alcY¥YnlrY+ala2c¥nlrY+ala2cYnlry) z_
4a0ala2cynl? (a0ala2cyl®+a0alcylry+
a0l a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYZ) ) +
2 a2? cyn1? ry3 ~ ( (a0 al a2 cYl cYnl + a0 al cYnl rY + a0 a2 cYnl rY + al a2 cYnlry)? -
4 a0 al a2 cYnl? (aO ala2cY1?+a0alcYlry+
a0a2cyYlrY+ala2cYlrY+a0ry?+alry®+a2ry?)) +
a0 al cYn2? ry? \/ ( (a0 al a2 cYl cYnl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnil? (aO ala2cY1? +a0al cYlry +
a0la2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
a0 a2 cYn2? ry? \/ ( (a0 al a2 cYlc¥nl +a0 al cYnl r¥ + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO ala2cY1? +a0al cYlry +
a0l a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
al a2 cYn2? ry? \/ ( (a0 al a2 cY1l cYnl + a0 al cYnl rY + a0 a2 c¥Ynl rY +al a2 c¥nl ry)? -
4a0ala2cynl? (a0ala2cyl?+a0alcyYlry+
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) -
2 a2? cYn2? ry? \/ ( (a0 al a2 cY¥lc¥nl +alalcY¥YnlrY+ala2c¥nlrY+ala2cYnlry) z_
4a0ala2cynl? (a0ala2cyl®+a0alcYlrY+a0a2cylry+
ala2cY¥lrY+alry’+alry?+a2ry?))) / (2 cYnl ry?
(aO ala2cYl?+alalcYlrY+a0a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz)z) ,
pY¥l -3, nl > - ( (aO ala2cYlc¥nl+al0alcY¥YnlrY+al0a2cY¥nlrY+ala2cY¥nlrY-
+/ ( (a0 al a2 cYl c¥Ynl +a0 al cYnl rY + a0 a2 cYnl rY + al a2 c¥nlry)? -
4 a0 al a2 cYnl? (aO ala2cYl? +a0al cYlrY +
a0 a2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ) )/
(2 (a0 al a2 cYl?+a0alcYlrY+a0a2cYlrY+ala2cYlrY+a0rY?+alry?+a2 rYZ) )) s
n2 - - ( (cYn2 (aO ala2cY¥lcY¥nl+a0alcYnlrY+a0a2cY¥YnlrY+ala2cYnlrY+
\/ ( (a0 al a2 cYlc¥nl +al0alcY¥YnlrY+ala2c¥nlrY+ala2cyYnlry) z_
4a0ala2cynl? (a0ala2cyl®+a0alcYlrY+a0a2cylry+
ala2cYlrY+a0ry?+alry?+a2 rY2> ) > > / (2 cYnl

(aO ala2cYl?+alalcYlrY+ala2cYlrY+ala2cYlrY+a0ry?+alry?+a2 rYz) ))}}

Computations for Lemma 6.19.
Case A.3 where there exists N s.t. Fix(N;) = YAUPyUP, U
P,.
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(******************************
NOTATIONS
rY xY denotes the restriction of x to Y
ai denotes the Hopf weight at Pi
Nij denotes the product of the normal weights shared between Pi and Pj
Sni is the sum of the square of the normal weights at Pi
cY¥ni xY denotes the first Chern class of the normal bundle of Y in the
direction of Ni
ux5YA denotes the local datum of x°> at Y
px5PiA denotes the local datum of x° at Pi

We use the variable t to extract the coefficient of order 2 of xY. We
then evaluate xY? to 1.

The orientation of the point PO is 1 while those from Pl and P2 are -
1. This explains the signs at their local datum

Once evaluated, we extract all the coefficients in 1 into a list.

******************************)

ux5YA3 =
Factor[CoefficientList|

Coefficient[Expand[(rY xYt +1 z)5] Series[(cYnl xYt +nlz) !, {x¥, 0, 2}]
Series[(c¥n2xYt +n2z)™', {x¥, 0, 2}] Series[(c¥n3 x¥t +n32z)™', {x¥, 0, 2}],
t, 2], 1]] /. x¥2 51

10 ry? 5 (c¥n3nln2 +c¥n2nln3+c¥nln2n3) ryY

nln2n3’ nl? n22 n3?

14

{o, 0, 0,

1

U (cYn32 nl? n2? + c¥n2 c¥n3 nl?n2n3 +
nl° n2°n3

cYnl c¥n3 nl n2?n3 +c¥n2?2n1?n3? + cY¥nl c¥n2 nl n2 n3? + cynl? n2? n32) }

ux5POA3 = CoefficientList [Expand[((a0+1) z)°] n17° n27° n37° NO1" NO27" 27°, 1]

a0’ 5 a0* 10 a03
{NOI N02n1®n23n3®  NO1N02nl13n2’n3®’  NO1NO02n13n23n3®’
10 a0? 5 a0 1
NO1N02nl1®n23n33  NO1NO02n13n2°n3®  NO1NO02n13n23n3? }

ux5P1A3 = CoefficientList [Expand[- ((al+1) z)°] n17n2%n3¥ NO17* N1271 2%, 1]

{ al’® 5al? 10 a13
NO1n1®N12n2%n3%’ N01n1®N12n2°n3%  NO1n13N12n23n33’
10 al? 5al 1 }
N01n13N121n23n33’ N01n13N12n23n3%  NO1n13N12n23n33

ux5P2A3 = CoefficientList [Expand[- ((a2+1) z)°] n17%n2% n37¥ N027' N127! 27°, 1]

{ a2’ 5 a2t 10 a23
N02n13N12n23n33  N02n13N12n23n33  N02n13N12n23n33’
10 a2? 5a2 1 }
N021n13N121n23n33" N02n13N12n23n3%  NO2n13N12n23n33

(******************************

NOTATIONS

uslx3YA3 denotes the local datum of pl(X)x? at ¥
uslx3PiA3 denotes the local datum of pl(X)x® at Pi

******************************)
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uslx3YA3 =
Factor[CoefficientList|

Coefficient[
Expand[le t2 . (c¥nlxY¥t +nl z)2+ (c¥n2 xY¥ t +n2 z)2 + (c¥n3 xY¥t +n3 z)z]
(r¥xY¥t + 12z)°Series[(c¥nlx¥Yt +nlz)™*, {x¥, 0, 2}]
Series[(c¥n2xYt +n2z)™', {x¥, 0, 2}] Series[(c¥n3 x¥t +n32z)™*, {x¥, 0, 2}],
t, 2], 1]] /. x¥? 51

3 (nl2 +n22 + n32) ry?
[o, ,
nln2n3
1
nl? n2? n3?
cYn2 nl1 n2?n3 +c¥nln23®n3-c¥n3nln2n3?+c¥n2nln3’+cynln2n3? ry,

3 (cYn3 nl®n2 + c¥n3nln23 +c¥n2nl3®n3 - c¥nlnl?n2 n3 -

1
nl3n23n33
cYn2 c¥n3nl?n23n3 +c¥nlcyn3nln2?n3+cy¥n2?2nl1*n3?-cy¥nl c¥n2nl®n2n3?-

cYnl c¥n2 nl n23n3? + c¥n1? n2% n3? - c¥n2 c¥n3 n1? n2 n33 - c¥nl c¥n3 nl n2? n33 +

cYn2?n1? n3% + c¥nl c¥n2 n1 n2 n3* + cYn1? n22 n3* + n1%2 n2? n3? le) }

(cYn32 nl4 n2? + cYn3? n1%2 n2% + cYn2 c¥n3 nl1* n2 n3 - c¢¥nl c¥n3 n1’ n2? n3 -

us1x3POA3 = Factor [CoefficientList[Sn0 z? ((a0+1) z)’n17? n27° n37° NO17' NO27" 27°, 1]]

{ a03sno0 3 a0? sno0 3 a0 Sno0

Sno0
NO1N02n13n23n3%  NO1N02n13n23n33 NO1N02n13n23n33  NO1NO2nl3n23n33 }

us1lx3P1A3 = Factor[CoefficientList [— snlz? ((al+1) z)3n13n23n33N01"'N1271 275, l]]

al’snil

3al?snl

3 alsnl

Snl

{_

us1x3P2A3 = Factor [CoefficientList[- Sn22z? ((a2+1) z)>n173n273n33 N027* N1271 2%, 1]]

3 a2?sn2

3 a2 Sn2

NO1n1®N12n2%n3%’ N01n1®N12n2°n3%  NO1n13N12n23n3%®  NO1n1®N12n23n33

Sn2

{ a23 sn2

 NO02n1®N12n2%n33’

ux5YA3 + ux5POA3 +

ux5P1A3 + ux5P2A3

 N02n1®N12n2%n33’

 NO02n1®N12n2%n33’

 NO02n13N12 n2?n33

a0® al® a2’
{N01 N02n1®n23n3® NO01nl®N12n2°n3® NO2nl1®N12n2°n3%’
5a0* 5alt 5 a2t
NO1N02nl1®n23n3® NOlnl®N12n2°n3° NO2nl1®N12n2%n3%’
10 a0? 10 a1 10 a23
NO1NO02n13n23n3® NOLnl®N12n2°n3® NO2nl3N12n2%n33’
10 a0? 10 a1? 10 a2? 10 ry?
NO1NO02n1°n2°n3® NOLnl’N12n2°n3’ NO02n1’N12n2°n3’ nln2n3’
5a0 5al 5a2
NO1N02n1®n23n3® NOlnl®N12n2°n3°® NO2n1®N12n2%n3%
5 (c¥n3nln2 +c¥n2nln3+c¥nln2n3) rY 1 1

nl? n22 n3?

1

1

NO02 n13N12 n23n33

+
n13n23 n33

" NO1N02n13n23n33

NO1nl13N12 n23n33

(cYn32 n12n2% + cYn2 cYn3nl?n2n3 +

cYnl c¥n3 nl n22 n3 +c¥n22 n1? n3? + c¥nl c¥n2 nl n2 n3? + cYn1? n2? n32>}

J

)
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Factor[pus1lx3YA3 + puslx3POA3 + uslx3P1A3 + uslx3P2A3]

14

a03 N12 Sn0 - al3 N02 Snl - a23 NO1 Sn2
{ NO01NO02nl13N12n23n33
1
NO01NO02n13N12n23n33
NO1N02n1®N12n2? n3* rv? + a0? N12 Sn0 - al® N02 Snl - a2’ NO1 Sn2),
1
N01N02 nl13N12n23n33
cYn2 N01N02 nl1?N12n2n3%rY - cYnl N01N02n13N12n22n3%ry-
cYn2 NO1N02nl1?N12 n23n32rY + cYnl NO1 N02 nl N12n2¢n3%ry-
cYn3 NO1N02nl1?N12n2%2n33rY +cYn2N0O1NO02nl?N12n2n3*ry+
cYnl NO1 N02 nl N12n2?n3*rY- a0N12 Sn0 +al N02 Snl + a2 NO1 Sn2),
1
NO01NO02nl13N12n23n33
cYn2 cYn3 NO1 N02 nl1? N12 n2 n3 - c¥nl cYn3 NO1 N02 n1®N12 n2% n3 -
cYn2 cYn3 NO1 N02 n1?N12 n23n3 + cY¥nl cYn3 NO1 NO2 n1 N12 n2* n3 +
cYn2? N01 N02 n1® N12 n3% - cYnl cYn2 NO01 N02 n13 N12 n2 n3? -
cYnl cYn2 NO1 N02 nl1 N12 n23n3? + cYn12 N01 NO2 N12 n2* n3? -
cYn2 cYn3 NO1 N02 n1?N12 n2 n3® - cY¥nl cYn3 NO1 NO2 n1 N12 n2%2 n33 +
cYn2? N01 N02 n1%2 N12 n3* + cYnl cYn2 NO1 NO2 nl1 N12 n2 n3* +

cYn1? NO1 N02 N12 n2? n3* + NO1 N02 n1? N12 n2? n3% pY1 + N12 Sn0 - N02 Snl - NO1 Sn2) }

3 (NO1NO02 n1®N12n2%n3? rv? + NO1N02nl1®N12 n2* n3” rv? +

3 (cYn3 NO1N02nl1*N12n2?2n3 rY +cYn3 NO1NO2nl?®N12n2*n3ryY+

(cYn32 NO1NO02 nl*N12 n2? + cYn32N01 NO2 nl1?N12 n2*+
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Factor [Solve [{

a0° al’ a2’
T NOLNO02n1%n23n33 NO1nl1®N12n23n33 NO2n13 N12n23n33
0 5 a0* 5al* 5 a2*
© NOLNO2n1®n23n3® NO1nl3®N12n23n3® NO2nl13N12n23n33
10 a03 10 a13 10 a23
© NO1N02n13®n23n33 NO1nl3N12n23n3® NO2n1®N12n23n33’
10 a0? 10 a1? 10 a2? 10 ry?
- — — +
NO1NO2 n1®n23n3? NO1nl1®N12n23n33 NO2nl13N12n23n3® nln2n3
0 5 a0l 5al 5a2
"~ NO1NO2n13n2%n3® NO1nl3®N12n23n3% NO2nl1®N12n23n33
5 (c¥n3 nl n2 + c¥n2nl n3 + c¥nl n2 n3) rY
n12 n22 n32 !
1 1 1
0 == - - +
NO1 NO2 n13n23n3® NO1n13®N12n23n3°® NO2n13N12n23n33
1 2 2 2 2 2
—_— (cYn3 nl“n2° +c¥n2c¥n3nl“n2n3 +c¥nl c¥n3 nl n2°n3 +
n13 n23 n33
c¥n22n1? n32 + c¥nl c¥n2 nl n2 n32 + c¥nl? n2? n32) ’
a0°® N12 SnO - a13 NO2 Snl - a23 NO1 Sn2
pd= 3 3 a3 '
NO1 NO2 n13 N12 n23 n3
1
0 ==

NO1 NO2 n13 N12 n23 n33
3 (N01 NO2 n1? N12 n22 n32 r¥? + NO1 NO2 n12 N12 n2* n32 r¥? + NO1 NO02 n12 N12 n22 n3*% rv? +

a02 N12 Sn0 - a12 NO2 Sn1 - a22 NO1 Sn2) ,
1

NO1 NO2 n13 N12 n23 n33
(c¥n3 NO1 NO2 n1* N121n2? n3 rY¥ + c¥n3 NO1 NO2 n1? N12 n2* n3 r¥ +
c¥n2 NO1 NO2 n1* N12 n2 n3%2 rY - ¢c¥nl NO1 NO2 n13 N12 n22 n32? rY -
c¥n2 NO1 N02 n12 N12 n23n3? r¥ + c¥nl NO1 NO2 n1 N12 n2* n32 ry -
c¥n3 NO1 N02 n12 N12 n22 n33 rY + c¥n2 NO1 N02 n12 N12 n2 n3* rY +
c¥nl NO1 NO2 nl1 N12 n2? n3* r¥Y - aO N12 SnO + al NO2 Snl + a2 NO1 Snz) ,
1

NO1 NO2 n13 N12 n23 n33
(c¥n3? NO1 NO2 n1* N12 n2? + c¥n3% NO1 NO2 n1? N12 n2* + c¥n2 c¥n3 NO1 NO2 n1* N12 n2 n3 -
c¥nl c¥n3 NO1 NO2 n13 N12 n22 n3 - c¥n2 c¥n3 NO1 NO2 n12N12n23n3 +
c¥nl c¥n3 NO1 NO2 nl1 N12 n2* n3 + c¥n22 NO1 NO2 n1* N12 n32 -
c¥nl cYn2 NO1 NO2 n13 N12 n2 n3? - c¢¥nl c¥n2 NO1 NO2 nl1 N12 n23 n3? +
c¥n12 NO1 NO2 N12 n2% n3? - c¥n2 c¥n3 NO1 NO2 n12 N12 n2 n33 -
c¥nl c¥n3 NO1 NO2 nl1 N12 n22 n33 + c¥n22 NO1 NO2 n12 N12 n3% +
c¥nl c¥n2 NO1 NO2 nl1 N12 n2 n3* + c¥n1? NO1 NO2 N12 n22 n3* +
NO1 NO2 n12N12 n22 n32 pY1 + N12 SnO - NO2 Snl - NO1 Snz) ,
pY1l =
}, {p, d, NO1, NO2, N12, Sn0, Snl, Sn2, p¥l, nl, nz}]]

0 ==

I

3 +cYnl? + cYn2? + cYn3?
{{p-
ry?

1
do-——  ry? (aO ala2c¥Yn3?+a0alcYn3n3rY+ala2cY¥n3n3ry+
cYnl cYn2 n33

al a2 cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ,

1
NO1l - - (a0 - al) (a0 ala2cyn3®+a0alcyn3n3ry+
a23 c¥Ynl cYn2 n33 ry

a0 a2 cYn3n3 rY +al a2cYn3n3rY +a0n3?ry?+aln3?ry?+a2n3? rYz) ,
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1
NO2 - (a0 - a2) (a0 ala2cyn3®+a0alcyYn3n3ry+
al®cynl cYn2 n33ry

a0 a2 cYn3n3rY+ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ,

1
N12 - (al - a2) (aO al a2cyYn3?+a0alcYn3n3ry+
a0%cYnl cYn2 n33 ry

a0 a2 cYn3n3rY+ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ’

Sn0 > (6 a0 al® a2® c¥nl cYn3* + 2 a0* al? a2? c¥nl® c¥n3* + 2 a0* a1? a2? c¥nl c¥n2® cyn3* +
2 a0*al?a2? cynl cYn3®+ 12 a0 al? a2 cynl c¥n3®n3 ry + 12 a0? al a2? cYnl c¥n3°n3 ry +
12 a0%® a1? a2?2 cYnl c¥n3®n3 rY + 4 a0* al? a2 c¥n1® c¥n3®n3 ry +
4 a0* al a2? cY¥n1®c¥n3®n3 ry+2 a0’ al? a2? cynl® cy¥n3’n3 ry +
4 a0* al1? a2 c¥nl c¥n2? c¥n3®* n3 rY + 4 a0* al a2? c¥nl c¥n2? c¥n3®n3 ry +
2 a0%al?a2? c¥nl c¥n2? cY¥n3®n3 ry+ 4 a0* al? a2 cYnl cyn3° n3 ry +
4 a0* al a2? c¥nl c¥n3°n3rY + 8 a0® al? a2? c¥nl c¥n3° n3 ry +
6 a0? al? cYnl c¥n3? n3% ry? + 24 a0? al a2 c¥nl cYn3? n3? ry? +
24 a0% al? a2 cYnl cYn3? n3% rv? + 6 a0* a22 cY¥nl c¥n3? n32 ry? +
24 a0° al a2? c¥nl c¥n3? n3% rY? + 6 a0 al? a2? c¥nl c¥n3%2 n3? ry? +
2 a0%al? cynl®cyYn3?n3?ry?+8a0%ala2cynl’®cyn3?n3?ry?+
4 a0%al? a2 cynl®cyn3?n3? ry? + 2 a0?a2?cyn1®cyn3?n3?ry?+
4 a0% al a2? cYnl1® cY¥n3?n3? ry? - 3 a0% al? a2? cynl® c¥n3? n3? ry? +
2 a0% al? cynl c¥n2? c¥n3? n32 ry? + 8 a0% al a2 cY¥nl cYn2? c¥yn3% n3% ry? +
4 a0%al? a2 c¥nl c¥n2? c¥n3? n32 rv? + 2 a0* a2 c¥nl cY¥n2? cYn3? n3? ry? +
4 a0% al a2? c¥nl c¥n2? c¥n3? n32 rv? - 3 a0% al? a2? c¥nl c¥n2? c¥n3? n3? ry? +
2 a0%al? cynl cyn3? n3?ry? + 8 a0? al a2 cynl cyn3* n3? ry? +
16 a0% al? a2 cynl cYn3* n32 rv? + 2 a0? a2? c¥nl cYn3* n3? ry? +
16 a0% al a2? c¥nl c¥n3* n3? ry? + 12 a0% al? a2? c¥nl c¥n3* n3? ry? +
12 a0? al cYnl cYn3 n33 rY® + 12 a0® al? cYnl cY¥n3 n33 ryY3 + 12 a0? a2 cYnl cYn3 n33 ry3 +
36 a0%al a2 cynl cyn3n33ry®+12a0?al?a2cynl cyn3n3ryd+
12 a0% a2? c¥nl cY¥n3 n33 ryY3 + 12 a0 al a2? c¥nl cYn3 n33 ry3 +
4 a0*alcyYnl®c¥n3n3®ry’+2a0’al?cynl®cyn3n33®ry’ +4a0*a2cy¥nl®cyn3n3d®ry’+
6 a0 al a2 cynl®cyn3n3®ry®-2a02al?a2cynl®cyn3n3’®ryd+
2 a0%a22 cYn1® cYn3 n3® rv’ - 2 a0% al a2? cynl® cyn3 n33 ryd -

2 a0 al? a2? cYn1® c¥n3 n33 rv® + 4 a0* al c¥nl c¥n2? c¥n3 n3° ry3 +
2 a0%al? cYnl c¥n2? cyn3 n3® ry3 + 4 a0? a2 c¥nl cYn2?2 cYn3 n33 rvy3 +
6 a0° al a2 cYnl cY¥n22 cYn3 n3% rv® - 2 a0? a1? a2 c¥nl c¥n2? c¥n3 n33 ry’ +
2 a0% a2? c¥nl c¥n2? c¥n3 n3® ry® - 2 a0? al a2? c¥nl c¥n2? cyn3 n33 ry3 -
2 a0 al? a2?cynl cYn2? cyn3 n3® ry3 + 4 a0* al c¥nl cYn33 n33 ry3 +
8 a0° al? cYnl cyn3®n33 ryY3 + 4 a0* a2 c¥nl c¥n3°n3% ry® + 28 a0% al a2 c¥nl cYn3® n33 ryd -+
24 a0%? al? a2 c¥nl cYn33 n33 rY3 + 8 a0% a2%? c¥nl c¥n3® n33 rv’ +
24 a02 al a22cyYnl cyn3®n33ry® +8a0al?a2?2cynl cyn3®*n33ry®+ 6 a0® cynl n3* ry? +
12 a0%® al cYnl n3* ry? + 6 a0%2 a1l cYnl n3* ry* + 12 a0%® a2 cYnl n3* ry* +
12 a0%? al a2 c¥nl n3* rY* + 6 a0% a2? c¥nl n3* rv* + 2 a0* cYn13 n3* rvy* +
2a0%alcynl®n3*ry*+a0?al?cynl®n3*ry*+2a0%®a2cyn1®n3try?-
2a0%?ala2cynl®n3*ry*-2a0al?a2cyn1®n3?ry*+a0?a2?cyn1®n3*ry!-
2a0ala2?cyYnl®n3*ry*+al?a2?cyn1®n3* ry* + 2 a0* c¥nl cYn2? n3* ry* +
2 a0%alcynl cYn2?n3® ry* + a0? al? cynl cyn2? n3* rv* + 2 a0% a2 c¥nl cyn2?2 n3% ry? -
2a0%ala2cynl cyn2?2n3?ry?-2a0al?a2cynl cyn2?n3? ry*+a0?a2?cynl cyn2?n3?ry*-
2 a0 al a2? c¥nl c¥n2? n3* ry* + a1? a2? c¥nl c¥n2? n3* ry* + 2 a0 c¥nl cYn3% n3* ry* +
12 a0 al cYnl cYn3? n3? ry? + 12 a02 al? c¥nl c¥n3? n3? ry?* + 12 a0® a2 cYnl cYn3? n3% ry* +
36 a0? al a2 cYnl cYn3?n3? ry* + 16 a0 al? a2 cYnl c¥n3? n3* ry +
12 a0% a2 cYnl c¥n3? n3? ry* + 16 a0 al a2%2 c¥nl cyn3? n3* ry* +
2 al?a2?cynl cyn3?n3?ry? + 4 a0 cYnl cYn3 n3® ryY® + 12 a02 al cYnl cYn3 n3° ry° +
8 a0 al? cYnl cYn3 n3® rY® + 12 a0? a2 c¥nl cYn3 n3® rY® + 20 a0 al a2 c¥nl c¥Yn3 n3% ryd +
4 al? a2 c¥nl c¥n3 n3° rY® + 8 a0 a2%2 cY¥nl c¥n3 n3° rY® + 4 al a2 c¥nl cY¥n3 n3° ry® +
2 a0%c¥nl n3®ry®+4 a0alcY¥nln3®ry®+2al?cynln3®ry®+4a0a2cynln3®ry®+
4 al a2cynln3®ry®+2a22cynln3®ry®-2a0%ala2cynl?cyn3?ry
J ( <a0 al a2 cYnlcYn3n3+a0alcYnln3?rY+a0a2cy¥nln3?rY+ala2cYnl n3? rY) 2
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4 a0 al a2 cynl? n3? <a0 al a2 cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ry+
al a2 cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +2a0%al a2 cYn2? cyn3?
ryY \/ ( (aO al a2 cYnl cYn3n3 +a0alcYnln3?rY+a0a2cynln3?ryY+ala2cYnln3? rY) z_
4 a0 al a2 cYn1? n3? (a0 al a2 cYn3?+a0alcyn3n3rY+ala2cy¥n3n3ryY+al a2
cYn3n3rY +a0n3?ry?+aln3?ry?+a2n3? rYz) ) -2 a0?alcyYnl? cYn3 n3 ry?
J ( <a0 al a2 cYnl cYn3n3 + a0 al cY¥nln3?rY+ a0 a2 cy¥nln3?rY +al a2 c¥nl n3? rY) z_
4 a0 al a2 cYnl? n3? <a0 al a2 cYn3?+a0alcYn3n3rY+ala2cYn3n3rY+ala2
cYn3n3rY+adn3?ry?+aln3?ry?+a2n3? rY2) ) -2 a0%a2cynl? cYn3 n3 ry?
V ( <a0 al a2 cYnl cYn3 n3 + a0 al cYnl n3? rY + a0 a2 c¥nl n3% rY + al a2 c¥nl n3? rY) z_
4 a0 al a2 cynl? n3? (aO ala2cYn3?+a0alcYn3n3rY+ala2cYn3n3rY+ala2
cYn3n3rY+adn3?ry?+aln3?ry?+a2n3? rYZ) ) - a0 al a2 cYnl? c¥n3 n3 ry?
a0 al a2 cY¥nl cYn3n3 +a0alcY¥nln3“rY+ala2cyYnln3“rY+ala2cYnln3“ry)” -
0 al a2 cYnl c¥n3 n3 +a0 al 1 n3? 0 a2 1 n3? 1a2 1n3%ry)?
4 a0 al a2 cynl? n3? (aO ala2cYn3?+a0alcYn3n3rY+ala2cYn3n3ryY+ala2
cYn3n3rY+adn3?ry?+aln3?ry?+a2n3? rYz) ) +2a0%alcyYn2? cy¥n3 n3 ry?
a0 al a2 cY¥Ynl c¥Yn3n3 +a0alc¥nln3“rY+ala2c¥nln3“rY+ala2cY¥Ynln3“ry)” -
0 al a2 cYnl c¥n3 n3 +a0 al 1 n3? 0 a2 1 n3? 1a2 1n3?ry)?
4 a0 al a2 cynl? n3? (aO al a2 cYn3? +a0alcYn3n3rY+ala2cY¥n3n3ryY+ala2
cYn3 n3rY +adn3?ry?+aln3?ry?+a2n3? rYz) ) +2a0? a2 cyn2? c¥n3 n3 ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 al cYnln3?rY+a0a2c¥nln3?ryY+ala2cyYnl n3? rY) z_
4 a0 al a2 cynl? n3? <a0 al a2 cYn3? +a0alcYn3n3rY+ala2cY¥n3n3rY+ala2
cYn3n3 rY +adn3?ry?+aln3?ry?+a2n3? rYZ) ) +a0 al a2 cYn2? c¥n3 n3 ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0alcYnln3?rY+a0a2cynln3?ry+ala2cyYnln3? rY) z_
4a0ala2cynl?n3® (a0 ala2cyn3’+a0alcyn3n3ryY+alda2cyn3n3ry+
al a2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2> ) -2 a0?%cyYnl1? n3? ry?
J ( <a0 al a2 cYnl cYn3n3 + a0 al cYnln3?rY+ a0 a2 cy¥nln3?rY +al a2 c¥Ynl n3? rY) z_
4 a0 al a2 cYn1? n3? (a0 al a2 cYn3?+a0alcy¥n3n3rY+ala2cyn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) - a0 alcynl? n3? ry?
V ( <a0 al a2 cYnl c¥n3 n3 + a0 al cYnl n3?rY + a0 a2 c¥nl n3% rY + al a2 cynl n3? rY) z_
4 a0 al a2 cYnl? n3? (aO al a2 cYn3?+a0 al cYn3n3rY+ala2c¥n3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) - a0 a2 cyYnl? n3? ry?
v ((a0ala2cynlcyn3n3+a0alcynln3’rY+ala2cy¥nln3’ry+ala2cynln3®ry)?-
4 a0 al a2 cynl? n3? (aO ala2c¥Yn3?+a0alcYn3n3rY+ala2cYn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +al a2 cyYnl? n3? ry?
+/ ((a0al a2 c¥nlcYn3n3 +a0 alcynln3’rY+a0a2cynln3’ry+ala2cynln3’ry)? -
4 a0 al a2 cynl? n3? (aO ala2cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +2a0% cyn2? n3? ry3
\/ ( (aO al a2 cYnl c¥n3n3 +a0 alcYnln3?rY+a0a2c¥nln3?ryY+ala2cynl n3? rY) z_
4 a0 al a2 cynl? n3? <a0 al a2 cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ry+
al a2 cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +a0 al cYn2? n3? ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 al cYnl n3?rY + a0 a2 c¥nl n3?rY +al a2 cYnl n3? rY) z_
4a0ala2cynl?n3® (a0ala2cyn3?+a0alcyn3n3ryY+alda2cyn3n3ry+
al a2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2> ) +a0 a2 cYn2? n3? ry3
V ( <a0 al a2 cYnl cYn3n3 +a0al cYnln3?rY+a0a2cynln3?ryY+ala2cYnln3? rY) z_
4a0ala2cynl?n3® (a0ala2cy¥n3’+a0alcyn3n3ryY+ala2cyn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) -ala2cyn2?n3?ry?
V ( <a0 al a2 cYnl c¥n3 n3 + a0 al cYnl n3? rY + a0 a2 c¥nl n3% rY + al a2 c¥nl n3? rY) z_
4 a0 al a2 cYnl? n3? (aO al a2 cYn3?+a0alcYn3n3rY+ala2c¥n3n3ry+
al a2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2> ) ) /
(2 cYnl ry? (aO ala2cyn3?+a0alcYn3n3rY+ala2cY¥n3n3rY+ala2cYn3n3ry+

a0 n3?ry? + aln3?ry? + a2 n3? rYz) 2) ,
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Snl - (6 a0? al® a2 cy¥nl cYn3* + 2 a0? al* a2? c¥nl’® c¥n3* + 2 a0? al® a2? c¥nl cYn2? cYn3* +
2 a0%? al® a2? cYnl cYn3® + 12 a0? al? a2 cYnl cY¥n33 n3 ry +
12 a0%2 a1® a2?cyYnl cyn3®n3ry + 12 a0 al* a2?2 cYnl cyn3®n3 ry +
4 a02a1?a2cyn1’®cyn3®n3ry+2a0?al’®a22cyni’®cyn3®n3ry+
4a0al?a2?cynl®cyn3®n3ry+4a0?al®a2cynl cyn2?cyn3®n3ry+
2 a0% a1’ a2? cynl cYn2?cYn3®n3 ry+ 4 a0 al? a2? cynl cyn2? cyn3® n3 ry +
4 a0% al* a2 c¥nl c¥n3° n3rY + 8 a0% al® a2? cYnl c¥n3° n3 ry +
4 a0 al?* a2?2 cynl c¥n3®n3 rY + 6 a0? al? cynl cYn3? n32 ry? +
24 a0 al® a2 cYnl cYn3? n3%2 ry? + 24 a0 al? a2 c¥nl cYn3? n3? ry? +
6 a0 al? a2 cYnl c¥n3? n3? ry? + 24 a0 al® a2? c¥nl c¥n3%? n3? ry? +
6 al® a2? cYnl cYn3? n32ry? + 2 a0? al® cynl1® cYn3? n3? ry? +
4 a0% a1’ a2 cyn1®cyn3?n3?ry?+8a0al?a2cynl®cyn3?n3? ry? -
3 a0 al? a2? cynl® c¥n3?n3?ry? + 4 a0 al® a2? cYn1® cYn3? n3? ry? +
2 al* a2? cYn13 c¥n32 n3? rv? + 2 a02 al® c¥nl c¥n2? cYn3? n3? rv? +
4 a0? a1’ a2 cY¥nl c¥n2? c¥n3? n32 ry? + 8 a0 al* a2 cYnl c¥n2? cyn3? n3? ry? -
3 a0? al? a2 cynl c¥n2? c¥n32 n32 rv? + 4 a0 al® a2? c¥nl c¥n2? cYn3% n3? ry? +
2 al* a2? c¥nl c¥n2? c¥n3? n3%2 rv? + 2 a0% a1l c¥nl c¥n3* n3? ry? +
16 a0%2 a1 a2 c¥nl cYn3* n3? ry? + 8 a0 al? a2 c¥nl c¥yn3* n32 ry? +
12 a0%2 al? a2? cYnl cYn3? n3%2 ry? + 16 a0 al® a2? cYnl cyn3? n3% ry? +
2 al* a2? c¥nl c¥n3* n3%2 rv? + 12 a02? a1’ c¥nl c¥n3 n33 rv3 +
12 a0 al® cYnl cyn3 n3®ry3® + 12202 al? a2 c¥nl cYn3 n33 ry3 +
36 a0 al® a2 cy¥nl c¥n3n33ry®+12al?a2cynl cyn3n3®ry’+
12 a0 al? a2? c¥nl c¥n3 n33 ryY3 + 12 a1 a2? c¥nl c¥n3 n33 ry3 +
2a0%a1cyn1®cyn3n3dry*+4a0al®cyni®cyn3n3dryd -
2 a0%al?a2cyn1®cyn3n3’®ry’+6a0al’®a2cyni®cyn3n3dry’+
4 al* a2 cYnl® c¥n3 n3® ry® - 2 a0? al a2? c¥nl1® c¥n3 n33 ry’ -
2a0al?a2?cynl®cyn3n3d®ry®+2ai1®a2?2cyn1®cyn3n3’ryd+
2 a0% a1’ c¥Ynl cYn2? c¥n3 n33 ry3 + 4 a0 al? c¥nl cYn2? cYn3 n33 ry3 -
2 a0% al? a2 c¥nl c¥n2? c¥n3 n33 ryY3 + 6 a0 al® a2 c¥nl cY¥n2? cYn3 n33 ry’ +
4 al* a2 cynl cYn2? cyn3 n33 ry3 - 2 a0% al a2? c¥nl c¥n2? cYn3 n33 ry? -
2 a0 al? a2? cy¥nl c¥n2? cyn3 n33 ry® + 2 a1® a2 cY¥nl c¥n2? cyn3 n33 ry3 +
8 a0%2 a1% cYnl c¥n33®n33 rv® + 4 a0 al® c¥nl c¥n33 n33 ry3 +
24 a0%? al? a2 cynl cyn3®n33ry® + 28 a0 al® a2 cynl cyn3®n33ry3 +
4 al* a2 cynl cyn3®n33ry3 +8a0?ala2?cynlcyn3®n3dry’+
24 a0 al? a2%? cYnl cyn33® n33 ryY3 + 8 al® a2 c¥nl c¥n3® n33 ry’ +
6 a0%?al?cynln3*ry*+12a0al®cynin3*ry*+6al?cynln3?ry?+
12 a0 al?a2cYnl n3*ry?* +12a1®*a2 cynl n3? ry* + 6 al? a22 cynl n3* ry* +
a0? al?cynl®n3?ry*+2a0al’®cyn1®n3*ry*+2al? cyn1®n3*ry? -
2a0%ala2c¥nl®n3*ry*-2a0al?a2cyn1®n3?ry*+2al’a2cyn1®n3*ryt+
a0?a2?cyn1®n3?ry*-2a0ala2?2cyn1®n3?ry*+al?a2?cyn1®n3ry?+
a0 al? cYnl cyn2? n3* ry? + 2 a0 al® c¥nl cYn2? n3* ry* +
2 al* c¥nl c¥n2? n3* ry* - 2 a0%? al a2 c¥nl c¥n2? n3* ry* -
2a0al?a2cynl cyn2?2n3*ry*+2al1®*a2cynl cyn2?n3?ry*+
a0? a2? cYnl cyn2? n3* ry? - 2 a0 al a2? c¥nl cYn2? n3* rv* +
al? a2? cYnl c¥n2? n3* ry* + 12 a0 al? c¥nl c¥n3? n3* ry* +
12 a0 al® cYnl c¥n3? n3* ry? + 2 al? c¥nl c¥n3? n3* ry* +
16 a0% al a2 cYnl cYn3? n3* ry? + 36 a0 al? a2 c¥nl c¥n3? n3* ry* +
12 al® a2 c¥nl c¥n3? n3* rv* + 2 a0% a2? c¥nl c¥n3? n3* rv* +
16 a0 al a22 cYnl c¥n3? n3* ry? + 12 a1? a22 cYnl c¥n3? n3* ry? +
8 a0 al cYnl cYn3 n3® rY® + 12 a0 al? c¥nl cYn3 n3° ry® +
4 al® c¥nl c¥n3 n3° rY® + 4 a0%? a2 c¥nl c¥n3 n3° ry> +
20 a0 al a2 c¥nl c¥n3 n3® ry®> + 12 al? a2 c¥nl c¥n3 n3° ry® +
4 a0 a2? cYnl c¥n3 n3° ry® + 8 al a22 cY¥nl c¥n3 n3° ryY® + 2 a0? c¥nl n3° rv® +
4a0alcynln3®ry®+2al12cynln3®ry®+4a0a2cynln3®ry®+
4ala2cynln3®ry®+2a22cynln3®ry®-2a0al?a2cynl?cyn3?ry
\/ ( (aO al a2 c¥nlcYn3n3+a0alcyYnln3?rY+a0a2cy¥nln3?rY+ala2cYnl n3? rY) z_

4a0ala2cynl?n3® (a0 ala2c¥n3’+a0alcyn3n3ryY+alda2cyn3n3ry+
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ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +2 a0 al? a2 cYn2? cyn3?
ry+/ < <a0 al a2 cYnl cYn3n3 + a0 al cYnl n3?rY + a0 a2 cynl n3%2 rY + al a2 c¥nl n3? rY) 2
4 a0 al a2 cynl? n3? (aO ala2cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ryY+ala2
cYn3 n3rY +adn3?ry?+aln3?ry?+a2n3? rYz) ) -2a0al’?cyYnl? c¥n3 n3 ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 al cYnln3?rY+a0a2c¥nln3?ryY+ala2cyYnl n3? rY) z_
4 a0 al a2 cynl? n3? <a0 al a2 cYn3? +a0alcYn3n3rY+ala2cY¥n3n3ryY+ala2
cYn3n3rY +adn3?ry?+aln3?ry?+a2n3? rYZ) ) -~ a0 al a2 cYnl? c¥n3 n3 ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 al cYnln3?rY+a0a2cy¥nln3?ryY+ala2cYnln3? rY) z_
4 a0 al a2 cYn1? n3? (a0 al a2 cYn3?+a0alcyYn3n3rY+ala2cyn3n3ryY+al a2
cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) -2al?a2cy¥nl? cYn3 n3 ry?
V ( <a0 al a2 cYnl cYn3n3 +a0al cY¥nln3?rY+a0a2cynln3?ryY+ala2cYnln3? rY) z_
4 a0 al a2 cYnl? n3? (a0 al a2 cYn3?+a0alcy¥n3n3rY+ala2cyn3n3ryY+al a2
cYn3n3rY+adn3?ry?+aln3?ry?+a2n3? rYz) ) +2a0al?cyYn2? cYn3 n3 ry?
V ( <a0 al a2 cYnl c¥n3 n3 + a0 al cYnl n3?rY + a0 a2 c¥nl n3% rY + al a2 cynl n3? rY) z_
4 a0 al a2 cYnl? n3? (aO al a2 cYn3?+a0alcYn3n3rY+ala2cYn3n3rY+ala2
cYn3n3rY+adn3?ry?+aln3?ry?+a2n3? rY2) ) +a0 al a2 cYn2? c¥n3 n3 ry?
v ((a0ala2cynlcyn3n3+a0alcynln3’ryY+ala2cynln3’ry+ala2cynln3®ry)?-
4 a0 al a2 cynl? n3? (aO ala2cYn3?+a0alcYn3n3rY+ala2cYn3n3rY+ala2
cYn3n3rY+adn3?ry?+aln3?ry?+a2n3? rYZ) ) +2al?a2cy¥n2?cyn3n3 ry?
+/ ((a0al a2 c¥nlcY¥n3n3 +a0 alcynln3’rY+a0a2cynln3’rY+ala2cynln3’ry)? -
4 a0 al a2 cynl? n3? (aO ala2c¥Yn3?+a0alcYn3n3rY+ala2cYn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) - a0 al cyYnl? n3? ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 alcYnln3?rY+a0a2c¥nln3?ryY+ala2cyYnln3? rY) 2_
4 a0 al a2 cynl? n3? <a0 ala2cYn3?+a0alcYn3n3rY+ala2c¥n3n3ry+
al a2 cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2) ) -2al%?cynl1?n3?ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 al cYnl n3?rY+ a0 a2 c¥nl n3?rY +al a2 cYnl n3? rY) z_
4 a0 ala2cynl?n3® (a0 ala2cyn3”+a0alcyn3n3ryY+alda2cyn3n3ry+
al a2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2> ) +a0 a2 cyYnl? n3? ry3
V ( (aO al a2 cYnl cYn3n3 + a0 al c¥nln3?rY+ a0 a2cynln3?ryY+ala2c¥Ynln3? rY) z_
4a0ala2cynl?n3® (a0ala2cy¥n3’+a0alcyn3n3ryY+alda2cyn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) -ala2cynl?n3?ry?
V ( <a0 al a2 cYnl cYn3n3 + a0 al cY¥nl n3?rY + a0 a2 cynl n3%2 rY + al a2 c¥nl n3? rY) z_
4 a0 al a2 cYnl? n3? <a0 al a2 cYn3?+a0alcYn3n3rY+ala2c¥n3n3ry+
ala2c¥Yn3n3rY+a0dn3?ry?+aln3?ry?+a2n3? rYz) ) +a0 al cyn2? n3? ry?
\/ ( <a0 al a2 cYnl cYn3 n3 + a0 al cYnl n3? rY + a0 a2 c¥nl n3% rY + al a2 cynl n3? rY) 2
4 a0 al a2 cynl? n3? (aO ala2c¥Yn3?+a0alcYn3n3rY+ala2cYn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +2al? cyn2?n3? ry3
+/ ((a0 al a2 c¥nl cYn3n3 +a0 alcYnln3’rY+a0a2cynln3’ryY+ala2cynln3’ry)? -
4 a0 al a2 cynl? n3? (aO al a2 cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ry+
al a2 cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) - a0 a2 cYn2? n3? ry?
N ( (aO al a2 cYnl cYn3n3 +a0alcYnln3?rY+a0a2c¥nln3?ryY+ala2cyYnln3? rY) 2_
4 a0 al a2 cynl? n3? <a0 ala2cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2) ) +al a2 cYn2? n3? ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0alcYnln3?rY+a0a2cynln3?ry+ala2cYnln3? rY) z_
4 a0 al a2 cynl? n3? <a0 al a2 cYn3?+alalcYn3n3rY+ala2cY¥n3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) ) /
(2 cYnl ry? (aO ala2cyYn3?+a0alcYn3n3rY+ala2cYn3n3rY+ala2cYn3n3ry+
a0 n3%2ry? + al n3? ry? + a2 n3? rY2) 2) ,

Sn2 > (6 a0 al” a2 c¥nl cYn3* + 2 a0% al? a2* c¥nl® c¥n3* + 2 a0 a1? a2 c¥nl c¥n2® c¥n3* +



Complex 5-dimensional complete intersection. Case 3.nb | 45

2 a0%a1?a2* cynl cY¥n3®+ 12 a02al? a2’ cy¥nl cyn3®n3ry+

12 a0%2 al a2? c¥nl c¥n3®n3ry+ 12 a0 al? a2* cynl cY¥n3®n3 ry +

2 a0%al?a23cy¥nl’®cy¥n3®n3ryY + 4 a0?al a2*cynl’®cyn3®n3ry+

4 a0 al? a2? cynl®cyn33n3ry+2a0?al?a2dcynl cyn2?2cyn3®n3ry+
4 a0? al a2% c¥nl cYn2? c¥n3®n3 ry +

4 a0 al? a2* c¥nl c¥n2? c¥n3®n3 rY + 8 a0%? al? a2% c¥nl c¥n3° n3 ry +
4 a0%?ala2?cynlcYn3®n3rY+4a0al?a2*cynlcyn3®n3ry+

6 a0 al? a2? cynl cYn3? n32 ry? + 24 a0% al a23 c¥nl cYn3?n3? ry? +
24 a0 al? a2% cYnl cYn3? n3% rY? + 6 a0? a2* c¥nl c¥n3? n3%2 rv? +

24 a0 al a2* cYnl cYn3?n3?ry? + 6 al? a2® c¥nl c¥n3? n3? ry? -
3a0%a1?2a2?cynl®cy¥n3?n3?2ry? + 4 a0% al a23 cyn1® c¥n3?n3? ry? +
4 a0 al? a2’ cynl1® cYn3?n3? ry? + 2 a0? a2® cYnl1® cyn3? n3? rvy? +

8 a0 al a2? cYn13 cyn3?n3?ry? +2al? a2? cyn1® cyn3? n3? ry? -
3a0%al1?a2? cy¥nl cYn2? cyn3?n32 ry?+

4 a0?% al a2® c¥nl c¥n2? cYn3? n3%2 ry? +

4 a0 al? a2® c¥nl c¥n2? c¥n3? n32 rv? + 2 a0% a2 c¥nl c¥n2? c¥n3? n3? ry? +
8 a0 al a2 c¥nl cYn2? cYn3? n3? rv? + 2 al? a2* c¥nl c¥n2? cyn3? n32 ry? +
12 a0% a1? a2% cYnl c¥n3? n3% rv? + 16 a0 al a2® cYnl cyn3? n3? ry? +
16 a0 a1? a2® cYnl cYn3* n3? rv? + 2 a0? a2 c¥nl cY¥n3* n3% ry? +

8 a0 al a2? c¥nl cYn3* n32 ry? + 2 al? a2* cynl c¥n3* n3? ry? +

12 a0%2 al a2? cYnl cY¥n3n33ry3 + 12 a0 al? a22 cY¥nl cYn3 n33 ry3 +

12 a0% a23 c¥nl c¥n3 n33 rY3 + 36 a0 al a2° c¥nl c¥n3 n33 ry’ +

12 al? a23 c¥nl cYn3 n3% ry3® + 12 a0 a2? c¥nl cYn3 n33 ry3 +

12 al a2® cY¥nl cyn3 n33ry®-2a02al? a2 cynl®cyn3 n3’ry’ -

2 a0% al a2? c¥n1® c¥n3 n33ry® -2 a0 al? a2? cynl® cyn3 n33 ry3 +
2a02a23cyn1®cyn3n33ry’+6a0ala2dcynl®cyn3n3d’ry’+

2al? a2’ cyn1®cyn3n3d®ry’+4a0a2®cyni®cyn3n3d®ry’+

4 al a2* cYnl1® c¥n3 n3®ry® -2 a0?al? a2 c¥nl c¥n2? c¥n3 n33 ryd -

2 a0%al a2?cynl cyn2?cyn3n3d®ry®-2a0al?a2?cynl cyn2?2cyn3n33ry’+
2 a0? a23 cYnl c¥n2? cyn3 n3® ry3 + 6 a0 al a23 c¥nl cYn2? cYn3 n33 ry3 +
2 al? a2® c¥nl c¥n2? c¥n3 n3® ry3 + 4 a0 a2 c¥nl c¥n2? c¥n3 n33 ry3 +
4 al a2? cYnl cYn2? cyn3 n33 ry3® + 8a0%?al? a2 cynl cyn3®n33ry3 +
24 a0 al a2?2 cYnl cyn3®n33 ryY® + 24 a0 al? a2?2 cYnl cyn3® n33 ry’ +
8 a0% a2% cYnl cYn33 n33 ry® + 28 a0 al a23 c¥nl cYn33 n33 ryd+

8 al? a2® cYnl cYn3®n33 ry3 + 4 a0 a2? cynl cyn33 n3d ry3+

4 al a2* c¥nl c¥n3®n33ry3 + 6 a0? a2%2 cYnl n3* ry? +

12 a0 al a2?2 cYnl n3* rY* + 6 al? a2? cynl n3* ry* +

12 a0 a2 cyn1 n3? ry* + 12 a1l a23 cynl n3* rv* + 6 a2% c¥nl n3* ry* +
a0?al?cynl®n3?ry*-2a0%ala2cyni®n3try’-
2a0al?a2cy¥nl®n3*ry*+a0? a2? cyn1® n3 ry* -
2a0ala2?c¥n1®n3*ry*+al?a2?cyn1®n3try*+
2a0a2®cyn1®n3*ry*+2ala2®cyni®n3?rvy*+2a2%cyni®n3try’+
a0 al? cYnl cyn2? n3* ry? - 2 a0? al a2 c¥nl cYn2? n3% ry* -

2 a0 al? a2 c¥nl c¥n2? n3* rv* + a0? a2? c¥nl cY¥n2? n3* ry* -

2 a0 al a2? c¥nl c¥n2? n3? ry* + a1?2 a2? c¥nl cYn2? n3% ry* +

2 a0 a2% c¥nl c¥n2? n3* ry* + 2 al a23 c¥nl cYn2? n3* ry* +

2 a2* c¥nl c¥n2? n3* ry* + 2 a0 al? c¥nl c¥n3? n3* ry* +

16 a0%2 al a2 cYnl c¥n3? n3* ry? + 16 a0 al? a2 c¥nl cYn3? n3 rvy* +

12 a0% a2 cYnl cYn3? n3? ry* + 36 a0 al a2%2 cYnl cyn3? n3* ry? +

12 al? a2? c¥nl c¥n3? n3? ry* + 12 a0 a2% c¥nl cyn3? n3* ry* +

12 al a2® cYnl c¥n3? n3? ry? + 2 a2 cynl cyn3? n3* ry* +

4 a0% al cYnl c¥n3n3%rY® +4a0al?cynl cyn3n3®ry®+

8 a0% a2 c¥nl c¥n3 n3® rY® + 20 a0 al a2 c¥nl cY¥n3 n3° ry° +

8 al? a2 cYnlcyn3n3®ry®+ 12 a0 a2?cynl cyn3n3®ry®+

12 al a22 cYnl c¥n3 n3® rY®> + 4 a23 c¥nl cYn3 n3’ ry® +

2a02cYnl n3%ryY®+4a0alcynln3®ry®+2al?cynln3®ry®+

4 a0 a2cynl n3®ry®+4ala2cynln3®ry’+
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2 a22c¥nl n3%ry® -2 a0ala2?cyYnl? c¥n3? ry
N ( (aO al a2 cYnl cYn3n3 +a0 alcYnln3?rY+a0a2c¥nln3?ryY+ala2cyYnln3? rY) z_
4 a0 al a2 cynl? n3? <a0 al a2 c¥Yn3?+alalcYn3n3rY+ala2cY¥n3n3ry+
al a2 cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +2 a0 al a2? cYn2? cyn3?
ry a0 al a2 cYnlcYn3n3+a0alcYnln3?rY+a0a2cynln3?ryY+ala2cynln3?ry)?-
v (
4 a0 al a2 cynl? n3? <a0 ala2cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ryY+ala2
cYn3 n3 rY +adn3?ry?+aln3?ry?+a2n3? rYZ) ) -~ a0 al a2 cYnl? c¥n3 n3 ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0alcYnln3?rY+a0a2cynln3?ryY+ala2cYnln3? rY) z_
4 a0 al a2 cYn1? n3? (a0 al a2 cYn3?+a0alcyYn3n3rY+ala2cyn3n3ryY+al a2
cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) -2 a0 a2%cyYnl? cYn3 n3 ry?
J ( <a0 al a2 cYnl cYn3n3 + a0 al cY¥nl n3?rY + a0 a2 c¥nl n3?rY +al a2 c¥nl n3? rY) z_
4 a0 ala2cynl?n3’ (a0 ala2cyn3®+a0alcyn3n3ryY+alda2cyn3n3ry+ala2
cYn3n3rY+adn3?ry?+aln3?ry?+a2n3? rY2) ) -2ala2?cynl? cYn3 n3 ry?
V ( <a0 al a2 cYnl c¥n3 n3 + a0 al cYnl n3?rY + a0 a2 c¥nl n3% rY + al a2 c¥nl n3? rY) z_
4 a0 al a2 cYnl? n3? (aO al a2 cYn3?+a0alcYn3n3rY+ala2cYn3n3rY+ala2
cYn3n3rY+adn3?ry?+aln3?ry?+a2n3? rYZ) ) +a0 al a2 cYn2? c¥n3 n3 ry?
v ((a0ala2cynlcyn3n3+a0alcynln3’rY+ala2cynln3’ry+ala2cynln3®ry)?-
4 a0 al a2 cynl? n3? (aO ala2cYn3?+a0alcYn3n3rY+ala2cYn3n3ryY+ala2
cYn3n3rY+adn3?ry?+aln3?ry?+a2n3? rYz) ) +2 a0 a2? cYn2? cYn3 n3 ry?
+/ ((a0al a2 c¥nlcYn3n3 +a0alcynln3’rY+a0a2cynln3’rY+ala2cynln3’ry)?-
4 a0 al a2 cynl? n3? (aO ala2cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ryY+ala2
cYn3n3rY +adn3?ry?+aln3?ry?+a2n3? rYz) ) +2ala2?c¥n2? cy¥n3 n3 ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 al cYnln3?rY+a0a2c¥nln3?ryY+ala2cyYnl n3? rY) 2_
4 a0 al a2 cynl? n3? <a0 al a2 cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ry+
al a2 cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +a0al cYnl1? n3? ry3
\/ ( (aO al a2 cYnl cYn3n3 +a0alcYnln3?rY+a0a2cynln3?ryY+ala2cYnln3? rY) z_
4a0ala2cynl?n3® (a0ala2cyn3’+a0alcyn3n3ryY+alda2cyn3n3ry+
al a2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2> ) - a0 a2 cyYnl? n3? ry3
J ( <a0 al a2 cYnl cYn3n3 + a0 al cY¥nln3?rY+ a0 a2cy¥nln3?rY+ala2c¥Ynl n3? rY) z_
4a0ala2cynl?n3® (a0ala2c¥n3”’+a0alcyn3n3ryY+ala2cyn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) -ala2cynl?n3?ry?
V ( <a0 al a2 cYnl cYn3 n3 + a0 al cYnl n3?rY + a0 a2 c¥nl n3% rY + al a2 c¥nl n3? rY) 2
4 a0 al a2 cYnl? n3? (aO al a2 cYn3?+a0alcYn3n3rY+ala2c¥n3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) -2a2%cyn1?n3?ry3
v ((a0ala2cynlcyn3n3+a0alcynln3’ryY+a0a2cy¥nln3’ry+ala2cynln3®ry)?-
4 a0 al a2 cynl? n3? (aO ala2c¥Yn3?+a0alcYn3n3rY+ala2cYn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) - a0 al cYn2? n3? ry?
a0 al a2 cYnl cYn3n3 + a0 alcYnl n3?rY+ala2c¥nln3?ryY+ala2cYnln3d?ry)?-
v (
4 a0 al a2 cynl? n3? (aO ala2cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ry+
al a2 cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +a0 a2 cYn2? n3? ry?
\/ ( (aO al a2 cYnl c¥n3n3 +a0 alcYnln3?rY+a0a2c¥nln3?ryY+ala2cynl n3? rY) z_
4 a0 al a2 cynl? n3? <a0 al a2 cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2) ) +al a2 cYn2? n3? ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 al cYnln3?rY+ a0 a2cyYnln3?ryY+ala2cYnl n3? rY) z_
4a0ala2cynl?n3® (a0 ala2cyn3’+a0alcyn3n3ryY+alda2cyn3n3ry+
al a2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2> ) +2a2%cyn2?n3?ry?
V ( <a0 al a2 cYnl cYn3n3 +a0al cYnln3?rY+a0a2cynln3?ryY+ala2cYnln3? rY) z_
4a0ala2cynl?n3® (a0ala2c¥n3’+a0alcyn3n3ryY+ala2cyn3n3ry+
al a2 cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2) ) ) /
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(2 cYnl ry? (aO ala2cy¥n3?+a0alcYn3n3rY+ala2c¥n3n3rY+ala2c¥n3n3ry+
a0 n3’ry’ + al n3® rv? + a2 n3’ ry*)?), pvl - 3,
nl - - ( (aO al a2 cy¥nlc¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2c¥nln3?ry+
+/ ((a0al a2 c¥nlcYn3n3 +a0alcynln3’ryY+a0a2cynln3’rY+ala2cynln3’ry)’-
4 a0 al a2 cYnl? n3? (aO al a2 cyn3?+a0alcYn3n3rY+ala2cyYn3n3ry+
al a2c¥n3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) ) /
(2 (a0 ala2cyn3? +a0alcyn3n3rY+alda2cyn3n3rY+ala2cyn3n3ry+
a0 n3? ry? + al n3? ry? + a2 n3? rYz) ) ) ,
n2 - - ( (cYn2 (aO al a2 cy¥nlc¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+
al a2 cy¥nln3?ry- N ( <a0 al a2 cY¥nlcY¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+
al a2 c¥nl n3® ry) 2_4a0ala2cynl?n3? (a0 ala2c¥n3?+a0alcyn3n3ry+
a0a2cyn3n3rY+ala2cy¥n3n3rY+a0n3’ry’+aln3’rv’+a2n3’ry?))))/
(2 cYnl (aO ala2cyn3?+a0alcYn3n3rY+ala2cYn3n3rY+ala2cy¥n3n3ry+

a0 n3%2ry? +aln3?rvy?+a2n3? rYz) ) )},

3 +cYnl? + cYn2? + cYn3? 1
{p - r 4 -

ry? cyYnl c¥n2 n33
ry?
(aO al a2cyn3?+a0alcYn3n3rY+ala2cyYn3n3ry+
al a2 cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ’

1
NO1l - (a0 - al) (a0 ala2cyn3®+a0alcYn3n3ry+
a23cynl cYn2 n33 ry

a0 a2cyYyn3n3rY+ala2c¥n3n3rY+
a0 n3%?ry?+aln3?ry?+a2n3? rY2> ,

1
N02 - - (a0 - a2) (aO al a2 cyn3?+a0alcYn3n3ry+
al®cyYnl cYn2 n33ry

a0 a2cYn3n3rY+ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ,

1
N12 - - (al-a2) (a0ala2cyn3’+a0alcyn3n3ry+
a03 cyYnl cYn2 n33 ry

a0 a2 cYn3n3 rY +al a2c¥n3n3rY +a0n3?ry?+aln3?ry?+a2n3? rYz) ,

Sno - (6 a0* al? a2? cynl c¥n3* + 2 a0? a1? a2? cynl3 cyn3* +
2 a0* a1? a2? c¥nl cYn2? cYn3* + 2 a0 a1? a2? cy¥nl c¥Yn3® +
12 a0* al? a2 c¥nl c¥n33®n3 rY+ 12 a0* al a2? c¥nl c¥n33n3 ry +
12 a0%® a1? a22 cYnl c¥n3®n3 rY + 4 a0* al? a2 c¥n1® c¥n3® n3 ry +
4 a0* al a2? cYn1®cYn3®n3 ry+2a0®al? a2? cynl® cyn3®n3 ry +
4 a0* al? a2 c¥nl c¥n2? c¥n3®n3 ry +
4 a0* al a2? cYnl cYn2? cyn3®* n3 ry +
2 a0%al1? a2? c¥nl cYn2? cYn3®n3 ry +
4 a0* al? a2 cY¥nl c¥n3° n3rY + 4 a0* al a2? c¥nl c¥n3° n3 ry +
8 a0 al? a2? cy¥nl cYn3’n3ryY+ 6 a0? al? cynl c¥n3?n3? ry? +
24 a0? al a2 cYnl cY¥n3? n32 ry? + 24 a0%® al? a2 cynl cYn3? n3? ry? +
6 a0* a2 cYnl c¥n3? n3? rv? + 24 a0% al a2? c¥nl c¥n3? n3? ry? +
6 a0% al? a2? cYnl c¥n3?n32ry? + 2 a0 al? cynl® cYn3? n3? ry? +
8 a0? al a2 cynl® cyn3?n3?ry? + 4 a0%al? a2 cyn1®cyn3?n3? ry?+
2 a0 a22 cYn1® cyn3?n3?ry?+ 4 a0%al a2? cyn1® cyn3?n3? ry? -
3a0%2al?a2?cynl®cyn3?n3?ry?+2a0*al?cynl c¥n2? cyn3? n3? ry? +
8 a0? al a2 c¥nl cYn2% cYn3? n3? ry? +
4 a0% al? a2 c¥nl c¥n2? c¥n3? n3%2 rv? +
2 a0% a2? cynl cy¥n2? cYn3? n3? ry? +
4 a0% al a2? cYnl c¥n2? cyn3? n3?2 ry? -
3 a0? al? a2? c¥nl c¥n2? c¥n3? n3? ry? +
2 a0%al? cynl cyn3? n3?ry? + 8 a0? al a2 c¥nl cyn3* n3? ry? +
16 a0% al? a2 c¥nl cYn3* n32 rv? + 2 a0? a2? c¥nl cYn3* n3? ry? +
16 a0% al a2? cYnl c¥n3* n3? ry? + 12 a0% al? a2? c¥nl c¥n3? n3% ry? +
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12 a0* al c¥nl c¥n3 n33 ry3 + 12 a0® a1l cynl cYn3 n33 ry3 +
12 a0? a2 cYnl cYn3 n3® rY® + 36 a0 al a2 c¥nl cyn3 n33 ry3 +
12 a0%2 al? a2 c¥nl cY¥n3 n33 ry3® + 12 a0 a2?2 cYnl cyn3 n33 ry3 +
12 a0% al a2 c¥nl c¥n3 n33 ryY3 + 4 a0* al cYnl® c¥n3 n33 ryd +
2a0%al?cynl1®cyn3n33ry?® +4a0?a2cynl®cyn3n3’®ryd+
6 a0 al a2 cynl® cyn3n3®ry?®-2a02al?a2cynl®cyn3n3’ryd+
2 a0%a22 cYn1® cYn3 n3® ry® - 2 a0% al a2? cynl® cyn3 n33 ry3 -
2 a0 al?a2?cynl®cyn3n3®ry®+4a0*alcynl cyn2?2 cyn3n3dry?+
2a0%al?cyYnl c¥n2? cyn3 n3® ry3 + 4 a0? a2 c¥nl cYn2?2 cYn3 n33 ry3 +
6 a0° al a2 cYnl cYn22 cYn3 n33 rv3 - 2 a0? a1? a2 c¥nl c¥n2? c¥n3 n33 ry’ +
2 a0% a2% c¥nl c¥n2? c¥n3 n3® ry3 - 2 a0? al a2? c¥nl c¥n2? c¥n3 n3° ry3 -
2 a0 al? a2?cynl cYn2? cyn3 n3® ry® + 4 a0? al c¥nl cYn33® n33 ry3 +
8 a0° al? cYnl cyn33n3% ry® + 4 a0* a2 c¥nl cYn33® n33 rvd +
28 a0%al a2 cyYnl cYn3®n33ry®+ 24 a0%? a1? a2 c¥nl cyn33 n33 ry3 +
8 a0° a2? cYnl cyn3®n33 ry3 + 24 a02 al a2? cYnl cyn33 n33 ryd +
8 a0 al? a2%2 cYnl cyn3®n3%ry3 + 6 a0* cYnl n3* ry* +
12 a0%® al cY¥nl n3* rv* + 6 a0%2 al? c¥nl n3* ry* +
12 a0%® a2 cYnl n3* ry? + 12 a0? al a2 cYnl n3? rv* +
6 a0? a2%2 cYnl n3* ry* + 2 a0* cYn1® n3* ry* -+
2a0%alcyYnl®n3*ry*+a0?al?cyn1®n3*ry*+
2a0%a2cyn1®n3*ry*-2a0%ala2cynl’®n3®ry*-
2a0al?a2cynl®n3*ry*+a0?a2?cyn1®n3ry* -
2a0ala2?cy¥n1®n3*ry*+al? a2? cyn1®n3*ry* +
2 a0% cYnl cyn2?2 n3* ry* + 2 a0 al cYnl cYn2? n3% ry* +
a0 al? cYnl cyn2? n3* ry? + 2 a0% a2 c¥nl cYn2? n3* ry* -
2 a0% al a2 c¥nl c¥n2?n3* ry* - 2 a0 al? a2 c¥nl cY¥n2? n3* ry* +
a0? a2? cYnl cYn22 n3% ry* - 2 a0 al a2? cYnl cYn2? n3% ry* +
al? a2? cynl cyn2? n3* ry? + 2 a0? c¥nl cYn3? n3% ry* +
12 a0% al cYnl cYn3? n3* ry* + 12 a0 al? c¥nl cYn3? n3* ry* +
12 a0® a2 cYnl cYn3? n3? ry? + 36 a02 al a2 cYnl cYn3? n3* ry? +
16 a0 al? a2 cYnl cYn3? n3* ry? + 12 a02 a2%2 cYnl cyn3? n3* ry? +
16 a0 al a2%2 cYnl c¥n3? n3* rv* + 2 a1? a2 c¥nl cYn3? n3* ry* +
4 a0° cYnl c¥n3 n3® rY® + 12 a0% al c¥nl c¥n3 n3° ry> +
8 a0 al? cYnl cYn3 n3® rY® + 12 a0? a2 c¥nl cYn3 n3% ry® +
20 a0 al a2 cYnl cYn3 n3° rY® + 4 al? a2 c¥nl c¥n3 n3® ry® +
8 a0 a2 cYnl cYn3 n3° r¥Y° + 4 al a2? c¥nl c¥n3 n3° ry> +
2a0%2cYnl n3®ry®+4a0alcynln3®ry®+2al?cynln3®ry®+
4a0a2cynln3®ry®+4ala2cynln3®ry®+
2 a2? c¥nl n3® ry® - 2 a0 al a2 cYnl? c¥n3? ry
\/ ( (aO al a2 cYnl cYn3n3 +a0 al cYnln3?rY+a0a2cy¥nln3?ryY+ala2cYnln3? rY) z_

4 a0 al a2 cynl? n3? <a0 al a2 cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ry+

al a2 cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +2a0%al a2 cYn2? cyn3?

ryY \/ ( (aO al a2 cYnl cYn3n3 +a0alcYnln3?rY+a0a2cynln3?ryY+ala2cYnln3? rY) z_

4a0ala2cynl?n3® (a0 ala2cyn3’+a0alcyn3n3ryY+ala2cyn3n3ry+ala2
cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) -2a0?alcynl?cyn3 n3ry?
J ( <a0 al a2 c¥nlc¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2cynln3? rY) z_
4 a0 al a2 cYnl? n3? <a0 ala2cyn3?+a0alcYn3n3ryY+ala2cYn3n3ry+ala2
cYn3 n3 rY + a0 n3?ry?+aln3?ry?+a2n3? rYz) ) -2a0%a2cyYnl? c¥n3 n3 ry?
V ( <a0 al a2 cYnlcYn3n3+a0alcyYnln3?rY+a0a2c¥nln3?rY+ala2cYnl n3? rY) z_
4 a0 al a2 cyn1? n3? (aO ala2cy¥n3?+a0alcYn3n3ryY+ala2cyYn3n3ryY+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) -~ a0ala2cynl?cyYn3 n3 ry?
v ((a0ala2cynlcyn3n3+a0alcynln3’ryY+a0a2cynln3’ry+ala2cynln3’ry)?-
4 a0 al a2 cYnl1? n3? (aO al a2 c¥n3?+a0alcYn3n3rY+ala2cyYn3n3ryY+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +2a0%al cyn2? cyn3 n3 ry?

+/ ((a0 al a2 c¥nl c¥n3n3 +a0 al cYnl n3’rY + a0 a2 c¥nln3’*rY +al a2 c¥nl n3’ ry)? -
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4 a0 al a2 cYnl1? n3? <a0 al a2cyn3?+a0alcyn3n3ryY+ala2cy¥n3n3ry+ala2
cYn3n3 rY+a0n3®ry? +aln3’ry’+a2n3?ry?)) + 2 a0” a2 c¥n2® c¥n3 n3 rv?
N ( (aO al a2 c¥nl c¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2cy¥nln3? rY) z_
4a0ala2cynl?n3® (a0ala2cyn3’+a0alcyn3n3ryY+ala2cyn3n3ry+ala2
cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +a0ala2cyn2? cyn3 n3 ry?
J ( <a0 al a2 c¥nl cY¥n3n3 +a0alcYnln3?rY+a0a2c¥Ynln3?ry+ala2cynln3? rY) z_
4a0ala2cynl?n3? (a0 ala2cyn3®+a0alcyYn3n3ry+alda2cyn3n3ry+
ala2cy¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) -2a0%cy¥n1?n3? ry?
V ( <a0 al a2 cYnlcYn3n3+a0alcYnln3?rY+a0a2cyYnln3?rY+ala2cYnl n3? rY) z_
4 a0 al a2 cYnl1? n3? (aO al a2 c¥n3?+a0alcYn3n3rY+ala2c¥n3n3ry-+
ala2cy¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) -a0alcynl?n3? ry?
v ((a0ala2cynlcyn3n3+a0alcynln3’ryY+a0a2cynln3’ry+ala2cynln3’ry)?-
4 a0 al a2 cYnl? n3? (aO al a2 c¥n3?+a0alcyn3n3rY+ala2cy¥n3n3ry+
ala2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) -a0a2cynl? n3? ry?
+/ ((a0al a2 c¥nlcYn3n3 +a0alcynln3’rY+a0a2cynln3’ry+ala2cynln3’ry)? -
4 a0 al a2 cYnl? n3? (aO al a2 cy¥n3?+a0alcyYn3n3rY+ala2cy¥n3n3ry+
ala2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +ala2cyYnl? n3? ry?
\/ ( (aO al a2 c¥nlcYn3n3 +a0alcyYnln3?rY+a0a2c¥nln3?rY+ala2c¥Ynl n3? rY) z_
4 a0 al a2 cYnl1? n3? <a0 al a2 cyn3?+a0alcyYn3n3rY+ala2cy¥n3n3ry+
al a2 cyn3n3rY+a0n3”rY’+aln3?ry’+ a2 n3®rv?)) + 2 a0% cyn2? n3® rv’
N ( (aO al a2 c¥nlc¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2c¥nln3? rY) z_
4a0ala2cynl?n3® (a0 ala2cyn3’+a0alcyn3n3ryY+alda2cyn3n3ry+
al a2 cYn3n3rY +a0n3?ry?+aln3?ry?+a2n3? rY2> ) +a0 al cyn2? n3? ry?
N ( <a0 al a2 c¥nlcYn3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2cy¥nln3? rY) z_
4a0ala2cynl?n3® (a0 ala2c¥n3’+a0alcyn3n3ryY+ala2cyn3n3ry+
ala2cy¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +a0 a2 cyn2? n3? ry?
V ( <a0 al a2 cY¥nlcYn3n3+a0alcYnln3?rY+a0a2c¥nln3?rY+ala2cYnl n3? rY) z_
4 a0 al a2 cyn1? n3? (aO ala2cyn3?+a0alcyn3n3rY+ala2cyYn3n3ry+
ala2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) -ala2cyYn2?n3?ry?
v ((a0ala2cynlcyn3n3+a0alcynln3’rY+ala2cy¥nln3’ry+ala2cynln3®ry)?-
4 a0 al a2 cYnl1? n3? (aO al a2 c¥n3?+a0alcYn3n3rY+ala2cy¥n3n3ry-+
ala2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) ) /
(2 cYnl ry? (aO ala2cyn3?+a0alcYn3n3rY+ala2c¥n3n3rY+ala2c¥n3n3ry+
a0 n3?ry? + al n3? rv? + a2 n3? rYZ) 2) ,
Snl - (6 a0 al? a2? cynl cyn3* + 2 a0? a1? a2? cyn1® cyn3? + 2 a0% a1* a2 cYnl cYn2? c¥n3* +

2 a0%al? a2? cYnl c¥n3®+ 12 a0% a1l a2 c¥nl c¥yn3*n3 ry +

12 a0%2 al1®a2?cynl cyn3®n3 ry + 12 a0 al* a2?2 cynl cyn3* n3 ry +

4 a0% al* a2 cyn1® cYn3®n3 ry+2a0?al®a2?2cynl1’®cyn3®n3 ry +

4 a0 al*a2?cyYnl®cyYn3®n3ryY+ 4 a0?al®a2cy¥nl cyn2? cyn3’n3 ry +
2 a0% a1’ a2? c¥nl cYn2? cyn3®n3 ry +

4 a0 al* a2?cynl c¥n2? cyn3®n3ry+

4 a0% al* a2 c¥nl c¥n3® n3 rY + 8 a0%? al’® a2? cY¥nl c¥n3° n3 ry +

4 a0 al? a2? cynl c¥n3®°n3 rY + 6 a0? al? cynl c¥n3? n32 ry? +

24 a0 al® a2 cYnl cYn3?n3% ry? + 24 a0 al? a2 c¥nl cYn3? n3? ry? +
6 a0%2 a1? a22 cYnl cYn3? n3? ry? + 24 a0 al® a2%2 c¥nl c¥n3? n32 ry? +
6 al® a2? cYnl cYn3?n32ry? + 2 a0? al® cynl1® cYn3? n3? ry? +

4 a0% a1’ a2 cyn1®cYn3?n3?ry?+ 8 a0 al? a2 cynl® cyn3?n3? ry? -
3a02a1?a22cyn1®cy¥n3?n3?ry?+4a0al’a2?cyn1®cyn3?n3?ry?+
2 al?a2?cynl’®cyn3?n3?ry?+2a0?al®cynl cyn2? cyn3?n3?ry?+
4 a0?% a1’ a2 c¥nl c¥n2? cyn3? n32 ry? +

8 a0 al? a2 c¥nl cYn2? cYn3? n3? ry? -

3a0%2al? a2? cYnl cYn2? cyn3?n3? ry? +
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4 a0 al® a2? c¥nl c¥n2? c¥n3? n3%2 rv? +
2 al?a2? cynl cyn2? c¥n3?n32ry? + 2 a0%? al® cynl cyn3? n3? ry? +
16 a0%2 a1 a2 c¥nl cYn3* n32 ry? + 8 a0 al? a2 c¥nl cYn3* n32 ry? +
12 a0% al? a2? c¥nl c¥n3? n3%2 rv? + 16 a0 al® a2? c¥nl c¥n3* n3% ry? +
2 al?a2?cynl cyn3?n3?ry?+12a0?al’cynl cyn3n3’ryd+
12 a0 al® cYnl cyn3 n33ry3® + 12 a02al? a2 c¥nl cYn3 n33 ry3 +
36 a0 al® a2 c¥nl c¥n3n33ry®+12al? a2 cy¥nl cyn3n3®ry’ +
12 a0 al? a2? cYnl cYn3 n33 ry® + 12 a1® a2? c¥nl c¥n3 n33 ry3 +
2a0%a1cyn1®cyn3n3d®ry’+4a0al®cyni®cyn3n3dry’ -
2 a0%al?a2cynl®cyn3n3’®ry’+6a0al’a2cyni®cyn3n3dry’+
4 al*a2cy¥nl®cy¥n3 n3®ry’-2a0?ala2?cynl®cyn3n3dry’ -
2a0al?a2?2cyn1®cyn3n3’®ry’+2a1da2?2cynl1®cyn3n33ryd+
2 a0% a1’ c¥Ynl c¥n2? c¥n3 n33 ry3 + 4 a0 a1l c¥nl cY¥n2? cYn3 n33 ry3 -
2 a0% al? a2 c¥nl c¥n2? c¥n3 n33 ry3 +
6 a0 al® a2 c¥nl cYn2? cYn3 n33 rv® + 4 al* a2 cYnl c¥n22 cyn3 n33 ry3 -
2 a0% al a2 c¥nl c¥n2? c¥n3 n33 ry? -
2 a0 al? a2? c¥nl c¥n2? cyn3 n33 ry3 +
2 al®a2?cynl cyn2? cyn3 n3® ry3 + 8202 al® cynl cyn3® n33 ryd +
4 a0 al*cynl c¥n3®n33ry3+ 24 a02al1?a2cy¥nl c¥n3®n33ryd +
28 a0 al® a2 cynl c¥n33®n33ry3 + 4 al? a2 c¥nl c¥n33n33 ryd+
8 a0% al a2? cynl cyn3®n33ry® + 24 a0 al? a2? cynl cY¥n3*n33 ry3 +
8 al®a2%cyYnl cyn3®n33ry®+6a0%al?cynln3?ry?+
12 a0 al® cYnl n3* rY* + 6 al* cYnl n3* ry* +
12 a0 al? a2 cynl n3* ry* + 12 al® a2 cynl n3% ry* +
6 al? a22 cYnl n3* ry? + a0? a1? cyn1® n3* ry* +
2a0al®cyn1®n3*ry*+2al®cyn1®n3?ry*-
2a0?ala2cynl®*n3?ry?-2a0al?a2cynl®n3?ry?+
2al®*a2cyn1®n3?ry!+a0? a2? cyn1i® n3t ry* -
2a0al a2?cyYnl®n3*ry*+al?a2?cyn1®n3*ry* +
a0? al? cYnl cYn2? n3% ry* + 2 a0 al® c¥nl cYn2? n3* ry* +
2 al*cyYnl cyn2?n3?ry*-2a0?al a2 cynl cyn2?n3? ry*-
2a0al?a2cy¥nl c¥n2?n3*ry*+2al’a2cynl cyn2?n3* ry*+
a0? a2? cYnl c¥n2? n3* ry* - 2 a0 al a2? c¥nl cY¥n2% n3* rv* +
al? a2? cYnl cyn2?n3* ry? + 12 a02 al? cYnl cyn3? n3* ry? +
12 a0 al® cYnl cYn3? n3* ry? + 2 al* c¥nl c¥n3? n3* ry* +
16 a0? al a2 c¥nl c¥n3?n3* ry? + 36 a0 al? a2 c¥nl cYn3? n3* ry* +
12 al® a2 cYnl c¥n3? n3* ry? + 2 a0% a22 c¥nl c¥n3? n3% ry? +
16 a0 al a2%2 cYnl cYn3? n3* ry? + 12 a1? a2%2 c¥nl cyn3? n3* ry* +
8 a0%2 al c¥nl c¥n3 n3® ryY®> + 12 a0 al? c¥nl c¥n3 n3® ry° +
4 al®cynl c¥n3 n3% rY® + 4 a0%2 a2 cYnl c¥n3 n3° ry® +
20 a0 al a2 cYnl cyn3 n3® ry®> + 12 al? a2 c¥nl c¥n3 n3° ry°® +
4 a0 a2? c¥nl c¥n3 n3° rY° + 8 al a2? c¥nl c¥n3 n3° ry° +
2a0%2cYnln3®ry®+4a0alcynln3®ry®+2al?cynln3®ry®+
4a0a2cynln3®ry®+4ala2cynln3®ry®+
2a2%2c¥nl n3®ry®-2a0al?a2cynl? cyn3?ry
\/ ( (aO al a2 cYnl cYn3n3 +a0alcYnln3?rY+a0a2cy¥nln3?ry+ala2cyYnln3? rY) z_
4 a0 al a2 cYnl1? n3? <a0 al a2 cyn3?+a0alcYn3n3rY+alda2cy¥n3n3ry+
al a2 cYn3n3 rY +a0n3?ry?+aln3?ry?+a2n3? rY2) ) +2 a0 al? a2 cyn2? cyn3?
ry \/ ( (aO al a2 c¥nlcYn3n3 +a0alcYnln3?rY+a0a2c¥nln3?rY+ala2c¥Ynl n3? rY) z_
4 a0 al a2 cYyn1? n3? <a0 ala2cyn3?+a0alcYyn3n3rY+a0a2cY¥n3n3rY+ala2
cYn3n3 r¥ +a0n3’ rv? + al n3? rv? + a2 n3? rv?) ) - 2 a0 al? cynl? c¥n3 n3 ry?
V ( (aO al a2 cY¥nlcYn3n3 +a0alcyYnln3?rY+a0a2cy¥nln3?rY+ala2cYnl n3? rY) z_
4a0ala2cynl?n3® (a0ala2cyn3’+a0alcyn3n3ryY+ala2cyn3n3ry+ala2
cYn3 n3 rY + a0 n3?ry?+aln3?ry?+a2n3? rYz) ) -a0ala2cy¥nl?cyn3n3ry?
V ( <a0 al a2 cYnlcYn3n3+a0alcyYnln3?rY+a0a2c¥nln3?rY+ala2cYnl n3? rY) z_
4a0ala2cynl?n3’ (a0 ala2c¥n3®+a0alcyn3n3ryY+alda2cyn3n3ry+ala2
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cYn3n3rY+adn3?ry?+aln3?ry?+a2n3? rYz) ) -2al?a2c¥nl? c¥n3 n3 ry?
+/ ((a0al a2 c¥nlcYn3n3 +a0 alcynln3’rY+a0a2cynln3’rY+ala2cynln3’ry)? -
4 a0 al a2 cynl? n3? (aO ala2cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ryY+ala2
cYn3 n3rY +adn3?ry?+aln3?ry?+a2n3? rYZ) ) +2a0al’?cyYn2? c¥n3 n3 ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 al cYnln3?rY+a0a2c¥nln3?ryY+ala2cyYnl n3? rY) z_
4 a0 al a2 cynl? n3? <a0 al a2 cYn3? +a0alcYn3n3rY+ala2cY¥n3n3ryY+ala2
cYn3n3rY +adn3?ry?+aln3?ry?+a2n3? rYZ) ) +a0 al a2 cYn2? c¥n3 n3 ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 al cYnln3?rY+a0a2cy¥nln3?ryY+ala2cYnln3? rY) z_
4 a0 al a2 cYn1? n3? (a0 al a2 cYn3?+a0alcyYn3n3rY+ala2cyn3n3ryY+al a2
cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +2al?a2cyYn2? cyn3 n3 ry?
V ( <a0 al a2 cYnl cYn3n3 +a0al cY¥nln3?rY+a0a2cynln3?ryY+ala2cYnln3? rY) z_
4a0ala2cynl®n3® (a0 ala2cyn3’+a0alcyn3n3ryY+alda2cyn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) - a0 alcynl?n3?ry?
V ( <a0 al a2 cYnl c¥n3 n3 + a0 al cYnl n3?rY + a0 a2 c¥nl n3% rY + al a2 cynl n3? rY) z_
4 a0 al a2 cYnl? n3? (aO al a2 cYn3?+a0alcYn3n3rY+ala2c¥n3n3ry+
ala2c¥Yn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) -2al?cynl1?n3?ry3
v ((a0ala2cynlcyn3n3+a0alcynln3’ryY+ala2cynln3’ry+ala2cynln3®ry)?-
4 a0 al a2 cynl? n3? (aO ala2cYn3?+a0alcYn3n3rY+ala2cYn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +a0 a2 cynl? n3? ry?
+/ ((a0al a2 c¥nlcY¥n3n3 +a0 alcynln3’rY+a0a2cynln3’rY+ala2cynln3’ry)? -
4 a0 al a2 cynl? n3? (aO ala2c¥Yn3?+a0alcYn3n3rY+ala2cYn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) -ala2cynl?n3? ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 alcYnln3?rY+a0a2c¥nln3?ryY+ala2cyYnln3? rY) 2_
4 a0 al a2 cynl? n3? <a0 ala2cYn3?+a0alcYn3n3rY+ala2c¥n3n3ry+
al a2 cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2) ) +a0 al cYn2? n3? ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 al cYnl n3?rY+ a0 a2 c¥nl n3?rY +al a2 cYnl n3? rY) z_
4 a0 ala2cynl?n3® (a0 ala2cyn3”+a0alcyn3n3ryY+alda2cyn3n3ry+
al a2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2> ) +2al?cyn2?n3?ry?
V ( (aO al a2 cYnl cYn3n3 + a0 al c¥nln3?rY+ a0 a2cynln3?ryY+ala2c¥Ynln3? rY) z_
4a0ala2cynl?n3® (a0ala2cy¥n3’+a0alcyn3n3ryY+alda2cyn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) - a0 a2 cyn2? n3? ry?
V ( <a0 al a2 cYnl cYn3n3 + a0 al cY¥nl n3?rY + a0 a2 cynl n3%2 rY + al a2 c¥nl n3? rY) z_
4 a0 al a2 cYnl? n3? <a0 al a2 cYn3?+a0alcYn3n3rY+ala2c¥n3n3ry+
ala2c¥Yn3n3rY+a0dn3?ry?+aln3?ry?+a2n3? rYz) ) +al a2 cyn2? n3? ry?
\/ ( <a0 al a2 cYnl cYn3 n3 + a0 al cYnl n3? rY + a0 a2 c¥nl n3% rY + al a2 cynl n3? rY) 2
4 a0 al a2 cynl? n3? (aO ala2c¥Yn3?+a0alcYn3n3rY+ala2cYn3n3ry+
al a2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) ) /
(2 cYnl ry? (aO ala2cyn3?+a0alcYn3n3rY+ala2cY¥n3n3rY+ala2cY¥n3n3ry+
a0 n3?ry? + al n3? rv? + a2 n3? rYZ) 2) ,
sSn2 - (6 a0? al? a2* cynl cYn3* + 2 a0%2 a1? a2* cYnl3 c¥n3* + 2 a0%? a1? a2* c¥nl c¥n2? cYn3* +

2 a0%al? a2? c¥nl c¥n3®+ 12 a0% a1? a2 c¥nl cYn3®*n3 ry+

12 a0%? al a2? c¥nl cYn3®n3ry+ 12 a0 al? a2? c¥nl cyn3®n3 ry +
2a0%al1?2a2%cyn1®cyn3®n3ry+

4 a0% al a2 cYn1® cYn3®n3 rY+ 4 a0 al?a2* cynl®cyn3®n3ry+
2 a0%al?a23cynl cyn2?2 cyn3®n3ry+

4 a0? al a2% c¥nl cYn2? cYn3®n3 ry +

4 a0 al? a2* c¥nl c¥n2? c¥n3®n3 ry +

8 a0% al? a23 cYnl c¥n3°n3rY + 4 a0? al a2® c¥nl c¥n3® n3 ry +
4 a0al?a2cynl cyn3®n3ry+6a0?al?a2?cynlcyn3?n3?ry?+
24 a0% al a2% cYnl cYn3? n3% ry? +

24 a0 al? a23 cYnl cYn3? n3? ry? + 6 a0 a2 cynl cYn3? n3% ry? +
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24 a0 al a2 c¥nl c¥n3? n3? ry? + 6 al? a2* c¥nl c¥n3? n32? ry? -
3a02al?a2?cynl®cyn3?n3?ry?+4a0?ala2dcynl®cyn3?n3?ry?+
4 a0 al?a2’cyn1®cyn3?n3?ry?+2a0?a2®cynl®cyn3?n3?ry?+
8 a0 al a2 cynl® cyn3? n3% ry? + 2 al? a2* cY¥n1® c¥n3? n3? ry? -
3a0%2al? a2? cYnl cYn2? cyn3?n3? ry? +
4 a0?% al a2® c¥nl c¥n2? cyn3? n32 ry? +
4 a0 al? a2® c¥nl c¥n2? c¥n3? n3%2 rv? +
2 a0%? a2® cynl c¥n2? cYn3? n3?2 ry? +
8 a0 al a2 c¥nl cYn2? cYn3? n3? ry? +
2 al? a2* cYnl c¥n2? c¥n3? n3%2 ry? +
12 a0% a1? a2? c¥nl c¥n3* n3% rvy? +
16 a0% al a23 c¥nl cYn3* n32 ry? + 16 a0 al? a2 c¥nl cYn3* n32 ry? +
2 a0% a2* cYnl c¥n3* n32rv? + 8 a0 al a2* cY¥nl cyn3* n3% ry? +
2 al? a2 c¥nl c¥n3* n32rv? + 12 a0? al a2? c¥nl c¥n3 n33 rvd +
12 a0 al? a22 c¥nl cYn3 n3% ry3 + 12 a02 a2® c¥nl cyn3 n33 ry3 +
36 a0 al a2° c¥nl cYn3 n3®ry® + 12 al? a2® cynl cyn3 n33 ryd+
12 a0 a2® c¥nl c¥n3 n33 ry3 + 12 al a2® c¥nl cyn3 n33 ry3 -
2a0%al1?a2cyn1®cyn3n3’®ry’-2a0%ala2?cynl’®cyn3n3’ryd-
2a0al?a2?cyn1®cyn3n3’®ry®+2a0%a2’cynl®cyn3n3ryd+
6 a0 al a2° cynl® cyn3 n33 ry3 +2al1? a2® cy¥nl1® c¥n3 n33 ryd +
4 a0 a2? cyn13 cyn3 n33ry?®+ 4 al a2? cyn1®cyn3n3dry’ -
2 a0% al? a2 c¥nl c¥n2? cyn3 n33 ry3 -
2 a0?% al a2? c¥nl c¥n2? c¥n3 n33 ry3 -
2 a0 al? a2? cynl c¥n2? cyn3 n33 ry3 +
2 a0? a23 c¥nl c¥n2? cyn3 n33 ryd +
6 a0 al a2> c¥nl cYn2? cYn3 n33 ry3 +
2 al? a23 cynl cyn2?2 cYn3n33ry? + 4 a0 a2* cY¥nl cYn2? cyn3 n33 ry3 +
4 al a2* c¥nl c¥n22 c¥n3 n3’ry®+8a0%2al? a2 cynl cyn3®n33ryd+
24 a0% al a2% cYnl cYn33 n33 rY3 + 24 a0 al? a2? c¥nl cyn33 n33 ry3 +
8 a0% a2® cYnl cYn3® n33 ry3 + 28 a0 al a2® cYnl cYn33 n33 ry3 +
8 al?a2%cynl cyn3®n33ry’ +4a0a2*cynl cyn3®n33ryd+
4 al a2* c¥nl c¥n3®n33 ry® + 6 a0? a2% cYnl n3* ry? +
12 a0 al a2? c¥nl n3* ry? + 6 a1? a22 cYn1 n3* ry* +
12 a0 a2® cYnl n3* ry? + 12 al a2 cynl n3* rvy* +
6 a2? cynl n3? ry* + a0%? a1? cyn13 n3* ry? -
2a0%?ala2c¥nl®n3*ry*-2a0al?a2cynl®n3ry*+
a02a2?cyn1®n3?ry*-2a0ala2?cyni®n3try®+
al?a2?cyn1®n3*ry*+2a0a2’cyn1®n3try*+
2ala2®cy¥n1®n3*ry*+2a2*cyn1®n3?ry*+
a02 al? cYnl cyn2?n3* ry? -2 a0? al a2 c¥nl cYn2? n3? ry* -
2 a0 al? a2 c¥nl c¥n2? n3* ry* + a0%? a2? c¥nl cYn2? n3* ry* -
2 a0 al a2? c¥nl c¥n2? n3* rv* + al? a2? c¥nl cY¥n2? n3* rv* +
2 a0 a2® cynl c¥n2? n3* ry* + 2 al a23 c¥nl cyn2? n3? ry* +
2 a2* c¥nl cYn2? n3* ry* + 2 a0? al? cYnl c¥n3? n3* ry? +
16 a0 al a2 c¥nl c¥n3?n3?ry? + 16 a0 al? a2 cYnl cYn3? n3* ry* +
12 a02? a2 c¥nl cYn3%? n3* rv* + 36 a0 al a2 c¥nl cYn3% n3* ry* +
12 al? a2? c¥nl c¥n3? n3? ry* + 12 a0 a2% cYnl cyn3? n3* ry? +
12 al a23 c¥nl cyn3? n3* ry* + 2 a2* c¥nl c¥n3? n3* ry* +
4 a0% al cYnl cYn3n3®rY® + 4 a0 al? cYnl cYn3 n3° ry® +
8 a0 a2 cYnl cYn3 n3® rY® + 20 a0 al a2 cYnl c¥n3 n3° ry>® +
8 al? a2 c¥nl c¥n3 n3® ry® + 12 a0 a2% c¥nl c¥n3 n3® ry® +
12 al a2? cYnl c¥n3 n3® rY® + 4 a23 cYnl cYn3 n3° ry® +
2a0%2cYnl n3®ry®+4a0alcynln3®ry®+2al?cynln3®ry®+
4a0a2cynln3®ry®+4ala2cynln3®ry®+
2 a22cYnl n3®ry®-2a0ala2?cynl?cyn3?ry
\/ ( (aO al a2 c¥nlcYn3n3 +a0alcyYnln3?rY+a0a2cy¥nln3?rY+ala2c¥Ynl n3? rY) z_

4a0ala2cynl?n3® (a0ala2cyn3’+a0alcyn3n3ryY+alda2cyn3n3ry+
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ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +2 a0 al a2? cYn2? cyn3?
ry+/ < <a0 al a2 cYnl cYn3n3 + a0 al cYnl n3?rY + a0 a2 cynl n3%2 rY + al a2 c¥nl n3? rY) 2
4 a0 al a2 cynl? n3? (aO ala2cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ryY+ala2
cYn3 n3rY +adn3?ry?+aln3?ry?+a2n3? rYz) ) - a0 al a2 cYnl? c¥n3 n3 ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 al cYnln3?rY+a0a2c¥nln3?ryY+ala2cyYnl n3? rY) z_
4 a0 al a2 cynl? n3? <a0 al a2 cYn3? +a0alcYn3n3rY+ala2cY¥n3n3ryY+ala2
cYn3n3rY +adn3?ry?+aln3?ry?+a2n3? rYZ) ) - 2a0a2?cyYnl? c¥n3 n3 ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 al cYnln3?rY+a0a2cy¥nln3?ryY+ala2cYnln3? rY) z_
4 a0 al a2 cYn1? n3? (a0 al a2 cYn3?+a0alcyYn3n3rY+ala2cyn3n3ryY+al a2
cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) -2ala2?cyYnl? cYn3 n3 ry?
V ( <a0 al a2 cYnl cYn3n3 +a0al cY¥nln3?rY+a0a2cynln3?ryY+ala2cYnln3? rY) z_
4 a0 al a2 cYnl? n3? (a0 al a2 cYn3?+a0alcy¥n3n3rY+ala2cyn3n3ryY+al a2
cYn3n3rY+adn3?ry?+aln3?ry?+a2n3? rYz) ) +a0 al a2 cYn2? cyn3 n3 ry?
V ( <a0 al a2 cYnl c¥n3 n3 + a0 al cYnl n3?rY + a0 a2 c¥nl n3% rY + al a2 cynl n3? rY) z_
4 a0 al a2 cYnl? n3? (aO al a2 cYn3?+a0alcYn3n3rY+ala2cYn3n3rY+ala2
cYn3n3rY+adn3?ry?+aln3?ry?+a2n3? rY2) ) +2 a0 a2? cYn2? cYn3 n3 ry?
a0 al a2 cY¥nl cYn3n3 +a0alcY¥Ynln3“rY+ala2cy¥nln3“rY+ala2cYnln3“ry)” -
0 al a2 cYnl c¥Yn3n3 +a0 al 1 n3? 0 a2 1 n3? 1a2 1n3%ry)?
4 a0 al a2 cynl? n3? (aO ala2cYn3?+a0alcYn3n3rY+ala2cYn3n3rY+ala2
cYn3n3rY+adn3?ry?+aln3?ry?+a2n3? rYZ) ) +2ala2?c¥n2?cy¥n3 n3 ry?
a0 al a2 cY¥nl cYn3n3 +a0alcY¥Ynln3“rY+ala2cy¥nln3“rY+ala2cYnln3“ry)” -
0 al a2 cYnl c¥Yn3 n3 +a0 al 1 n3? 0 a2 1 n3? 1a2 1n3%ry)?
4 a0 al a2 cynl? n3? (aO ala2c¥Yn3?+a0alcYn3n3rY+ala2cYn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +a0 al cynl? n3? ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 alcYnln3?rY+a0a2c¥nln3?ryY+ala2cyYnln3? rY) 2_
4 a0 al a2 cynl? n3? <a0 ala2cYn3?+a0alcYn3n3rY+ala2c¥n3n3ry+
al a2 cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2) ) - a0 a2 cyYnl? n3? ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 al cYnl n3?rY+ a0 a2 c¥nl n3?rY +al a2 cYnl n3? rY) z_
4 a0 ala2cynl?n3® (a0 ala2cyn3”+a0alcyn3n3ryY+alda2cyn3n3ry+
al a2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2> ) -ala2cyYnl?n3? ry3
V ( (aO al a2 cYnl cYn3n3 + a0 al c¥nln3?rY+ a0 a2cynln3?ryY+ala2c¥Ynln3? rY) z_
4a0ala2cynl?n3® (a0ala2cy¥n3’+a0alcyn3n3ryY+alda2cyn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) -2a2?cyn1?n3?ry?
V ( <a0 al a2 cYnl cYn3n3 + a0 al cY¥nl n3?rY + a0 a2 cynl n3%2 rY + al a2 c¥nl n3? rY) z_
4 a0 al a2 cYnl? n3? <a0 al a2 cYn3?+a0alcYn3n3rY+ala2c¥n3n3ry+
ala2c¥Yn3n3rY+a0dn3?ry?+aln3?ry?+a2n3? rYz) ) - a0 al cyn2? n3? ry?
\/ ( <a0 al a2 cYnl cYn3 n3 + a0 al cYnl n3? rY + a0 a2 c¥nl n3% rY + al a2 cynl n3? rY) 2
4 a0 al a2 cynl? n3? (aO ala2c¥Yn3?+a0alcYn3n3rY+ala2cYn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +a0 a2 cyn2? n3? ry?
+/ ((a0 al a2 c¥nl cYn3n3 +a0 alcYnln3’rY+a0a2cynln3’ryY+ala2cynln3’ry)? -
4 a0 al a2 cynl? n3? (aO al a2 cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ry+
al a2 cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +al a2 cy¥n2? n3? ry?
N ( (aO al a2 cYnl cYn3n3 +a0alcYnln3?rY+a0a2c¥nln3?ryY+ala2cyYnln3? rY) 2_
4 a0 al a2 cynl? n3? <a0 ala2cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2) ) +2a2%cyn2? n3? ry3
\/ ( (aO al a2 cYnl cYn3n3 +a0alcYnln3?rY+a0a2cynln3?ry+ala2cYnln3? rY) z_
4 a0 al a2 cynl? n3? <a0 al a2 cYn3?+alalcYn3n3rY+ala2cY¥n3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) ) /
(2 cYnl ry? (aO ala2cyYn3?+a0alcYn3n3rY+ala2cYn3n3rY+ala2cYn3n3ry+
a0 n3%2ry? + al n3? ry? + a2 n3? rYz)Z) , pY1l - 3,

nl - - ( (aO al a2 cYnl cYn3n3 +a0al c¥nln3?rY+a0a2c¥nln3?rY+ala2c¥Ynln3?ry+
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\/ ( (aO al a2 c¥nlc¥n3n3+a0alcYnln3?rY+a0a2c¥nln3?ry+ala2cynln3? rY) 2
4 a0 al a2 cYn1? n3? (aO al a2 cYn3?+a0alcyn3n3rY+ala2cyYn3n3ry+
ala2cyn3n3rY+a0n3’ry’+aln3’ry’+a2n3’rv?))) /
(2 (aO ala2cyn3?+al0alcY¥n3n3rY+ala2cYn3n3rY+ala2c¥n3n3ry+
a0 n3?ry? + aln3? ry? + a2 n3? rY2> ) > ’
n2 - - ((c¥n2 (a0 al a2 c¥nlc¥n3 n3 +a0alcYnln3’rY+a0a2cynln3®ry+
al a2 cy¥nln3?ry- \/ ( (aO al a2 cY¥nlcYn3n3 +a0alcYnln3?ryY+a0a2cy¥nln3?ry-+
al a2 cYnl n3? rY) 2_4a0ala2cynl?n3? (a0ala2cyn3?+a0alc¥n3n3ry+
a0 a2 cyn3n3rY+ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) ) ) /
(2 cYnl (a0 al a2 cyYn3? +a0 alc¥n3n3rY+ala2cy¥n3n3ryY+ala2c¥n3n3ry+

a0 n3? ry? + al n3? ry? + a2 n3? rYz) ) )},

3 +c¥Ynl? + cYn2? + cYn3? 1
fpo P S
ry? cYnl cYn2 n33
ry?
(aO ala2cyYn3?+a0alcYn3n3rY+ala2cyYn3n3ry+
ala2cy¥n3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ’

1
NO1l —» - (a0 -al) (aO al a2 cyn3?+a0alcYn3n3ry+
a2% cyYnl c¥n2 n33 ry

a0 a2 cYn3n3rY +al a2c¥n3n3rY +a0n3?ry?+aln3?ry?+a2n3? rYz) ,

1
NO2 - (a0 - a2) (a0 ala2cyn3®+a0alcYn3n3ry+
al®cynl cYn2 n33ry

a0a2c¥n3n3rY¥Y+ala2c¥n3n3rY+
a0 n3% ry? + al n3? ry? + a2 n3? rY2> ’

1
N12 > (al-a2) (a0 ala2cyn3’?+a0alcYn3n3ry+
a0% cyYnl c¥n2 n33 ry

a0 a2cY¥n3n3r¥Y+ala2cY¥n3n3rY+
a0 n3%2 ry? + al n3? rY? + a2 n3? rYz) ’
Sn0 - (6 a0? a1? a2? cy¥nl c¥n3* + 2 a0? al? a22 cYnl1® cYn3* +
2 a0*al1? a2? cynl c¥n2? cyn3* + 2 a0? a1? a2 c¥nl cYn3® +
12 a0* al? a2 c¥nl c¥n3®n3 rY+ 12 a0* al a2? cYnl cY¥n3®n3 ry +
12 a0% al? a2?2 c¥nl c¥n3>n3 rY + 4 a0* al? a2 c¥n1® cY¥n3*n3 ry +
4 a0%al a2?cynl®cyn33n3ry+2a0’al?a2?cynl®cyn3®n3ry+
4 a0* al? a2 c¥nl c¥n2? c¥n3®n3 ry +
4 a0* al a2? c¥nl c¥n2? c¥n3®n3 ry +
2 a0%al? a2? cynl cyn2? cyn3®n3ry +
4 a0* al? a2 cY¥nl c¥n3’n3rY + 4 a0* al a2? c¥nl cY¥n3®°n3 ry +
8 a0% a1? a22 cYnl cYn3° n3 rY + 6 a0* al? c¥nl c¥n3?n32 ry? +
24 a0® al a2 cYnl cY¥n3?n32ry? + 24 a0% al? a2 c¥nl cyn3? n3? ry? +
6 a0? a2? cYnl cYn3?n3% ry? + 24 a0® al a2? cYnl c¥n3? n3? ry? +
6 a0 al? a2 c¥nl c¥n3? n3? ry? + 2 a0 al? cynl® cyn3? n3%2 rv? +
8 a0® al a2 cYnl® cYn3?n3? ry? + 4 a0® al? a2 cYnl® c¥yn3? n3? ry? +
2 a0* a22 cYn1® cYn3?n3? ry? + 4 a0® al a2 cyn1® cyn3? n3? ry? -
3 a0? al? a2 cynl® c¥n3?n3? ry? +
2 a0* al? c¥nl c¥n2? c¥n3? n3? ryv? +
8 a0? al a2 c¥nl cYn2? cYn3?n3? ry? +
4 a0% al? a2 c¥nl c¥n2? c¥n3? n3%2 ry? +
2 a0* a22 c¥nl c¥n2? c¥n3? n3? ryv? +
4 a0% al a2? cYnl c¥n2? cyn3? n32 ry? -
3 a0? al? a2? c¥nl c¥n2? c¥n3? n3? ry? +
2 a0 al1? cYnl cYn3? n3? ry? + 8 a0 al a2 c¥nl c¥n3* n3? ry? +
16 a0% al? a2 c¥nl cYn3* n32 rv? + 2 a0? a2? c¥nl cYn3* n3? ry? +
16 a0% al a2 cYnl c¥n3* n3? ry? + 12 a0% al? a2? cYnl cyn3? n3? ry? +
12 a0* al c¥nl c¥n3 n33 ry3 + 12 a0® al? cynl c¥n3 n33 ry’ +
12 a0* a2 cYnl c¥n3 n33 ry® + 36 a0% al a2 cYnl c¥n3 n33 ry3 +
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12 a0%2 al? a2 c¥nl c¥n3 n33 ryY3 + 12 a0® a2? c¥nl c¥n3 n33 ry3 +
12 a0 al a2? cY¥nl cYn3 n33 rY® + 4 a0? al cYn1® cYn3 n33 ry3 +
2a0%al?cyn1®cyn3n3dry® + 4 a0*a2cyni®cyn3n3dry’+
6 a0’ al a2 cynl® cyn3 n33 ry? - 2a0%al?a2cy¥nl®cyn3n3’ryd+
2 a0%a2?cynl1®cyn3n33ry®-2a0?ala2?cynl’®cyn3n3’ryd -
2a0al?a2?2cyn1®cyn3n3’®ry®+4a0®alcynl cyn2? cyn3 n3®ryd+
2 a0%al? cYnl c¥n2? c¥n3 n33 ry3 + 4 a0? a2 c¥nl cY¥n2? c¥n3 n33 ryd +
6 a0% al a2 cynl cYn2? cyn3 n33 ry3 -
2 a0%al? a2 c¥nl c¥n2? cyn3 n33 ryd +
2 a0% a2% c¥nl c¥n2? cyn3 n33 ry3 -
2 a0?% al a2? c¥nl c¥n2? c¥n3 n33 ry3 -
2 a0 al? a2?cynl cYn2? cyn3 n3® ry® + 4 a0? al c¥nl cYn33® n33 ry3 +
8 a0° al? cYnl cyn33n3% ry® + 4 a0* a2 c¥nl cYn33® n33 rvd +
28 a0%al a2 cyYnl cYn3®n33ry®+ 24 a0%? a1? a2 c¥nl cyn33 n33 ry3 +
8 a0° a2? cYnl cyn3®n33 ry3 + 24 a02 al a2? cYnl cyn33 n33 ryd +
8 a0 al? a2%2 cYnl cyn3®n3%ry3 + 6 a0* cYnl n3* ry* +
12 a0%® al cY¥nl n3* rv* + 6 a0%2 al? c¥nl n3* ry* +
12 a0%® a2 cYnl n3* ry? + 12 a0? al a2 cYnl n3? rv* +
6 a0? a2%2 cYnl n3* ry* + 2 a0* cYn1® n3* ry* -+
2a0%alcyYnl®n3*ry*+a0?al?cyn1®n3*ry*+
2a0%a2cyn1®n3*ry*-2a0%ala2cynl’®n3®ry*-
2a0al?a2cynl®n3*ry*+a0?a2?cyn1®n3ry* -
2a0ala2?cy¥n1®n3*ry*+al? a2? cyn1®n3*ry* +
2 a0% cYnl cyn2?2 n3* ry* + 2 a0 al cYnl cYn2? n3% ry* +
a0 al? cYnl cyn2? n3* ry? + 2 a0% a2 c¥nl cYn2? n3* ry* -
2 a0% al a2 c¥nl c¥n2?n3* ry* - 2 a0 al? a2 c¥nl cY¥n2? n3* ry* +
a0? a2? cYnl cYn22 n3% ry* - 2 a0 al a2? cYnl cYn2? n3% ry* +
al? a2? cynl cyn2? n3* ry? + 2 a0? c¥nl cYn3? n3% ry* +
12 a0% al cYnl cYn3? n3* ry* + 12 a0 al? c¥nl cYn3? n3* ry* +
12 a0® a2 cYnl cYn3? n3? ry? + 36 a02 al a2 cYnl cYn3? n3* ry? +
16 a0 al? a2 cYnl cYn3? n3* ry? + 12 a02 a2%2 cYnl cyn3? n3* ry? +
16 a0 al a2%2 cYnl c¥n3? n3* rv* + 2 a1? a2 c¥nl cYn3? n3* ry* +
4 a0° cYnl c¥n3 n3® rY® + 12 a0% al c¥nl c¥n3 n3° ry> +
8 a0 al? cYnl cYn3 n3® rY® + 12 a0? a2 c¥nl cYn3 n3% ry® +
20 a0 al a2 cYnl cYn3 n3° rY® + 4 al? a2 c¥nl c¥n3 n3® ry® +
8 a0 a2 cYnl cYn3 n3° r¥Y° + 4 al a2? c¥nl c¥n3 n3° ry> +
2a0%2cYnl n3®ry®+4a0alcynln3®ry®+2al?cynln3®ry®+
4a0a2cynln3®ry®+4ala2cynln3®ry®+
2 a22cYnl n3°ry® + 2 a0 al a2 cyn1? cyn3? ry
\/ ( (aO al a2 cYnl cYn3n3 +a0 al cYnln3?rY+a0a2cy¥nln3?ryY+ala2cYnln3? rY) z_
4 a0 al a2 cyn1? n3? <a0 ala2cyn3?+a0alcYyn3n3rY+ala2c¥n3n3ry+
al a2cyn3n3rY+a0n3”rY’+aln3?ry’+a2n3’rv?)) - 2a0% al a2 c¥n2® cyn3?
ry \/ ( (aO al a2 cYnlcYn3n3 +a0alcYnln3?rY+a0a2cy¥nln3?rY+ala2cYnl n3? rY) z_
4a0ala2cynl?n3® (a0 ala2cyn3’+a0alcyn3n3ryY+ala2cyn3n3ry+ala2
cYn3n3rY+adn3?ry?+aln3?ry?+a2n3? rYZ) ) +2a0%al cynl? cyn3 n3 ry?
J ( <a0 al a2 cYnlcYn3n3+a0alcyYnln3?rY+a0a2cyYnln3?rY+ala2cYnl n3? rY) z_
4 a0 al a2 cYn1? n3? <a0 ala2cyn3?+a0alcYn3n3rY+ala2cY¥n3n3rY+ala2
cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +2a02a2cynl? c¥n3 n3 ry?
V ( <a0 al a2 cYnlcYn3n3+a0alcyYnln3?rY+a0a2c¥nln3?rY+ala2cYnl n3? rY) 2
4 a0 al a2 cyn1? n3? (aO ala2cy¥n3?+a0alcYn3n3ryY+ala2cyYn3n3ryY+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +a0 al a2 cYnl? cYn3 n3 ry?
v ((a0ala2cynlcyn3n3+a0alcynln3’ryY+a0a2cynln3’ry+ala2cynln3’ry)?-
4 a0 al a2 cYnl1? n3? (aO al a2 c¥n3?+a0alcYn3n3rY+ala2cyYn3n3ryY+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) -2a0%alcyn2?cyn3 n3 ry?

+/ ((a0 al a2 c¥nl c¥n3n3 +a0 al cYnl n3’rY + a0 a2 c¥nln3’*rY +al a2 c¥nl n3’ ry)? -
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| Complex 5-dimensional complete intersection. Case 3.nb

4 a0 al a2 cynl? n3? <a0 al a2 cYn3? +a0alcYn3n3rY+ala2cY¥n3n3ryY+ala2
cYn3n3 rY+adn3?ry?+aln3?ry?+a2n3? rYZ) ) -2 a0%a2cyYn2?c¥Yn3 n3 ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0alcYnln3?rY+a0a2cynln3?ryY+ala2cYnln3? rY) z_
4 a0 al a2 cYn1? n3? (a0 al a2 cYn3?+a0alcyn3n3rY+ala2cy¥n3n3ryY+al a2
cYn3n3rY +a0n3?ry?+aln3?ry?+a2n3? rYz) ) - a0 al a2 cYn2? c¥n3 n3 ry?
J ( <a0 al a2 cYnl cYn3n3 + a0 al cY¥nln3?rY+ a0 a2 cy¥nln3?rY +al a2 c¥nl n3? rY) z_
4 a0 al a2 cYnl? n3? <a0 al a2 cYn3?+a0alcYn3n3rY+ala2c¥n3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +2a0%cynl1?n3?ry3
V ( <a0 al a2 cYnl cYn3 n3 + a0 al cYnl n3? rY + a0 a2 c¥nl n3% rY + al a2 c¥nl n3? rY) z_
4 a0 al a2 cynl? n3? (aO ala2c¥n3?+a0alcYn3n3rY+ala2cYn3n3ry+
ala2c¥Yn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +a0 al cynl? n3? ry?
v ((a0ala2cynlcyn3n3+a0alcynln3’ryY+a0a2cynln3’ry+ala2cynln3’ry)?-
4 a0 al a2 cynl? n3? (aO ala2cYn3?+a0alcYn3n3rY+ala2cYn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +a0 a2 cynl? n3? ry?
+/ ((a0al a2 c¥nlcYn3n3 +a0alcynln3’rY+a0a2cynln3’ry+ala2cynln3’ry)? -
4 a0 al a2 cynl? n3? (aO ala2cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) -ala2cynl?n3? ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 al cYnln3?rY+a0a2c¥nln3?ryY+ala2cyYnl n3? rY) z_
4 a0 al a2 cynl? n3? <a0 al a2 cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ry+
al a2 cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) - 2a0%cyn2?n3?ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0alcYnln3?rY+a0a2cynln3?ry+ala2cyYnln3? rY) z_
4a0ala2cynl?n3® (a0 ala2cyn3’+a0alcyn3n3ryY+alda2cyn3n3ry+
al a2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2> ) - a0 al cyYn2? n3? ry3
J ( <a0 al a2 cYnl cYn3n3 + a0 al cYnln3?rY+ a0 a2 cy¥nln3?rY +al a2 c¥Ynl n3? rY) z_
4 a0 al a2 cYn1? n3? (a0 al a2 cYn3?+a0alcy¥n3n3rY+ala2cyn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) - a0 a2 cyn2? n3? ry?
V ( <a0 al a2 cYnl c¥n3 n3 + a0 al cYnl n3?rY + a0 a2 c¥nl n3% rY + al a2 cynl n3? rY) z_
4 a0 al a2 cYnl? n3? (aO al a2 cYn3?+a0 al cYn3n3rY+ala2c¥n3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +al a2 cyn2? n3? ry?
v ((a0ala2cynlcyn3n3+a0alcynln3’rY+ala2cy¥nln3’ry+ala2cynln3®ry)?-
4 a0 al a2 cynl? n3? (aO ala2c¥Yn3?+a0alcYn3n3rY+ala2cYn3n3ry+
ala2cYn3n3rY+a0dn3?ry?+aln3?ry?+a2n3? rYz) ) ) /
(2 cYnl ry? (aO ala2cyn3?+a0alcYn3n3rY+ala2c¥n3n3rY+ala2c¥n3n3ry+
a0 n3?ry? + al n3? rv? + a2 n3? rYZ) 2) ,
Snl - (6 a0? al* a2? cynl c¥n3* + 2 a0% al® a2? cYnl3 c¥n3* + 2 a0% al® a2? c¥nl c¥n2? cYn3* +
2 a0% al* a2? c¥nl c¥n3® + 12 a0%? al* a2 c¥nl c¥n3°n3 ry +
12 a0 al1® a22 cYnl cYn33®n3 ry +
12 a0 al* a2? cYnl cYn33n3 rY + 4 a0%? al®* a2 cynl®cYn33n3ry +
2 a0%al’®a22cynl®cy¥n3®n3ry+4a0al*a2?cynl®cyn3®*n3ry+
4 a0%? al® a2 cynl c¥n2? cyn33n3 ry +
2 a0% al®a2? c¥nl c¥n2? c¥n33n3 ry +
4 a0 al? a2? cynl c¥n2? c¥n33 n3 ry +
4 a0% al* a2 cYnl c¥n3° n3 rY + 8 a0? al®a2? cy¥nl cYn3®>n3 ry +
4 a0 al?a2?cynl c¥n3®°n3rY+6a0?al?cynl cyn3?n3? ry?+
24 a0% al® a2 c¥nl c¥n3?n3? rv? + 24 a0 al® a2 c¥nl c¥n3? n3? rv? +
6 a0 al? a2? cy¥nl cYn3?n3%2 rv? + 24 a0 al® a2? c¥nl c¥n3? n3? ry? +
6 al* a2? cYnl cYn3?n3?ry? + 2 a0%? al® cynl1® c¥n3? n3%2 ry? +
4 a0?% al® a2 cY¥nl® cYn3?n3?ry? + 8 a0 al? a2 cynl® cyn3? n3? ry? -
3 a0?%al? a2? cynld cYn3? n3? ry? +
4 a0 al’a2?cynl®cyn3?n3?ry?+2al?a2?cyn1®cyn3?n3?ry?+
2 a0% al® c¥nl c¥n2? cY¥n3? n3% ry? +
4 a0 a1® a2 cYnl c¥n2? cYn3? n3% ry? +
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8 a0 al* a2 c¥nl c¥n2? cyn3? n3? ry? -
3a0%2al? a2? cYnl cYn2? cyn3?n3? ry? +
4 a0 al®a2? cYnl c¥n2? cyn3? n32 ry? +
2 al* a2? c¥nl c¥n2? c¥n3? n3? ry? +
2 a0 al® cynl cyn3? n3?ry? + 16 a0 al® a2 cynl cYn3* n3% ry? +
8 a0 al? a2 c¥nl cYn3* n32 ry?+ 12 a0%? al? a2? cYnl cyn3? n3? ry? +
16 a0 al® a2 cYnl c¥n3* n3? rv? + 2 a1l a2? c¥nl cY¥n3* n3? ry? +
12 a0? al® c¥nl c¥n3 n33ry3 + 12 a0 al? cYnl cYn3 n33 ry3 +
12 a0%2 al? a2 c¥nl cYn3 n33 ry® + 36 a0 al® a2 c¥nl cYn3 n33 ry3 +
12 al* a2 cY¥nl cyn3 n33ry3® + 12 a0 al? a2? c¥nl cYn3 n33 ry3 +
12 al® a2? c¥nl c¥n3 n33 r¥Y3 + 2 a0% a1’ c¥n1® c¥n3 n33 rv +
4a0al*cynl®cyn3n3®ry®-2a02a1?2a2cynl®cyn3n3d®ry’+
6 a0 al’®a2cynl®cyn3n3’ry?+4al?a2cynl’®cyn3n3’ry’-
2 a0% al a2? c¥n1® c¥n3 n33ry® -2 a0 al? a2? cynl® cyn3 n3’ ry3 +
2al®*a2?2cyn1®cyn3n3dry® +2a0%al’cynl c¥n2? cyn3 n33 ryd +
4 a0 al*cyYnl cyn2? cyn3 n33 ryd -
2 a0% al? a2 c¥nl c¥n2? c¥n3 n33 ry3 +
6 a0 al® a2 c¥nl cYn2? cyn3 n33 rvy3 +
4 al* a2 cYnl cyn2? cyn3 n33 ryd -
2 a0?% al a2? c¥nl c¥n2? c¥n3 n33 ry3 -
2 a0 al? a2? cynl c¥n2? cyn3 n33 ry3 +
2 al®a2?cyYnl c¥n2? cyn3 n33 ryd +
8 a0%2 a1® cYnl c¥n33® n33 ry® + 4 a0 al® c¥nl c¥n33 n33 ry3 +
24 a0%? al? a2 cynl cyn3®n33ry® + 28 a0 al® a2 cynl cyn3®n33 ry3 +
4 al* a2 cYnl c¥n3®n33 ry® + 8 a0? al a2 cYnl cyn3® n33 ry3 +
24 a0 al? a2? cYnl cyn33® n33 ryY3 + 8 al® a2? c¥nl c¥n3® n33 ry’ +
6 a0%?al? cynl n3*ry*+12a0al®cynl n3*ryt+
6al?cynln3?ry*+12a0al?a2cynl n3®ryt+
12 al® a2 cY¥nl n3* rv* + 6 al? a2? cynl n3* ry* +
a0? al? cyn1®n3%ry* +2a0al’®cyn1d®n3* ry*+
2al*cyn1®n3*ry*-2a0%ala2cyni®n3?ry*-
2a0al?a2cy¥nl®n3*ry*+2a1®a2cyni®n3?ry*+
a0? a22 cyn1® n3* ry* - 2 a0 al a2? cYyn1® n3* ry? +
al? a22 cyn1®n3? ry* + a0%? al? cynl cyn2? n34 rv* +
2 a0 al®c¥nl c¥n2?n3* ry* + 2 al? c¥nl cYn2? n3* ry* -
2 a0% al a2 c¥nl c¥n2?n3* ry* - 2 a0 al? a2 c¥nl c¥n2? n3* ry* +
2 al®a2cynl c¥n2? n3? ry* + a0 a2? cynl cYn2? n3* ry* -
2 a0 al a2? c¥nl c¥n2? n3* ry* + a1? a2? c¥nl cYn2? n3* ry* +
12 a0% a1? c¥nl c¥n3? n3? ry* + 12 a0 al® c¥nl c¥n3? n3* ry* +
2 al*cynl c¥n3?n3? ry*+ 16 a0? al a2 c¥nl cyn3? n3? ry* +
36 a0 al? a2 c¥nl c¥n3? n3% rv* + 12 a1® a2 c¥nl c¥n3? n3* ry* +
2 a0%? a2? cYnl cYn3? n3* ry* + 16 a0 al a2? c¥nl c¥n3? n3* ry* +
12 al? a22 c¥nl cYn3? n3? ry* + 8 a02 al c¥nl c¥n3 n3° ryd +
12 a0 al? cYnl cYn3 n3° rY®> + 4 a1’ c¥nl cYn3 n3° ry® +
4 a0%? a2 c¥nl c¥n3 n3® ry® + 20 a0 al a2 c¥nl cY¥n3 n3° ry° +
12 al? a2 cYnl c¥n3 n3® rY® + 4 a0 a2 c¥nl cYn3 n3% ry°® +
8 al a2 c¥nl cYn3 n3® rY® + 2 a0% cYnl n3°® rv® +
4a0alcynln3®ry®+2al?cyYnln3®ry’+
4 a0 a2cynl n3®ry®+4ala2cynln3®ry’+
2a2%2cyYnl n3®ry®+2a0al?a2cynl? cyn3?ry

V ( <a0 al a2 cYnl cYn3n3 + a0 al cY¥nl n3?rY + a0 a2 cynl n3? rY + al a2 c¥nl n3? rY) z_

4 a0 al a2 cYnl1? n3? (aO al a2 c¥n3?+a0alcYn3n3rY+ala2c¥n3n3ry-+
ala2cy¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) -2a0al?a2cyYn2? cyn3?
rY+/ ((a0al a2cy¥nlcYn3n3+a0alcynln3’rY+ala2cy¥nln3’rY+ala2cyYnln3®ry) z_
4 a0 al a2 cYnl1? n3? (aO al a2 c¥n3?+a0alcYn3n3rY+ala2cyYn3n3ry+ala2

cYn3n3rY+adn3?ry?+aln3?ry?+a2n3? rYz) ) +2a0al’?cyYnl? c¥n3 n3 ry?
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| Complex 5-dimensional complete intersection. Case 3.nb

V ( <a0 al a2 c¥nl c¥n3n3 +a0alcYnln3?rY+ala2c¥Ynln3?ry+ala2cy¥nln3? rY) z_
4 a0 al a2 cyn1? n3? <a0 ala2cyn3?+a0alcYn3n3rY+ala2cyYn3n3ryY+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rY2) ) +a0 al a2 c¥nl? cYn3 n3 ry?
N ( <a0 al a2 cY¥nlcYn3n3+a0alcYnln3?rY+a0a2cy¥nln3?rY+ala2cYnl n3? rY) z_
4 a0 al a2 cYnl1? n3? (aO al a2 c¥n3?+a0alcYn3n3rY+ala2cyYn3n3ryY+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +2al?a2c¥n1? cyn3 n3 ry?
+/ ((a0 al a2 c¥nl cYn3n3 +a0 al cYnl n3’rY +a0 a2 cynln3’rY+ala2cynln3’ry)? -
4 a0 al a2 cYnl? n3? (aO al a2cyYn3?+a0alcyn3n3rY+ala2cy¥n3n3ryY+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) -2a0al?cyn2?cy¥n3 n3 ry?
+/ ((a0 ala2c¥nlcYn3n3+a0alcyYnln3?rY+ala2c¥nln3®rY+ala2cynln3?ry) z_
4 a0 al a2 cYnl1? n3? <a0 al a2cyn3?+a0alcyn3n3ryY+ala2c¥n3n3ryY+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) -~ a0 al a2 c¥n2? cYn3 n3 ry?
\/ ( (aO al a2 c¥nlc¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2c¥nln3? rY) z_
4 a0 al a2 cYnl1? n3? <a0 al a2cyn3?+a0alcYn3n3ryY+ala2c¥n3n3ry+ala2
cYn3n3 rY+a0n3®ry?+aln3’ry’+a2n3?ry?)) - 2al” a2 c¥n2® c¥n3 n3 rv?
N ( (aO al a2 c¥nlc¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2cy¥nln3? rY) z_
4a0ala2cynl?n3® (a0 ala2c¥n3’+a0alcyn3n3ryY+alda2cyn3n3ry+
al a2 cYn3n3rY +a0n3?ry?+aln3?ry?+a2n3? rYz) ) +a0 al cynl? n3? ry?
J ( <a0 al a2 c¥nlc¥n3n3 +a0alcYnln3?rY+ala2c¥Ynln3?ry+ala2cynln3? rY) z_
4a0ala2cynl?n3” (a0 ala2cyn3®+a0alcyYn3n3ry+ala2cyn3n3ry+
ala2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +2al?cy¥n1?n3? ry?
\/ ( <a0 al a2 cYnlcYn3n3+a0alcYnln3?rY+a0a2c¥nln3?rY+ala2cYnl n3? rY) z_
4 a0 al a2 cYnl? n3? (aO al a2 c¥n3?+a0alcYn3n3rY+ala2c¥n3n3ry-+
ala2cy¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) -a0a2cynl? n3? ry?
v ((a0ala2cynlcyn3n3+a0alcynln3’rY+a0a2cy¥nln3’ry+ala2cynln3’ry)?-
4 a0 al a2 cYnl? n3? (aO al a2 c¥n3?+a0alcyn3n3rY+ala2cy¥n3n3ry+
ala2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +ala2cyYnl? n3? ry?
+/ ((a0ala2c¥nlcyYn3n3+a0alcyYnln3?rY+ala2c¥nln3®rY+ala2cynln3?®ry) z_
4 a0 al a2 cYnl? n3? <a0 al a2 cy¥n3?+a0alcYn3n3rY+ala2cy¥n3n3ry+
ala2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) -a0alcyn2?n3? ry?
\/ ( (aO al a2 cYnlc¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2c¥nln3? rY) z_
4 a0 al a2 cYnl1? n3? <a0 al a2cyn3?+a0alcYn3n3rY+ala2cy¥n3n3ry+
al a2cyn3n3rY+a0n3”rY’+aln3?ry’+a2n3®rv?)) - 2al® cyn2? n3® rv’
N ( (aO al a2 c¥nlc¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2c¥nln3? rY) z_
4a0ala2cynl?n3® (a0ala2cyn3’+a0alcyn3n3ryY+alda2cyn3n3ry+
al a2 cYn3n3rY +a0n3?ry?+aln3?ry?+a2n3? rY2> ) +a0 a2 cyn2? n3? ry?
J ( <a0 al a2 c¥nl cY¥n3n3 +a0alcYnln3?rY+a0a2c¥nln3?ry+ala2cynln3? rY) z_
4a0ala2cynl?n3? (a0 ala2cyn3®+a0alcyYn3n3ryY+ala2cyn3n3ry+
ala2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) -ala2cyYn2?n3?ry?
V ( <a0 al a2 cYnlcYn3n3 +a0alcYnln3?rY+a0a2cy¥nln3?rY+ala2cYnl n3? rY) z_
4 a0 al a2 cYnl1? n3? (aO al a2 c¥n3?+a0alcYn3n3rY+ala2c¥n3n3ry-+
al a2 cYn3n3rY +a0n3?ry?+aln3?ry?+a2n3? rY2> ) ) /
(2 cYnl ry? (aO ala2c¥n3?+al0alc¥n3n3rY+ala2cYn3n3rY+ala2cy¥n3n3ry+
a0 n3?ry? + al n3? rv? + a2 n3? rYZ) 2) ,
Sn2 - (6 a0?al1? a2? cynl cyn3* + 2 a02?al? a2* cyn1® cyn3? + 2 a0% a1? a2% cYnl cYn2? c¥Yn3* +

2 a0%2al1? a2? c¥nl c¥n3®+ 12 a0%a1? a2 cynl cyn3®*n3 ry+

12 a0? al a2* cYnl cYn3®n3rY+ 12 a0 al? a2 c¥nl cyn3®n3 ry +
2a0%al1?a2%cyn1®cyn3®n3ry+

4 a0% al a2* cYn1® cYn3®n3 rY+ 4 a0 al?a2® cynl®cyn3®n3ry+
2 a0%al?a23cynl cyn2?2 cyn3®n3ry+
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4 a0?% al a2* c¥nl c¥n2? c¥n3®n3 ry +

4 a0 al? a2 cynl c¥n2? cyn33n3 ry +

8 a02 al? a2® cynl cYn3’n3 rY+ 4 a0? al a2* c¥nl c¥n3°n3 ry +

4 a0 al? a2 cY¥nl c¥n3° n3 rY + 6 a0% al? a2? cY¥nl c¥n3? n3% ryv? +
24 a0% al a23 cYnl cYn3?n3? ry? +

24 a0 al? a2% cYnl cYn3? n3% rY? + 6 a02? a2% cYnl c¥n3? n32 ry? +
24 a0 al a2 c¥nl cY¥n3?n3? ry? + 6 al? a2* c¥nl c¥n3? n32? ry? -
3a02al?a2?cynl®cyn3?n3?ry?+4a0?ala2dcynl®cyn3?n3?ry?+
4 a0 al? a2’ cyn1®cyn3?n3?ry?+2a0?a2®cynl®cyn3?n3?ry?+
8 a0 al a2 cynl® cyn3?n3% ry? + 2 al? a2* cYn1® cYn3? n3? ry? -
3a0%al? a2? cy¥nl c¥n2? c¥n3?n3? ry? +

4 a0?% al a2® c¥nl c¥n2? cyn3? n32 ry? +

4 a0 al? a2® c¥nl c¥n2? cYn3? n3%2 ry? +

2 a0?% a2* c¥nl c¥n2? c¥n3? n3? ryv? +

8 a0 al a2? c¥nl cYn2? cYn3? n3? ry? +

2 al? a2* cYnl c¥n2? c¥n3? n3%2 ry? +

12 a0% al? a2? c¥nl c¥n3* n3% rv? +

16 a0% al a23 c¥nl cYn3* n3? ry? + 16 a0 al? a2 c¥nl cYn3* n32 ry? +
2 a0% a2 cYnl cYn3* n32rv? + 8 a0 al a2® cYnl cyn3? n3% ry? +

2 al? a2 c¥nl c¥n3* n32 rv? + 12 a0? al a2? c¥nl c¥n3 n33 ryd +
12 a0 al? a2? cYnl cYn3 n33 ry3 + 12 a0 a23 c¥nl cYn3 n33 ry3 +
36 a0 al a2° c¥nl cYn3 n3®ry® + 12 al? a2® cynl cyn3 n33 ryd+
12 a0 a2® c¥nl cYn3 n33 ry3+ 12 al a2® c¥nl cyn3 n33 ry3 -

2 a02al?a2cynl®cyn3n3d®ry?®-2a0%?ala2?cynl®cyn3n3’ry’-
2a0al?a2?2cyn1®cyn3n3’®ry’+2a0%a2’cynl®cyn3n33ryd+

6 a0 al a2> cynl® cyn3 n33 ry?+2al?a2®cynl1®cy¥n3 n33ryd +

4 a0 a2? cyn13 cyn3 n3dry?®+ 4 al a2? cyn1® cyn3n3® ry’ -

2 a0% al? a2 c¥nl c¥n2? cyn3 n33 ry3 -

2 a0?% al a2? c¥nl c¥n2? c¥n3 n33 ry3 -

2 a0 al? a2? cynl cYn2? cyn3 n33 ry3 +

2 a0? a23 cYnl c¥n2? cyn3 n33 ryd +

6 a0 al a2> c¥nl cYn2? cYn3 n33 ry3 +

2 al? a23 c¥nl c¥n2? cyn3 n3’ ry3 +

4 a0 a2* cynl c¥n22 cYn3n33 ry® + 4 al a2® c¥nl c¥n22 cyn3 n33 ry3 +
8 a0 al? a2 cYnl cyn33 n3% ry3 + 24 a0 al a2%? c¥nl cyn33 n33 ry3 +
24 a0 al? a2? c¥nl cYn3® n33 rY3 + 8 a02% a2% c¥nl c¥n3® n33 rv’ +
28 a0 al a23 c¥nl cYn3®n33 ry3®+ 8a1?a2® cynl cyn33n33 ryd +

4 a0 a2* c¥nl c¥n3®n33ry3 + 4 al a2* cynl cYn33®n33 ryd+

6 a0%2 a22 cYnl n3* ry* + 12 a0 al a2%2 c¥Ynl n3* ry* +

6 al?a2?cynl n3* ry? + 12 a0 a2 cynl n3 ry* +

12 al a2® cYnl n3* ry! + 6 a2* cYnl n3* ry* +

a0?al1?cyn1®n3* ry*-2a0?al a2 cynl1’®n3?ry? -
2a0al?a2cynl®n3?ry?+a0? a22 cyni®n3t ry* -
2a0ala2?cyn1®n3*ry*+al?a2?cyn1®n3try*+
2a0a2%cyYn1®n3*ry*+2ala2®cyni®n3?ry*+

2 a2%cyn1®n3? ry* + a0? al? cynl cyn2? n3t ry? -

2 a0%ala2cyYnl cyn2?2n3?ry?-2a0al?a2cynl cyn2?n3?ry*+
a0 a2? cYnl c¥n2? n3* ry* - 2 a0 al a2? c¥nl cYn2? n3* rv* +

al? a2? cYnl cYn2? n3% ry* + 2 a0 a23 c¥nl cYn2? n3* ry* +

2 al a2®c¥nl cyn2?2n3* ry* + 2 a2* c¥nl cYn2? n3* rvy* +

2 a0%?al? cYnl cYn3? n3* ry* + 16 a0% al a2 c¥nl c¥n3? n3* ry* +
16 a0 al? a2 cynl cyn3? n3? ry* + 12 a0? a2 c¥nl c¥Yn3% n3* ry* +
36 a0 al a22 cYnl cYn3? n3% rv* + 12 a1? a22 c¥nl c¥n3? n3% ry* +
12 a0 a23 c¥nl c¥n3? n3* ry? + 12 al a23 c¥nl c¥n3? n3* ry* +

2 a2 c¥nl cyn3? n3? ry* + 4 a0? al cYnl cYn3 n3° ry® +

4 a0 al? cYnl cYn3 n3% rY® + 8 a0%2 a2 cYnl c¥n3 n3° ry® +

20 a0 al a2 cYnl c¥n3 n3° rY® + 8 al? a2 c¥nl c¥n3 n3° ry® +
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12 a0 a2? cYnl c¥n3 n3® rY® + 12 al a2? cYnl c¥n3 n3° ry° +
4 a2® cynl c¥n3 n3% rv® + 2202 cYnl n3® ry® +
4a0alcynln3®ry®+2al?cynln3®ry®+
4 a0 a2c¥nln3®ry®+4ala2cynln3®ry®+
2 a2?2cynl n3®ry® + 2 a0 al a2? cynl1? cyn3? ry
N ( (aO al a2 c¥nl cY¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2c¥nln3? rY) z_
4a0ala2cynl?n3® (a0ala2cyn3’+a0alcyn3n3ryY+alda2cyn3n3ry+
al a2 cYn3n3rY +a0n3?ry?+aln3?ry?+a2n3? rY2> ) -2 a0 al a2? cyn2? cyn3?
rY ./ ( (aO al a2 c¥nlc¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2cy¥nln3? rY) z_
4a0ala2cynl?n3® (a0ala2cyn3’+a0alcyn3n3ryY+ala2cyn3n3ryY+ala2
cYn3 n3 rY + a0 n3?ry?+aln3?ry?+a2n3? rYz) ) +a0al a2cynl?cyn3 n3 ry?
V ( <a0 al a2 cYnlcYn3n3+a0alcyYnln3?rY+a0a2c¥nln3?rY+ala2cYnl n3? rY) z_
4 a0 al a2 cyn1? n3? (aO ala2cyn3?+a0alcyn3n3ryY+ala2cyYn3n3ryY+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +2a0a2? cyn1? cYn3 n3 ry?
v ((a0ala2cynlcyn3n3+a0alcynln3’ryY+ala2cynln3’ry+ala2cynln3®ry)?-
4 a0 al a2 cYnl1? n3? (aO al a2 c¥n3?+a0alcYn3n3rY+ala2cyYn3n3ry+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +2ala2?cynl? cyYn3 n3 ry?
+/ ((a0al a2 c¥nlcYn3n3 +a0 alcynln3’rY+a0a2cynln3’ry+ala2cynln3’ry)? -
4 a0 al a2 cYnl1? n3? (aO al a2c¥n3?+a0alcyn3n3rY+ala2cyYn3n3ry+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) -~ a0 al a2 c¥n2? cYn3 n3 ry?
\/ ( (aO al a2 c¥nlcYn3n3 +a0alcyYnln3?rY+a0a2c¥nln3?rY+ala2c¥Ynl n3? rY) z_
4 a0 al a2 cYnl? n3? <a0 al a2 cyn3?+a0alcyn3n3ryY+ala2cyYn3n3ry+ala2
cYn3n3 rY¥+a0n3®rv? +aln3” ry’ + a2n3? ry?)) - 2 a0 a2® c¥n2® c¥n3 n3 rv?
\/ ( (aO al a2 c¥nl cYn3n3 +a0alcYnln3?rY+a0a2cY¥nln3?ry+ala2c¥nln3? rY) z_
4a0ala2cynl?n3® (a0ala2cyn3?+a0alcyn3n3ryY+alda2cyn3n3ry+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) -2ala2?c¥n2? c¥n3 n3 ry?
N ( (aO al a2 c¥nl c¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2cynln3? rY) z_
4a0ala2cynl?n3® (a0ala2cyn3’+a0alcyn3n3ryY+alda2cyn3n3ry+
ala2cy¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) -a0alcynl?n3?ry?
V ( <a0 al a2 c¥nl c¥n3n3 +a0alcYnln3?rY+ala2c¥Ynln3?ry+ala2cynln3? rY) z_
4 a0 al a2 cyn1? n3? <a0 ala2cyn3?+a0alcyn3n3rY+ala2cy¥n3n3ry+
ala2cy¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +a0 a2 cynl? n3? ry?
N ( <a0 al a2 cYnlcYn3n3 +a0alcYnln3?rY+a0a2cy¥nln3?rY+ala2cYnl n3? rY) z_
4 a0 al a2 cYnl1? n3? (aO al a2 c¥n3?+a0alcYn3n3rY+ala2c¥n3n3ry-+
ala2cy¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +ala2cyYnl? n3? ry?
+/ ((a0 al a2 c¥nl c¥n3n3 +a0 al cYnl n3’rY + a0 a2 c¥nln3’*rY +al a2 cynl n3’ ry)? -
4 a0 al a2 cYnl? n3? (aO al a2 c¥n3?+a0alcYn3n3rY+ala2cy¥n3n3ry+
ala2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +2a2%cyn1?n3? ry?
\/ ( (aO al a2 c¥YnlcYn3n3 +alalcyYnln3?rY+a0a2c¥nln3?rY+ala2c¥Ynln3? rY) z_
4 a0 al a2 cYnl1? n3? <a0 al a2 cyn3?+a0alcyYn3n3rY+ala2cy¥n3n3ry+
al a2 cyn3n3rY+a0n3”rY’ + al n3? ry’ + a2 n3’ rv?)) + a0 al c¥n2? n3® ry’
\/ ( (aO al a2 c¥nl c¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2c¥nln3? rY) z_
4 a0 al a2 cYnl1? n3? <a0 al a2 cyn3?+a0alcyYn3n3rY+ala2cy¥n3n3ry+
al a2cyn3n3rY+a0n3”rY’+aln3?ry’+a2n3’rv?)) - a0 a2 cyn2? n3® ry’
N ( (aO al a2 c¥nl c¥n3n3 +a0alcYnln3?rY+a0a2c¥Ynln3?ry+ala2cy¥nln3? rY) z_
4a0ala2cynl?n3® (a0 ala2c¥n3”?+a0alcyn3n3ryY+alda2cyn3n3ry+
al a2 cYn3n3rY +a0n3?ry?+aln3?ry?+a2n3? rYz) ) -ala2cyn2?n3?ry?
J ( <a0 al a2 c¥nlc¥n3n3 +a0alcYnln3?rY+a0a2c¥Ynln3?ry+ala2cynln3? rY) z_
4a0ala2cynl?n3’ (a0 ala2cyn3®+a0alcyYn3n3ry+ala2cyn3n3ry+

ala2c¥Yn3n3rY+a0dn3?ry?+aln3?ry?+a2n3? rYz) ) -2a2?cyn2?n3?ry’
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V ( <a0 al a2 c¥nl c¥n3n3 +a0alcYnln3?rY+ala2c¥Ynln3?ry+ala2cy¥nln3? rY) z_
4 a0 al a2 cyn1? n3? <a0 ala2cyn3?+a0alcyn3n3rY+ala2cyn3n3ry+
ala2cyn3n3rY+a0n3’ry’+aln3’ry’+a2n3’rv?)))/
(2 cYnl ry? (aO ala2c¥n3?+al0alc¥n3n3rY+ala2cYn3n3rY+ala2cY¥n3n3ry+
a0 n3?ry? + al n3? rv? + a2 n3? rYz)z) , pY1l > 3,
nl - - ( (aO al a2 cy¥nlc¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?rY+ala2c¥nln3?ry-
\/ ( (aO al a2 cYnlcYn3n3+a0alcYnln3?rY+ala2c¥nln3?ryY+ala2cynln3? rY) 2
4 a0 al a2 cYn1? n3? (aO al a2 cYn3?+a0alcYn3n3rY+ala2cyYn3n3ry+
al a2 cY¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) ) /
(2 (aO ala2cy¥n3?+al0alc¥n3n3rY+ala2cYn3n3rY+ala2c¥n3n3ry+
a0 n3?ry? + aln3? ry? + a2 n3? rY2> > > ’
n2 - - ((c¥n2 (a0 al a2 c¥nlc¥n3 n3 +a0alcYnln3’rY+a0a2cynln3®ry+
al a2 c¥nln3?ry+ \/ ( (aO al a2 cY¥nlc¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+
al a2 cYnl n3? rY) 2_4a0ala2cynl?n3? (a0ala2cyn3?+a0alc¥n3n3ry+
a0a2cyYn3n3ryY+ala2cy¥n3n3ry+a0n3’ry’+aln3’ry’+a2n3’ry?))))/
(2 cYnl (aO al a2 cyYn3?+a0alcYn3n3rY+alda2cyYn3n3rY+ala2cY¥n3n3ry-+

a0 n3? ry? + al n3? ry? + a2 n3? rYz) ) )},

, d—

3 +cYnl? + cYn2? + cYn3? 1
{p-

ry? ~ cYnl cYn2 n3?
ry?
(aO al a2 cyYn3?+a0alcyn3n3ryY+ala2cyYn3n3ry+
ala2cy¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ’

1
NO1 - (a0 - al) (a0 ala2cyn3’+a0alcYn3n3ry+
a23c¥nl cYn2 n33 ry

a0 a2cY¥n3n3rY+ala2c¥n3n3rY+
a0 n3?ry?+aln3?ry?+a2n3? rYz) ,

1
NO2 - — (a0 - a2) (a0 ala2c¥n3?+a0alcyn3n3ry+
al®cynl cYn2 n33ry

a0 a2 c¥Yn3n3rY+ala2cYn3n3rY+adn3?ry?+aln3?ry?+a2n3? rYz) ,

1
N12 > - (al-a2) (a0ala2cyn3’+a0alcyn3n3ry+
a0% cyYnl c¥n2 n33 ry

a0 a2 cYn3n3rY+ala2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ’

Sn0 > (6 a0* al” a2” c¥nl cYn3* + 2 a0* al” a2? c¥n1® cyn3* +

2 a0* a1? a2? cynl cYn2? cyn3? + 2 a0? a1? a2? c¥nl cYn3® +

12 a0* al? a2 c¥nl c¥n3®n3 rY+ 12 a0* al a2? c¥nl c¥n33®n3 ry +

12 a0% a1? a2? cYnl c¥n3° n3 rY + 4 a0? a1? a2 cYn1® cyn3®n3 ry +

4 a0*al a2?2cyn1®cyn3®n3ry+2a0®al?a2?2cynl’®cyn3®n3ry+

4 a0* al? a2 c¥nl c¥n2? c¥n3®n3 ry +

4 a0* al a2? c¥nl c¥n2? c¥n3®n3 ry +

2 a0%al?a2? cynl cYn2? cyn3®n3 ry +

4 a0*al? a2 cY¥nl c¥n3’n3rY + 4 a0* al a2? c¥nl cY¥n3°n3 ry +

8 a0% a1? a22 cYnl c¥n3° n3 rY + 6 a0? al? c¥nl c¥n3? n32 rv? +

24 a0? al a2 c¥nl cYn3?n32 ry? + 24 a0%al? a2 c¥nl cYn3?n3? ry? +

6 a0? a2%2 cYnl cYn3? n3% ry? + 24 a0° al a2? cYnl cYn3? n3% ry? +

6 a0%2 a1? a22 c¥nl c¥n3? n3? ry? + 2 a0 a1? c¥n1® c¥n3?n3? ry? +

8 a0?al a2 cynl1® cyn3?n3?ry?+4a0®al?a2cynl®cyn3?n3?ry?+

2 a0* a22 cYn1® cYn3?n3? ry? + 4 a0° al a2? cYnl1® cYn3? n3? ry? -

3a02al1?a2? cyn1®cyn3?n3?ry? +

2 a0 al? cynl c¥n2? cYn3? n3?2 ry? +

8 a0? al a2 c¥nl cYn2? cYn3? n3? ry? +

4 a0 al? a2 c¥nl c¥n2? c¥n3? n3?2 rv? +

2 a0% a2? cynl c¥n2? cYn3? n3? ry? +

4 a0% al a2? cYnl c¥n2? cyn3? n32 ry? -
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3 a0? al? a2? cy¥nl c¥n2? c¥n3? n3? ry? +
2 a0 al? cynl cyn3? n3?2ry? + 8 a0? al a2 c¥nl cyn3* n3? ry? +
16 a0% a1? a2 c¥nl cYn3* n32 ry? +
2 a0% a2? cYnl c¥n3* n3% ry? + 16 a0° al a2% c¥nl c¥n3? n32? ry? +
12 a0? al? a2? c¥nl c¥n3* n3% ry? +
12 a0* al cYnl cyn3 n33ry3® + 12 a0%a1? cynl cYn3 n3d ry3 +
12 a0* a2 cY¥nl cyn3 n33 ry3 + 36 a0% al a2 c¥nl cyn3 n33 ry3 +
12 a0? al? a2 cYnl cYn3 n33 rY® + 12 a0 a2? c¥nl cYn3 n33 ry3 +
12 a0%? al a2? cynl cYn3 n3® ry® + 4 a0* al cYynl® cYyn3 n33 ry3 +
2 a0%al?cyn1®cYn3n33ry® + 4 a0* a2 cYnl®cyn3n3dryd +
6 a0% al a2 c¥n1®cyn3 n3®ry®-2a0%al?a2cy¥nl®cyn3n3dryd+
2a0%a22cyn1®cyn3n3’®ry’-2a0%al a2?cynl1® cyn3 n33ryd -
2a0al?a2?cyn1®cYn3n3’ry®+4 a0*alcynl cyn2? cyn3 n33 ryd+
2 a0% al? c¥nl c¥n2? c¥n3 n3’ ryd +
4 a0* a2 cYnl c¥n22 cyn3 n33 ryd +
6 a0° al a2 cYnl cYn2? cYn3 n33 ry3 -
2 a0% al? a2 c¥nl c¥n2? c¥n3 n33 ry3 +
2 a0® a2? c¥nl c¥n2? cyn3 n33 ry3 -
2 a0?% al a2 c¥nl c¥n2? c¥n3 n33 ry3 -
2 a0 al? a2? c¥nl c¥n2? c¥n3 n33 ry3 +
4 a0% al cynl cYn33®n33ry3®+8a0%al?cynl cyn3®n33ryd +
4 a0* a2 cYnl c¥n3®n33 ry® + 28 a0% al a2 c¥nl cYn3®n33 ryd+
24 a0? al? a2 c¥nl cYn33 n33 rY3 + 8 a0% a2 c¥nl c¥n3® n33 rv’ +
24 a0% al a22 cYnl cyn3®n33ry? + 8a0al? a2? cynl c¥n3*n33ryd +
6 a0? cynl n3? ry* + 12 a0% al cYnl n3* ry* +
6 a0 al? cYnl n3* ry* + 12 a0 a2 cynl n3* ry* +
12 a0 al a2 cYnl n3* ry* + 6 a0%2 a2? cYnl n3* ry* +
2a0*cyn1®n3*ry*+2a0%al cyni®n3try* +
a0 al? cyn1®n3* rv* + 2 a0% a2 cyn1® n3* ry* -
2a0?ala2cyn1®n3?ry?-2a0al?a2cynl®n3?ry?+
a0?a2?2cynl®n3?ry*-2a0ala2?cyni®n3try*+
al? a2? cyn1®n3* ry* + 2 a0% c¥nl c¥n2? n3* rv* +
2 a0%alcynl cyn2?n3® ry* + a0? al? cynl cYn2? n3* ry* +
2 a0%a2cyYnl cyn2?2n3*ry?-2a02?ala2cynl cyn2?n3?ry*-
2 a0 al? a2 c¥nl cYn2? n3* ry* + a0%? a2 c¥nl cYn2? n3* ry* -
2 a0 al a2? c¥nl c¥n2? n3* rv* + a1? a2? c¥nl c¥n2? n3* rv* +
2 a0* cYnl c¥n3?n3? ry* + 12 a0° al c¥nl c¥Yn3? n3% ry? +
12 a0% al? cYnl c¥n3? n3? ry* + 12 a0% a2 c¥nl cyn3? n3* ry* +
36 a0%2 al a2 cYnl cYn3? n3* ry* + 16 a0 al? a2 c¥nl c¥n3? n3* ry* +
12 a0% a22 c¥nl cYn3? n3? ry* + 16 a0 al a2 cYnl c¥n3? n3* ry? +
2 al? a2? cYnl c¥n3?n3* rv* + 4 a0% c¥nl cyn3 n3® ry’® +
12 a0% al cY¥nl c¥n3 n3° rY> + 8 a0 al? c¥nl cYn3 n3° ry° +
12 a0%? a2 cYnl c¥n3 n3° ry®> + 20 a0 al a2 c¥nl c¥n3 n3% ry® +
4 al? a2 cYnl cYn3 n3° rY® + 8 a0 a2%2 cY¥nl cYn3 n3° ry>® +
4 al a2? c¥nl c¥n3 n3° rv® + 2 a0%2 cYnl n3° rvy® +
4 a0 alcynln3®ry®+2al?cynln3®ry®+
4a0a2cynln3®ry®+4ala2cynln3®ry®+
2 a2? c¥nl n3® ry® + 2 a0 al a2 cynl? c¥n3? ry
N ( (aO al a2 cYnl cYn3n3 +a0alcYnln3?rY+a0a2cy¥nln3?ry+ala2cyYnln3? rY) z_
4 a0 al a2 cYn1? n3? <a0 al a2 cy¥n3?+a0alcYn3n3rY+ala2cy¥n3n3ry+

ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) - 2a0%al a2 cYn2? cyn3?

ry \/ ( (aO al a2 cYnl cYn3n3 +a0alcYnln3?rY+a0a2cyYnln3?ryY+ala2cYnln3? rY) z_

4 a0 al a2 cYnl1? n3? <a0 al a2cyn3?+a0alcYn3n3ryY+ala2c¥n3n3ry+ala2
cYn3n3 rY+a0n3®ry?+aln3’ry’+a2n3?ry?)) + 2a0%al c¥nl® c¥n3 n3 rvy?
N ( (aO al a2 cYnl c¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2cy¥nln3? rY) z_
4a0ala2cynl?n3® (a0ala2cyn3’+a0alcyn3n3ryY+ala2cyn3n3ry+ala2
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cYn3n3rY+adn3?ry?+aln3?ry?+a2n3? rYz) ) +2a0%a2cy¥nl? c¥n3 n3 ry?
a0 al a2 c¥Ynl c¥Yn3n3 +a0al c¥nln3“rY+ala2c¥nln3“rY+ala2cY¥nln3“ry)” -
0 al a2 cYnl c¥n3n3 +a0 al 1 n3? 0 a2 1 n3? 1a2 1n3?ry)?
4 a0 al a2 cynl? n3? (aO ala2cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ryY+ala2
cYn3 n3rY +adn3?ry?+aln3?ry?+a2n3? rYz) ) +a0 al a2 cYnl? c¥n3 n3 ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 al cYnln3?rY+a0a2c¥nln3?ryY+ala2cyYnl n3? rY) z_
4 a0 al a2 cynl? n3? <a0 al a2 cYn3? +a0alcYn3n3rY+ala2cY¥n3n3ryY+ala2
cYn3n3rY +adn3?ry?+aln3?ry?+a2n3? rYZ) ) - 2a0%alcyYn2?c¥n3 n3 ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 al cYnln3?rY+a0a2cy¥nln3?ryY+ala2cYnln3? rY) z_
4 a0 al a2 cYn1? n3? (a0 al a2 cYn3?+a0alcyYn3n3rY+ala2cyn3n3ryY+al a2
cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) -2 a0?% a2 cyYn2? cYn3 n3 ry?
V ( <a0 al a2 cYnl cYn3n3 +a0al cY¥nln3?rY+a0a2cynln3?ryY+ala2cYnln3? rY) z_
4 a0 al a2 cYnl? n3? (a0 al a2 cYn3?+a0alcy¥n3n3rY+ala2cyn3n3ryY+al a2
cYn3n3rY+adn3?ry?+aln3?ry?+a2n3? rYz) ) - a0 al a2 cYn2? cyn3 n3 ry?
a0 al a2 cY¥nlcYn3n3 +a0alcY¥Ynln3“rY+ala2cyYnln3“rY+ala2cYnln3“ry)” -
0 al a2 cYnl cY¥Yn3n3 +a0al 1 n3? 0 a2 1 n3? 1a2 1n3%ry)?
4 a0 al a2 cYnl? n3? (aO al a2 cYn3?+a0alcYn3n3rY+ala2c¥n3n3ry+
ala2c¥Yn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +2a0%cynl1?n3? ry3
a0 al a2 cY¥nl cYn3n3 +a0alcY¥Ynln3“rY+ala2cy¥nln3“rY+ala2cYnln3“ry)” -
0 al a2 cYnl c¥Yn3n3 +a0 al 1 n3? 0 a2 1 n3? 1a2 1n3%ry)?
4 a0 al a2 cynl? n3? (aO ala2cYn3?+a0alcYn3n3rY+ala2cYn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +a0 al cynl? n3? ry?
a0 al a2 cY¥nl cYn3n3 +a0alcY¥Ynln3“rY+ala2cy¥nln3“rY+ala2cYnln3“ry)” -
0 al a2 cYnl c¥Yn3 n3 +a0 al 1 n3? 0 a2 1 n3? 1a2 1n3%ry)?
4 a0 al a2 cynl? n3? (aO ala2c¥Yn3?+a0alcYn3n3rY+ala2cYn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +a0 a2 cynl? n3? ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 alcYnln3?rY+a0a2c¥nln3?ryY+ala2cyYnln3? rY) 2_
4 a0 al a2 cynl? n3? <a0 ala2cYn3?+a0alcYn3n3rY+ala2c¥n3n3ry+
al a2 cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2) ) - ala2cynl?n3?ry?
\/ ( (aO al a2 cYnl cYn3n3 +a0 al cYnl n3?rY+ a0 a2 c¥nl n3?rY +al a2 cYnl n3? rY) z_
4 a0 ala2cynl?n3® (a0 ala2cyn3”+a0alcyn3n3ryY+alda2cyn3n3ry+
al a2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2> ) -2 a0?%cyYn2?n3?ry?
V ( (aO al a2 cYnl cYn3n3 + a0 al c¥nln3?rY+ a0 a2cynln3?ryY+ala2c¥Ynln3? rY) z_
4a0ala2cynl?n3® (a0ala2cy¥n3’+a0alcyn3n3ryY+alda2cyn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) - a0 al cyn2?n3?ry?
V ( <a0 al a2 cYnl cYn3n3 + a0 al cY¥nl n3?rY + a0 a2 cynl n3%2 rY + al a2 c¥nl n3? rY) z_
4 a0 al a2 cYnl? n3? <a0 al a2 cYn3?+a0alcYn3n3rY+ala2c¥n3n3ry+
ala2c¥Yn3n3rY+a0dn3?ry?+aln3?ry?+a2n3? rYz) ) - a0 a2 cyn2? n3? ry?
\/ ( <a0 al a2 cYnl cYn3 n3 + a0 al cYnl n3? rY + a0 a2 c¥nl n3% rY + al a2 cynl n3? rY) 2
4 a0 al a2 cynl? n3? (aO ala2c¥Yn3?+a0alcYn3n3rY+ala2cYn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +al a2 cyn2? n3? ry?
+/ ((a0 al a2 c¥nl cYn3n3 +a0 alcYnln3’rY+a0a2cynln3’ryY+ala2cynln3’ry)? -
4 a0 al a2 cynl? n3? (aO al a2 cYn3?+a0alcYn3n3rY+ala2cY¥n3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) ) /
(2 cYnl ry? (aO al a2 cYn3?+a0alcYn3n3rY+alda2c¥n3n3rY+ala2c¥n3n3ry-+
a0 n3?ry?+aln3?ry?+a2n3? rYZ) 2) ,
Snl - (6 a0? al* a2? c¥nl cYn3* + 2 a0% al® a2? cYnl® c¥n3* + 2 a0% al® a2? c¥nl c¥n2? cYn3* +

2 a0 al® a2? cYnl cYn3® + 12 a0? al? a2 cYnl cYn33 n3 ry +

12 a0%? a1® a2? cYnl c¥n3® n3 ry +

12 a0 al® a2? c¥nl c¥n33®n3 rY + 4 a0? al®* a2 cYnl® cyn3®n3 ry +
2 a0%al®a2?cy¥nl®cy¥n3®n3ryY+4a0al®a2?cynl’®cyn3’n3ry+
4 a0? al* a2 c¥nl c¥n2? cyn3®n3 ry +

2 a0% a1’ a2? cy¥nl cYn2? cYn3®n3 ry +

4 a0 al* a2? c¥nl c¥n2? c¥n3®n3 ry +
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4 a0% al* a2 c¥nl c¥n3° n3rY + 8 a0% al® a2? cY¥nl c¥n3° n3 ry +
4 a0 al? a2? cynl c¥n3®n3 rY + 6 a0? al? cynl cYn3?n32 ry? +

24 a0 al® a2 cYnl cyn3?n3? ry? +

24 a0 al? a2 c¥nl cY¥n32 n3? ry? + 6 a0? al? a2? c¥nl c¥n3? n3%2 rv? +
24 a0 al® a2? cYnl cYn3? n3? ry? +

6 al? a2? cYnl c¥n3?n3? ry? + 2 a0? al® cYn1® cyn3? n32 rvy? +

4 a0?% a1’ a2 cYnl1® cYn3?n3?ry? + 8 a0 al? a2 cynl® cyn3? n3? ry? -
3a0%2al?a2?cynl® cyn3?n3?ry?+
4a0al®a2?2cyn1®cyn3?n3?ry?+2al?*a2?2cyn1®cyn3?n3?ry?+
2 a0?% al® cYnl c¥n2? c¥n3? n3%2 ry? +

4 a0?% a1’ a2 c¥nl c¥n2? c¥n3? n3?2 rv? +

8 a0 al? a2 c¥nl cYn2? cYn3? n3? ry? -

3 a0? al? a2? cy¥nl c¥n2? cYn3? n3? ry? +

4 a0 al® a2? c¥nl c¥n2? c¥n3? n3?2 rv? +

2 al* a2? cYnl c¥n2? cyn3? n3? ry? +

2 a0% a1l cYnl c¥n3* n32rv? + 16 a0? al® a2 c¥nl c¥n3* n32 rv? +
8 a0 al* a2 cY¥nl c¥n3* n3%2 ry? + 12 a0% a1? a2 c¥nl c¥n3* n3% ry? +
16 a0 al® a2? c¥nl cYn3® n32 ry? +

2 al*a2?cynl c¥n3*n32ryv?+12a02%al’cynl cyn3 n33 ryd+

12 a0 al® cY¥nl cYn3 n3’ ry3 + 12 a0%? al? a2 c¥nl c¥n3 n33 ry’ +
36 a0 al® a2 cYnl cYn3n3®ry® + 12 al? a2 cYnl cyn3 n33 ry3 +

12 a0 al? a2? c¥nl cY¥n3n33 ry3 + 12 a1® a2?2 c¥nl cyn3 n33 ry3 +
2a02a1’cyn1®cyn3n3®ry®+4a0al?cyni®cyn3n3dry’-
2a0%al?a2cynl®cyn3n3’®ry®+6a0al®a2cynid®cyn3n3dryd+
4al*a2cynl®cyn3n3’ry®-2a0?ala2?cynl®cyn3n3dry’-

2 a0 al? a2?cynl®cyn3n3’®ry®+2al1®a2?cynl’®cyn3 n3’ ryd+

2 a0%?aldcynl cyn2?2 cYn3n33ry? +

4 a0 al*cynl cyn22 cyn3 n33 ryd -

2 a0% al? a2 c¥nl c¥n2? c¥n3 n33 ry3 +

6 a0 al® a2 cynl cyn2? cyn3 n33 ry3 +

4 al* a2 cYnl c¥n22 cyn3 n33 ry® -

2 a0?% al a2? c¥nl c¥n2? c¥n3 n33 ry3 -

2 a0 al? a2? c¥nl c¥n2? c¥n3 n33 ry3 +

2 al®a2?cynl c¥n2? cyn3 n33 ryd +

8 a0 al® cynl cyn3®n33ry® +4a0al? cynl c¥n3®n33 ryd +

24 a0%? al? a2 c¥nl cYn33 n33 rY® + 28 a0 al® a2 c¥nl c¥n33 n33 ry3 +
4 al*a2cynl cyn3®n33ry3 +8a0?ala2?cynlcyn3®n3dry’+
24 a0 al? a2%2 cYnl cyn3®n33 ry3 + 8 al® a22 c¥nl c¥n3®n33 ry3 +
6 a0? al? cYnl n3* ry* + 12 a0 a1’ cynl n3* ry* +
6al?cynln3?ry*+12a0al?a2cynln3®ry?+

12 al® a2 cYnl n3* rv* + 6 al? a2? cynl n3* ry* +
a0?a1?cyn1®n3? ry* + 2 a0 a1® cyn1® n34 ryt +
2al*cyn1®n3*ry*-2a0%?ala2cyni®n3?ry’-
2a0al?a2cynl®n3*ry*+2a1®a2cyni®n3ry*+
a0?a22cyn1®n3* ry*-2a0al a2?2cyn1®n3ryt+

al? a2?2 cyn1®n3* ry* + a0? al? c¥nl c¥n2? n3* ry* +
2a0al®cynl cyn2?n3? ry* + 2 al? c¥nl cYn2? n3* ry* -

2 a0% al a2 c¥nl c¥n2?n3* ry* - 2 a0 al? a2 c¥nl c¥n2? n3* ry* +
2 al’®a2cynl cYn2?n3® ry* + a0? a2? cynl cYn2? n3* ry* -

2 a0 al a2? c¥nl c¥n2?2n3? ry* + a1? a2? c¥nl cYn2? n3* rv* +

12 a0% a1 c¥nl c¥n3? n3? ry* + 12 a0 al® c¥nl cyn3? n3* ry* +

2 al?cYnl cyn3?n3* ry? + 16 a0? al a2 c¥nl cyn3? n3* ryt +

36 a0 al? a2 c¥nl c¥n3? n3* ry* + 12 a1® a2 c¥nl c¥n32 n3* ry* +
2 a0% a22 cY¥nl c¥n3? n3* rv* + 16 a0 al a2? c¥nl c¥n3? n3* ry* +
12 al? a2? c¥nl c¥n3%? n3* rv* + 8 a0% al c¥nl cYn3 n3® rv> +

12 a0 al? cYnl c¥n3 n3° rY®> + 4 a1 c¥nl c¥n3 n3° ry® +

4 a0? a2 cYnl c¥n3 n3° rY® + 20 a0 al a2 c¥nl c¥n3 n3° ry® +
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12 al? a2 cYnl c¥n3 n3® rY® + 4 a0 a2? c¥nl c¥n3 n3° ry° +
8 al a2? c¥nl cYn3 n3® rY® + 2 a0% cYnl n3® ry® +
4a0alcynln3®ry®+2al?cynln3®ry®+
4 a0 a2c¥nln3®ry®+4ala2cynln3®ry®+
2a2?2cynl n3®ry®+2a0al?a2cynl? cyn3?ry
N ( (aO al a2 c¥nl cY¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2c¥nln3? rY) z_
4a0ala2cynl?n3® (a0ala2cyn3’+a0alcyn3n3ryY+alda2cyn3n3ry+
al a2 cYn3n3rY +a0n3?ry?+aln3?ry?+a2n3? rY2> ) -2a0al?a2cyn2? cyn3?
rY ./ ( (aO al a2 c¥nlc¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2cy¥nln3? rY) z_
4a0ala2cynl?n3® (a0ala2cyn3’+a0alcyn3n3ryY+ala2cyn3n3ryY+ala2
cYn3 n3 rY + a0 n3?ry?+aln3?ry?+a2n3? rYz) ) +2a0al?cynl? c¥n3 n3 ry?
V ( <a0 al a2 cYnlcYn3n3+a0alcyYnln3?rY+a0a2c¥nln3?rY+ala2cYnl n3? rY) z_
4 a0 al a2 cyn1? n3? (aO ala2cyn3?+a0alcyn3n3ryY+ala2cyYn3n3ryY+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +a0 al a2 c¥nl? cYn3 n3 ry?
v ((a0ala2cynlcyn3n3+a0alcynln3’ryY+ala2cynln3’ry+ala2cynln3®ry)?-
4 a0 al a2 cYnl1? n3? (aO al a2 c¥n3?+a0alcYn3n3rY+ala2cyYn3n3ry+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +2al?a2cyn1? cYn3 n3 ry?
+/ ((a0al a2 c¥nlcYn3n3 +a0 alcynln3’rY+a0a2cynln3’ry+ala2cynln3’ry)? -
4 a0 al a2 cYnl1? n3? (aO al a2c¥n3?+a0alcyn3n3rY+ala2cyYn3n3ry+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) -2a0al?cyn2?cyYn3 n3 ry?
\/ ( (aO al a2 c¥nlcYn3n3 +a0alcyYnln3?rY+a0a2c¥nln3?rY+ala2c¥Ynl n3? rY) z_
4 a0 al a2 cYnl? n3? <a0 al a2 cyn3?+a0alcyn3n3ryY+ala2cyYn3n3ry+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) -~ a0 al a2 c¥n2? cYn3 n3 ry?
\/ ( (aO al a2 c¥nl cYn3n3 +a0alcYnln3?rY+a0a2cY¥nln3?ry+ala2c¥nln3? rY) z_
4a0ala2cynl?n3® (a0ala2cyn3?+a0alcyn3n3ryY+alda2cyn3n3ry+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) -2al?a2cyn2? c¥n3 n3 ry?
N ( (aO al a2 c¥nl c¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2cynln3? rY) z_
4a0ala2cynl?n3® (a0ala2cyn3’+a0alcyn3n3ryY+alda2cyn3n3ry+
ala2cy¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +a0alcynl? n3? ry?
V ( <a0 al a2 c¥nl c¥n3n3 +a0alcYnln3?rY+ala2c¥Ynln3?ry+ala2cynln3? rY) z_
4 a0 al a2 cyn1? n3? <a0 ala2cyn3?+a0alcyn3n3rY+ala2cy¥n3n3ry+
ala2cy¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +2al?cyn1?n3? ry3
N ( <a0 al a2 cYnlcYn3n3 +a0alcYnln3?rY+a0a2cy¥nln3?rY+ala2cYnl n3? rY) z_
4 a0 al a2 cYnl1? n3? (aO al a2 c¥n3?+a0alcYn3n3rY+ala2c¥n3n3ry-+
ala2cy¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) -a0a2cynl? n3? ry?
+/ ((a0 al a2 c¥nl c¥n3n3 +a0 al cYnl n3’rY + a0 a2 c¥nln3’*rY +al a2 cynl n3’ ry)? -
4 a0 al a2 cYnl? n3? (aO al a2 c¥n3?+a0alcYn3n3rY+ala2cy¥n3n3ry+
ala2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +ala2cynl? n3? ry?
\/ ( (aO al a2 c¥YnlcYn3n3 +alalcyYnln3?rY+a0a2c¥nln3?rY+ala2c¥Ynln3? rY) z_
4 a0 al a2 cYnl1? n3? <a0 al a2 cyn3?+a0alcyYn3n3rY+ala2cy¥n3n3ry+
ala2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2) ) -a0alcyn2?n3?ry?
\/ ( (aO al a2 c¥nl c¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2c¥nln3? rY) z_
4 a0 al a2 cYnl1? n3? <a0 al a2 cyn3?+a0alcyYn3n3rY+ala2cy¥n3n3ry+
al a2cyn3n3rY+a0n3”rY’+aln3?ry’+a2n3’rv?)) - 2al® cyn2? n3® rv’
N ( (aO al a2 c¥nl c¥n3n3 +a0alcYnln3?rY+a0a2c¥Ynln3?ry+ala2cy¥nln3? rY) z_
4a0ala2cynl?n3® (a0 ala2c¥n3”?+a0alcyn3n3ryY+alda2cyn3n3ry+
al a2 cYn3n3rY +a0n3?ry?+aln3?ry?+a2n3? rYz) ) +a0 a2 cyn2? n3? ry?
J ( <a0 al a2 c¥nlc¥n3n3 +a0alcYnln3?rY+a0a2c¥Ynln3?ry+ala2cynln3? rY) z_
4a0ala2cynl?n3’ (a0 ala2cyn3®+a0alcyYn3n3ry+ala2cyn3n3ry+

ala2c¥Yn3n3rY+a0dn3?ry?+aln3?ry?+a2n3? rYz) ) -ala2cyn2?n3?ry?
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V ( <a0 al a2 cYnlcYn3n3+a0alcyYnln3?rY+a0a2cy¥nln3?rY+ala2cYnl n3? rY) z_
4 a0 al a2 cynl? n3? <a0 ala2cYn3?+a0alcYn3n3rY+ala2cYn3n3ry+
ala2cYn3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) ) /
(2 c¥Ynl ry? (aO al a2 cyYn3?+a0alcyn3n3rY+alda2cyn3n3rY+ala2cY¥n3n3ry-+
a0 n3?ry? + al n3? rv? + a2 n3? rYz) 2) ,
Sn2 - (6 a0? al? a2? c¥nl cYn3* + 2 a02 al? a2? cyn1® c¥Yn3? + 2 a0? a1? a2 c¥nl cYn2? cyn3* +
2 a0% al? a2* c¥nl c¥n3® + 12 a0%? al? a2° c¥nl c¥n3® n3 ry +
12 a0? al a2* cYnl cYn3® n3rY + 12 a0 al? a2* c¥nl cyn3®n3 ry +
2a0%al1?2a2%cyn1®cyn3®n3ry+
4 a0% al a2 cYn1®cYn3®n3ry+ 4 a0al?a2®cynl®cyn3®n3ry+
2 a0% al? a2® c¥nl c¥n2? c¥n33®n3 ry +
4 a0?% al a2% c¥nl cYn2? cyn3®n3 ry +
4 a0 al? a2* c¥nl c¥n2? c¥n3®n3 ry +
8 a0 al? a23 c¥nl c¥n3’ n3 rY + 4 a0? al a2* c¥nl c¥n3°n3 ry +
4a0al?a2cynlcyn3®n3ry+6a0%al?a2?cynlcyn3?n3?ry?+
24 a0%? al a2% cYnl cyn3?n3% ry? +
24 a0 al? a2% cYnl cYn3? n3%2 rY? + 6 a0? a2* c¥nl c¥n3? n3?2 rv? +
24 a0 al a2? c¥nl cYn3?2n3? ry? + 6 al? a2* cynl cYn3? n3? ry? -
3 a0 al? a2? cynl® cyn3?n3? ry? +
4 a0% al a23 cyn1® cYn3? n32 ry? +
4 a0 al?a2’cyn1®cyn3?n3?ry?+2a0?a2®cyni®cyn3?n3?ry?+
8 a0 al a2? cynl® cyn3?n3? ry? + 2 al? a2* cYn1® cyn3? n3? ry? -
3 a02%al? a2? c¥nl cY¥n2? cYn3? n3? rvy? +
4 a0% al a23 c¥nl cYn2? cyn3? n3? ry? +
4 a0 al? a2® cYnl c¥n2? c¥yn3? n32 ry? +
2 a0?% a2* c¥nl c¥n2? c¥n3? n3%2 ry? +
8 a0 al a2? cYnl cYn2? c¥n3? n3? ry? +
2 al? a2% cYnl c¥n2? c¥yn3? n32 ry? +
12 a0% a1? a2? cYnl c¥n3* n3% ry? +
16 a02? al a2® cYnl cYn3? n32 ry? +
16 a0 al? a23 c¥nl cYn3* n32 ry? +
2 a0?% a2* cYnl c¥n3* n32rv? + 8 a0 al a2* cY¥nl cyn3* n3% rv? +
2 al?a2® cynl cyn3*n3?2ry?+ 12 a0 al a2? cYnl cYn3n33ry3 +
12 a0 al? a2? c¥nl cYn3 n3% ry3 + 12 a02 a2% cYnl cyn3 n33 ry3 +
36 a0 al a2° c¥nl cYn3 n3®ry® + 12 al? a2® cynl cyn3 n33 ryd+
12 a0 a2® c¥nl c¥n3 n33 ry3 + 12 al a2® c¥nl c¥n3 n33 ry3 -
2a0%al1?2a2cyn1®cyn3n3’®ry’-2a0%al a2?cynl’®cyn3n3®ryd-
2a0al?a2?cyn1®cyn3n3’®ry®+2a0%a2’cynl®cyn3n3’ryd+
6 a0 al a2° cynl® cyn3 n3’ ry3+2al?a2®cy¥nl1®cy¥n3 n3’ryd +
4 a0 a2*cyn1®cyn3n3®ry3 + 4 ala2?cyni®cyn3n3d ry’ -
2 a0% al? a2 c¥nl c¥n2? c¥n3 n33 ry3 -
2 a0?% al a2? c¥nl c¥n2? c¥n3 n33 ry3 -
2 a0 al? a2? cy¥nl cyn2? cyn3 n33 ryd +
2 a0?% a23 cYnl c¥n2? cyn3 n33 ryd +
6 a0 al a2° cynl cY¥n2? cYn3 n33 ry3 +
2 al? a23cynl cyn2? cyn3 n33 ryd +
4 a0 a2* cYnl cyn22 cyn3 n33 ryd+
4 al a2* c¥nl c¥n2? c¥n3 n33 ryd+
8 a0% al? a2 cynl cyn3®n33 ry3 + 24 a0? al a2? c¥nl cY¥n3* n33 ry3 +
24 a0 al? a2%2 cYnl cyn33® n33 ry3 + 8 a0% a2° cY¥nl c¥n3® n33 ry3 +
28 a0 al a2° c¥nl c¥n33®n33 ry3 + 8 al1? a2® c¥nl c¥n3®n33 rvd +
4 a0 a2? cynl cYn33®n33ry3®+ 4 al a2?cynl cyn3®n33ry’+
6 a0? a22 cYnl n3* ry? + 12 a0 al a2? cynl n34 ry* +
6 al®?a2?cyYnl n3* ry* + 12 a0 a2 cynl n3* ry* +
12 al a2® cYnl n3* ry* + 6 a2? cyn1 n3* ry* +
a0?al?cynl®n3?ry*-2a0%al a2cyni®n3try’-
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2a0al?a2cynl®n3*ry* +a0%a2?cyni®n3?ry’ -
2a0ala2?cyn1®n3ry?+ail?a2?2cyni®n3try®+
2a0 a2’ cyn1®n3?ry? +2a1a2®cyn1®n3?ry?+
2 a2* cyn1®n3* ry* + a0%? a1? cynl cyn2? n3* ry? -
2 a0?al a2 c¥nl cy¥n2?n3®ry*-2a0al?a2cynl cyn2?n3*ry*+
a0%? a2? cYnl cYn2? n3* rY* - 2 a0 al a2% c¥nl c¥n2? n3* ry? +
al? a2? cynl cYn2? n3* ry* + 2 a0 a23 c¥n1 cYn2? n3* ry? +
2 al a2® cynl c¥n22 n3? ry* + 2 a2? c¥nl cYn2? n3? rv* +
2 a0?al? cYnl cYn3? n3* ry* + 16 a0? al a2 c¥nl c¥n3% n3* ry* +
16 a0 al? a2 c¥nl c¥n3?n3* ry? + 12 a0? a2? c¥nl c¥n3? n3% ry* +
36 a0 al a2 cYnl cYn3? n3* ry* + 12 al? a2 c¥nl cYn3? n3* ry* +
12 a0 a23 cYnl cYn3? n3* rv* + 12 a1 a2® c¥nl c¥n3? n3* ry* +
2 a2 cYnl cYn3? n3* ry* + 4 a0 al cYnl cY¥n3 n3° ry® +
4 a0 al? cYnl c¥n3 n3® rY® + 8 a0% a2 c¥nl c¥n3 n3° ry° +
20 a0 al a2 cYnl c¥n3 n3® rY® + 8 al? a2 c¥nl cY¥n3 n3° ry° +
12 a0 a2%2 cYnl cYn3 n3% rY® + 12 al a2 c¥nl cYn3 n3° ry° +
4 a2° cYnl cYn3 n3® rY® + 2 a0%2 c¥nl1 n3® ry® +
4a0alcynln3®ry®+2al1?cynln3®rys+
4a0a2cynln3®ry®+4ala2cynln3®ryt+
2 a2% cyYnl n3® ry® + 2 a0 al a2? cYnl1? cyn3? ry
\/ ( (aO al a2 c¥nlcYn3n3 +alalcyYnln3?ryYy+a0a2c¥nln3?rY+ala2c¥Ynln3? rY) z_
4 a0 al a2 cYnl? n3? <a0 al a2 cy¥n3?+a0alcYn3n3rY+ala2cy¥n3n3ry+
ala2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rY2) ) -2a0al a2? cYn2? cyn3?
ry \/ ( (aO al a2 c¥nlc¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2c¥nln3? rY) z_
4a0ala2cynl?n3® (a0ala2cyn3’+a0alcyn3n3ryY+alda2cyn3n3ry+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +a0 al a2 cYnl? cYn3 n3 ry?
N ( (aO al a2 c¥nl c¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2cy¥nln3? rY) z_
4a0ala2cynl?n3® (a0ala2cyn3’+a0alcyn3n3ryY+ala2cyn3n3ryY+ala2
cYn3 n3 rY + a0 n3?ry?+aln3?ry?+a2n3? rYz) ) +2 a0 a2?cynl? c¥n3 n3 ry?
V ( <a0 al a2 c¥nlc¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2cynln3? rY) z_
4 a0 al a2 cyn1? n3? <a0 ala2cyn3?+a0alcyn3n3ryY+ala2cyYn3n3ryY+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rY2) ) +2ala2?cYnl?cyYn3 n3 ry?
N ( <a0 al a2 cY¥nlcYn3n3+a0alcYnln3?rY+a0a2c¥nln3?rY+ala2cYnl n3? rY) z_
4 a0 al a2 cYnl1? n3? (aO al a2c¥n3?+a0alcYn3n3rY+ala2cyYn3n3ry+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) - a0 ala2c¥n2?cyYn3 n3 ry?
+/ ((a0al a2 c¥nlcYn3n3 +a0 alcynln3’rY+a0a2cynln3’ry+ala2cynln3’ry)? -
4 a0 al a2 cYnl? n3? (aO al a2c¥n3?+a0alcyYn3n3rY+ala2cY¥n3n3ryY+ala2
cYn3n3 rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) - 2a0a2?cyn2? c¥n3 n3 ry?
+/ ((a0ala2c¥nlcyYn3n3+a0alcyYnln3?rY+ala2c¥nln3®ryY+ala2cynln3?ry) z_
4 a0 al a2 cYnl1? n3? <a0 al a2cyYn3?+a0alcyYn3n3rY+ala2cy¥n3n3ryY+ala2
cYn3n3 rY¥+a0n3®rv? +al n3” rv’ + a2 n3? ry?)) - 2 al a2® c¥n2® c¥n3 n3 rvy?
\/ ( (aO al a2 c¥nlc¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2c¥nln3? rY) z_
4 a0 al a2 cYnl1? n3? <a0 al a2 cyn3?+a0alcyYn3n3rY+ala2cy¥n3n3ry+
ala2cyn3n3rY+a0n3”ry’+aln3?ry’+a2n3’rv?)) - a0 al cynl? n3® ry’
N ( (aO al a2 c¥nlc¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2cy¥nln3? rY) z_
4a0ala2cynl?n3® (a0 ala2c¥n3’+a0alcyn3n3ryY+alda2cyn3n3ry+
al a2 cYn3n3 rY +a0n3?ry?+aln3?ry?+a2n3? rY2> ) +a0 a2 cynl? n3? ry?
J ( <a0 al a2 c¥nl c¥n3n3 +a0alcYnln3?rY+a0a2c¥nln3?ry+ala2cynln3? rY) z_
4a0ala2cynl?n3” (a0 ala2cyn3®+a0alcyYn3n3ryY+ala2cyn3n3ry+
ala2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) +ala2cyYnl? n3? ry?
\/ ( <a0 al a2 cYnlcYn3n3+a0alcYnln3?rY+a0a2c¥nln3?rY+ala2cYnl n3? rY) z_
4 a0 al a2 cYnl? n3? (aO al a2 c¥n3?+a0alcYn3n3rY+ala2c¥n3n3ry-+
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ala2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYZ) ) +2a2%cyn1?n3? ry?
+/ ((a0al a2 c¥nlcYn3n3 +a0 alcynln3’rY+a0a2cynln3’rY+ala2cynln3’ry)? -
4 a0 al a2 cYnl? n3? <a0 al a2c¥n3?+a0alcyYn3n3rY+ala2cy¥n3n3ry+
al a2 c¥n3n3 rY +a0 n3% rY’ + al n3? ry? + a2 n3® rv?) ) + a0 al c¥n2? n3® ry’
\/ ( (aO al a2 c¥nlcYn3n3 +a0alcyYnln3?rY+a0a2c¥nln3?rY+ala2c¥nl n3? rY) z_
4 a0 al a2 cYnl1? n3? <a0 al a2 cyYn3?+a0alcYn3n3rY+ala2cy¥n3n3ry+
al a2 cyn3n3rY+a0n3”rY’ + aln3? ry’ + a2 n3’ rv?)) - a0 a2 c¥n2? n3® ry’
N ( (aO al a2 c¥nl c¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2c¥nln3? rY) z_
4a0ala2cynl?n3® (a0 ala2cyn3’+a0alcyn3n3ryY+alda2cyn3n3ry+
al a2 cYn3n3rY +a0n3?ry?+aln3?ry?+a2n3? rY2> ) -ala2cyn2?n3?ry?
N ( (aO al a2 cYnlc¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2cy¥nln3? rY) z_
4a0ala2cynl®n3® (a0 ala2cyn3’+a0alcyn3n3ryY+alda2cyn3n3ry+
ala2cy¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) -2a2%cy¥n2?n3?ry?
J ( <a0 al a2 cYnlcYn3n3+a0alcyYnln3?rY+a0a2c¥nln3?rY+ala2cYnl n3? rY) z_
4 a0 al a2 cyn1? n3? (aO ala2cyn3?+a0alcyYn3n3rY+ala2cy¥n3n3ry+
al a2 cYn3n3 rY +a0n3?ry?+aln3?ry?+a2n3? rY2> ) ) /
(2 cYnl ry? (aO ala2cyn3?+a0alcYn3n3rY+ala2cYn3n3rY+ala2cy¥n3n3ry+
a0 n3?ry? + al n3? rv? + a2 n3? rYZ)Z) , pY1 > 3,
nl - - ( (aO al a2 cyYnlc¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+ala2c¥nln3?ry-
\/ ( (aO al a2 cYnlcYn3n3+a0alcYnln3?rY+a0a2cy¥nln3?ryY+ala2cynln3? rY) 2
4 a0 al a2 cYn1? n3? (aO al a2 cYn3?+a0alcYn3n3rY+ala2cyYn3n3ry+
ala2c¥n3n3rY+a0n3?ry?+aln3?ry?+a2n3? rYz) ) ) /
(2 (aO ala2cy¥n3?+a0alc¥n3n3rY¥+ala2cYn3n3rY+ala2c¥n3n3ry+
a0 n3?ry?+aln3?ry?+a2n3? rY2> ) ) ,
n2 - - ((c¥n2 (a0 al a2 c¥nlc¥Yn3 n3 +a0alcYnln3’rY+ala2cynln3®ry+
al a2 cYnln3?ry + \/ ( (aO al a2 cYnlc¥n3n3 +a0alcYnln3?rY+a0a2cYnln3?ry+
al a2 cYnl n3? rY) 2_4a0ala2cynl?n3? (a0ala2cyn3?+a0alc¥n3n3ry+
a0a2cyYn3n3ryY+ala2cyn3n3ry+a0n3’ry’+aln3’ry’+a2n3’ry?))))/
(2 cYnl (aO al a2 cyYn3?+a0alcyn3n3rY+alda2cyYn3n3rY+ala2cY¥n3n3ry-+

a0 n3?ry? +al n3? ry? + a2 n3? rY2> ) ) }}

Computations for Lemma 6.20.
Case B.| where there exists N® s.t. Fix(N) = Y* U P,.
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(******************************
NOTATIONS
rY xY denotes the restriction of x to Y
ai denotes the Hopf weight at Pi
Nij denotes the product of the normal weights shared between Pi and Pj
Sni is the sum of the square of the normal weights at Pi
cY¥n0 xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cYj xYJ denotes the j-th Chern class of the normal bundle of Y in the
remaining directions
ux5YBl denotes the local datum of x° at Y
ux5PiBl denotes the local datum of x° at Pi
us1lx3YB1l denotes the local datum of pl(X)x? at ¥
us1x3PiBl denotes the local datum of pl(X)x? at Pi

We use the variable t to extract the coefficient of order 2 of xY. We
then evaluate xY¥? to 1.

The orientation of the point PO is 1 while those from Pl and P2 are -
1. This explains the signs at their local datum

Once evaluated, we extract all the coefficients in 1 into a list.
******************************)

ux5YB1 =
Factor[CoefficientList|

Coefficient[Expand[(rY xYt + lz)5] Series[(cYnO xYt+n0z)!, {xv, 0, 2}]
Series|(cY2xv?t?+ c¥lxvtz+ z?)7%, {x¥, 0, 2}], t, 2], 1]] /. x¥"2 > 1

10 ry? 5 (cYn0 + cY1n0) rY cYnOZ+cY1cYn0n0+cY12nOZ—cYZnOZ}

fo, 0,0, S = , v

ux5POB1 = CoefficientList [Expand[((a0+1) z)°] (n0z)™* (n0z)™* (n0z)™! (NO1z)* (NO22z)™!,
1]
{ a0° 5 a0* 10 a03 10 a0? 5 a0 1 }
n03N01N02 n03NO1N02 n03NO1NO2 n03NO1NO2 n03NO1NO2 n03NO1NO2

ux5P1B1 = CoefficientList[-Expand[((al+1) z)°] NO17'N127 2%, 1]

{ al® 5al? 10 al13 10 al? 5al 1 }
NO1N12 ' NOI1N12' NO1N12' NO1N12' NO1N12' NOLNI12

ux5P2B1 =CoefficientList[—Expand[((a24-1)z)s]NOZ'lle'lz's,1]

{ a2’ 5 a2t 10 a23 10 a2? 5a2 1 }
N02N12 ' N02N12 ' NO02N12' wWO2N12' WNO2N12' NO2N12

SymmetricReduction[Expand[(let +2z)24 (yY2t + z)z], {yY¥Y1l, y¥2}, {chxY, cYZsz}]

feY1?£?xv? - 2cv2£?xY? + 2cYl t XYz + 2 2%, 0}

us1lx3YB1 =
Factor[CoefficientList|

Coefficient[ (le t2+ (c¥nOxY¥t+ n0z)2+c¥12¢?2xy¥2-2cy2t?2x¥2+2cYltx¥z+2 zz)
Expand[(rY XYt + 1z)3] Series[(cYnO xYt+n0z) !, {x¥, 0, 2}]
Series[(cYZ x¥2t2+ cYlxVtz+ zz)'l, {xyY, O, 2}], t, 2], 1]] /. XY*2 » 1

3 (2+n02) ry? 3 (—2 cYnO + cYn0 n0? - cY1 n03) ry
0
{ ! no ! n02

14

20Yn02+cY12n02—4cY2n02—chcYnOnO3+cY12nO4—cY2n04+n02pY1}

no3
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uslx3POB1 =
CoefficientList [Sn0 z® Expand[((a0+1) z)*] (n0z)™* (n0z)™* (n0z)™! (NO1z)* (NO22z)™!,

1]
{ a0%sno 3 a0? sn0 3 a0 Sno0 Sno }
n03N01N02 n03®NO1NO2 n03NO1NO2 n03NO1NO2

us1x3P1B1 = CoefficientList[-Snl z? Expand[ ((al+1) z)?] NO1"'N127' 2%, 1]

{ ald snl 3al?snl 3alsnl Snl }
NO1N12' NOIN12 ' NOLN12 NO1N12

us1x3P2B1 = CoefficientList[-Sn2 z? Expand[ ((a2+1) z)*] NO27'N127'27%, 1]

{ a2’ sn2 3 a22sn2 3 a2 sn2 Sn2 }
N02N12' NO2N12 ' NO2N12 ' NO2N12

ux5YB1 + ux5P0B1 + ux5P1B1 + ux5P2B1

a0® al’ a2° 5 a0* 5al? 5 a2t
{n03 NOINO2 NOLN12 NO2N12 n03NOl1NO2 NOLNI2 NO2N12'

10 a03 10 a13 10 a23 10 a02 10 a1? 10 a22 10 ry?
n0°NO1NO2 NOLNL2 NO2N12' n0°NO1NO2 NOLNI2 NO2N1Z — no '

5 a0 5al 5a2 5 (c¥n0 + cY1 nO) rY
n03NO1NO2 NOL1N12 NO2NI12 no2 !
cYn0? + cY1 cYn0 n0 + c¥1? n0? - cY2 n0? 1 1 1

no3 " n0°NOINOZ NOLNIZ NO2 le}

us1lx3YB1l + us1lx3POB1 + us1lx3P1B1l + us1x3P2B1

{ a03 sno al®snl a2®sn2 3 (2+n0%) r¥>  3a025n0 3al?’Snl 3 a22sn2
_ _ + _ _
n03 NO1NO2 NO1N12 NO2NI12 ! n0 n03 N0O1 NO2 NO1lN12 NO2 N12
3 (—2 cYn0 + cYn0 n0? - cY1 n03) ry 3 a0 Sno 3alsnl 3a2sn2
. _ _
no? n03 NO1N02 NOINI2 NO2N12'
2 cY¥n0? + cY1?2 n0%2 - 4 cY2 n0? - cY1 cYn0 n03 + c¥1%2 n0* - cY2 n0? + n0? py1
no3
Sn0 Snl Sn2 }
n03 NO1NO2 NOlN12 ©NO2N12
Solve[{
3a02 3 ry? 3a0 3c¥n0OrY 1 c¥n0?
== - + ’ 0= - - ’ 0= -—
no3 no no3 no0? no3 no3

}, {rY, cYnO}]

a0 a0
{{rYa——, cYnoO - 1}, {rYe —y cYnOe—l}}
no0 no0
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Factor [Solve [{

a0’ a1’ a2’
~ n0®NOINO2 NOLN12 NO2N12'
0 - 5 a0* 5 al* _ 5 a2
"~ n0®NOLNO2 NOLN12 NO2N12'
10 a03 10a13> 10 a23
T n0®NO1NOZ NOLN1Z NO2N12'
10 a0? 10 a1? 10a2?2 10 ry?
¥ M0°NOLNOZ NOIN1Z NOzN12 =~ no '
5 a0 5al 5 a2 5 (c¥nO + cY¥1 n0) rY
0= o'NoINoZ NolWiz  NozNiZ | n02 !
c¥no0? + cY1 c¥nO nO + c¥1? n0? - c¥2 n0? 1 1 1
no? " p0°NOINOZ NOLN12 NOZN12'
g - a03 sno . al®snl ) a23 sn2
P = 0°No1N0Z NOLN1z  NozNiz'
3(2+n0%) r¥*  3a02sn0 3al?snl 3 a2%Sn2
n0 ¥ M0’ NOINOZ NOLN1Z  NO2 N12
3(—2cYn0+cYn0n02—cY1n03)rY 3 a0 Sno0 3alsnl 3a2sSn2
no? * M0°NOLNOZ  NO1N1z  NoOZN12 '
2 c¥n0? + c¥12 n02 - 4 c¥2 n0? - c¥1 cYnO n03 + c¥1? n0?% - c¥2 n0* + n02 p¥Y1
B no3
Sn0 Snl Sn2
n03 NO1 NO2 NOLN12 NO2N12'
pYl == 3,

(******************************
The following equations are given by Lemma 6.13
******************************)

3a0%? 3ry? 3a0 3cYnOry 1 cYn0?
+ — == - - == - —

no3 no0 no3 n02 ! no3 no3

}, {p, d, n0, NO1, NO2, N12, SnO, Snl, Sn2, p¥l, c¥l, c¥2, cYnO}]]
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4 al? a2? +al?> ry? + a2? ry? 5 a0
{{pa ,d>ala2rY®, n0—» - —,
al? a2? ry? ry
(a0 -al) al (a0 - a2) a2 al (al-a2) a2
NOlL>-————, N2> ——+——,NI12> - —————————,
a2? al? ry?
S0 3a0%2al?a2?+a0?al?ry?-2a0al?a2ry?+a0?a2?2ry?-2a0ala2?2ry?+2al?a2?ry?
no -
al? a2? ry? !
sn1 a0?2a22-2a0ala2?+4al?a2?2+al?ry?>-2ala2ry?+a2?ry?
nl -
a2? ry? !
Sn2 a02al?-2a0al?a2+4al?a2?2+al?ry?-2ala2ry?+a2?ry?
n2 -
al? ry? '
(al +a2) ry ry?
p¥Yl-3,c¥Yls-—————, cY2 > ,cYnOal},
al a2 al a2
4 al?a2?+al?ry?+a2? ry? 5 a0
{pe , d->ala2rY’, n0 > - —,
al? a2? ry? ry
(a0 -al) al (a0 - a2) a2 al (al-a2) a2
NO1»> ———,N02>-——+——,NI12 > ————————,
a2? al? ry?
Sno 3a0%2al?a2?+a0?al?ry?-2a0al?a2ry?+a0?a2?2ry?-2a0ala2?2ry?+2al?a2?ry?
no -
al? a2? ry? !
a0?2a22-2a0ala2?+4al?a2?2+al?ry?>-2ala2ry?+a2?ry?
Snl
nl -
a2? ry? !
Sn2 a0?al?-2a0al?a2+4al?a2?2+al?ry?-2ala2ry?+a2?ry?
n2 -
al? ry? '
(al +a2) ry ry?
p¥l-3,c¥Yls-————, cY2 > ,cYnOel},
al a2 al a2
4 al? a2? +al?ry? + a2? ry? 5 a0
{pe , d->-ala2rY’, n0 > —,
al? a2? ry? ry
(a0 -al) al (a0 - a2) a2 al (al-a2) a2
NO1L>-————, NO2» ——+—,NI12> ——————————,
a2? al? ry?

Sno 3a0%2al?a2?+a0?al?ry?-2a0al?a2ry?+a0?a2?2ry?-2a0ala2?2ry?+2al?a2?ry?
n0 -

4

al? a2? ry?
a0?2a22-2a0ala2?+4al?a2?2+al?ry?>-2ala2ry?+a2?ry?
a2? ry?

a0?al?-2a0al?a2+4al?a2?2+al?ry?-2ala2ry?+a2?ry?

Snl -

14

Sn2 -

al? ry? '
(al +a2) ry ry?

Y¥1-3,c¥Yl > -———, CcY¥Y2 > —— cYnOe—l}
P ! al a2 ! a1a2’ '

4 al1? a2? +al? ry? + a2 ry? 5 a0
p- ,d-»-ala2rY’, n0 > —,
al? a2? ry? ry
(a0 -al) al (a0 - a2) a2 al (al-a2) a2
NOl15 —7@8M8™ ——,N0O25-———,N12 > - — ————————,
a2? al? ry3
S0 3a0?al?a2%+a0?al?ry?-2a0al?a2ry?+a0?a22ry?-2a0ala2?ry?+2al?a2?ry?
no0 -

14
al? a2? ry?

a0?2a22-2a0ala2?+4al?a2?2+al?ry?>-2ala2ry?+a2?ry?
a2? ry?

a0?al?-2a0al?a2+4al?a2?2+al?ry?-2ala2ry?+a2?ry?

Snl -

14

Sn2 - ,
al? ry?
(al + a2) ry ry?
p¥Yl-3,c¥Yls-————, cY2 > ,cYnOe—l}}
al a2 al a2

Computations for Lemma 6.20.
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Case B.2 where there exists N° s.t. Fix(N) = YA U P,.

(******************************
NOTATIONS
rY xY denotes the restriction of x to Y
ai denotes the Hopf weight at Pi
Nij denotes the product of the normal weights shared between Pi and Pj
Sni is the sum of the square of the normal weights at Pi
cY¥nl xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cYj xYJ denotes the j-th Chern class of the normal bundle of Y in the
remaining directions
ux5YB2 denotes the local datum of x° at Y
px5PiB2 denotes the local datum of x°> at Pi
us1x3YB2 denotes the local datum of pl(X)x? at ¥
us1lx3PiB2 denotes the local datum of pl(X)x® at Pi

We use the variable t to extract the coefficient of order 2 of xY. We
then evaluate xY¥? to 1.

The orientation of the point PO is 1 while those from Pl and P2 are -
1. This explains the signs at their local datum

Once evaluated, we extract all the coefficients in 1 into a list.
***********************'k'k*****)

ux5YB2 =
Factor[CoefficientList[

Coefficient[Expand[(rY XYt + 1z)5] Series[(cYnl xYt+nlz)!, {x¥, 0, 2}]
Series[(cYZ x¥2t2+ cYlxVtz+ zz)'l, {xyY, O, 2}], t, 2], 1]] /. XxXY*2 » 1

0 0.0 10 ry? 5 (cYnl +cY¥lnl) r¥Y c¥Ynl?+cYlcYnlnl+cY1?2nl1?-cy2nl?
{ tUCT T nl? ' n13 }

ux5POB2 = CoefficientList [Expand[((a0+1) z)°] NO17' NO27 27°, 1]

{ a0® 5 a0* 10 a03 10 a0? 5 a0 1 }
N01N02 ' N01N02  N01N02' N01N02 ' N01N02' NO1NO2

IJ.XSP].BZ =
CoefficientList[—Expand[((al4-1)z)5](nlz)'l(nlz)'l(nlz)'l(NOlz)'l(N122)'1,l]

{ al® 5al? 10 a1l 10 al? 5al 1 }
NO1nl13N12  NO1nl3N12  NO1n13®N12  NO1n13N12  NO1nl3N12  NO1nl3N12

ux5P2B2 = CoefficientList[-Expand[((a2+1) z)°] N0O27* N127! 2%, 1]

{ a2’ 5 a2* 10 a23 10 a2? 5a2 1 }
N02N12 ' wo2N12' wo2N12' wo2N12' NWO2N12' NO2N12

SymmetricReduction[Expand[(y¥lt + z)?+ (y¥2t + z)?], {y¥l, y¥2}, {c¥1x¥, c¥2 x¥?}]

{chz t2xy?-2cY2t?x¥?+2cYltxYz+22?, 0}
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uslx3YB2 =
Factor[CoefficientList|

Coefficient[ (le t2+ (c¥nlx¥t+ nlz)?+c¥1?t2x¥2-2c¥2t2x¥?+2cY1tx¥z+2 zz)
Expand[(rY XYt + 1z)3] Series[(cYnl xYt+nlz)?!, {xv, 0, 2}]
Series| (cY2xv?t?+ c¥lxvtz+ z?)7%, {x¥, 0, 2}], t, 2], 1]] /. x¥"2 > 1

3 <2+n12> ry? 3 (—2 cyYnl + cYnl nl? - cY1l n13) rY
0
{ ! nl ' n12

I

2c¥nl? +cY1?2nl12 -4 cY2nl? - cYlcYnl nl3 +cY¥1%2nl1* - cyY2nl1? + n1? pyl }

nl3

us1x3POB2 = CoefficientList[Sn0 z? Expand[ ((a0 +1) z)’] NO17* NO27* 27°, 1]

{ a03sn0 3a0?2sn0 3a0sSno0 sSno }
NO1N02 ' NOLNO2 ' NO1NO2  NO1NO2

uslx3P1B2 =
CoefficientList[-Snlz? Expand[((al+1) z)3] (nlz)™* (nlz)! (nlz)™* (NO1z)™! (N122z)7*,

1]
{ ald snl 3al?snl 3alsnl Snl }
NO1n1®N12  NO1n13N12  NO1nl1®N12  NO1nl13N12

us1x3P2B2 = CoefficientList[-Sn2 z® Expand[ ((a2+1) z)?| NO27'N127' 27%, 1]

NO2N12' NO2N12 | NO2N12 ' NO2N12

{ a23sn2 3a2%2sn2 3 a2 sn2 Sn2 }

ux5YB2 + ux5P0B2 + ux5P1B2 + ux5P2B2

a0’ a2’ al’® 5 a0* 5 a2t 5alt
{NOI N02 NO2N12 NOlnl®N12 NOLNO2 NO2N12 NOLnl®N12'
10 a03 10 a23 10 a1? 10 a0? 10 a2? 10 al? 10 ry?
NOINO2 NO2N1Z NOLnl®Nl2 NOLNO2 NO2ZN12 NOlni’Nlz — nl '
5 a0 5a2 5al 5 (c¥nl +cY¥1lnl) rY
NO1N02 NO2N12 NOLnl®N12 n12 !
1 cYnl? + cYl cYnlnl +cY1?n1? - cY2 nl1? 1 1
NO1NOZ n13 " NO2N12  NO1 n13N12}

uslx3YB2 + us1lx3P0B2 + us1lx3P1B2 + us1x3P2B2

a0? sno a1’ sni a23sn2 3 (2+nl%) r¥> 3402sn0 3al?snl 3 a2?Sn2
{NOI N02 NOlnl3N12 NO2N12' nl " NOINO2 NOIn1’N12  NO2 NI2
3 (-2c¥nl+c¥nlnl?-cY1lnl®) r¥ 3a0sno 3 al snl 3 a2 Sn2
n1? " NOLINOZ NO1nI®Nlz NO2NI12 '
2cYnl? + cY12n1? -4 c¥2nl? -cYlcYnl nl®+cY1?2nl% - cy2 nl* + n1? pyl
nl3 ’
Sn0 Snl Sn2
NOIN02 NO1nl®N12 NO2N12 }
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a0’ a2’ a1’
T NOLNO2Z NO2N1Z NOLnl3Ni12 '
0 - 5 a0* ) 5 a2 ) 5al?
" NOLNO2 NO2N12 NO1nl3N12
10a0®  10a23 10 a13
T NOLNO2 NO2N12Z NOLnl3Ni12 '
10 a0? 10 a22 10 a1? 10 ry?
¥ NOLNOZ NOZN12 Nolnl®wiz . nl '
5 a0 5 a2 5al 5 (c¥nl + c¥1l nl) rY
0= Soimoz NozWiz NolmiNiz | n12 '
1 c¥nl? + cY1l c¥nl nl + c¥1? n1? - c¥2 n1? 1 1
¥ Noiwoz n13 " NO2N12 NO1nldN12
g - a03 sno ) al®snl ) a23 sn2
PC = No1Noz Nolni’Niz nNozNiz'
3(2+n1%) r¥* 3a02sn0 3al?snl 3 a2?Sn2
nl NO1NO2 NOlnl®N12  NO2 N12
3(—2cYn1+cYn1n12—cY1n13)rY 3 a0 Sno 3 al Snl 3 a2 Sn2
ni1? " NO1NO2Z  NOolni®wiz  NOz N1z
0=::2c1{nlz+c!l12n12—4c§!21112—c!llc!(nlul3+c§!12n1‘1—c1{2n14+n12p¥1+
n13
Sn0 Snl Sn2
NO1NO2 NO1nl®N12 NO2N12'
pYl == 3,

(******************************

The following equations are given by Lemma 6.13

******************************)

3al1? 3ry? 3al

+

3 c¥nlry

1 cyYnil?

ni3 nl ' ni3 ni12

n13

14
n13

}, {p, d, nl, NO1, NO2, N12, SnO, Snl, Sn2, cYl, c¥2, p¥l, cYnl}]]
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4 a0% a2? + a0 ry? + a2? ry? 5 al
{{pa ,d>ada2ry?, nlo-——,
a0? a2? ry? ry
a0 (a0 -al) a0 (a0 -a2) a2 (al -a2) a2
NOl>-———,N02»>-——+———,N12 > —«
a2? rys3 a0?
S0 4 a0%a2?-2a0ala2?+al?a2?+a0?ryY?-2a0a2ry?+a2?2ry?
no -
a2? ry? !
sn1 3a0%al?a2?+a0%al®ry?>-2a0?ala2rY?+2a0?a2?ry?>-2a0ala2?ry?+al?a2?ry?
nl - ,

a0? a2? ry?

a0?al?-2a0%ala2+4a0?a2?+a0%2ry?-2a0a2ry?+a2?ry?

Sn2 - ’
a0? ry?
(a0 +a2) ry ry?
cYlo-—————, CcY2 > ,pY1e3,cYnlal},
a0 a2 2
4 a0% a2? + a0? ry? + a2? ry? 5 al
{pe ,d-»>ala2rY’, nl1->-—,
a0? a2? ry? ry
a0 (a0 -al) a0 (a0 -a2) a2 (al -a2) a2
NO1»> ———,N02> ——+———,N12> - — ———————,
322 rY3 a02
4 a0%2a2?-2a0ala2?+al?a2?+a0?ryY?-2a0a2ry?+a2?2ry?
Sn0 - ’
a2? ry?
snl 3a0%al?a2?+a0%al®ry?-2a0?ala2ryY?+2a0?a2?2ry?>-2a0ala2?ry?+al?a2?ry?
nl - 14

a0? a2? ry?

a0?al?-2a0%ala2+4a0?a2%2+a0%2ry?-2a0a2ry?+a2?ry?

Sn2 - ,
a0? ry?
(a0 +a2) ry ry?
cYlo-——————, cY2 > ,lee3,cYnlel},
a0 a2 a0 a2
4 a0% a2? + a0? ry? + a2? ry? 5 al
{p+ , d->-al0a2rY’, nl1 > —,
a0? a2? ry? ry
a0 (a0 -al) a0 (a0 -a2) a2 (al -a2) a2
NOl>-———+,N02» ————,N12 > —
a2? rys3 a0?
4 a0%2a2?-2a0ala2?+al?a2?+a0?ry?-2a0a2ry?+a2?2ry?
Sn0 - ’
a2? ry?
sn1 3a0%al?a2?+a0%al®ry?-2a0?ala2ryY?+2a0?a2?ry?-2a0ala2?ry?+al?a2?ry?
nl - ,

a0? a2? ry?

a0?al?-2a0%ala2+4a0?a2%2+a0%2ryY?-2a0a2ry?+a2?ry?

Sn2 - ,
a0? ry?
(a0 + a2) ry ry?
cYlo-——————, cY2 > ,pY1+3,cYn1+—l},
a0 a2 2
4 a0% a2? + a0? ry? + a2? ry? 5 al
{pe , d->-a0la2ryY’, nl > —,
a0? a2? ry? ry
a0 (a0 -al) a0 (a0 -a2) a2 (al -a2) a2
NOl1» ——+—,N02»-—————,N12 5> - ————,
a22 rY3 a02
4 a0%a2?2-2a0ala2?+al?a2?+a0?ryY?>-2a0a2ry?+a2?ry?
Sn0 - ’
a2? ry?
sn1 3a0%al?a2?+a0%al®ry?-2a0?ala2ryY?+2a0?a2?2ry?-2a0ala2?ry?+al?a2?ry?
nl - ,

a0? a2? ry?

a0?al?-2a0%ala2+4ab?a2%2+a0%ryY?-2a0a2ry?+a2?ry?
Sn2 - ,
a0? ry?

(a0 +a2) ry ry?
cYlo-—————, cY2 >
a0 a2

5" pYl > 3, cYnle—l}}

Computations for Lemma 6.20.
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Case B.3 where there exists N® s.t. Fix(N) = Y* U Py and M®
Fix(M) = Y U P,.

(******************************
NOTATIONS
rY xY denotes the restriction of x to Y
ai denotes the Hopf weight at Pi
Nij denotes the product of the normal weights shared between Pi and Pj
Sni is the sum of the square of the normal weights at Pi
cY¥n0 xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cY¥nl xY denotes the first Chern class of the normal bundle of Y in the
direction of M
cYj xYJ denotes the j-th Chern class of the normal bundle of Y in the
remaining directions
ux5YB3 denotes the local datum of x° at Y
ux5PiB3 denotes the local datum of x° at Pi
us1lx3YB3 denotes the local datum of pl(X)x?® at ¥
us1lx3PiB3 denotes the local datum of pl(X)x3? at Pi

We use the variable t to extract the coefficient of order 2 of xY. We
then evaluate xY¥? to 1.

The orientation of the point PO is 1 while those from Pl and P2 are -
1. This explains the signs at their local datum

Once evaluated, we extract all the coefficients in 1 into a list.

******************************)

ux5YB3 =
Factor[CoefficientList|
Coefficient [Expand[(r¥x¥t + 12z)°] Series[(c¥n0xY t+n0z)™!, {x¥, 0, 2}]
Series[(c!nl xYt+nlz)?t, {xv, 0, 2}] Series[(ch xYt+2z) !, {x¥, 0, 2}], t, 2],
1]] 7. x¥"2 5 1
10 ry? 5 (cYnlnO + cYn0nl+cYlnOnl) ry

0, 0,0 -
{ "7 non1 ! no2 n1? '

cYannOZ+cYn0cYn1n0n1+chcYnln02nl+cYn02n12+chcYn0n0n12+cY12n02n12}

no03 ni3
ux5P0B3 =CoefficientList[Expand[((aO-rl)z)5] (n0 z)"! (n0z)! (n0z) ! (NO1z) ! (NO22z)?,
1]
{ a0® 5 a0* 10 a03 10 a0? 5 a0 1 }
n03N01N02 n03NO1N02 n03NO1NO2 n03NO1NO2 n03NO1NO2 n03NO1NO2

ux5P1B3 =
CoefficientList[—Expand[((a14-1)z)5](nlz)'l(nlz)'l(nlz)'l(NOlz)'l(NIZZ)'l,l]

{ al® 5al? 10 a1l 10 al? 5al 1 }
NO1n13®N12  NO1nl13N12  NO1nl3®N12  NO1nl3N12  NO1nl3®N12  NO1nl3N12

ux5P2B3 = CoefficientList[-Expand[((a2+1) z)°] N0O27! N127% 2%, 1]

{ a2’ 5 a2* 10 a23 10 a2? 5a2 1 }
N02N12 " wo2N12”° wo2N12' wo2N12' NWO2N12' NO2N12
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uslx3YB3 =
Factor[CoefficientList|

Coefficient[(le t2+ (c¥nOxY¥Yt+ n0z)2+ (c¥nlx¥t+ nlz)2+ (cYlx¥t + z)z)
Expand[(rY XYt + 1z)3] Series[(cYnO xYt+n0z)!, {xv, 0, 2}]
Series[(cYnl xY t +nl z)'l, {xy, O, 2}] Series[(ch th+z)'1, {xy, O, 2}], t, 2],
1]] 7. x¥x"2 51

3 (1+n02+n12) ry?
0
{ ! n0 nl !

1
- ﬁ3 (cYnl no0 + c¥nl n0% + cYn0O nl - c¥1 n0 nl - cYn0 n0? nl + cY1 n03 nl -
n0“ nl

cYnl n0nl? + cyn0nld + cY1l no n13) ry,

3 (cYnl2 n0% + cYn1? n0* + c¥n0 c¥nl n0 nl - cY1 ¢¥nl n0? nl - ¢YnO c¥nl n03 nl +
n0° nl

cY1l c¥nl n0? nl + c¥n0%nl? - ¢Y1l cYn0 n0 nl? - ¢¥1 c¥n0 n0% n1? + cY1? n0* n1? -

cYn0 c¥nl n0 n13 - c¥1 c¥nl n0%2n13 + c¥n0% n1* + c¥1 c¥n0 n0 n1? + ¢¥12 n0% n1* + n0? n1? le) }

us1lx3POB3 =
CoefficientList[Sn0 z? Expand[ ((a0+1) z)?] (n0z)™* (n0z)™* (n0z)™! (NO1z)* (NO22z)™},

1]
{ a0%sno 3 a0?sn0 3 a0 Sno0 Sno }
n03N01N02 n03®NO1NO2 n03NO1NO2 n03NO1NO2

uslx3P1B3 =
CoefficientList[-Snlz? Expand[((al+1) z)3] (nlz)™* (n1z)™! (nlz)™* (NO1z)™! (N122z)7*,

1]
{ ald snl 3al?snl 3alsnl Snl }
NO1n1®N12 NO1nl13N12  NO1nl1®N12  NO1nl3N12

us1x3P2B3 = CoefficientList[-Sn2 z® Expand[ ((a2+1) z)?| NO27'N127' 27%, 1]

{ a23sn2 3 a2?sn2 3 a2 sn2 Sn2 }
NO2N12' NO2N12 ' NO2N12 ' NO2N12

ux5¥B3 + ux5POB3 + ux5P1B3 + ux5P2B3

a0 a2’ al® 5a0* 5 a2 5al®
{n03 NOLN02 NO2N12 NOlnl®N12 n0®NOLNO2 NO2N12 NOLlnldN12'

10 a03 10 a23 10 a13 10 a0? 10 a2? 10 a1? 10 ry?
n0°NOLNO2 NO2NL2Z NO1nl®N12 n0’NOLNO2 NO2N12 NO1nl’Ni2z nOnl

5 a0 5a2 5al 5 (c¥nl n0 +cYnOnl +cY¥1lnOnl) ry 1
n0®N0O1NO2 NO2N12 NOLnl®N12 n02 n1? " h0®NO1NOZ

cYnl? n0? + cYn0 cYnl n0 nl + cY1l cYnl n02 nl + cYn02 nl1? + cY1l cYn0 n0 nl1? + cY1? n0? n12
n03 ni3

1 1 }
NO2 N12 NO1lnl3N12
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us1lx3YB3 + us1lx3POB3 + us1x3P1B3 + us1x3P2B3

a0’ sno al’ snl a23sn2
{n03 NO1NO2 NOlnldN12 NO2N12'
3 (1+n0%+n1?) rY? 3402 sn0 3al?’snl 3 a2%sn2
no0 nl " h0’NOLNOZ NO1nl®N12  NO2N12
1

- ﬁ3 (cYnl n0 + c¥nl n03 + cYn0O nl - c¥1 n0 nl - ¢Yn0 n0? nl + c¥1 n03 nl -
n0“ nl

3 al sn0 3 alsnl 3 a2 sn2

cYnl no n1? + cYn0 nl1®+ cY1 no n13) ry + - - ,
n03®NO1NO2 NO1nl3®N12 NO2N12

— (cYnl2 n0% + cYn1? n0* + c¥n0 c¥nl n0 nl - ¢Y1 c¥nl n0? nl - ¢YnO cY¥nl n03 nl +
n0° nl

cY1l cYnl n0? nl +c¥n02nl? - cY1l cYn0 n0 nl? - c¥1l cYn0 n03ni1? + cY1? no? n1? -
cYnO c¥nl n0 nl® - cY1l c¥nl n0? n13 + c¥n0? n1? + cY1 c¥nO n0 n1? +
Sno0 Snl Sn2 }

n03NO1NO2 NO1nl®N12 NO2NI12

cY1?n0® n1* + n0% n1? pv1) +
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Factor [Solve [{

a0’ a2’ al®
~ n0®NO1NO2 NO2N12 NO1nldN12'
0 5 a0* 5 a2 5al*
"~ n0®NOLNO2 NO2N12 NO1nl®N12'
10 a03 10 a23 10 a13
"~ n03NO1NO2 NO2N12 NO1nl®N12'
10 a0? 10 a22 10 a1? 10 ry?
== — — +
n03 NO1 NO2 NO2N12 NOlnl3®N12 nOnl
0 5 a0 5a2 5al 5 (c¥nl n0 + c¥nOnl +cY¥1lnOnl) rY
~ n03NO1NO2 NO2N12 NO1nl®N12 n02 n1? ’
1
—_—
n03 NO1 NO2
cYnl12?2 n0? + cYnO c¥nl nO nl + c¥1 c¥nl n02 nl + c¥n02 ni1? + c¥1 c¥YnO nO ni1? + c¥12 n0? n12
no3 n13
1 1
NO2N12 NO1nl3N12
4 a03 sno al3 sni1 a23 sn2
P == - -
n03 NO1 NO2 NO1nl3®N12 NO2N12
o 3 (1+n0%+n1?) r¥> 34302 sn0 3al?snl 3 a2%sn2
== + - -
nOnl n03 NO1 NO2 NO1nl3N12 NO2N12
0 ==
1
n02 n12
3 (cYnl n0 + c¥nl n0® + c¥nO nl - c¥1 n0O nl - c¥nO n0? nl + c¥1 n03 nl - c¥nl n0O n1? +
3 3 3 a0 sn0 3 al snl 3 a2 Sn2
cY¥nOnl” + c¥Y1 nOnl ) rY + - - ’
n03 NO1 NO2 NO1nl3®N12 NO2N12
— (cYnl2 n0? + c¥n1? n0* + c¥nO c¥nl nO nl - cY1 c¥nl n0? nl - c¥nO c¥nl n03 nl +
n0’ nl
cYl c¥nl n0* nl + c¥n0? n12? - cY1 cYn0 n0O n1? - c¥1 c¥n0 n03 n12? + cY¥12 n0* n1? -
c¥noO c¥nl n0 n1? - c¥1 c¢¥nl n02 n1% + c¥n0? n1* + c¥1 c¥nO n0O n1* + c¥12 n0% n1* +
2 2 Sno Snl Sn2
n0“ nl le) + - - ,
n03 NO1 NO2 NO1nl3N12 NO2N12
pYl == 3,

(******************************
The following equations are given by Lemma 6.13

******************************)

3a0%2 3ry? o 3a0 3cYnOry 1 cYno0?2
== - + == - - == - — 4
no3 no no3 no02 ! no3 no3
3a1?2 3 ry? 3al 3c¥nlrY 1 c¥nl?
== - + ’ == - - ’ 0 ZZ - ——
n13 nl n13 n1? n13 n13

}, {p, d, n0, nl, NO1, NO2, N12, p¥l, c¥l, c¥nO, c¥nl, Sn0O, Snl, SnZ}]]

5a2% + ry? . a0 al (a0 -al) ry
{{pe i @AY 0 Tl S NOL S -
a2‘ry r r a
(a0 - a2) a2 (al - a2) a2 ryY
NnNOZ5-——+——,N125-————, PY1 53, c¥Yl > -—, c¥n0->1,
ry? ry? a2

4 a0%a22-2a0ala2?+al?a2?+a0%ry?-2a0a2ry?+a2?ry?

a2? ry?

cYnl > 1, Sn0 >

I
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a0?a22-2a0ala2?+4al?a2?2+al?ry?-2ala2ry?+a2?ry?

Snl - ’
a2’ ry?
" a0%?+al’-2a0a2-2ala2+5a2?
Sn2 - 2 },
5a2? + ry? . a0 al (a0 -al) ry
p>———,d->»>-a2r¥y", n0-—, nl-»>-—,N0O1 > ——,
2 u2 2
a2‘ry ry ryY a2
(a0 - a2) a2 (al -a2) a2 ry
NO2 5 ———,N125 ———, PY1 >3, cYl>-—, cYn0 -1,
2 2
rY ryY a2
4 a0%a22-2a0ala2?+al?a2?+a0%2ry?-2a0a2ry?+a2?ry?
cYnl > 1, Sn0 > ,
a2? ry?
sn1 a0?2a22-2a0ala2?+4al?a2?2+al?ry?>-2ala2ry?+a2?ry?
nl -
a2’ ry? !
a0?+al’-2a0a2-2ala2+5a2?
Sn2 - - },
5 a2? + ry? . a0 al (a0 -al) ry
{ 528 T g5 a2ryt, n0s -, nlo oo, NOL > - =2 EE
a2’ ry? ry ry a2?
(a0 - a2) a2 (al -a2) a2 ryY
NO2Z» ——++—,N125-————, PY1 53, c¥Yl15-—, c¥Yn0->1,
ry? ry? a2
4 a0%a22-2a0ala2?+al?a2?+a0%ry?-2a0a2ry?+a2?ry?
cYnl > -1, Sn0 — 5 3 ’
a2‘ry
sn1 a0?2a22-2a0ala2?+4al?a2?2+al?ry?>-2ala2ry?+a2?ry?
nl -
a2’ ry? !
5 a0?+al?-2a0a2-2ala2+5a2?
Sn2 - - },
5 a2? + ry? . a0 al (a0 - al) ry
-, d>»a2ry¥y, n0o-—, n1l-» —,NOLl > ——
P
a2? ry? ry ry a2?
(a0 - a2) a2 (al -a2) a2 ryY
NO2Z5p-——+—+—,NI12» ————, PY1 53, cYl>-—, cY¥Yn0-1,
ry? ry? a2
4 a0%?a2%2-2a0ala2?+al?a2?2+a0%2ry?-2a0a2ry?+a2?ry?
cY¥nl > -1, Sn0 > 5 5 ,
azcry
snl a0?2a22-2a0ala2?+4al?a2?2+al?ry?>-2ala2ry?+a2?ry?
nl -
a2? ry? !
5 a0?2+al’-2a0a2-2ala2+5a2?
Sn2 - - },
5a2? + ry? . a0 al (a0 -al) ry
{pe 28t T L dsa2ry!, n05 —,nlo-o-, N0l - — 077
a2’ ry? ry ry a2?
(a0 - a2) a2 (al - a2) a2 rY
NOZ25p-————,NI12» ————, PY1 53, cYl>-—, cY¥Yn0-> -1,
ry? ry? a2
4 a0%2a22-2a0ala2?2+al?a2?2+a0%2ry?2-2a0a2ry?+a2?ry?
cY¥nl > 1, Sn0 - ’
a2? ry?
snl a0?2a22-2a0ala2?+4al?a2?2+al?ry?>-2ala2ry?+a2?ry?
nl -
a2? ry? !
5 a0?+al’-2a0a2-2ala2+5a2?
Sn2 - e },
5a2? + ry? . a0 al (a0 -al) ry
-, d>»a2ry¥y, n0 —, nl-»-—,N0O1l > ——M
P 2 g2 2
a2 ry rY rY a2
(a0 - a2) a2 (al - a2) a2 rY
NO2Z ———,NI2>5-—————, PY1 >3, cYl1>-—, cYn0-> -1,
2 2
rY rY a2
4 a0%2a22-2a0ala2?+al?a2?2+a0%2ry?2-2a0a2ry?+a2?ry?
cY¥nl > 1, Sn0 - ,
a2’ ry?

a0?a2?-2a0ala2?+4al?a2?+al?ry?-2ala2ry?+a2?ry?

a2? ry?

Snl -

4
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a02+a12—2a0a2—2a1a2+5a22}
I

Sn2 -
ry?
5a2? + ry? . a0 al (a0 -al) ry
po2f T 45 -a2r¥t, n0o —, nlo -, NOlo-— 177
2 2 2
a2 ry rY rY a2
(a0 - a2) a2 (al -a2) a2 ryY
NnNO2» ——+——,N12»5 ———, p¥Y1 >3, c¥Yl>-—, c¥n0-> -1,
ry? ry? a2
4 a0%a22-2a0ala2?+al?a2?+a0%ry?-2a0a2ry?+a2?ry?
cYnl > -1, Sn0 - ’
a2’ ry?
snl a0?2a22-2a0ala2?+4al?a2?2+al®ry?>-2ala2ry?+a2?ry?
nl -
a2? ry? !
a0?2+al’-2a0a2-2ala2+5a2?
Sn2 - }I
ry?
5a2? + ry? . a0 al (a0 - al) ry
-, d>»-a2r¥, n0» —, n1l-» —,NOLl > ——m———,
P
a2’ ry? ry ry a2?
(a0 - a2) a2 (al -a2) a2 rY
NOZ5-———,NI12>-—————, PY1 >3, cYl1>-—, cYn0-> -1,
ry? ry? a2
4 a0%a22-2a0ala2?+al?a2?+a0%ry?-2a0a2ry?+a2?ry?
cY¥nl > -1, sSn0 - ,
a2? ry?
sn1 a0?a2?2-2a0ala2?+4al?a2?+al?ry?-2ala2ry?+a2?ry?
nl -
a2? ry? !

Sn2 -

a02+a12—2a0a2—2a1a2+5a22}}

ry?

Computations for Lemma 6.20.
Case B.4 where there exists N® s.t. Fix(N) = Y4 U P; and M®
Fix(M) = Y* U P,.

(******************************
NOTATIONS
rY xY denotes the restriction of x to ¥
ai denotes the Hopf weight at Pi
Nij denotes the product of the normal weights shared between Pi and Pj
Sni is the sum of the square of the normal weights at Pi
cY¥nl xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cY¥n2 xY denotes the first Chern class of the normal bundle of Y in the
direction of M
cYj xYJ denotes the j-th Chern class of the normal bundle of Y in the
remaining directions
ux5YB4 denotes the local datum of x° at Y
ux5PiB4 denotes the local datum of x° at Pi
us1lx3YB4 denotes the local datum of pl(X)x>® at ¥
uslx3PiB4 denotes the local datum of pl(X)x?® at Pi

We use the variable t to extract the coefficient of order 2 of xY¥. We
then evaluate xY¥? to 1.

The orientation of the point PO is 1 while those from Pl and P2 are -
1. This explains the signs at their local datum

Once evaluated, we extract all the coefficients in 1 into a list.
******************************)
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ux5YB4 =
Factor[CoefficientList|
Coefficient[Expand[(rY XYt + lz)5] Series[(ch xYt+ z)71, {x¥, 0, 2}]
Series[(c¥nlxYt+nlz)™*, {x¥, 0, 2}] Series[(c¥n2xYt+n2z)™!, {x¥, 0, 2}],
t, 2], 1]] /. x¥"2 > 1
10 ry? 5 (cYn2 nl + cYnl n2 + cYl nln2) rY
{0, 0,0, , - '
nl n2 n1? n2?
cYn2?nl1? + cY¥nl cYn2nl n2 + cY¥l c¥n2 n1? n2 + c¥n1? n2? + ¢Y1 c¥nl nl n2% + cY1? n1? n22 }

nl3n23

ux5P0OB4 = CoefficientList [Expand[ ((a0+1) z)°] NO17* NO27* 27%, 1]

{ a0® 5 a0 10 a03 10 a0? 5 a0 1 }
N01N02 ' N01N02  N01N02 N01NO02 NO1NO2 NO1NO2

|J.x5P134 =
CoefficientList[—Expand[ ((al+1) z)5] (n1z) ! (n1z)!(ni1z)!(No1z)?! (N122)L, l]

{ al® 5al? 10 a13 10 al? 5al 1 }
NO1n13N12  NO1nl13N12  NO1n13®N12  NO1n13N12  NO1nl3N12  NO1nl3N12

|J.x5P234 =
CoefficientList[—Expand[ ((a2 +1) z)5] (n2z) ! (n22z)! (n22z)! (NO22)! (N122)%, l]

{ a2® 5 a2t 10 a23 10 a2? 5 a2 1 }
N02N12n23  NO2N12n2®  NO2N12n23  NO2N12n23  NO2N12n23  NO2N12n23

uslx3YB4 =
Factor[CoefficientList|

Coefficient[(le t24+ (c¥lxYt+ 2)2+ (c¥nlxYt+ nlz)?+ (c¥n2xYt +n2 z)z)
Expand[(rY XYt + 1z)3] Series[(ch xYt+ z), {xY, O, 2}]
Series[(cYnl x¥t+nlz)?!, {x¥, 0, 2}] Series[(cYn2 xYt+n2z) !, {x¥, 0, 2}],
t, 2], 1]] /. x¥"2 5 1
3 (1+n1%+n2?) ry?
{0’ nln2 !

1
- ﬁ"' (cYn2 nl +c¥n2nl® +c¥nln2 -c¥lnln2-c¥nlnl?n2+c¥lnl®n2-
nl“n2

cYn2 nl n2? + c¥nl n23 + cYlnl n23) ry,

_ (cYnZ2 nl? + cYn2? n1? + c¥nl c¥n2 nl n2 - c¥1l c¥n2 nl?n2 - c¥nl c¥n2nl13n2 +
nl3n23
cYlcYn2 nl?n2 + c¥nl? n2? - ¢Y1 c¥nl nl n2% - ¢¥1 c¥nl n13®n2? + cY1? n14 n2% -

cYnl cYn2 n1 n23 - c¥1 c¥n2n1?n23 + c¥n1? n2* + c¥1 c¥nl nl n2* + Y12 n1%? n2* + n1? n2? le) }

us1x3POB4 = CoefficientList [Sn0 z? Expand[ ((a0+1) z)*] NO17' NO27' 2%, 1]

{ a0°sn0 3a02sn0 3 a0Sn0 Sno }
NO01N02 ' NO1NO2 ' NO1NO02 ' NO1NO2

uslx3P1B4 =
CoefficientList[-Snlz? Expand[((al+1) z)°] (nlz)™* (nlz)™! (nlz)™* (NO1z)™! (N122z)7,

1]
{ aldsnil 3al?snl 3alsnl Snl }
NO1nl13N12  NO1nl13N12  NO1n13®N12  NO1n13N12
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uslx3P2B4 =
CoefficientList[-Sn2z ?Expand[((a2+1) z)°] (n2z)™* (n2z)™! (n22)™" (NO2z)™! (N122z)7*,

1]
{ a2’ sn2 3 a2%2sn2 3 a2 sn2 Sn2 }
NO02N12n23  N02N12n2®  NO2N12n23  NO2N12n23

ux5YB4 + ux5P0B4 + ux5P1B4 + ux5P2B4

a0® al’® a2’ 5 a0 5alt 5 a2t
{N01 N02 NO1nl3N12 NO2N12n2®  NOLNO2 NOLnl3N12 NO2N12n2?®'
10 a0° 10 a1? 10 a2? 10 202 10 a1? 10 a2? 10 ry?
NOINOZ NO1nl®N12 NO2N12n2® NOLNOZ NO1nl®N12 NO2N12n2®  nln2 '
5 a0 5al 5a2 5 (c¥n2 nl +cY¥nln2 +cY¥1lnln2) rY
NO1NO2 NO1nl®N12 NO2N12n23 n12 n2? ’
1 1 1

- - +

NO1NO2 NO1nl3N12 NO2N12n23
cYn2?2 nl? + c¥nl c¥n2 nl n2 + cYl c¥n2 n1? n2 + c¥nl? n22 + cY1l c¥nl nl n2% + cY1? n1? n22 }

nl3n23

us1lx3YB4 + us1lx3P0B4 + us1lx3P1B4 + us1lx3P2B4

a03 sno0 aldsnl a23 sn2
{NOI N02 NO01nl®N12 NO2N12n23’
3 (1+n1*+n2?) r¥> 3a0%sn0 3al?snl 3 a22 Sn2
nln2 " NOINO2 NOIn1’NIZ NO2N12n23’
1

- ﬁ‘?’ (cYnZ nl +c¥n2 nl® +c¥nln2 -c¥lnln2-c¥nlnl?n2+c¥lnl3n2 -
nl®n2
3 al sn0 3 alsnl 3 a2 sn2

NO1NO2 NO1nl3NI12 NO2N12n2?®'

cYn2 nl n2? + c¥nl n23 + c¥lnl n23) ry +

1
nl13 n23
cY1l cYn2 nl1® n2 + c¥nl? n2%2 - ¢Y1 c¥nl nl n2? - ¢¥1 c¥nl n13®n2? + cY1? n1* n2% -
c¥nl c¥Yn2 nl n2% - c¥1l c¥n2 n1? n23 + c¥n1? n2* + c¥1 c¥nl nl n2* +
Sn0 Snl Sn2 }

NO1NO2 NOInl®N12 NO2NI12n23

(cYn22 nl? + cYn2? n1* + c¥nl c¥n2 nl n2 - c¥1l c¥n2 nl?n2 - c¥nl c¥n2 n1dn2 +

cY1?n12 n2* + n1% n2? le) +
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a0’ a1’ a2®
" NO1NO2 NO1nl®N12 NO2N12n23'
0 5 a0* 5alt 5 a2
" NO1NO2 NO1nl®N12 NO2N12n23'
10 a03 10 a13 10 a23
" NO1NO2 NO1nl®N12 NO2N12n23'
10 a0? 10 a1? 10 a22 10 ry?
== - — +
NO1NO2 NOlnl®N12 NO2N12n2® nln2
0 5 a0 5al 5 a2 5 (c¥n2 nl + c¥nl n2 + c¥1l nl n2) rY
" NO1NO2 NO1nl®N12 NO2 N12 n23 nl? n22 ’
1 1 1
0 == — - +
NO1NO2 NO1lnl3N12 NO2N12n2?
c¥n22 n1? + c¥nl c¥n2 nl n2 + c¥1l c¥n2 n12 n2 + c¥nl2 n22 + c¥1 c¥nl nl n22 + c¥12 n12 n22
n13 n23 '
B a03 sno al3 snil a23 sn2
p == - -
NO1NO2 NOLlnl3®N12 NO2N12n23
3 (1+n1%2+n22) r¥* 3202500 3 al?snl 3 a22 sn2
- nl n2 NO1NO2 NOLlnl3N12 NO2N12n23
1
n12 n22
3 (cYnZ nl + c¥n2 nl® + c¥nln2 - c¥1l nln2 -c¥nlnl?n2 +c¥1 nl3n2 - c¥n2 nl n22 +
3 3 3 a0 sn0 3 alsnl 3 a2 Sn2
c¥nl n2” + cY¥1l nl n2 ) rY + - - ’
NO1NO2 NO1nl3N12 NO2N12n23
0 ==
= (c!lnz2 n1? + c¥n2? n1% + c¥nl c¥n2 nl n2 - c¢Y1 c¥n2 n1? n2 - c¥nl c¥n2 n13 n2 +
nl” n2
cYl c¥n2 n1? n2 + c¥nl1? n22 - c¢Y1 c¥nl nl n2% - c¥1 c¥nl n13 n22 + cY12 n1* n2% -
c¥nl c¥n2 nl n23 - c¥1 c¥n2 n12 n2% + c¥n1? n2% + c¥1 c¥nl nl n2? + c¥12 n12 n2* +
2 2 Sno Snl Sn2
nl‘ n2 le) + - - ’
NO1NO2 NO1lnl3®N12 NO2N12n23
PY1 == 3, (*kkdkhhhhhhhhhhhhhhhhhhrrhkhhhkk

The following equations are given by Lemma 6.13

******************************)

3a1? 3ry? 3al 3c¥nlrY 1 cYn1?
o n13 ! n1 o n13 ) n12 rUET F * n13
3 a2? 3 ry? 3 a2 3 cY¥n2 rY 1 cYn22
0=- n2® | nz2 ' 0==_n23 T T a2 T Tt T

}r {p, d, nl,

n2, NO1, NO2, N12, c¥1l, c¥nl, c¥n2, Sn0O, Snl, Sn2, le}]]

5a0% + ry? . al a2
p>—,d->-a0rY¥Y, nl->-—, n2--—,
2 y2
al0®ry ryY rY
a0 (a0 -al) a0 (a0 -a2) (al -a2) ry
NO1l - - 5 ,N02%72,N12%—72,
ry ryY a0

rY
cYl->-—, c¥nl->1, c¥Yn2->1, Sn0 >

a0

5a02-2a0al+al?-2a0a2+a2?

ry?

4

4 a0%al?-2a0%ala2+ab?a2?2+a0?2ry?-2a0alry?+al?ry?

Snl -

a0?al?-2a0%ala2+4a0?a2%+a0%ry?-2a0a2ry?+a2?ry?

Sn2 -

a0? ry? !

207 217 , pY1l > 3},
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5a0?% + ry? . al a2 a0 (a0 -al) a0 (a0 - a2)
{p% 2 T 45 -a0rYt, nlo - oo, n2 5 -0, NOL o o O N2 s - T A
a0? ry? ry ry ry? ry?
(al - a2) ry ry 5a02-2a0al+al®?-2a0a2+a2?
N12-»5 ————,cYl>-—, cY¥Ynl->1, c¥n2 51, Sn0 -
a0? a0 ry?
sn1 4 a0%al?-2a0?ala2+a0%a2?+a0?ry?>-2a0alry?+al?ry?
nl -
a0? ry? !
a0%?al?-2a0%ala2+4a0?a2?+a0%ry?>-2a0a2ry?+a2?ry?
Sn2 - 07 o7 , pY1»3},
a0’r
5a0? + ry? . al a2 a0 (a0 - al)
-, d>»al0r¥y', nl»-—, n2-» —,NOLl > — ——,
p 2 o2 2
al0° ry rY rY rY
a0 (a0 -a2) (al - a2) ry rY
NO2Z» ——+—,NI12 5 - ————, Y1l > - —,
ry? a0? a0
L1 5 L 5a02-2a0al+al?-2a0a2+a2?
c¥nl->1, c¥n2- -1, Sn0 > - ’
sn1 4 a02al?-2a0%ala2+a0?2a2?2+a0?2ryY?-2a0alry?+al?ry?
nl -
a0? ry? '
a0?al?-2a0%ala2+4a0?a2?+a0%2ry?-2a0a2ry?+a2?ry?
sn2 - o , pY193},
a0’r
5a0? + ry? . al a2 a0 (a0 - al)
-, d>»alr¥y', nl»-—, n2» —, N0l > - ————,
p
a0? ry? ry ry ry?
a0 (a0 -a2) (al - a2) ry ry
NOZ»-———+,N12 5 ———, cY¥Y1l > -—,
ry? a0? a0
1.1 5 L 0 5a02-2a0al+al?-2a0a2+a2?
c¥nl »1, ¢c¥n2 > -1, Sn0 - - ’
sn1 4a0%al?-2a0%ala2+a0%a2?+a0?ry?>-2a0alry?+al?ry?
nl -
a0? ry? '
a0%?al?-2a0%ala2+4a0?a2?+a0%ry?-2a0a2ry?+a2?ry?
Sn2 - 07 oy2 ' pY1»3},
a0r
5a0? + ry? . al a2 a0 (a0 - al)
{pe -, d-»a0ry', n1l - —, n2--—,N0O1l>»-—-———,
a0? ry? ry ry ry?
a0 (a0 -a2) (al -a2) ry ry
NOZ5p-———+,N125-—————, cY¥l > -—,
ry? a0? a0
1 1 y 1 0 5a02-2a0al+al?-2a0a2+a2?
cYnl > -1, ¢c¥n2 >1, Sn0 —» 2 ’
sn1 4a0%al?-2a0%ala2+a0%a2?+a0?ry?>-2a0alry?+al?ry?
nl -
a0? ry? !
a0?al?-2a0%ala2+4a0?a2?+a0%ry?-2a0a2ry?+a2?ry?
sn2 - 07 oy ' le%3}:
a0’r
5a0% + ry? . al a2 a0 (a0 - al)
-, d>»a0r¥y*', n1» —, n2->-—,N0O1 > —m ———,
p 2 o2 2
a0 ry ry ryY ryY
a0 (a0 -a2) (al - a2) ry ryY
NO2» ———,NI2 5 ———, cYl>5 - —,
ry? a0? a0
1 y 1 0 5a02-2a0al+al®>-2a0a2+a2?
c¥nl > -1, cYn2 -1, Sn0 > - ’
sn1 4a0%al?-2a0%ala2+a0%?a2?+a0?ry?>-2a0alry?+al?ry?
nl -
a0? ry? '
a02al?-2a0%ala2+4a0?a2?2+a0%ry?>-2a0a2ry?+a2?ry?
sn2 - 0 oy ' le%3}:
a0’ r
5a0% + ry? . al a2 a0 (a0 - al)
{pe 2 T L, d5-a0rYt, nlo o, n2 o ——, N0l » — = %77,
a0? ry? ry ry ry?
a0 (a0 -a2) (al -a2) ry ry
NO25p-——+——,NI12>-———, CYl > - —,

ry? a0? a0

I
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5a0?2-2a0al+al®-2a0a2-+a2?
cY¥nl »> -1, ¢cYn2 > -1, Sn0 >

I

ry?
sn1 4 a0%al?-2a0%ala2+ab?a2?+a0%ry?-2a0alry?+al?ry?
nl -
a0? ry? !
a0%?al?-2a0%ala2+4a0?a2?+a0%ry?-2a0a2ry?+a2?ry?
sn2 - g , lee3},
a0%r
5a0? + ry? . al a2 a0 (a0 -al)
{p4>4———————q d»-a0rYy", n1» —, n2»> —, N0l > - ————,
a0? ry? ry ry ry?
a0 (a0 -a2) (al -a2) ry rY
NO2»> ————,NI12»> ———, CcYl>-—, c¥nl > -1,
ry? a0? a0
5a0%2-2a0al+al?-2a0a2+a2?
cY¥n2 » -1, Sn0 - ’
ry?
sn1 4 a0?al?-2a0%ala2+a0?a2?2+a0%ry?>-2a0alry?+al?ry?
nl -
a0? ry? !
a0%?al?-2a0%ala2+4a0?a2?+a0%ry?-2a0a2ry?+a2?ry?
sn2 - g , lee3}}
a0%r

Computations for Lemma 6.20.
Case B.5 where there exists N s.t. Fix(N;) = Y* U P; for
every P;.

(*****************************'k
NOTATIONS
rY xY denotes the restriction of x to ¥
ai denotes the Hopf weight at Pi
Nij denotes the product of the normal weights shared between Pi and Pj
Sni is the sum of the square of the normal weights at Pi
cY¥ni xY denotes the first Chern class of the normal bundle of Y in the
direction of Ni
ux5YB5 denotes the local datum of x° at Y
ux5PiB5 denotes the local datum of x°> at Pi
us1lx3YB5 denotes the local datum of pl(X)x® at ¥
us1lx3PiB5 denotes the local datum of pl(X)x? at Pi

We use the variable t to extract the coefficient of order 2 of xY. We
then evaluate xY? to 1.

The orientation of the point PO is 1 while those from Pl and P2 are -
1. This explains the signs at their local datum

Once evaluated, we extract all the coefficients in 1 into a list.

******************************)

MX5YB5 =
Factor[CoefficientList[
Coefficient[Expand[(rY XYt + 1z)5] Series[(cYnO xYt+ n0z)!, {x¥, 0, 2}]
Series[(cYnl xYt+nlz)?!, {x¥, 0, 2}] Series[(cYnZ xYt+n2z) !, {x¥, 0, 2}],
t, 2], 1]] /. x¥"2 5 1
10 ry? 5 (c¥n2 n0 nl + cY¥nl n0 n2 + cYnO nl n2) ry

0, 0,0 -
{ "7 7" nonin2’ n02 n1? n2?2

4

1

——;——;——;(cYnZZn02n12+cYnlcYn2n02n1n2+
n0° nl’n2

cYnOcYn2n0n12n2+cYn12n02n22+cYn0cYnln0nln22+cYn02n12n2ﬂ}
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ux5POB5 = CoefficientList [Expand[((a0+1) z)°] (n0z)™* (n0z)™! (n0z)™* (NO1z)™* (NO22z)*,
1]
{ a0’ 5 a0* 10 a03 10 a0? 5 a0 1 }
n03 NO1N02  n03NO1NO2 nO03NO1NO2 n03NO1NO2 n03NO1NO2 nO3NO1NO2

ux5P1B5 =
CoefficientList[-Expand[((al+1) z)®] (nl1z)™! (nlz)™* (nlz) ! (NO1z)™* (N12z)™!, 1]

{ al® 5al? 10 al3 10 al? 5al 1 }
NO1n1®N12  NO1nl13N12  NO1nl1®N12  NO1nl3N12  NO1nl1®N12  NO1nl3N12

ux5P2B5 =
CoefficientList[-Expand[((a2+1) z)°] (n2z)™! (n22)™* (n22z)™! (NO22z)™* (N12z)™!, 1]

{ a2’ 5 a2 10 a23 10 a2? 5 a2 1 }
N02N12n23  N02N12n23  NO2N12n23  NO2N12n2}  NO2N12n23  NO2N12n23

us1lx3¥YB5 =
Factor[CoefficientList[

Coefficient[ (le t2+ (c¥n0OxYt+ n0z)2+ (c¥nlx¥Yt+ nlz)?+ (c¥n2x¥t +n2 z)z)
Expand[ (ryx¥t + 1 z)3] Series[(cYnO xYt+n0z)!, {x¥, 0, 2}]
Series[(c¥nlxYt+nlz)™*, {x¥, 0, 2}] Series[(c¥n2xYt+n2z)™!, {x¥, 0, 2}],

t, 2], 1]] /. x¥"2 > 1
3 (nO2 +nl?+ n22) ry?
o ,
n0 nl n2
- %3 (cYnZ n0°nl +c¥n2n0nl1® +c¥nlno®n2 - cYn0 n0?nl n2 -
n0“ nl” n2
cYnln0nl?n2 +cY¥n0 n13®n2 - ¢¥n2 n0 nl n2? + c¥nl n0 n23 + c¥nO nl n23) ryY,
1
n03n13n23
cYnl cYn2 n02n13n2 + c¥n0 c¥n2 n0 n1? n2 + c¥n1? n0* n2% - c¥n0 c¥nl n0® n1 n22 -
cYn0 c¥nl n0 n13 n22 + c¥n0% n1* n22 - c¥nl c¥n2 n0% n1 n2% - ¢¥n0 c¥n2 n0 n1%2 n23 +

(cYnZ2 n0* n1? + cYn22 n0%2 n1* + cY¥nl cYn2 n0* nl n2 - c¥n0 c¥Yn2 n03 n1?n2 -

cYn1? n0? n2* + cYn0 c¥nl n0 nl n2* + cYn0% n1? n2* + n0% n1? n2? le) }

us1lx3POB5 =
CoefficientList[Sn0 z? Expand[((a0+1) z)*] (n0z)™* (n0z)™* (n0z)™! (NO1z)* (NO22z)™},

1]
{ a03sno0 3 a0?sn0 3 a0 Sno0 Sno }
n03N01N02 n03®NO1N02 n03NO1NO2 n03NO1NO2

us1lx3P1B5 =
CoefficientList[-Snlz? Expand[((al+1) z)°] (nlz)™* (nlz)™! (nlz)™* (NO1z)™! (N122z)7*,

1]
{ aldsnl 3al?snl 3alsnl Snl }
NO1n13®N12  NO1nl3N12  NO1nl13®N12  NO1nl3N12

us1lx3P2B5 =
CoefficientList[-Sn2z? Expand[((a2+1) z)’] (n2z)™* (n2z)™! (n22)™" (NO2z)™! (N122)7*,

1]
{ a23sn2 3 a2?sn2 3 a2 Sn2 Sn2 }
NO02N12n23  N02N12n23  NO2N12n2®  NO2N12n23
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ux5YB5 + ux5POB5 + ux5P1B5 + ux5P2B5

a0® al’ a2’ 5 a0? 5al? 5 a2t
{n03 NOINO2 NOlnl®N12 NO2N12n2® nO®NO1NO2 NOLnld®N12 NO2N12n23
10 a03 10 a13 10 a23 10 a0? 10 al? 10 a2? 10 ry?
n0°NOLNO2 NOLnl®N12 NO2N12n2° n0°NOLNO2 NOLlnl®N12 NO2N12n2® nOnln2’
5 a0 5al 5a2 5 (c¥n2 n0 nl + c¥nl n0 n2 + cYnO nl n2) ryY
n0®NO1NO2 NO1nl®N12 NO2N12n23 n02 n12 n22 ’
1 1 1 1 s ,
- - + cYn2“n0“nl”° + cYnl cYn2 n0“ nl n2 +

n03N01N02 NO1nl3N12 ©NO2N12n2°® n03nl3n23

cYn0 cYn2 n0 n1? n2 + c¥n1? n0%2 n22 + cYnO0 c¥nl n0 nl n22 + cYn0? n1? n22) }

usl1lx3¥YB5 + us1x3POB5 + us1x3P1B5 + us1x3P2B5

a03 sno al®snil a23sn2
{n03 NOLNO02 NOlnl3N12 NO2N12n23®’
3 (n02 +nl1?+n2%) r¥>  3a025sn0 3al? snl 3 a22 sn2
n0 nl n2 " h0°NOLNOZ NO1nl®N12 NO2N12n2?® '
1

- ﬁ3 (cYnZ n03nl + c¥n2n0n1? + c¥nl n03n2 - cYn0 n02nl n2 - c¥nl n0nl?n2 +
n0“ nl“n2

3 a0 Sn0 3 al Snl
n03N01NO2 NO1nl3N12

cYn0nl3n2 - c¥n2 n0 nl1 n22 + c¥nl n0 n23 + c¥nO nl n23) ryY +

3 a2 Sn2 1
N02N12 n2®  n03n1® n23
cYn0 cY¥n2 n0° n1? n2 - c¥nl c¥n2 n0% n13® n2 + ¢¥n0 ¢¥n2 n0 n1* n2 + c¥n1? n0* n22 -
cYn0 c¥nl n03 nl n2? - ¢c¥n0 c¥nl n0 n1®n2? + cYn0? n1* n2? - c¥nl cYn2 n0? n1 n23 -
cYno0 cYn2 n0 n1%2 n23 + cYn1? n02? n2* + c¥n0 cYnl n0 nl n2* + c¥n0? n12 n2* + n0? n1%2 n2? le) +
Sno Snl Sn2
n0°NO1NO2 NO1nl®N12 NO2N12 n23 )

cY¥n2?n0* n1? + cyn2?2 n0? n1* + c¥nl c¥n2 n0* n1 n2 -




20

Factor [Solve [{

| Complex 5-dimensional complete intersection. Case 3.nb

a0’ a1’ a2’
7 R0NOLNO2 NOlnl®N12 NO2 N12n2®
0 - 5 a0* 5alt _ 5 a2
" nO®NOLNO2 NOlnl3N12 NO2N12n23
10 a0® 10 a13 10 a23
7 h0NOLNO2 NOlnl®N12 NO2 N12n2®
10 a0? 10 a1? 10 a22 10 ry?
7 h0NOLNO2 NOlnl®N12 NO2 N12 n2’ *honinz’
0 - 5 a0 5al _ 5a2 _ 5 (¢c¥n2 n0O nl + c¥nl n0 n2 + c¥YnO nl1 n2) rY
n03 NO1 NO2 NOlnl3®N12 NO2N12n23 n02 n12 n22
1 1 1 1
¥ M0 NOLNO2 NO1ni®N12 NOZN1Zn2® & nO® ni® n2®
(cYnZ2 n02 nl1? + c¥nl c¥n2 n0? nl1 n2 + c¥nO c¥n2 n0 n12 n2 + c¥n1? n0? n22 +
c¥nO c¥nl n0 nl n22 + cYn02 n12 n22) ’
- a03 sno _ aldsnil ) a23 sn2
P T 0O°NOLNOZ NOLnl’N12 NOZN1Zn2®'
o 3 (n0? + n1? + n2?) ry? , 3 a0?sn0  3al’snl  3a2’sn2
N no0 nl n2 n03 NO1 NO2 NO1nl3N12 NO2N12n23
1

n02 n12 n22
3 (cYnZ n0% nl + c¥n2 n0 n1? + c¥nl n0%® n2 - c¥n0 n0%2 nl n2 - cY¥nl n0Onl1? n2 +

3 2 3 3 3 a0 sn0
cYnOnl’n2 - c¥n2 n0 nl n2° + c¥nl n0 n2° + cYnO nl n2 ) rY + —mMmM8M8M8M8 -

n03 NO1 NO2
3 alsSnl 3 a2 Sn2

NO1n13N12 NO2 N12n2?

1

n03 n13 n23
c¥nl c¥n2 n02 n13 n2 + c¥n0 c¥n2 n0 n1 n2 + c¥n1? n0* n22 - c¥no c¥nl n03 n1 n2? -
c¥no c¥nl n0 nl13 n22 + c¥n0? n1* n22 - c¥nl c¥n2 n0? n1 n23 - c¥nO c¥n2 n0 n12 n23 +
c¥n1? n0% n2* + c¥nO c¥nl n0 nl1 n2? + c¥n0? n12 n2? + n0? n12 n22 le) +

(c!!nz2 n0% n1? + c¥n22 n02 n1* + c¥nl c¥n2 n0? n1 n2 - c¥nO c¥n2 n03 n12 n2 -

Sn0 Snl Sn2
n0® NO1 NO2 NO1nl3N12 NO2N12n23
pYl == 3,

(******************************
The following equations are given by Lemma 6.13

******************************)

3a0%2 3ry? 3a0 3cYn0OryY 1 cYno0?
== - + == - - == - — +
no3 no no3 no0? ! no3 no® '
3al? 3ry? 3al 3c¥nlry 1  cyYnl?
== - + == - - ZZ - ——
n13 nl ' n13 niz n13  n13
3a2?2 3ry? 3a2 3c¥n2ry 1 cYn22
= = + == - - == - —
n23 n2 ' n23 n22 n23  n23
}, {p, d, n0, nl, n2, NO1, NO2, N12, c¥n0O, c¥nl, c¥n2, p¥l, SnO, Snl, Sn2}]]
6 5 a0 al a2
{{p» —yd->rY’, n0>5-—, nl->-—,n2->-—,
ry? ry ry ry
a0 -al a0 - a2 al - a2
N0l > —, NO02 > - , N12 - - , ¢c¥n0 > 1, cY¥nl->1,
rY ryY rY

4
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5a02-2a0al+al®-2a0a2+a2?
cYn2 -1, pYl > 3, Sn0 -

r

ry?
a0?-2a0al+5al?-2ala2+a2? a0?+al’>-2a0a2-2ala2+5a2?
Snl - , Sn2 - },
ry? ry?
5 a0 al a2 a0 -al
p»>—,d>r¥Y, n05-—, nl-»-—,n2--—,N0O1>-—-——,
2
rY rY rY rY rY
a0 - a2 al - a2
NOZeiy,NmeiY,cYnOel,cYnlel,cYnZel,lee?;,
r r
5a02-2a0al+al®?-2a0a2+a2? a0?-2a0al+5al?-2ala2+a2?
Sn0 —» 5 , Snl - P ,
rY rY
a0%?+al?-2a0a2-2ala2+5a2? 6 5 a0
Sn2 - > —,d->-r¥’, n0 > - —
2 I p 2/ 14 14
rY ryY rY
a a2 a0 - al a0 - a2 al - a2
nl--—,n2-» —,NO1~>» ——,NO2> ——, N2> ——, cYn0 -1,
rY rY rY rY rY
5a02-2a0al+al®-2a0a2+a2?
cYnl->1, c¥n2 > -1, pYl > 3, Sn0 > ’
ry?
a0?2-2a0al+5al?-2ala2+a2? a0?+al?-2a0a2-2ala2+5a2?
Snl - , Sn2 - },
ry? ry?
6 5 a0 al a2 a0 -al
p»>—,d>»>-r¥¥, n0»-—, nl»-—, n2-» —, N0l 5> - ———,
2
rY rY rY rY rY
a0 - a2 al - a2
NOZ%—T,lee—T,cYnOel,cYnlel,cYn2+—1,pY1+3,
r r
5a02-2a0al+al®?-2a0a2+a2? a0?-2a0al+5al?-2ala2+a2?
Sn0 - , Snl - ’
ry? ry?
a0%?+al’-2a0a2-2ala2+5a2? 6 5 a0
Sn2 - - —,d->-r¥’, n0 -> - —
2 I p 2/ 4 14
rY rY rY
al a2 a0 - al a0 - a2 al - a2
nl> —,n2-»-—,NO1>» ——,NO2> ——,NI125-———, cY¥n0->1,
ryY rY rY rY rY
5a02-2a0al+al®-2a0a2+a2?
cYnl > -1, c¥Yn2 > 1, pYl > 3, Sn0 - ’
ry?
a0?-2a0al+5al?-2ala2+a2? a0?+al?-2a0a2-2ala2+5a2?
Snl - , Sn2 - },
ry? ry?
5 a al a2 a0 -al
p»>—;d->-r¥°, n0-—,nl-» —, n2--—, N0l >-——,
2
rY rY rY rY rY
a0 - a2 al - a2
NOZ%—T,N12AT,cYnOel,cYnle—l,cYn2—>1,pY1+3,
r r
5a02-2a0al+al®?-2a0a2+a2? a0?-2a0al+5al?-2ala2+a2?
Sn0 - 3 , Snl - P ’
rY rY
a0?+al’-2a0a2-2ala2+5a2? 6 5 a0
Sn2 - }, {pe—,derY,nOe——,
ry? 2 ry
al a2 a0 -al a0 - a2 al - a2
nl> —,n2-»—,NO1>» ——,NO2>-——, N125 ———, cY¥n0->1,
rY rY rY rY rY

5a02-2a0al+al®-2a0a2+a2?
cY¥nl > -1, c¥n2 - -1, p¥Yl > 3, Sn0 >

14

ry?

a0?-2a0al+5al?-2ala2+a2? a0?+al’-2a0a2-2ala2+5a2?
Snl - , Sn2 - },
ry? ry?
6 5 a0 al a2 a0 -al
{pe—, d-»r¥y, n0-—, nl-» —, n2- —, NO1 5> - ———
y? ry ry ry ry

14

a0 - a2 al - a2
NO2 - T, N12 %—T, cYn0 -1, c¥nl > -1, c¥n2 - -1, pYl- 3,
r r

S0 5a02-2a0al+al?-2a0a2+a2? snl a0?-2a0al+5al?-2ala2+a2?
no - nl -
ry? ! ry?

14

Sn2 -

a0?+al’-2a0a2-2ala2+5a2? 6 5 a
;s i p> —,d->-r¥’, n0 - —,
2

ry? ry
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al az2 a0 -al a0 - a2 al - a2
nl-—,n2-»-—,NO1>» ——,NO2>-——, N2> ——, c¥n0-> -1,
ry ry ry ry ry
5a0%2-2a0al+al®-2a0a2+a2?
cYnl ->1, c¥n2 51, p¥l >3, Sn0 - ,
ry?
a0?-2a0al+5al®-2ala2+a2? a0%?+al’?-2a0a2-2ala2+5a2?
sSnl - 5 , Sn2 - 3 },
rY rY
5 a0 al az2 a0 -al
p»>—,d>-r¥¥, n0» —, nl-»-—,n2--—, N0l >-——~—,
2
ryY ryY ry ry rY
-a al - a2
NO02 - T, N12»77Y, cYn0 » -1, c¥nl > 1, c¥n2 51, pYl-> 3,
r r
5a0?2-2a0al+al®-2a0a2+a2? a0?-2a0al+5al*>-2ala2+a2?
Sn0 - 5 , Snl - 2 '
ry ry
a0?+al’-2a0a2-2ala2+5a2? 6 5 a0
Sn2 - },{p»—,d»rY,nO»—,
ry? ry
al az2 a0 -al a0 - a2 al - a2
nl-—,n2-» —,NO1>» ——, N2> ——,NI2>5-——, c¥n0-> -1,
ry ry ry ry ry
5a02-2a0al+al®-2a0a2+a2?
cYnl ->1, c¥n2 > -1, pYl > 3, Sn0 > ,
ry?
a0?-2a0al+5al®?-2ala2+a2? a0%?+al’?-2a0a2-2ala2+5a2?
Snl - 5 , Sn2 - 5 },
rY rY
5 a0 al az2 a0 -al
p»>—,d->r¥y, n0» —,nl--—,n2- —,N0Ol>-—«—,
2
ryY ry ry ry ryY
- a2 al - a2
NOZ%fiY, N12—»5 —, cYn0-> -1, c¥nl->1,
r ry
5a02-2a0al+al®-2a0a2+a2?
cY¥n2 » -1, pYl - 3, Sn0 - ’
ry?
a0?-2a0al+5al?-2ala2+a2? a0?+al?-2a0a2-2ala2+5a2?
Snl - 3 , Sn2 - P },
rY rY
6 5 a0 al a2 a0 -al a0 - a2 al - a2
{pe -—yd-»>r¥y’, n0» —,n1l-» —, n2-»-—,NO1~>» ——,NO2> ———, N12> —,
ry? ry ry ry ry ry ry
5a02-2a0al+al®?-2a0a2+a2?
cYn0 - -1, ¢¥nl - -1, ¢c¥n2 -1, pY¥l - 3, Sn0 —» P ,
rY
a0?-2a0al+5al?-2ala2+a2? a0?+al?-2a0a2-2ala2+5a2?
sSnl - 5 , Sn2 > 3 },
rY rY
5 a0 al az2 a0 -al
p»>—,d->r¥y, n0»> —,nl- —, n2--—,N01l>-———,
2
ry ry rY ry ryY
- a2 al - a2
NO2 »>-——,N12>5>-——, c¥n0->-1, cY¥Ynl > -1,
rY rY
5a02-2a0al+al®-2a0a2+a2?
cYn2 -1, pYl > 3, Sn0 - ’
ry?
a0?-2a0al+5al?-2ala2+a2? a0?+al?-2a0a2-2ala2+5a2?
Snl - 5 , Sn2 - 2 }r
rY rY
6 5 a0 al a2 a0 -al a0 - a2
{pa -—yd->»>-r¥, n0»> —, nl-» —, n2-» —,NOl> ———, NO2> - ——,
ry? ry ry ry ry ry
al -a2
N12»5-——, c¥n0-> -1, c¥nl > -1, c¥n2 - -1, p¥Yl-> 3,
rY
5a02-2a0al+al?-2a0a2+a2? a0?-2a0al+5al?-2ala2+a2?
Sn0 - 2 ’ Snl - 2 ’
rY rY
a0?+al’-2a0a2-2ala2+5a2? 6 5 a0
Sn2 - }, {p%—,daer,HO%—,
ry? ry? ry
al a2 a0 -al a0 - a2 al - a2
nl —,n2-»—,NO1>»>-——, N2> ——,NI12> ——, cY¥n0-> -1,
rY ry ry ry ry

5a02-2a0al+al®-2a0a2+a2?

cY¥nl - -1, c¥n2 - -1, pY¥l - 3, Sn0 -
ry?

I
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Snl - , Sn2 -
ry? ry?

a0?-2a0al+5al?-2ala2+a2? a02+a12—2a0a2—2a1a2+5a22}}

Computations for Lemma 6.21.
Case C. where the action is semi-free around Y.

(******************************
NOTATIONS
rY xY denotes the restriction of x to Y
ai denotes the Hopf weight at Pi
Nij denotes the product of the normal weights shared between Pi and Pj
Sni is the sum of the square of the normal weights at Pi
cY¥j xYJ denotes the j-th Chern class of the normal bundle of Y in the
remaining directions
ux5YC denotes the local datum of x°> at Y
ux5PiC denotes the local datum of x° at Pi
us1lx3YC denotes the local datum of pl(X)x>® at ¥
uslx3PiC denotes the local datum of pl(X)x?® at Pi

We use the variable t to extract the coefficient of order 2 of xY. We
then evaluate xY? to 1.

The orientation of the point PO is 1 while those from Pl and P2 are -
1. This explains the signs at their local datum

Once evaluated, we extract all the coefficients in 1 into a list.
******************************)

ux5¥C =
Factor[CoefficientList[

Coefficient [Expand[ (r¥x¥t + 12z)°]
Series[(cYZ x¥2t2z+ cY¥lxvtz?+ z3)'1, {xy, O, 2}], t, 2], 1]] /. XY*2 > 1

{0, 0,0, 10ry?, -5¢cY1lrY, cYl®-cv2}

ux5P0C = CoefficientList[Coefficient [Expand[ ((a0 + 1) z) 5] NO1-!NO2-'z7%, ¢, o] , 1]

{ a0’ 5 a0* 10 a03 10 a0? 5 a0 1 }
N01N02 ' N01N02' N01N02 NO01NO2 NO1NO2 NO1NO2

ux5P1C = CoefficientList[Coefficient[-Expand[((al+1) z)°] NO17*N127' 2%, ¢, 0], 1]

{ al® 5al* 10 al3 10 al? 5al 1 }
N01N12' wo1wN12' wo1N12' WNO1N12' NO1N12' @ NO1N12

ux5P2C = CoefficientList[Coefficient[-Expand[((a2+1) z)°]| N0O27*N127 2%, ¢, 0], 1]

{ a2’ 5 a2* 10 a23 10 a2? 5a2 1 }
N02N12' wo2N12”' wo2N12' wo2N12' NWO2N12' NO2N12

SymmetricReduction[Expand[(let +2)2 4 (yY2t + z)z], {yY¥Y1l, y¥2}, {chxY, cYZsz}]

{chz t2xY?-2cY2t?x¥?+2cYltxYz+22?%, 0}
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uslx3YC =
Factor[CoefficientList|

Coefficient[(le t2+c¥12¢2x¥2-2cy2t2x¥2+2cY¥ltx¥z+3 zz)
Expand[(rYth + 1z)3] Series[(cYZ x¥2t%2z+ cYlxv tz?+ z3)'1, {x¥, O, 2}], t, 2],
1]] 7-x¥? > 1

{0, 9r¥?, -3cYlryY, 2c¥1®-5cY2 +pYl}

us1lx3POC =
Simplify[CoefficientList [Coefficient [SnO z2 Expand[ ((a0 +1) z) 3] NOo11NO21 275, ¢, 0] ’

1]]

{ a0°sn0 3a02sSn0 3 a0Sn0 Sno }
N01N02' NO1NO2 ' NO1NO02 ' NO1NO2

uslx3P1C =
Simplify[CoefficientList [Coefficient [—Snl z2 Expand[ ((al +1) z) 3] NOo1-!N12-12z-5,
t, 0], 1]]

{ aldsnil 3al?snl 3alsnl Snl }
NO1N12' NOLIN12 ' NOL1N12 ' NOLNI12

uslx3P2C =
Simplify[CoefficientList[Coefficient[-Sn2 z? Expand[((a2+1) z)?] NO27'N127' 277,

t, 0], 1]]

{ a2’ sn2 3a2%2sn2 3 a2 Sn2 Sn2 }
N02N12' NO2N12 ' NO2N12 ' NO2N12

ux5¥C + ux5PO0C + ux5P1C + ux5P2C

{ a0’ al’ a2’ 5 a0* 5alt 5 a2t
NO1N02 NO1N12 NO2N12 NO1NO2 NOl1N12 NO2N12'
10 a0® 10 a1? 10 a2? 10 a0? 10 al? 10 a2? 10 £v2
- - - - +10r
NO1N02 NOLN12 ©NO2N12 NOLNO2 NOLNL12 NO2N12 !
5 a0 5al 5a2 2 1 1 1
- - -5¢cYlrY, cYl° -cY2 + - - }
NO1NO2 NOlN12 NO2N12 NO1NO2 NO1N12 NO2N12

usl1lx3¥YC + us1lx3POC + us1lx3P1C + us1lx3P2C

, 3a0?sn0 3al?snl 3a2?sn2

{ a03sn0 al®snl a2’sn2

— — r —
NO1NO2 NO1N12 NO2N12' NO1 NO2 NO1N12 NO02 N12
3a0sn0 3alsnl 3 a2 sn2 3 Sn0 Snl Sn2
~3cYlry+ - - , 2cY1% - 5¢Y2 + pYl + - - }
NO1 NO02 NO1l N12 NO2 N12 NO1NO2 NO1N12 NO2N12
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Solve [{
a0’ al® a2’
" NOLNO2 NO1N12 NO2N12'
5 a0* 5al? 5 a2t

NO1 NO2 NO1N12 NO2N12
o 10 a03 10 a13 10 a23
" NOLNO2 NO1N12 NO2N12'

10 a0? 10 al? 10 a22

== - - +10 ry?
NO1l NO2 NO1l N12 NO2 N12

}, {d, NO1, NO2, le}]
2 a0 (a0 -al) al a0 (a0 -a2) a2 al (al - a2) a2

{{d»—ao ala2 ry?, NO1 —» - — %77 %% "No2 » - 57 " FNPE 12 S —},

a2?ry al’ry a0?ry
2 a0 (a0 -al) al a0 (a0 -a2) a2 al (al-a2) a2
{de—aOalaZrY , NOL » —— =7 "7 8% gy s - o S B B NlZ%——}}
a2?ry al’ry a0?ry
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Solve [{
a0’ al® a2’
" NOLNO2 NO1N12 NO2N12'
5 a0* 5al? 5 a2t

NO1 NO2 NO1N12 NO2N12
10 a03 10 a13 10 a23

0 == - -
NO1NO2 NO1N12 NO2N12'
10 a0? 10 a1? 10 a2? )
= - - +10 rY”©,
NO1 NO2 NO1lN12 NO2N12
5 a0 5al 5a2
0 == - - -5cyl rY,
NO1 NO2 NO1N12 NO2N12
1 1

0 = cY1?_-cv2+

NO1NO2 NOLN12 NO2N12'
a0®sn0 ald®snl a23sn2

P d == - - ’
NO1 NO2 NO1N12 NO2N12
, 3a0?sn0 3al’snl 3 a2?sn2
0 == 9rY°+ - -
NO1 NO2 NO1l N12 NO2 N12
3a0sSn0 3 alsnl 3a2sSn2
0 == -3cYlrY+ - - ,
NO1 NO2 NO1l N12 NO2 N12
2 Sno Snl Sn2
=2cY¥1l®°-5cY2 +p¥l + - - ’
NO1 NO2 NO1N12 NO2N12
pYl =3

}, {p, d, NO1, NO2, N12, cYl, cY2, pY¥l, Sn0O, Snl, SnZ}]

, d-> -al0al a2 rYZ,

{{ 3a0%al?a2?+a0?al?ry?+a0?a2?2ry?+al?a2?ry?
p-

a0? al? a2? ry?

a0 (a0 -al) al a0 (a0 -a2) a2 al (al -a2) a2

NOL>-—————,NO2»> —————, NI2> — ——— ",
a2’ry al’ry a0?ry

-alalrY-a0a2rY-ala2ry (a0 + al +a2) ry?

cYl - , cY2 > , PY1 > 3,
a0 al a2 a0 al a2

10 3a0%2al?a2?+a0?al?ry?-2a0al?a2ryY?+a0?a2?2ry?-2a0ala2?ry?+2al?a2?ry?
n0 - ,

al? a2? ry?
sn1 3a0?al?a2%2+a0?al?ry?-2a0%ala2ry?+2a0?a2?ry?-2a0ala2?ry?+al?a2?ry?
nl -
a0? a2? ry? !

3a0%2al?a2?2+2a0%al?ry?’-2a0%ala2ryY?>-2a0al?a2ryY?+a0?a2?2ry?+al?a2?ry? }
I

Sn2 -
a0? al? ry?
3a0?al?a2%+a0?al?ry?+a0?a2?ry?+al?a2?ry?
{p-
a0? al? a2? ry?
a0 (a0 -al) al a0 (a0 -a2) a2 al (al -a2) a2

NOl> —~———,NO2>5-——+——— , N12> - — ————————
2 2 2 '
a2‘ry al‘ry a0 ry

-alalrY-a0a2rY-ala2ry (a0 + al +a2) ry?
cYl - , cY2 > , PY1 > 3,
a0 al a2 a0 al a2

Sn0 3a0%2al?a2?+a0?al’ry?-2a0al?a2ryY?+a0?a22ry?-2a0ala2?ry?+2al?a2?ry? ’
al? a2? ry?
Snl o 3a0?al?a2?+a0?al?ry?-2a0%2ala2ry?+2a0%2a22ry?-2a0ala2?ry?+al?a2?ry?
a0? a2? ry? '
3a0%2al?a2?2+2a0%al?ry?-2a0%ala2ry?-2a0al?a2ryY?+a0?a2?2ry?+al?a2?ry? }}

a0? al? ry?

, d-> -al0al a2 rYz,

Sn2 -
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