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A B S T R A C T

We study complete intersections with S1-symmetry after reviewing
general properties of these manifolds. To do so, we use equivariant
cohomology, equivariant characteristic classes, the Atiyah-Bott inte-
gration formula and the Lefschetz fixed point formula for the equiv-
ariant signature.

We prove that an odd dimensional complete intersection with an
S1-action admitting a fixed point component of real codimension 2

or 4 is a complex projective space or a complex quadric. In addi-
tion to this result, we study in greater details complex 5-dimensional
complete intersections with S1-symmetry. As a corollary, we estab-
lish the classification of 5-dimensional complete intersections with
T2-symmetry.

R É S U M É

Nous étudions les intersections complètes munient d’une action de
cercle lisse après un survol des propriétés générales de cette famille
de variétés. Pour se faire, on utilise la cohomologie équivariante, les
classes caractéristiques équivariantes, la formule d’intégration d’Ati-
yah-Bott ainsi que la formule des points fixes de Lefschetz pour la
signature équivariante.

Nous démontrons notamment qu’une intersection complète de di-
mension impaire munie d’une action de cercle admettant une com-
posante de point fixe de codimension 2 ou 4 est un espace com-
plexe projectif ou une quadrique. De plus, nous étudions de manière
plus approfondie les intersections complètes de dimension 5 munient
d’une action de cercle lisse. Ceci nous permet notamment de classi-
fier les intersections complètes de dimension 5 munient d’une action
lisse de tore T2.
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1
I N T R O D U C T I O N

Human beings have always been fascinated by the regularity, har-
mony and symmetry of objects. Mathematicians have tried to express
these notions in more formal ways since the early days of our science.
In the nineteenth century, the concept of a group has been invented.
This notion allowed mathematicians to define in an insightful way
the concept of symmetry. In 1872, Felix Klein proposed in his Erlan-
gen program to use group theory to organize geometrical knowledge.
Few years later, Sophus Lie developed the foundations of the theory
of transformation groups. The context was then set for geometers to
study manifolds and their symmetries.

In the beginning of the twentieth century, finite group actions on
spheres were studied. It was a matter of interest to determine if a peri-
odic transformation of an n-sphere resembles a rotation or more gen-
erally an orthogonal transformation. Brouwer and Kérékjártó proved
independently that every periodic transformation of a 2-sphere is
topologically equivalent to an orthogonal transformation. However,
no such result was given for n > 2.

The early twentieth century has been also the rise of homology the-
ory. These tools turned out to be very relevant in the study of group
actions on manifolds. Smith suggested in [49] to focus on the ho-
mological properties of transformation groups. Regarding the above
problem on spheres, he proved the following result.

theorem (smith , 1938). Let Mn be a manifold equipped with a smooth
Z/p-action, where p is a prime number. If M is an F

p

homology n-sphere,
i.e. H⇤(M; F

p

) ⇠= H⇤(Sn; F
p

), then the fixed point set of the Z/p-action
is again an F

p

homology r-sphere, i.e H⇤(F; F
p

) ⇠= H⇤(Sr; F
p

) where F =
MZ/p, and -1 6 r 6 n.

As a general assumption, we assume that manifolds are closed
smooth and oriented. Smith actually proved the above result in a
much greater generality (cf. [12, Chapter III]), but for our expository
purpose this is enough. Furthermore, Conner and Floyd proved that
the above Theorem holds if one replaces the Z/p-action by an S1-
action, and the coefficient field F

p

by Q (cf. [23, Theorem 3.2] and [15,
Section 3]).

In the late fifties, Borel introduced a theory to generalize Smith’s
results in order to prove this kind of results in a more systematic way.
Namely, he developed his famous Borel construction and equivari-
ant homology theory. In [11], Bredon used this techniques to prove a
similar theorem for cohomology complex projective spaces.

1



2 introduction

theorem (bredon, 1964). Let Mn be a manifold equipped with a
smooth Z/p-action, where p is an odd prime number. If M is an F

p

co-
homology CPn, i.e. H⇤(M; F

p

) ⇠= H⇤(CPn; F
p

), then any fixed point com-
ponent F is again an F

p

cohomology CPr i.e. H⇤(F; F
p

) ⇠= H⇤(CPr; F
p

),
for 0 6 r 6 n.

The result also holds if one replaces Z/p by S1, and F
p

by Q.

Note that Bredon also carried out the case where p = 2. However,
we do not include his result for such p here. The reader can read it in
[12, Chapter VII, Section 3].

In this thesis, we follow the philosophy of Smith and Bredon in
the case of S1-actions on complete intersections. The later are complex
manifolds given by transversal intersections of finitely many non-
singular hypersurfaces in CPN. By a non-singular hypersurface we
mean that there is a homogeneous polynomial with complex coeffi-
cients, say f(z

0

, . . . , z
N

), such that the maps fj : CN ! C defined by
fj(z

1

, . . . , z
N

) := f(z
1

, . . . , z
j

, 1, z
j+1

, . . . , z
N

) have 0 as regular value
for all j = 0, . . . ,N. In this case, the hypersurface is defined as the
zero set of f.

Thom showed that the diffeomorphism type of a complete intersec-
tion depends only on its dimension and the degrees of the homoge-
neous polynomials. Thus, we denote by X

n

(d) a complete intersection
in CPn+r of complex dimension n and multi-degree d = (d

1

, . . . ,d
r

).
Note that if r > 1, we can assume d

j

> 1, since an intersection with a
hypersurface of degree one cuts the dimension by one of the ambient
complex projective space. Furthermore X

n

(1) = CPn. A short review
of complete intersections is given in Chapter 2.

One can think of complete intersections as a natural generalization
of complex projective spaces. These manifolds are classical subman-
ifolds of the complex projective spaces and share many properties
with them. In particular, odd dimensional complete intersections have
the same even cohomology ring with rational coefficients as complex
projective spaces, i.e.

Hev(X
n

(d); Q) ⇠= Q[x]/(xn+1).

Thus, using the same tools as Bredon we prove the following result,
in Chapter 4.

proposition A. Let X
n

(d) be a complete intersection with odd n > 1.
If X

n

(d) admits a smooth circle action, then for any connected fixed point
component F

i

⇢ X
n

(d)S1 , we have

Hev(F
i

; Q) ⇠= Q[x|
F

i

]/(x|mi

+1

F

i

),

where x|
F

i

2 H2(F
i

; Q) and 2m
i

is the dimension of F
i

. Moreover, we haveP
i

(m
i

+ 1) = n+ 1.

Another approach to prove the above result would be to use The-
orem 3.8.12 in [1]. The later theorem gives a rather complete picture



introduction 3

of the cohomological structure of the fixed point set in the case of S1

and Z/p-actions in terms of generators and relations. Furthermore,
this therorem follows the above philosophy of Smith and Bredon and
generalizes their results in an insightful way.

We use Proposition A to classify complete intersections with S1-
symmetry. This classification has been started by Dessai and Wiemeler
in [16]. They classified complete intersections with S1-symmetry up
to dimension 3. In complex dimension 1, they showed that only X

1

(1),
X
1

(2), X
1

(3), and X
1

(2, 2) admit a smooth non-trivial S1-action. In di-
mension 2, they find out again that X

2

(1), X
2

(2), X
2

(3), and X
2

(2, 2)
admit a smooth non-trivial S1-action. However in complex dimension
3, only X

3

(1) and X
3

(2) admit S1-symmetry.
It seems that in higher dimensions, only the complex projective

spaces X
n

(1) and the complex quadrics X
n

(2) admit a smooth non-
trivial S1-actions. Linear actions on complex projective spaces and
complex quadrics are discussed in great details in Chapter 2. The low
dimensional classification together with the lack of examples in high
dimensions suggests the following result.

theorem B & C. Let X
n

(d) be a complete intersection with n > 5 odd.
If X

n

(d) admits a smooth circle action with a fixed point component of
codimension 2 or 4, then

d = (1) and X
n

(d) = CPn, or

d = (2) and X
n

(d) is a complex quadric.

The proof of this theorem is a case by case study of the possible
fixed point configurations. Theorem B treats the codimension 2 case,
and Theorem C the codimension 4 case. They both are proven in
Chapter 5. The proof of Theorem B is rather concise and does not in-
volve many technicalities. However, the proof of Theorem C is fairly
computational and uses extensively the Atiyah-Bott integration for-
mula, characteristic classes and the Lefschetz fixed point formula for
the equivariant signature. Chapter 3 provides a turnkey review of
these tools.

Restricting our attention to complete intersections of complex di-
mension 5, we prove a better result.

theorem D. Let X
5

(d) be a complete intersection equipped with a smooth
and effective circle action which admits a fixed point component of dimension
strictly bigger than 2, then

d = (1) and X
5

(d) = CP5, or

d = (2) and X
5

(d) is a complex quadric.

The proof of Theorem D is again a case by case study on the pos-
sible fixed point configurations and is very computational. However
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the tools remain the same, i.e. Atiyah-Bott integration formula, char-
acteristic classes and the Lefschetz fixed point formula for the equiv-
ariant signature. The difficulty comes essentially from the structure
of the normal bundle of the fixed point components.

In the appendix, we give the Mathematicar computations for this
proof, cf. Chapter B. It helps to figure out all the missing computa-
tions.

An interesting corollary of the previous result is the classification
of 5-dimensional complete intersections with T2-symmetry. Together
with Theorem D, the following result is discussed in Chapter 6.

theorem E. Let X
5

(d) be a complete intersection equipped with a smooth
and effective rank 2 torus action, then

d = (1) and X
5

(d) = CP5, or

d = (2) and X
5

(d) is a complex quadric.

From a more philosophical viewpoint, these results satisfy the intu-
itive feeling that manifolds have little symmetry. An interesting sur-
vey on this regard was written by Puppe [48]. Although the author
focus more on asymmetric manifolds (i.e. manifolds admitting no fi-
nite group action), the results above illustrate in our context what
Raymond and Schultz said in [14, p. 260]: "It is generally felt that a
manifold ’chosen at random’ will have very little symmetry".



Part I

G E N E R A L R E S U LT S A B O U T C I R C L E A C T I O N S
O N C O M P L E T E I N T E R S E C T I O N S

We start in Chapter 2 with a reminder about complete
intersections, linear actions on complex projective spaces,
and linear actions on complex quadrics. We then review,
in Chapter 3, the equivariant cohomology, the Atiyah-Bott
integration formula, equivariant characteristic classes and
the Lefschetz fixed point formula for the equivariant sig-
nature. In Chapter 4, we study the cohomology structure
of the fixed point components of complete intersections
with S1-symmetry.





2
C O M P L E T E I N T E R S E C T I O N S A N D E X A M P L E S O F
C I R C L E A C T I O N S

2.1 complete intersections

A complete intersection is a complex manifold given by a transversal
intersection of finitely many non-singular hypersurfaces in CPN. By
a non-singular hypersurface we mean that there is a homogeneous
polynomial with C coefficients, say f(z

0

, . . . , z
N

), such that the maps
fj : CN ! C defined by fj(z

1

, . . . , z
N

) := f(z
1

, . . . , z
j

, 1, z
j+1

, . . . , z
N

)
have 0 as regular value for all j = 0, . . . ,N. In this case, the hypersur-
face is defined as the zero set of f.

Thom showed that the diffeomorphism type of a complete inter-
section depends only on its dimension and the degrees of the ho-
mogeneous polynomials. One gets in CPN an ambient isotopy from
one complete intersection to another [34, Section 4.]. Thus, we denote
by X

n

(d) a complete intersection in CPn+r of complex dimension n

and multi-degree d = (d
1

, . . . ,d
r

). Moreover, if r > 1 we can assume
d
j

> 1, since an intersection with a hypersurface of degree one cuts
the dimension by one of the ambient complex projective space.

The Lefschetz hyperplane theorem [9] gives us that the inclusion
map X

n

(d) ,! CPn+r is n-connected. Together with Poincaré duality
we have that the cohomology groups of X

n

(d) are torsion-free and
are the same as the cohomology groups of CPn except in middle
dimension. If n > 1, then X

n

(d) is simply-connected. If n > 2, then
H2(X

n

(d); Z) is generated by the first Chern class x := c
1

(�) where
� is the restriction to X

n

(d) of the dual Hopf line bundle over CPn+r.
Thus the cohomology ring H⇤(X

n

(d); Z) is torsion-free, and outside
the middle dimension X

n

(d) is a homology CPn.
By [28, Chapter 3, Section 3.1], or [27] the total Pontrjagin class and

Chern class are given respectively by

p(X
n

(d)) = (1+ x2)n+r+1 ·
rY

j=1

(1+ d2

j

· x2)-1, and

c(X
n

(d)) = (1+ x)n+r+1 ·
rY

j=1

(1+ d
j

· x)-1.

In particular, we have that p
1

(X
n

(d)) = (n+ r+ 1-
P

i

d2

i

) · x2. In
addition, one can also show that the evaluation of xn on the funda-
mental cycle is given by

Z

X

n

(d)
xn = d

1

· · ·d
r

,

7



8 complete intersections and examples of circle actions

(cf. [34, Section 5]). The product d
1

· · ·d
r

is denoted d and called the
total degree of X

n

(d).
Let us give some examples of complete intersections. First, we have

X
n

(1) = CPn. Which is why, complete intersections are an interest-
ing generalization of the complex projective space. One can also show
that X

n

(2) = SO(n+ 2)/(SO(n)⇥ SO(2)). If n = 1, the Euler charac-
teristic can be computed, the later is given by

�(X
1

(d)) = (d
1

· · ·d
r

) ·

0

@2-
rX

j=1

�
d
j

- 1
�
1

A .

Thus, it is easy to see that X
1

(1) = X
1

(2) = S2 and X
1

(3) = X
1

(2, 2) =
T2. However, it is not easy to give an explicit formula for the Eu-
ler characteristic in any degree n. Hirzebruch gave in [27] a formula
which can be used to compute the Euler characteristic, namely

X

n>0

�(X
n

(d))zn =
d
1

· · ·d
r

(1- z)2
·

rY

j=1

1

1+ (d
j

- 1)z
.

Using this formula, Ewing and Moolgavkar showed in [18] that if
n > 1 is even then �(X

n

(d)) = n+ 1 is equivalent to (d) = (1), and if
n is odd then �(X

n

(d)) = n+ 1 is equivalent to (d) = (1) or (2).
The classification of complete intersection up to homotopy, home-

omorphism and diffeomorphism type has been a very active field of
research in the last fifty years. Let us recall some major results.

In [39], Libgober and Wood gave a connected sum decomposition
for complex odd dimensional complete intersections. The later in-
volves d-twisted CPn, Kervaire manifolds and connected sums of
Sn ⇥ Sn. This allowed them to prove that for odd dimensional com-
plete intersections X

n

(d) and X
n

(d 0) with the same total degree d, if
d has no prime factor less than (n+ 3)/2, then X

n

(d) and X
n

(d 0) are
homotopy equivalent if and only if their Euler characteristic agree.
Fifteen years later, Fang [19] completed this homotopy classification
started by Libgober and Wood for even dimensional complete inter-
section. Precisely, he showed that for even dimensional complete in-
tersections X

n

(d) and X
n

(d 0) with n > 2 and the same total degree d,
if d has no prime factor less than (n+ 3)/2, then X

n

(d) and X
n

(d 0)
are homotopy equivalent if and only if their Euler characteristic and
signature agree.

Note that the result given by Libgober, Wood and Fang applies in
the case when d is larger than the dimension of the complete intersec-
tion. Thus, in [2] Astey, Gitler, Micha and Pastor discussed the cases
when the complex dimension is larger than the total degree.

Furthermore, it is interesting to notice the polarization between
even and odd dimensional complete intersection. Even dimensional
complete intersection seems to have a more complicated topology
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compared to the odd dimensional ones. A reference of this fact can
be found in [37, 40].

Let us say few words about the diffeomorphism type of complete
intersections. Their classification in this context has been studied in
[38, 39, 40]. In particular, Libgober and Wood showed uniqueness in
low codimension. More precisely, if the codimension r of X

n

(d) ⇢
CPn+r satisfies 2r 6 n and n > 2 then any complete intersection
X
n

(d 0) satisfying 2r 0 6 n and diffeomorphic to X
n

(d) has the same
multidegrees.

However, it is well known that uniqueness does not hold in gen-
eral (cf. [40, Theorem 6.1]). The classification is organized around the
Sullivan Conjecture.

conjecture 2 .1 (sullivan). The complete intersections X
n

(d1) and
X
n

(d2) are diffeomorphic if and only if they share the same total degree, the
same Euler characteristic and the same Pontrjagin classes.

The previous conjecture has been shown for n = 1 using the clas-
sification of surfaces, and n = 3 using the classification of simply
connected 6-manifolds (cf. [51, 30]). For n = 2, the conjecture is true
in the topological category by [24], but fails in the smooth category.
In [17], the author gave an example of homeomorphic but not diffeo-
morphic complete intersections. For n = 4, 5, 6 and 7, the conjecture
has been proven in the topological category with the work of [20] and
[22], but is still open in the smooth category.

During her Diploma Arbeit, Traving showed that the Sullvan Con-
jecture holds for n > 2 under the assumption that the total degree d is
divisible by p[(2n+1)/(2p-1)]+1 for all primes p with p(p- 1) 6 n+ 1

[50, 33].
Other properties have been studied on complete intersections like

positive scalar curvature [21], real homotopy properties [6], rational
homotopy groups [46], the signature [36, 35], . . . Furthermore, com-
plete intersections play an important role in algebraic geometry. How-
ever, we will not discuss it, since we are interested in them from a
topological and geometrical viewpoint.

2.2 circle actions on complete intersections

In this thesis, we are interested to classify complete intersections with
S1-symmetry. These are complete intersections admitting a smooth
non-trivial S1-action.

Since complete intersections are Kähler manifolds, it is possible to
consider S1-actions preserving some additional structure, for exam-
ple the complex structure. In this case, we know by [31, Chapter III,
Theorem 2.1] that the group of holomorphic transformations is finite,
if the first Chern class is negative. Thus, if c

1

(X
n

(d)) = c
1

x where
c
1

= n+ r+ 1-
P

i

d
i

< 0, then a non-trivial S1-action preserving
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the complex structure cannot exists on X
n

(d). Another interesting re-
search direction would be to study complete intersections admitting
a symplectic or Hamiltonian S1-action. However, this will not be dis-
cussed at all in this thesis.

2.2.1 Complete intersections of complex dimension 1

Complete intersections of dimension 1 admitting a smooth S1-actions
can be easily classified. One only needs to use that the Euler charac-
teristic is equivariant, i.e.

�(X) = �(XS

1

).

A proof of this statement can be found in [28, p. 70]. Furthermore,
the fixed point set of a smooth non-trivial S1-action on an closed
smooth oriented surface can only be composed with isolated fixed
points. This implies that the Euler characteristic of the fixed point set
is greater or equal to 0. It is now easy to see that except X

1

(1), X
1

(2),
X
1

(3), and X
1

(2, 2) all other complete intersections have a negative Eu-
ler characteristic. This shows that the only complete intersections ad-
mitting a smooth non-trivial S1-action are those with a non-negative
Euler characteristic. Namely X

1

(1) and X
1

(2) which are both isomor-
phic to the sphere S2, and X

1

(3) and X
1

(2, 2) which are isomorphic
to the torus T2.

2.2.2 Complete intersections of complex dimension 2

In [16, Theorem 2.2], Dessai and Wiemeler used Seiberg-Witten theory
to prove the following theorem.

theorem 2 .2 (dessai , wiemeler , 2011). A complete intersection
X
2

(d) admits a smooth non-trivial S1-action if and only if X
2

(d) is diffeo-
morphic to a complex projective plane X

2

(1), a quadric X
2

(2), a cubic X
2

(3)
or an intersection of two quadrics X

2

(2, 2).

To show that X
2

(3) and X
2

(2, 2) admit smooth non-trivial S1-actions,
they identified these complete intersections with a blowing up of CP2

at 6 and respectively 5 points in general position [32, Section 3.5],
[37, p. 653], and [41]. Thus we have that X

2

(3) = CP2#6CP2 and
X
2

(2, 2) = CP2#5CP2, which allows us to define easily the smooth
S1-actions.

Note that in complex dimension 2, the main tools in use cannot be
generalized in higher dimensions. In particular, the Seiberg-Witten
invariants are special invariants of 4-dimensional manifolds, while
the above identifications are special to this dimension.
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2.2.3 Complete intersections of complex dimension 3

The classification of complete intersections of complex dimension 3

admitting a smooth non-trivial S1-action follows from a more general
result proven by Dessai and Wiemeler in [16].

theorem 2 .3 (dessai , wiemeler , 2011). Let M be a closed smooth
oriented 6-dimensional manifold with torsion-free homology, b

1

(M) = 0,
H2(M; Z) = hxi, p

1

(M) = ⇢x2 with ⇢ 6 0, x3 6= 0 and �(M) < 4. Then
M does not support a non-trivial smooth circle action.

This implies in particular that only the complex projective space
X
3

(1) and the complex quadric X
3

(2) admit a smooth non-trivial S1-
action.

The proof of this statement consists of a case by case study of the
possible fixed point configurations. In particular, they used Bredon’s
techniques (cf. [12, Chapter VII]) to show that the sum of even Betti
numbers

bev(M) = bev(M
S

1

) = 4.

This limits the number of fixed point configurations to seven differ-
ent cases, which they treated separately. To do so, they used equiv-
ariant characteristic classes, the Atiyah-Bott integration formula, the
Lefschetz fixed point formula for the equivariant signature, all to-
gether with acute arithmetic relations in cohomology. Therefore, the
techniques used in [16] serve as a pillar to this thesis.

2.3 linear actions on complex projective spaces

In this section, we discuss linear circle actions on complex projective
spaces. This very basic example of S1-actions is interesting since it
illustrates very well a set of parameters which appears recurrently in
the thesis, namely the Hopf weights and the normal weights. Further-
more in Section 2.4, these linear actions also serve us to define linear
S1-actions on the complex quadrics.

Let V = Cn+1 equipped with an Hermitian inner product. Let us
consider a Lie group homomorphism

S1 ! U(n+ 1) : � 7! A
�

.

Define a smooth S1-action on V via � · z := A
�

z, for any � 2 S1. Since
the irreducible complex representations of S1 are given by the char-
acters � 7! �a for a certain integer a, the vector space V decomposes
into

V =
M

a2Z

E
a
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where E
a

is the isotypical summand associated to the weight � 7! �a.
Note that there are only finitely many a’s where E

a

is not trivial.
Thus let us denote them a

0

, . . . , a
k

.
Consider now the complex projective space P(V) = CPn. The later

is therefore equipped with an isometric S1-action (for the Fubini-
Study metric), and the fixed point set is given by

P(V)S
1

=
a

i

P(E
a

i

).

Note that P(E
a

i

) = CPm

i where m
i

+ 1 = dim(E
a

i

). In particular, we
have that n+ 1 =

P
i

(m
i

+ 1).
Let � denote the Hopf line bundle over P(V). Recall that the total

space E(�) consists of pairs (w, [z]) 2 V ⇥ P(V) with w 2 [z], and
where [z] denotes the complex line through z 2 V . It is easy to see
that we can lift the S1-action to �. We define the action on E(�) simply
by

� · (w, [z]) := (A
�

w, [A
�

z])

for any � 2 S1. If we restrict � to a fixed point component P(E
a

i

),
then �|

P(E
a

i

) is an S1-equivariant complex line bundle over an S1-
trivial space. It is then easy to see that the S1-representation on the
fibers of �|

P(E
a

i

) is given by the complex multiplication with �ai for
any � 2 S1. For this reason, we call these a

i

’s the Hopf weights of the
S1-action.

Let us now consider �? the orthogonal complement of �. The to-
tal space E(�?) consists of pairs (w, [z]) 2 V ⇥ P(V) with w 2 [z]?.
Similarly, we can lift the S1-action to �?. Thus, the complex bundle
hom(�,�?) over P(V) admits an S1-action. Recall that the total space
of hom(�,�?) consists of pairs (�, [z]) where � : �[z] ! �?

[z] is linear
and [z] 2 P(V). With the above notation, the S1-action on hom(�,�?)
is defined by

� · (�, [z]) := (A
�

�A-1

�

, [A
�

z])

for any � 2 S1.
We use the bundle hom(�,�?) to understand the tangent bun-

dle of P(V), in particular the restriction to a fixed point component
TP(V)|

P(E
a

i

). Let us briefly recall from [44, Theorem 14.10] that the
tangent bundle TP(V) is isomorphic to hom(�,�?). Indeed, first let
us identify T[z]P(V) with the open neighborhood U[z] := {[z + w] :
w 2 [z]?} of P(V). This can be done easily with the map

T[z]P(V) �! U[z] : [t 7! [z + tw]] 7�! [z + w].

Moreover, the fiber hom(�,�?)[z] of hom(�,�?) at [z] is isomorphic
to U[z] using the map

hom(�,�?)[z] �! U[z] : (�, [z]) 7�! [z +�z].
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These maps define an isomorphism between TP(V) and hom(�,�?).
Note that the S1-action on P(V) induces an S1-action on TP(V),

where � 2 S1 acts by the differential �⇤ : TP(V) ! TP(V) : [�] 7!
[� · �]. Furthermore, we can see that the isomorphism above is S1-
equivariant because the following diagram

T[z]P(V) //

�⇤
✏✏

U[z]

�

✏✏

hom(�,�?)[z]oo

�

✏✏
T
�[z]P(V) // U

�[z] hom(�,�?)
�[z]oo

commutes for any [z] 2 P(V) and � 2 S1.
As we mentioned above, we want now to study the restriction of the

tangent bundle TP(V)|
P(E

a

i

) to a fixed point component P(E
a

i

). First
remark that we have an S1-equivariant direct sum decomposition

TP(V)|
P(E

a

i

) = TP(E
a

i

)� ⌫
P(E

a

i

),

where TP(E
a

i

) is the tangent bundle of P(E
a

i

), and ⌫
P(E

a

i

) is the
normal bundle of P(E

a

i

) in P(V). Thus TP(E
a

i

) is a trivial S1-bundle,
and ⌫

P(E
a

i

) is an S1-equivariant complex bundle over a trivial S1-
space. The later implies that at any fixed point [z] 2 P(E

a

i

), the fiber�
⌫
P(E

a

i

)

�
[z] of ⌫

P(E
a

i

) at [z] decomposes into the direct sum

�
⌫
P(E

a

i

)

�
[z] =

M

n

i,j2Z

⌫(n
i,j)[z]

where ⌫(n
i,j)[z] is the isotypical summand associated to the weight

� 7! �ni,j for any � 2 S1, i.e. the S1-representation on ⌫(n
i,j)[z] is

given by complex multiplication with �ni,j .
Furthermore, the isomorphism type of the fibers at [z] is indepen-

dent of the choice of [z] 2 P(E
a

i

). This yields an S1-equivariant direct
sum decomposition of the normal bundle ⌫

P(E
a

i

),

⌫
P(E

a

i

) =
M

n

i,j2Z

⌫(n
i,j).

Note that only finitely many n
i,j’s give us a non-trivial weight space

⌫(n
i,j)[z]. We call these weights the normal weights of the S1-action at

the fixed point component P(E
a

i

).
In our case when the S1-action on P(V) is linear, the normal weights

have a very particular form. Using the above identification of the tan-
gent bundle TP(V) with hom(�,�?), we show that the weights at the
fibers of TP(V)|

P(E
a

i

) are � 7! �aj

-a

i with multiplicities m
j

+ 1 for
any j 6= i, and � 7! 1 with multiplicity m

i

. Thus the normal weights
at P(E

a

i

) are n
i,j = a

j

- a
i

with multiplicities m
j

+ 1.
Indeed, the S1-representation at the fibers of � over P(E

a

i

) is given
by the complex multiplication with �ai , for any � 2 S1. Furthermore,
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we have that �� �? is equivariantly isomorphic to the trivial bundle
V ⇥P(V). This implies that the weights of the S1-representation at the
fibers of �? over P(E

a

i

) are � 7! �aj with multiplicities m
j

+ 1 except
for j = i where the multiplicity is m

i

. The result now follows easily
from the definition of the S1-action on hom(�,�?) given above.

2.4 linear actions on the complex quadrics

In this section, we explore linear actions on complex quadrics. This
gives rise to an interesting family of circle actions with many different
fixed point configurations.

Let V = Cn+2 equipped with an Hermitian inner product that we
denote by h·, ·i. Let us consider a Lie group homomorphism

S1 ! O(n+ 2) ⇢ U(n+ 2) : � 7! A
�

.

Define an S1-action on V via � · z := A
�

z, for any � 2 S1. Furthermore,
let (·) denote the conjugation map.

Using as above E
a

to denote the isotypical summand associated to
the weight � 7! �a, we can see that if E

a

is a non-trivial weight space,
then E-a

= E
a

is also a non-trivial weight space. Furthermore, note
that E

a

? E-a

whenever a 6= 0. This gives us an S1-equivariant direct
sum decomposition

V = E
0

M

a

i

(E
a

i

� E-a

i

).

In other terms, whenever a
i

is a Hopf weight, then -a
i

is also a Hopf
weight. We fix the convention that a

0

= 0.
Consider now the complex quadric X

n

(2) defined by

Q(V) := {[z] 2 P(V) | hz, zi = 0}.

The above S1-action restricts to Q(V). Indeed, for any � 2 S1, we have

h� · z, � · zi = hA
�

z,A
�

zi = hA
�

z,A
�

zi = hz, zi = 0.

This shows that the S1-action is well defined on Q(V). Since the action
is isometric on the level of the complex projective space with the
Fubini-Study metric, this yields an isometric S1-action on the complex
quadric for the induced metric.

Like in the previous section, we want now to understand the struc-
ture of the fixed point set of this action. We first remark that Q(V)S

1

=
P(V)S

1 \Q(V). Secondly, note that for any Hopf weight a
i

where
i 6= 0, we have that the fixed point set P(E

a

i

) ⇢ Q(V). This follows
directly form the fact that E

a

i

? E-a

i

. However, for a
0

= 0 the projec-
tivization P(E

0

) of the weight space E
0

is not contained in Q(E
0

) if E
0

is non-trivial. Indeed, if z 6= 0 is in E
0

, then z is also in E
0

. Therefore,
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w := z + z = 2 ·<(z) is also contained in E
0

and hw, wi is a positive
real number, showing us that P(E

0

) 6⇢ Q(E
0

).
Note that when i 6= 0 (i.e. a

i

6= 0) the fixed point component Q(E
a

i

)
can be identified with P(E

a

i

) = CPm

i where m
i

+ 1 = dim(E
a

i

). This
is exactly like in the previous section, i.e. for a linear S1-action on
the complex projective space. However, for i = 0 (i.e a

i

= 0) the fixed
point component Q(E

0

) is a quadric X
m

0

(2) where m
0

+ 2 = dim(E
0

).
The previous arguments sum up to the following proposition.

proposition 2 .4. Let S1 act on X
n

(2) linearly, then the fixed point set
X
n

(2)S
1 is of the form

X
m

0

(2)q (CPm

1 q CPm

1)q · · ·q (CPm

l q CPm

l) , (1)

with (m
0

+ 1) + 2
P

l

i=1

(m
i

+ 1) = n+ 1. We assume in (1) that m
0

can
be equal to -1, in which case X-1

(2) = ;.

We now focus our interest on the structure of the normal bundle
at a fixed point component. Let Q(E

a

i

) ⇢ Q(V)S
1 be a fixed point

component of the S1-action on Q(V). Then we have an S1-equivariant
direct sum decomposition

TQ(V)|
Q(E

a

i

) = TQ(E
a

i

)� ⌫
Q(E

a

i

)⇢Q(V),

where TQ(E
a

i

) is the tangent bundle of Q(E
a

i

) and ⌫
Q(E

a

i

)⇢Q(V)

is the normal bundle of Q(E
a

i

) in Q(V). Thus TQ(E
a

i

) is a trivial
S1-bundle, and ⌫

Q(E
a

i

)⇢Q(V) is an S1-equivariant bundle over a triv-
ial S1-space. Like in the previous section, one can define the normal
weights at the fixed point component Q(E

a

i

). These are given by the
S1-representations at the fibers of ⌫

Q(E
a

i

)⇢Q(V).

proposition 2 .5. Let X
n

(2) be a complex quadric equipped with a linear
S1-action. Let F ⇢ X

n

(2)S
1 be a fixed point component.

if F = X
m

0

(2) . The normal weights at F are the a
j

’s of multiplicity m
j

+
1, for j 6= 0.

if F = CPm

i . The normal weights at F are:

• the differences (a
j

- a
i

)’s of multiplicity m
j

+ 1, for j 6= 0 , i
and a

j

6= -a
i

,

• the numbers -a
i

’s of multiplicity m
0

+ 2,

• the numbers -2a
i

’s of multiplicity m
i

.

proof. Let us first consider the case F = X
m

0

(2). By Proposition 2.4,
the fixed point component corresponds to Q(E

0

). Consider then the
normal bundle ⌫

Q(E
0

)⇢Q(V ). We note that the inclusion Q(V ) ⇢
P(V ) induces an S1-equivariant isomorphism

⌫
Q(E

0

)⇢Q(V )
⇠=
�
⌫
P(E

0

)⇢P(V )

���
Q(V ) .
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This gives us that the normal weights at Q(E
0

) in Q(V ) are exactly
the normal weights at P(E

0

) in P(V ) computed in the previous sec-
tion. These are the differences (a

j

- a
0

)’s of multiplicity m
j

+ 1 for
j 6= 0. Since a

0

= 0, this concludes the first part of the proof.
Let us now consider the case where F = CPm

i . By Proposition 2.4,
this fixed point component corresponds to the space Q(E

a

i

) where
a
i

6= 0. Note that in this case, we have Q(E
a

i

) = P(E
a

i

). We can then
consider the normal bundle ⌫

Q(E
a

i

)⇢P(V) of Q(E
a

i

) in P(V). The later
gives us an S1-equivariant direct sum decomposition

⌫
Q(E

a

i

)⇢P(V) = ⌫
Q(E

a

i

)⇢Q(V) �
�
⌫
Q(V)⇢P(V)

���
Q(E

a

i

).

From the above splitting, we deduce that the normal weights at Q(E
a

i

)
in Q(V) come all from Q(E

a

i

) = P(E
a

i

) in P(V) which have been com-
puted in the previous section. Thus, we need to show that the normal
weight at fibers of

�
⌫
Q(V)⇢P(V)

���
Q(E

a

i

) is -2a
i

.

Let us consider the S1-invariant subspace V
a

i

:= E
a

i

� E-a

i

of V .
The inclusion induces an equivariant isomorphism

⌫
Q(V

a

i

)⇢P(V
a

i

)
⇠=
�
⌫
Q(V)⇢P(V)

���
Q(V

a

i

).

Therefore, it is sufficient to show that the normal weight at the fibers
of ⌫

Q(V
a

i

)⇢P(V
a

i

) above Q(E
a

i

) = P(E
a

i

) is -2a
i

. Consider then the
following direct sum decomposition

⌫
P(E

a

i

)⇢P(V
a

i

) = ⌫
P(E

a

i

)⇢Q(V
a

i

) �
�
⌫
Q(V

a

i

)⇢P(V
a

i

)

���
P(E

a

i

).

By the computation in the previous section, we know that the normal
weights on the left hand side are all -2a

i

.

example. To illustrate the previous proposition, let us consider the
linear S1-action on X

n

(2) given by the Lie group homomorphism

S1 �! SO(n+ 2)

ei✓ 7�!

0

BBBBBBB@

cos ✓ - sin ✓

sin ✓ cos ✓
1

. . .

1

1

CCCCCCCA

The fixed point components of this action are two isolated fixed points
P
1

= [1 : -i : 0 : · · · : 0] and P-1

= [1 : i : 0 : · · · : 0], and
a n - 2 dimensional complex quadric X

n-2

(2) consisting of points
[0 : 0 : z

2

: · · · : z
n+1

] 2 CPn+1 such that hz, zi = 0. The point P
1

corresponds to the weight � 7! �, while the point P-1

corresponds
to its conjugate weight � 7! �-1. Therefore, the Hopf weights at P

1

and P-1

are 1 and -1 respectively. Furthermore, the Hopf weight at
X
n-2

(2) is 0. By Proposition 2.5, we see that all the normal weights at
any fixed point component are equal to ±1, i.e. the action is semi-free
around the fixed point components.
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2.5 exotic circle action on complex projective space

An important example of non-linear smooth circle actions on the com-
plex projective spaces was constructed by Petrie in [47, p. 148]. These
are called exotic actions because the normal weights at a fixed points
are not the differences of the Hopf weights.

Petrie constructed an example of such an action on CP3 admitting
four isolated fixed point P

0

, P
1

, P
2

, P
3

. The Hopf weights at these
points are respectively a

0

= 0, a
1

= 7, a
2

= 1 and a
3

= 6. Further-
more, the normal weights are:

at P
0

: 7, 2 and 3,

at P
1

: -7, 2 and 3,

at P
2

: 5, 2 and 3,

at P
3

: -5, 2 and 3.

Note that if the action were linear with these Hopf weights, the nor-
mal weights at P

0

should be instead 7, 1 and 6.





3
R E V I E W O F E Q U I VA R I A N T C O H O M O L O G Y A N D
R E L AT E D T O P I C S

In this chapter, we provide the reader with a short review of all the
tools we use to study complete intersections with S1-symmetry.

3.1 borel construction and equivariant cohomology

Let G be a topological group and let X be a (left) G-space. Consider
then a universal G-bundle EG ! BG, where BG is a classifying space.
Recall that G acts freely on EG, and EG ! BG is a G-principal bundle.
We assume the convention that EG is a right G-space.

We define the space X
G

as

X
G

:= EG⇥
G

X,

and EG⇥
G

X is the quotient EG⇥ X/⇠ for the equivalence relation
defined by (eg, x) ⇠ (e,gx) for any (e, x) 2 EG⇥ X and g 2 G. Note
that X

G

can also be seen as the orbit space (EG⇥X)/G of the G-action
on EG⇥X defined by g(e, x) := (eg-1,gx). The equivariant cohomology
of X is defined by taking the ordinary cohomology of the space X

G

,
i.e.

H⇤
G

(X) := H⇤(X
G

).

The construction above gives us also the following commutative
diagram

EG

✏✏

EG⇥Xoo

✏✏

// X

✏✏
BG X

G

oo // X/G.

In addition, this construction is functorial. If f : X ! Y is a G-
equivariant map, then we have an induced map f

G

: X
G

! Y
G

which
induces in cohomology

f⇤
G

: H⇤
G

(Y) ! H⇤
G

(X).

Another interesting consequence is that we have a fibration X !
X
G

! BG. This fibration plays an important role, because it allows us
to understand (via the Leray-Serre spectral sequence) the equivariant
cohomology of X via the ordinary cohomology of X and BG. Further-
more, the map X

G

! BG equips the equivariant cohomology ring
H⇤

G

(X) with a structure of H⇤(BG)-module via H⇤(BG) ! H⇤
G

(X).

19
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Consequently, H⇤
G

(X) has the structure of an H⇤(BG)-algebra. This
turns out to be very useful to understand H⇤

G

(X).
Recall that for G = S1, the infinite complex projective space CP1

can be identified with the classifying space BS1. Therefore, we have
the following isomorphism of rings

H⇤(BS1) ⇠= Z[z],

where z is a generator of degree 2. For G = Z/2, the infinite real
projective space RP1 can now be identified with the classifying space
BZ/2, and the cohomology ring over F

2

coefficients is

H⇤(BZ/2; F
2

) ⇠= F
2

[t],

where t is a generator of degree 1. Similarly for G = Z/p, where p

is an odd prime number, we have that BZ/p can be identified with a
lens space, its cohomology ring is given by

H⇤(BZ/p; F
p

) ⇠= F
p

[s, t]/(s2),

where s is of degree 1, t is of degree 2 and �(s) = t where � is the
Bockstein homomorphism.

3.2 atiyah-bott integration formula

From now on, we assume manifolds to be closed, smooth and ori-
ented.

3.2.1 Review of the Umkehrung homomorphism

Let f : N ! M be a smooth map between two manifolds. The classical
Umkehrung homomorphism (also called the pushforward) is a map in
cohomology

f! : H
⇤(N) �! H⇤+k(M)

where k = dimM- dimN. This map is functorial in the sense that
the Umkehrung homomorphism of a composition satisfies (f � g)! =
f! � g!.

Furthermore, this map satisfies some interesting properties. Let
us define an H⇤(M)-module structure on H⇤(N) via the map f⇤ :
H⇤(M) ! H⇤(N) and the cup product. Then f! is a map of H⇤(M)-
modules. More precisely, we have that

f!(µ · f⇤(!)) = f!(µ) ·!

for any µ 2 H⇤(N), and ! 2 H⇤(M).
Most importantly, when we have an inclusion i : Nn-k ,! Mn of a

submanifold of codimension k, then the Umkehrung homomorphism
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factors through the Thom isomorphism. To be precise, the Umkehrung
homomorphism is the composition

H⇤(N)
��! H⇤+k(M,M-N)

res�! H⇤+k(M).

We identify the cohomology groups H⇤+k(E(⌫
N

),E(⌫
N

) - N) and
H⇤+k(M,M-N), where ⌫

N

denotes the normal bundle of N in M,
and E(⌫

N

) is its total space. This isomorphism follows easily using
the excision isomorphism, and identifying the total space E(⌫

N

) as a
tubular neighborhood of N in M. A precise proof can be found in [44,
Corollary 11.2].

In particular, this factorization through the Thom isomorphism im-
plies that i!(1) is the Poincaré-dual cohomology class of N in Hk(M).
Consequently, [44, Theorem 11.3] gives us the following corollary.

corollary 3 .1. Let i : N ,! M be as above, then i⇤ � i!(1) = e(⌫
N

)
where e(⌫

N

) is the Euler class of the normal bundle of N in M.

Another interesting property occurs when p : E ! B is a fiber
bundle of dimension k, then the Umkehrung homomorphism

p! : H
⇤(E) �! H⇤-k(B)

is the integration along the fibers of p. In particular, considering the pro-
jection of a manifold Mn to a point pt, i.e. Mn ! pt, the Umkehrung
homomorphism gives us the standard integration map

Z

M

: Hn(M) ! H0(pt), where
Z

M

! = h!, [M]i,

for any cohomology class ! 2 Hn(M). Recall that h · , [M]i denotes
the evaluation with [M] 2 H

n

(M), the later being the fundamental
homology class of M.

Let i : Nn-k ,! Mn be an inclusion of a submanifold. Then by the
functoriality of the Umkehrung homomorphism, we have the follow-
ing commutative diagram

Hn(M)

R
M // H0(pt)

Hn-k(N).

i!

OO

R
N

99

Therefore, if one considers a cohomology class ! 2 Hn-k(M), then
with all we have seen above we can deduce that

Z

N

!|
N

=

Z

M

⌘
N

·!,

where ⌘
N

denotes the Poincaré-dual cohomology class of N.
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3.2.2 Equivariant Umkehrung homorphism and equivariant Euler class

We now focus our interest on defining the equivariant Umkehrung ho-
momorphism. In particular, let f : N ! M be an equivariant map be-
tween G-manifolds, where G is a compact Lie group acting smoothly
on N and M. We want to define a homomorphism

fG! : H⇤
G

(N) �! H⇤+k

G

(M),

where k = dim(M)- dim(N), having similar properties as the classi-
cal Umkehrung homomorphism. To do this, note first that any equiv-
ariant map f : N ! M can be factored

N

f

))
i

// N⇥M
p

//M

where i : N ! N⇥M is the graph embedding and p : N⇥M ! M

is the projection on M. Furthermore, i is an equivariant inclusion
of a submanifold, and p is an equivariant fiber bundle. Using the
above properties of the Umkehrung homomorphism, we only need
to translate in the equivariant theory the Thom isomorphism and the
integration along the fibers.

Let En and Bn-k be G-manifolds and p : E ! B be a G-fibering.
One can easily see that applying the Borel construction to p gives us
again a fibering p

G

: E
G

! B
G

. If the fibers of p are oriented compact
manifolds, so are those of p

G

. Therefore, the equivariant integration
along the fibers is well defined, the later being simply the classical
integration along the fibers of p

G

: E
G

! B
G

. Thus this gives us an
equivariant Umkehrung homomorphism

pG

! : H⇤
G

(E) �! H⇤-k

G

(B),

whenever p : E ! B is an equivariant fibering.
Let i : Nn-k ! Mn be an equivariant inclusion of G-manifolds.

The equivariant normal bundle of N, denoted ⌫G

N

, is the bundle obtained
by applying the Borel construction to ⌫

N

, i.e. we have

EG⇥
G

E(⌫
N

) //

⇡

G

✏✏

EG⇥
G

TM

✏✏
N

G

//M
G

.

As above, we have that the fibers of ⌫G

N

are of the same dimension
as the fibers of ⌫

N

, i.e. they are k-dimensional, and the Thom iso-
morphism theorem gives us the existence of a Thom class µ

G

2
Hk(E(⌫G

N

),E(⌫G

N

)-N
G

) such that the composition

H⇤(N
G

)
⇡

⇤
G��! H⇤(E(⌫G

N

))
·µ

G��! H⇤+k(E(⌫G

N

),E(⌫G

N

)-N
G

)
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is an isomorphism. Thus, we have an equivariant Thom isomorphism

�
G

: H⇤
G

(N) �! H⇤+k

G

(M,M-N).

Therefore, the following composition gives us an equivariant Umkeh-
rung homomorphism

H⇤
G

(N)
�

G��! H⇤+k

G

(M,M-N)
res�! H⇤+k

G

(M),

whenever i : N ! M is an equivariant inclusion of G-manifolds.
The reader can check that this equivariant Umkehrung homomor-

phism is functorial, and that it is an H⇤(BG)-module homomorphism.
Furthermore, the above construction of the equivariant Umkehrung
homomorphism suggests us the following definition of the equivari-
ant Euler class.

definition. Let E
⇠�! B be an oriented k-dimensional equivariant

vector bundle. The equivariant Euler class of ⇠ is defined as

e
G

(⇠) := e(⇠
G

) 2 H⇤
G

(E),

where ⇠
G

is the k-dimensional vector bundle obtained by applying
the Borel construction to ⇠.

With this definition, we have that if i : N ,! M is an equivariant
inclusion of G-manifolds, then

i⇤
G

� iG! (1) = e
G

(⌫
N

).

3.2.3 Integration formula

From now on, let us assume G = S1. Let Mn be a S1-manifold. In
virtue of 3.2.2 we can now use the equivariant Umkehrung homo-
morphism associated to M ! pt to talk about equivariant integration.
Since H⇤

S

1

(pt) = H⇤(BS1), the integration map
Z

M

: H⇤
S

1

(M) �! H⇤(BS1)

takes values in H⇤(BS1) instead of H⇤(pt). Recall from before thatR
M

is an H⇤(BS1)-module homomorphism. Therefore, if z denotes
the generator of H⇤(BS1) such that H⇤(BS1) ⇠= Z[z] and ! 2 H⇤

S

1

(M),
then

Z

M

�
! · zk

�
=

✓Z

M

!

◆
· zk.

Furthermore, the equivariant integration of a cohomology class com-
ing from Hn(M) corresponds to the integration in the non equivariant
setting. This fact will be very useful later.
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Another interesting fact is given by integrating any cohomology
class ! 2 Hn

S

1

(M) of degree n, then the equivariant integration of !
takes value in H0(BS1) ⇠= Z. With an appropriate choice of !, we can
obtain very useful information on the equivariant cohomology of M.

In order to simplify the notations, let H⇤ denote the cohomology
ring with coefficients in Q. Let us now recall an important theorem
about equivariant cohomology, namely the so called Localization The-
orem. We consider here only a weaker statement, but the reader in-
terested in the more general one can find it in [1, Theorem 3.1.6].

localization theorem. Let M be a closed smooth oriented manifold
equipped with a smooth S1-action. Then the localized homomorphism

S-1H⇤
S

1

(M)
S

-1

i

⇤
���! S-1H⇤

S

1

(MS

1

)

is an isomorphism of S-1H⇤(BS1)-algebras, where S = H⇤(BS1)- {0}. Fur-
thermore, the localized equivariant cohomology of MS

1 can be identified via

S-1H⇤
S

1

(MS

1

) ⇠=
M

F⇢M

S

1

S-1H⇤(BS1)⌦Q H⇤(F).

We use this theorem to explain the Atiyah-Bott-Berline-Vergne inte-
gration formula which has been discovered in [7] and [4]. However, we
only refer to the paper of Atiyah and Bott.

Let F be a fixed point component of MS

1 and i
F

: F ,! M denote the
inclusion map. Recall that the composition i⇤

F

� (i
F

)!(1) in equivariant
cohomology is equal to the equivariant Euler class e

S

1

(⌫
F

). On the
other hand, we have an isomorphism

H⇤
S

1

(F) ⇠= H⇤(BS1)⌦Q H⇤(F)

of H⇤(BS1)-algebras. Therefore, we can deduce that the homomor-
phism

i⇤
F

� (i
F

)! : H
⇤
S

1

(F) �! H⇤+k

S

1

(F)

is the multiplication by e
S

1

(⌫
F

). Since this homomorphism induces, in
the localization S-1H⇤

S

1

(F), an isomorphism of S-1H⇤(BS1)-algebras,
we deduce that the kernel and the cokernel of i⇤

F

� (i
F

)! are H⇤(BS1)-
torsion modules. Thus the element e

S

1

(⌫
F

) is invertible in S-1H⇤
S

1

(F).

atiyah-bott integration formula. Let M be a closed smooth
oriented manifold equipped with a smooth S1-action. Let F ⇢ MS

1 be a
connected component of the fixed point set, and let i⇤

F

: H⇤
S

1

(M; Q) !
H⇤

S

1

(F; Q) be the restriction to F in equivariant cohomology. Furthermore,
let ⌫

F

denote the normal bundle of F and e
S

1

(⌫
F

) the corresponding equiv-
ariant Euler class. Then we have

Z

M

! =
X

F⇢M

S

1

Z

F

i⇤
F

(!)

e
S

1

(⌫
F

)

for any equivariant cohomology class ! 2 H⇤
S

1

(M; Q).
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The proof of this statement (also explained in [4]) is rather simple.
As a matter of interest let us sketch it briefly here. Define the homo-
morphism

✓ : S-1H⇤
S

1

(M) �! S-1H⇤
S

1

(MS

1

) ⇠=
M

F⇢M

S

1

S-1H⇤(BS1)⌦Q H⇤(F)

✓(!) :=
X

F⇢M

S

1

i⇤
F

(!)

e
S

1

(⌫
F

)
,

for any localized equivariant class ! 2 S-1H⇤
S

1

(M). We can see that
✓ is the inverse of i!. Indeed,

✓ � i! =

0

@
X

F⇢M

S

1

i⇤
F

e
S

1

(⌫
F

)

1

A � i! =
X

F⇢M

S

1

i⇤
F

� (i
F

)!

e
S

1

(⌫
F

)

and since i⇤
F

� (i
F

)! is the multiplication by e
S

1

(⌫
F

), the above com-
position is the identity. Therefore, if ! is an equivariant cohomology
class in H⇤

S

1

(M), then

! = i! � ✓(!) = i!

0

@
X

F⇢M

S

1

i⇤
F

(!)

e
S

1

(⌫
F

)

1

A =
X

F⇢M

S

1

(i
F

)! � i⇤
F

(!)

e
S

1

(⌫
F

)
.

If we equivariantly integrate both side, we then have
Z

M

! =

Z

M

X

F⇢M

S

1

(i
F

)! � i⇤
F

(!)

e
S

1

(⌫
F

)
=

X

F⇢M

S

1

Z

F

i⇤
F

(!)

e
S

1

(⌫
F

)
.

The very last equality follows simply by functoriality of the Umkeh-
rung homomorphism.

3.3 lefschetz fixed point formula for the equivariant

signature

The formula we introduce in this section will also be of great impor-
tance for our computations. This formula appears especially in [3],
and [5]. However, we use the approach of [28, Section 5.8] since it is
already specific for an S1-action.

Let M be a manifold equipped with a smooth S1-action. Let MS

1

denote the fixed point set of the action. Then, at any fixed point com-
ponent F ⇢ XS

1 , we have an S1-equivariant direct sum decomposition

TM|
F

= TF� ⌫
F

where ⌫
F

is the normal bundle of F in TM. Note that TF is a trivial
S1-bundle, while ⌫

F

is an S1-bundle over a trivial S1-space.
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From representation theory, we know that the real non-trivial irre-
ducible representations of S1 are two dimensional and given by

ei✓ 7�!
 

cos(n✓) - sin(n✓)
sin(n✓) cos(n✓)

!

with n 2 Z. Note that the representations given by n and -n are
equivalent, thus we assume n to be positive. Furthermore, such rep-
resentations are of complex type, which defines a natural complex
structure where the S1-action is given by complex multiplication with
�n for � 2 S1.

Therefore, the above argument induces for a fixed point x 2 F a
complex structure at the fibers of ⌫

F

at x together with a direct sum
decomposition

(⌫
F

)
x

=

codimF

2M

j=1

⌫(n
F,j)x

where ⌫(n
F,j)x is the isotypical summand associated to the weight

� 7! �nF,j , and n
F,j > 0. Furthermore, the isomorphism type of the

fibers at x is independent of the choice of x 2 F. This yields an S1-
equivariant direct sum decomposition of the normal bundle

⌫
F

=
M

j

⌫(n
F,j).

Note that there are only finitely many n
F,j’s giving us a non-trivial

weight space ⌫(n
F,j)x. These weights are called the normal weights at

the fixed point component F.
We fix the orientation on the normal bundle ⌫

F

by means of the
complex structure mentioned above. Thus, we can now choose the
orientation on F to make it compatible with the one of ⌫

F

and M.
In addition, we use the splitting principle [10, Section 21]. Let the

x
F,i’s denote the formal roots of TF and let the y

F,j’s denote those
of ⌫

F

. Let � 2 S1 be a topological generator and let sign(�,M) 2
Z[�, �-1] denote the equivariant signature which we see in the ring
of finite Laurent series in � with integer coefficients. We can now
apply the equivariant Atiyah-Singer index theorem to the equivariant
signature. This yields the formula

sign(�,M) =
X

F⇢M

S

1

µ(�, F),

where the local datum at F is given by

µ(�, F) :=
Z

F

dimF

2Y

i=1

✓
x
F,i ·

1+ e-x

F,i

1- e-x

F,i

◆ codimF

2Y

j=1

✓
1+ �-n

F,je-y

F,j

1- �-n

F,je-y

F,j

◆
.
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Because S1 is connected, sign(�,M) = sign(M) by homotopy in-
variance. Furthermore, if we let � ! 1, then the local datum µ(�, F)
on the right hand side becomes simply sign(F), thus

sign(M) =
X

F⇢M

S

1

sign(F).

example. Let P be an isolated fixed point of a smooth S1-action on
a manifold M2n. Let us compute the local datum at P. We use the
same notation as above for the normal weights. Note that since P is
a point there is no formal tangential roots and the normal roots are
all trivial. Let us denote "

P

= ±1 the orientation of P according to the
convention above, then

µ(�,P) = "
P

nY

j=1

1+ �-n

P,j

1- �-n

P,j
.

Furthermore the term 1+�

-n

P,j

1-�

-n

P,j is expressed as the formal power series

-(1+ 2�nP,j + 2�2n

P,j + 2�3n

P,j + 2�4n

P,j + 2�5n

P,j + · · · ).

The formula above shows us in particular that a manifold M2n

cannot admit P as the only fixed point of the S1-action. Indeed, one
would have that

sign(M) = (-1)n"
P

nY

j=1

(1+ 2�nP,j + 2�2n

P,j + 2�3n

P,j + · · · ).

Since the left hand side is an integer and does not depend on �, and
the right hand side is a non-trivial power series in �, we conclude this
cannot happen.
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Our goal in this chapter is to study which homological properties
of complete intersections transfer to their fixed point set for an S1-
action. Having in mind Smith’s and Bredon’s theorems (cf. [49] and
[11] respectively), we conjectured that the fixed point components of
a complete intersection with an S1-action would again be complete
intersections, or at least cohomologically. It turned out that such a
result could not be proven. However, if we consider odd dimensional
complete intersections, we are able to show that their fixed point com-
ponents under an S1-action have a very understandable cohomology
ring in even degrees, cf. Proposition A. This result suggests to con-
sider the work of Hsiang [29] and Masuda [42], both focussing on
rational cohomology complex projective spaces. Thus, we show in
this chapter how to adapt their work into our context.

4.1 betti numbers and degeneracy of spectral sequences

In this section we discuss the degeneracy of the Leray-Serre cohomol-
ogy spectral sequences associated to the Borel construction. Moreover,
we use the same techniques as Bredon in [12, Chapter VII] to obtain
data on the cohomology ring of the fixed point set.

lemma 4 .1. Let X
n

(d) be a complete intersection with n > 1 and equipped
with a smooth S1-action. Then the Leray-Serre cohomology spectral sequence
associated to X

n

(d) ! X
n

(d)
S

1

! BS1 degenerates at the E
2

-term with Q

coefficients.

proof. This fact follows from [8, Théorème II.1.2] or [43] since com-
plete intersections are Kähler manifolds. However, we can give a more
direct proof by generalizing [16, Lemma 3.1].

First, note that if n is even, then the spectral sequence degenerates
trivially since H⇤(X

n

(d)) is concentrated in even degrees. Thus let us
assume n to be odd.

Let x be the generator of H2(X
n

(d); Q) introduced in Section 2.1,
and let z be a generator of H2(BS1; Q) such that H⇤(BS1; Q) ⇠= Q[z].
Thus, x and z are generators of E⇤,ev

2

⇠= Hev(X
n

(d); Q)⌦H⇤(BS1; Q)
and we have the relation xn+1 = 0. Since all differentials d

r

vanish
on x and z, they also vanish on E⇤,ev

r

for multiplicative reasons.
We now show that the differentials d

r

: E0,n
r

! Er,n-r+1

r

are trivial.
Let us first consider d

2

: E0,n
2

! E2,n-1

2

. By above, we know that
the class x

n+1

2 · z 2 E2,n+1

2

survives until E1. Thus, x
n+1

2 · z is non-

29
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zero viewed as a class in E1. Hence, the same is true for x
n-1

2 · z for
multiplicative reasons. Since x

n-1

2 · z generates E2,n-1

2

, this implies
that the differential d

2

: E0,n
2

! E2,n-1

2

is trivial. By induction we
can show that all differentials d

r

: E0,n
r

! Er,n-r+1

r

are trivial. By
multiplicativity, the spectral sequence degenerates entirely at the E

2

-
term.

notation. For any topological space X, we denote by

bev(X) :=
X

k even

rkHk(X; Q)

bodd(X) :=
X

k odd

rkHk(X; Q)

the sum of even and odd Betti numbers of X.

It follows from [12, Chapter VII, Theorem 2.1] that

bev(Xn

(d)S
1

) = bev(Xn

(d)), and bodd(Xn

(d)S
1

) = bodd(Xn

(d)).

Later on, we will improve the above equalities. In particular, we ob-
tain the same equalities for the fixed point sets of the induced Z/pr-
actions, where pr is the power of a prime number. Note that these
equations allow us already to classify odd dimensional complete in-
tersection with a smooth S1-action admitting only isolated fixed points.

corollary 4 .2. Let X
n

(d) be a complete intersection with n > 1 odd. If
X
n

(d) admits a smooth circle action with only isolated fixed points, then

d = (1) and X
n

(d) = CPn, or

d = (2) and X
n

(d) is a complex quadric.

proof. By Lemma 4.1, we have

bev(Xn

(d)S
1

) = bev(Xn

(d)) = n + 1 , and

bodd(Xn

(d)S
1

) = bodd(Xn

(d)) = 0 .

Therefore we can deduce that �(X
n

(d)) = n + 1. This implies by
Section 2.1 that d = (1) or (2).

It is interesting to note that if n is even, we cannot prove this result
as easily. For even n > 4, the classification of complete intersections
with smooth S1-action admitting isolated fixed points is completely
open. However, the above results shift the discussion of smooth circle
actions on odd dimensional complete intersections to the cases where
the fixed point components are not simply isolated fixed points. This
is our main focus for the rest of the chapter.

For the rest of this section, let X denote a complete intersection
X

n

(d) with n > 1, and equipped with a smooth S1-action.
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proposition 4 .3. Let pr be the power of a prime number. We consider
on X the induced cyclic group action Z/pr ⇢ S1. Then the following
equalities hold:

bev(X
Z/p

r

) = rk Hev(XZ/p

r

; F
p

) = rk Hev(X ; F
p

) = bev(X) , and

bodd(X
Z/p

r

) = rk Hodd(XZ/p

r

; F
p

) = rk Hodd(X ; F
p

) = bodd(X) .

Consequently, H⇤(XS

1 ; Z) is torsion free.

The proof of this proposition is the same in essence as [16, Proposi-
tion 3.2] or [42, Lemma 3.1].

proof. Let us fix a prime q large enough such that

• XZ/q = XS

1 ,

• XZ/p

r has no q-torsion,

• XS

1 has no q-torsion.

It follows by [12, Chapter VII, Theorem 2.2] that for any manifold
Z with a smooth S1-action, and any prime number p

rkHev(ZZ/p; F
p

) 6 rkHev(Z; F
p

), and

rkHodd(ZZ/p; F
p

) 6 rkHodd(Z; F
p

).

By induction, one can show that

rkHev(ZZ/p

r

; F
p

) 6 rkHev(Z; F
p

), and

rkHodd(ZZ/p

r

; F
p

) 6 rkHodd(Z; F
p

).

Therefore, we have the following inequalities:

bev(X
S

1

) = rkHev(XS

1

; F
q

)

= rkHev((XZ/p

r

)Z/q; F
q

)

6 rkHev(XZ/p

r

; F
q

) = bev(X
Z/p

r

)

6 rkHev(XZ/p

r

; F
p

)

6 rkHev(X; F
p

) = bev(X).

The same holds in odd dimensions. Since bev(XS

1

) = bev(X) and
bodd(X

S

1

) = bodd(X), all the above inequalities are in fact equalities,
and this concludes the proof of the proposition.

corollary 4 .4. Let n be an integer and F ⇢ XZ/n be any fixed point
component. Then F is orientable.

proof. Let F be the fixed point component of the induced Z/n ⇢ S1

action. We decompose the Z/n-action as follow. Write n = 2rk where
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k is an odd number. We first show that the connected components of
XZ/2

r are orientable. Indeed, by Proposition 4.3 we know that

bev(X
Z/2

r

) = rkHev(XZ/2

r

; F
2

), and

bodd(X
Z/2

r

) = rkHodd(XZ/2

r

; F
2

).

This implies in particular that H⇤(XZ/2

r ; Z) does not have 2-torsion.
By [25, Chapter 3, Corollary 3.28] we can deduce that any component
of XZ/2

r is orientable.
Furthermore, XZ/2

r is equipped with a Z/k-action such that

(XZ/2

r

)Z/k = XZ/n.

This implies that F is a fixed point component of a Z/k-action on a
certain orientable connected component Y ✓ XZ/2

r . Since Y is an ori-
entable manifold and since the Z/k-action induces a complex struc-
ture on the normal bundle of F in Y, we have that F is an orientable
manifold.

remark. From the proofs of Proposition 4.3 and Corollary 4.4, we
extract an interesting criterion concerning the orientability of a fixed
point component of a cyclic group action coming from an S1-action
(cf. Appendix A).

corollary 4 .5. For any prime number p, the Leray-Serre spectral se-
quence associated to X ! XZ/p

! BZ/p degenerates at the E
2

-term with
F
p

coefficients.

proof. This follows directly by [12, Chapter VII, Theorem 1.6].

corollary 4 .6. The Leray-Serre spectral sequence associated to X !
X
S

1

! BS1 degenerates with F
p

coefficients for any prime number p. Con-
sequently the above spectral sequence degenerates at the E

2

-term over Z.

proof. Recall that the inclusion map i : Z/p ,! S1 induces in coho-
mology a monomorphism i⇤ : H⇤(BS1; F

p

) ! H⇤(BZ/p; F
p

). Com-
paring the spectral sequences with the above map, we can easily de-
duce that all differentials are trivial on

H⇤(BS1;H⇤(X; F
p

)) =) H⇤(X
S

1

; F
p

),

since this applies to

H⇤(BZ/p;H⇤(X; F
p

)) =) H⇤(XZ/p

; F
p

).

corollary 4 .7. Let pr be the power of a prime number, and F ⇢ XZ/p

r

be a connected component. Then

bev(F
S

1

) = bev(F), and bodd(F
S

1

) = bodd(F).

Therefore, the Leray-Serre spectral sequence associated to F ! F
S

1

! BS1

degenerates at the E
2

-term over Q.
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proof. By [12, Chapter VII, Theorem 2.1], we know that the above
spectral sequence degenerates over Q if and only if the inequalities

bev(F
S

1

) 6 bev(F), and bodd(F
S

1

) 6 bodd(F)

are equalities, which is straight forward by Proposition 4.3.

4.2 cohomology of the fixed point components

We prove Proposition A with the same techniques as Bredon used in
[12, Chapter VII, Theorem 3.1]. The main idea is based on the fact that
for an odd dimensional complete intersection, the even cohomology
looks like the one from a complex projective space.

From now on, we assume that the complex dimension of our com-
plete intersections is odd and strictly greater than 1. Furthermore, we
denote by x the generator of H2(X

n

(d)) introduced in Section 2.1.

proposition a. Let X
n

(d) be a complete intersection with odd n > 1.
If X

n

(d) admits a smooth circle action, then for any connected fixed point
component F

i

⇢ X
n

(d)S1 we have

Hev(F
i

; Q) ⇠= Q[x|
F

i

]/(x|mi

+1

F

i

),

where x|
F

i

2 H2(F
i

; Q) and 2m
i

is the dimension of F
i

. Moreover, we haveP
i

(m
i

+ 1) = n+ 1.

definition. A manifold F2m satisfying

Hev(F; Q) ⇠= Q[x
F

]/(xm+1

F

)

is called rational cohomology CPm in even degrees.

proof. Let ⇤ be a fixed point, and F
i

a connected component of the
fixed point set X

n

(d)S1 containing ⇤. Furthermore, let j
i

denote the
composition of inclusions

F
i

���! X
n

(d)S
1

j����! X
n

(d).

For this proof, we use H⇤ to denote the singular cohomology with
rational coefficients. Similarly, let H⇤

S

1

denote the S1-equivariant co-
homology with rational coefficients.

By Lemma 4.1, there exists a unique equivariant cohomology class
⇠ 2 H2

S

1

(X
n

(d), ⇤) which restricts to our generator x 2 H2(X
n

(d))
and generates H2

S

1

(X
n

(d), ⇤) over the field of rational numbers. Let
⇠
i

2 H2

S

1

(F
i

, ⇤) denote

(j
i

)⇤
S

1

(⇠) = ⇠
i

2 H2

S

1

(F
i

, ⇤).
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Since the diagram

H⇤
S

1

(X
n

(d), ⇤)
(j

i

)⇤
S

1 //

res
✏✏

H⇤
S

1

(F
i

, ⇤)

res
✏✏

H⇤(X
n

(d), ⇤)
(j

i

)⇤ // H⇤(F
i

, ⇤)

commutes, we can see that res(⇠
i

) = x|
F

i

.
We claim that the even degree cohomology Hev(F

i

, ⇤) is a Q-algebra
generated by x|

F

i

. Indeed, by [12, Chapter VII, Theorem 1.5] the map
(j
i

)⇤
S

1

induced in equivariant cohomology is onto in high degrees,
and since Hev

S

1

(X
n

(d), ⇤) is a free H⇤(BS1)-module generated by the
⇠, ⇠2, . . . , ⇠n, the image of (j

i

)⇤
S

1

in Hev
S

1

(F
i

, ⇤) is generated over H⇤(BS1)
by

⇠
i

, ⇠2
i

, . . . , ⇠mi

i

,

where m
i

is the biggest power such that ⇠mi

i

6= 0. Since H⇤
S

1

(F
i

, ⇤)
is a free H⇤(BS1)-module, it follows that Hev(F

i

, ⇤) is a Q-algebra
generated by x|

F

i

. Therefore, the ring structure of Hev(F
i

) is given by

Hev(F
i

; Q) ⇠= Q[x|
F

i

]/(x|mi

+1

F

i

),

and the fact that
P

i

m
i

+ 1 = n+ 1 follows directly from Proposition
4.3.

Note that the odd dimensional hypothesis on our complete inter-
section ensures us that Hev

S

1

(X
n

(d), ⇤) is a free H⇤(BS1)-module gen-
erated by ⇠, ⇠2, . . . , ⇠n, without all the other generators in the middle
dimension Hn

S

1

(X
n

(d), ⇤) messing up.
In view of all the results in Section 4.1, we might be tempted to

say that any component F ⇢ XZ/p

r is a rational cohomology CPm in
even degrees. This is unfortunately not true in view of Proposition
2.5. In particular, we can construct on the quadric X

3

(2) an S1-action
whose fixed point set X

3

(2)S
1 consists of CP1 q CP1, but the fixed

point set X
3

(2)Z/2 is the complex quadric X
2

(2). The later quadric is
not a rational cohomology CP2 in even degrees.

Note that we could have used [1, Theorem 3.8.12] to prove the
above result. Furthermore, this theorem explains in some sense the sit-
uation above with the Z/2 fixed point set. Indeed, if p divides the to-
tal degree d = d

1

· · ·d
r

, then the even cohomology ring Hev(X
n

(d); F
p

)
has two generators.

4.3 equivariant cohomology of complete intersections

We try now to understand the structure of the equivariant cohomol-
ogy ring. More precisely, we will adapt to odd dimensional complete
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intersections results from Bredon and Hsiang (cf. [12, Chapter VII]
and [29] respectively).

As above, let X = X
n

(d) be an odd dimensional complete inter-
section with n > 1 equipped with a smooth S1-action. Let � be the
restriction to X of the dual Hopf line bundle over CPn+r. We know
from [26] or more recently from [45] that the S1-action can be lifted
to � if and only if x = c

1

(�) 2 i⇤H2

S

1

(X; Z), where c
1

(�) denotes the
first Chern class of � and i⇤ is the map induced in cohomology by
i : X ! X

S

1

.
We know by Corollary 4.6 that the Leray-Serre spectral sequence

associated to X ! X
S

1

! BS1 degenerates at the E
2

-term with Z

coefficients. This yields a direct sum decomposition

H2

S

1

(X; Z) ⇠= H2(X; Z)�H2(BS1; Z)

and i⇤ is given by the projection on H2(X; Z). Thus, the S1-action
lifts to �. If we restrict � to a fixed point component F

j

⇢ XS

1 , then
we have on the fibers a complex one dimensional S1-representation
whose isomorphism type is constant on F

j

. We denote by a
j

2 Z the
weight of the S1-action at F

j

, i.e. the S1-action on the fibers is given
by complex multiplication with �aj for any � 2 S1. We call the a

j

’s
the Hopf weights of the S1-action on X.

Let z be a generator of H⇤(BS1; Z), such that H2(BS1; Z) ⇠= Z[z].
One can remark that these Hopf weights are not unique. Indeed,
by [45] we know that such lifts of the S1-action are classified by
(i⇤)-1(c

1

(�)) ⇢ H2

S

1

(X; Z). Thus, if one chooses ⇠ 2 H2

S

1

(X; Z) such
that i⇤(⇠) = x, then for any l 2 Z, the cohomology class ⇠ 0 = ⇠+ l · z
is also mapped on x. However, we know that the inclusion of a point
p
j

2 F
j

into X induces in equivariant cohomology a restriction homo-
morphism

H⇤
S

1

(X; Z) ! H⇤
S

1

(p
j

; Z) ⇠= Z[z]

which maps ⇠ to a
j

· z. Therefore, ⇠ 0 is mapped on (a
j

+ l) · z. This
means that the Hopf weights are unique up to a translation by l 2 Z.

The geometric interpretation of this unicity up to translation is ex-
plained using the tensor product of S1-bundles. Indeed, if we choose
a fixed lift of the S1-action to �, then we can tensor � with a trivial
complex line bundle, where the S1-action on the fibers is the multipli-
cation by �l for any � 2 S1. This defines another lift of the S1-action
on �, where the new Hopf weights differ from the previous one by
l 2 Z.

The following proposition is an adaptation of a theorem of Hsiang
concerning smooth S1-actions on CPn (cf. [29, Theorem IV.1]). The
proof we give is almost the same. We simply adapted the discussion
to the even cohomology ring.
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proposition 4 .8. Let X = X
n

(d) be an odd dimensional complete inter-
section with a smooth S1-action. Then

Hev
S

1

(X; Q) ⇠= H⇤(BS1; Q)[⇠]/(f(⇠))

as H⇤(BS1; Q)-algebras, where ⇠ is a lift of c
1

(�) = x 2 H2(X), and
the polynomial f(⇠) = (⇠ - a

1

z)m1

+1 · · · (⇠ - a
k

z)mk

+1 corresponds to
XS

1

= F
1

[ · · · [ F
k

. Furthermore, the a
j

’s are the Hopf weights of the
S1-action on X, and 2m

j

is the dimension of F
j

.

proof. Like in [29, Theorem IV.1], let us denote by R
0

= S-1H⇤(BS1; Q)
the quotient field of H⇤(BS1; Q). Moreover, let

A = R
0

[⇠]
⇢�! S-1Hev

S

1

(X; Q)

be an epimorphism which sends ⇠ on a fixed lift of c
1

(�) = x in
H2

S

1

(X; Q). Let I be the kernel of ⇢. By the localization theorem there
is an isomorphism

S-1Hev
S

1

(X; Q) ⇠=
M

j

R
0

⌦Hev(F
j

; Q).

Let ⇢
j

be the composition of ⇢ with the projection on R
0

⌦Hev(F
j

; Q),
and let I

j

:= ker ⇢
j

. Therefore, the I
j

’s satisfies I = I
1

\ · · · \ I
k

and
I
j

+ I
1

\ · · ·\ I
j-1

\ I
j+1

\ · · ·\ I
k

= 1. This implies that I = I
1

· · · I
k

.
Let p

j

2 F
j

be a fixed point. The equivariant restriction of ⇠ to p
j

is
given by ⇠|

p

j

= a
j

z 2 H2

S

1

(p
j

; Q) ⇠= H2(BS1; Q). Therefore, we can see
that ⇢

j

(⇠- a
j

z) 2 eH⇤(F
j

; Q)⌦ R
0

. Since any element of eH⇤(F
j

; Q) is
nilpotent, for a sufficiently large integer N we have that (⇠- a

j

z)N 2
I
j

. More precisely, it is enough to take N > m
j

+ 1 where 2m
j

is the
dimension of F

j

.
We deduce that the radical ideal

p
I
j

= M
j

is the maximal ideal
generated by (⇠- a

j

z), and the M
j

’s are mutually distinct. Since A-
M

j

contains no zero divisors of A, we can see A as a subset of the
localization A

M

j

. Furthermore, one can prove that I
j

= I
M

j

\A.
Finally, let us assume that I is generated by the polynomial f(⇠), i.e.

I = (f(⇠)), then we have that f(⇠) factorizes into linear factors in R
0

[⇠].
By the Gauss lemma, f(⇠) factorizes with coefficients in H⇤(BS1; Q),
thus

f(⇠) = (⇠- a
1

z)m1

+1 · · · (⇠- a
k

z)mk

+1.

We prove now some interesting divisibility properties between the
normal weights and the Hopf weights.

proposition 4 .9. Let Y,Z ⇢ X
n

(d)S1 be two connected components.
Let m 2 Z such that Y [ Z ⇢ F where F is a connected component of
X
n

(d)Z/m. Then m divides a
Y

- a
Z

, where a
Y

and a
Z

are the Hopf
weights of Y and Z respectively.
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Proposition 4.8 allows us to give two different proofs of the same
statement. The following proof is adapted from the proof of [12, Propo-
sition 5.6]

algebraic proof. Let p 2 Y and q 2 Z. By hypothesis p,q 2 F. Let
' : I ! F be an arc from p to q. Therefore, ' induces an equivariant
map ' : I⇥ S1 ! F, where S1 acts on I⇥ S1 with � · (t, z) = (t, �mz).
By collapsing the ends, we get an equivariant map

' : S2 ! F.

Let u, v denote the isolated fixed points of this action. By construc-
tions we also have that '(u) = p and '(v) = q.

Since the spectral sequence associated to X
n

(d) ! X
n

(d)
S

1

! BS1

degenerates over Z, we know that H2

S

1

(X
n

(d); Z) ⇠= H2(X
n

(d)) ⌦
H2(BS1). Thus, let ⇠ 2 H2

S

1

(X
n

(d); Z) be a fixed lift of our generator
x 2 H2(X

n

(d)). Without loss of generality, we can choose the lift
⇠ such that a

Y

= 0. This implies in particular that ⇠ 2 H2

S

1

(X,p).
Furthermore, the restriction of ⇠ to q is by definition a

Z

· z, where a
Z

is the weight of the S1-representation at the fixed point component Z.
Let x 0 2 H2(S2,u) be a generator and let k 2 Z such that '⇤(x) =

kx 0. We show that a
Z

= ±km. Consider the diagram

H2

S

1

(X
n

(d),p)
'

⇤
S

1 //

i

⇤
Z

✏✏

H2

S

1

(S2,u)

i

⇤
v

✏✏
H2

S

1

(Z)
('|

v

)⇤
S

1 // H2

S

1

(v) ⇠= H2(BS1)⌦H0(v).

We can see that '⇤
S

1

(⇠) = k⇠ 0, where ⇠ 0 is the generator of H2

S

1

(S2,u)
representing x 0 2 H2(S2,u).

By [12, Chapter VII, Theorem 5.5], we have that i⇤
v

(⇠ 0) = ±m · z,
hence i⇤

v

�'⇤
S

1

(⇠) = ±km · z. On the other hand,

i⇤
Z

(⇠) = a
Z

· z+ (terms in H2(Z)⌦H0(BS1))

which is sent by ('|
v

)⇤
S

1

on a
Z

· z. This shows that a
Z

= ±km and
concludes our proof.

geometrical proof. Consider the equivariant map

' : S2 ! F

constructed above. We denote u and v the isolated fixed points of
the S1-action on S2. Furthermore, we also have that '(u) = p and
'(v) = q.

Let � denote the restriction to X
n

(d) of the dual Hopf line bundle
over CPn+r. By construction, Z/m acts trivially on S2. Without loss
of generality suppose that the S1-action on �|

p

is trivial. Therefore,
the Z/m-action on �|

p

is also trivial and by connectedness, the Z/m-
action is trivial on all �|

S

2

. In particular the Z/m-action is trivial on
�|

q

, hence m divides a
Z

.
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corollary 4 .10. Let p be a prime number. Then for any connected com-
ponent Y ⇢ X

n

(d)S1 admitting a normal weight n
Y,i divisible by pr, there

exists another connected component Z ⇢ X
n

(d)S1 also admitting a normal
weight n

Z,j divisible by pr and

a
Z

- a
Y

⌘ 0 mod pr.

proof. Let Y2m be as above. Since n
Y,i is divisible by the power of a

prime number pr, there exists a fixed point component F ⇢ X
n

(d)Z/p

r

containing Y. Note that Y is an S1-fixed point component of F.
Since x|m

Y

6= 0 in H2m(Y; Q), the cohomology class x|m
F

6= 0 in
H2m(F; Q). Thus, we can deduce that bev(F) > bev(Y). By Corollary
4.7, there must be another fixed point component Z ⇢ X

n

(d)S1 con-
tained in F. In particular, Z is also an S1-fixed point component of F.
Thus there exists a normal weight n

Z,j divisible by pr. By Proposition
4.9, we conclude that pr divides the difference a

Z

- a
Y

.

corollary 4 .11. Let P 2 X
n

(d) be an isolated fixed point of the S1-
action, and n

P,i be a normal weight at P. Then there exists a component
Y ⇢ X

n

(d)S1 not containing P such that a
Y

- a
P

⌘ 0 mod n
P,i.

proof. Let P be as above, and let F be the connected component of
X
n

(d)Z/n

P,i containing P. Therefore, P is an isolated fixed point of
the S1-action on F. Since a closed smooth oriented manifold cannot
admit a single isolated S1-fixed point (cf. Section 3.3), F must con-
tain another S1-fixed point component, say Y. The result follows by
Proposition 4.9.

4.4 defect of a fixed point component and formulae

In this section, we adapt to odd dimensional complete intersections
results from Masuda [42]. The author studied smooth S1-action on
twisted complex projective spaces. His methods can easily be carried
out for odd dimensional complete intersections, since our manifolds
are integral cohomology twisted complex projective spaces in even
degrees.

definition. Let F ⇢ X
n

(d)S1 be a fixed point component, we define
the defect of F as

D(F) :=

����
Z

F

x|mF

F

����

where 2m
F

is the dimension of F.

The following result is an adaptation of [42, Lemma 3.6].
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proposition 4 .12. Let X
n

(d)S1

=
S

i

F
i

be the fixed point components,
j : F

i

,! X
n

(d) the inclusion, n
i,j the normal weights at F

i

, and a
k

the
Hopf weight at F

k

. Then the following equation holds

d ·
Y

j

n
i,j = ±D(F

i

)
Y

k 6=i

(a
i

- a
k

)mk

+1,

for every F
i

, and where d = d
1

· · ·d
r

denotes the total degree of X
n

(d).

proof. Let j! : H⇤
S

1

(F
i

) ! H⇤
S

1

(X
n

(d)) be the equivariant Umkeh-
rung homomorphism which increases the degree by the codimension
of F

i

in X
n

(d). Furthermore, we know that the restriction of j!(1) to
F
k

vanishes for k 6= i, and j⇤j!(1) is equal to the equivariant Euler
class e

S

1

(⌫
F

i

). Using Proposition 4.8 we deduce that

j!(1) = C ·
Y

k6=i

(⇠- a
k

z)mk

+1.

Since (⇠- a
k

z) restricts to x for any k in H⇤(X
n

(d)), we can deduce
that up to sign C = D(F

i

)/
Q

k

d
k

. Hence,

j!(1) ·
rY

k=1

d
k

= D(F
i

) ·
Y

k6=i

(⇠- a
k

z)mk

+1.

The restriction to a point of F
i

gives us the desired equation since ⇠

is sent on a
i

z.

We make no use of the above formula except to check our com-
putations in Part II. Indeed, the Atiyah-Bott integration formula will
give us the exact same equations with the correct sign. Moreover, this
formula is a generalization to complete intersection of the Petrie’s
formula for complex projective spaces [47, Theorem 2.8].





Part II

A P P L I C AT I O N S

Using equivariant cohomology, characteristic classes, the
Atiyah-Bott integration formula and the Lefschetz fixed
point formula for the equivariant signature, we study odd
dimensional complete intersections with S1-symmetry.

In Chapter 5, we deal with general odd dimensional com-
plete intersections admitting a high dimensional fixed point
component. In Chapter 6, we study 5-dimensional com-
plete intersections with S1-symmetry, and give a classi-
fication of 5-dimensional complete intersections with T2-
symmetry.





5
C I R C L E A C T I O N S O N O D D D I M E N S I O N A L
C O M P L E T E I N T E R S E C T I O N S

In this chapter, we consider odd dimensional complete intersections
with S1-symmetry. Using Proposition A (cf. Section 4.2), we can see
that whenever we have a fixed point component of high dimension,
the number of fixed point components is low. Therefore, we give a
classification of odd dimensional complete intersections admitting an
S1-action with a codimension 2 or a codimension 4 fixed point com-
ponent.

5.1 the codimension 2 case

In this short section, we prove the following theorem.

theorem b. Let X
n

(d) be a complete intersection with n > 5 odd. If
X
n

(d) admits a smooth circle action with a fixed point component of codi-
mension 2, then d = (1) and X

n

(d) = CPn.

The proof consists mainly in using that the signature of a closed
smooth oriented manifold M with a smooth circle action can be com-
puted as the signature of the fixed point set, i.e.

sign(M) =
X

Z⇢M

S

1

sign(Z)

where Z ⇢ MS

1 runs over all the connected components of the fixed
point set (cf. Section 3.3 or [28, Section 5.8]).

Let X
n

(d) be a complete intersection with n > 1 odd, and with
multi-degree d = (d

1

, . . . ,d
r

). We assume that X
n

(d) admits a smooth
S1-action with codimension 2 fixed point set. Using Proposition A (cf.
Section 4.2), we can deduce that X

n

(d)S1 is the disjoint union of an
isolated point P and a submanifold F2n-2, such that

Hev(F; Q) ⇠= Q[x|
F

]/(x|n
F

).

Since sign(X
n

(d)) = 0 we have that sign(F) = - sign(P) = ±1 depend-
ing on the orientation of the normal bundle of F.

On the other hand, let ⌘x 2 H2(X
n

(d); Q) be the Poincaré-dual class
of F in our complete intersection X

n

(d), with ⌘ 2 Z. Furthermore, we
have that

0 6=
Z

F

x|n-1

F

=

Z

X

n

(d)
xn-1 · (⌘x) = ⌘ · d,

this implies that ⌘ 6= 0.

43
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lemma 5 .1.

sign(F) =

�
sign(X

n-1

(d
1

, . . . ,d
r

,⌘)), if ⌘ > 0

- sign(X
n-1

(d
1

, . . . ,d
r

,-⌘)), if ⌘ < 0.

proof. Let us first assume ⌘ > 0. Then by [28, Chapter 3], we can
think of the class ⌘x 2 H2(X

n

(d); Q) as a virtual submanifold of
X
n

(d), where x 2 H2(CPn+r; Q) is the first Chern class of the dual
Hopf line bundle over CPn+r. In particular, (d

1

x, . . . ,d
r

x,⌘x) is a vir-
tual submanifold of codimension 2(r+ 1) of CPn+r represented by F.
Thus, we have that the total Pontrjagin class of F is given by

p(F) = p(X
n

(d)) · (1+ (⌘x|
F

)2)-1 = p(X
n-1

(d
1

, . . . ,d
r

,⌘)).

We know from the Hirzebruch Signature Theorem, that the signa-
ture can be computed with the L-polynomial in the Pontrjagin classes.
Thus, the signature of F is given by the signature of the complete in-
tersection X

n-1

(d
1

, . . . ,d
r

,⌘), since their Pontrjagin classes coincide.
Note that if ⌘ < 0, we just have to reverse the orientation on the

normal bundle of F. The Poincaré-dual class of F is then -⌘x and the
sign of the signature changes.

To conclude the proof of Theorem B, we need the following theo-
rem due to Libgober [35].

theorem 5 .2 (libgober , 1980). Let X
2k

(d
1

, . . . ,d
r

) be an even di-
mensional complete intersection. Then the signature is monotone as a func-
tion on the d

i

’s; increasing when k is even and decreasing when k is odd.
Moreover, we have that | sign(X

2k

(d
1

, . . . ,d
r

))| > 2 except for:

• the complex projective space, for which the signature is 1,

• the quadric X
2k

(2) with k odd, for which the signature is zero.

• the quadric X
2k

(2) with k even, for which the signature is 2.

proof of theorem B. We have seen previously that the signature
of F is equal to ±1 depending on the orientation. Since sign(F) =
± sign(X

n-1

(d
1

, . . . ,d
r

, |⌘|)) we deduce from the above theorem that
all the d

i

’s are equal to 1. Thus X
n

(d) is the complex projective space.

5.2 the codimension 4 case

In this section, we prove the following theorem.

theorem c. Let X
n

(d) be a complete intersection with n > 5 odd. If
X
n

(d) admits a smooth and effective circle action with a fixed point compo-
nent of codimension 4, then
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d = (1) and X
n

(d) = CPn, or

d = (2) and X
n

(d) is a quadric.

According to Proposition A (cf. Section 4.2) there are exactly two
different fixed point configurations. Indeed, let X

n

(d) be a complete
intersection with n > 1 odd, then we have either that

X
n

(d)S
1

= Y2n-4 [ Z2 or X
n

(d)S
1

= Y2n-4 [ P
1

[ P
2

,

where Y is a rational cohomology CPn-2 in even degrees, Z is a ra-
tional cohomology CP1 in even degrees, and P

1

and P
2

are isolated
fixed points.

5.2.1 The case X
n

(d)S1

= Y2n-4 [Z2

We consider first the case where the fixed point set consists of exactly
two connected components, namely a codimension 4 manifold and
a surface. To prove Theorem C in this case, we use the Atiyah-Bott
integration formula in equivariant cohomology and compute

Z

X

n

(d)
xn and

Z

X

n

(d)
p
1

(X
n

(d)) · xn-2.

We recall briefly the integration formula. The reader can find more
information about this formula in Chapter 3 or in the original paper
of Atiyah and Bott [4].

atiyah-bott integration formula. Let M be a closed smooth
oriented manifold equipped with a smooth S1-action. Let F ⇢ MS

1 be a
connected component of the fixed point set, and let i⇤

F

: H⇤
S

1

(M; Q) !
H⇤

S

1

(F; Q) be the restriction to F in equivariant cohomology. Furthermore,
let ⌫

F

denote the normal bundle of F and e
S

1

(⌫
F

) the corresponding equiv-
ariant Euler class. Then we have

Z

M

! =
X

F⇢M

S

1

Z

F

i⇤
F

(!)

e
S

1

(⌫
F

)

for any equivariant cohomology class ! 2 H⇤
S

1

(M; Q).

Let us define first the Hopf weights of the S1-action, like in Section
4.3. Recall that if � denotes the restriction to X

n

(d) of the dual Hopf
line bundle over CPn+r, then the first Chern class x := c

1

(�) is a
generator of H2(X

n

(d); Z). We know from [26] or [45] that the S1-
action can be lifted to � if and only if c

1

(�) 2 i⇤H2

S

1

(X
n

(d)), where i⇤

is the map induced by X
n

(d) ! X
n

(d)
S

1

. By Corollary 4.6,

H2

S

1

(X
n

(d); Z) ⇠= H2(X
n

(d); Z)�H2(BS1; Z)

and i⇤ is the projection on H2(X
n

(d)). Thus, the S1-action can be
lifted to �. Furthermore, the restriction of � to the fixed point set
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gives us on the fibers complex one dimensional S1-representations,
whose isomorphism types are constant on each fixed point compo-
nents. Let a

Y

,a
Z

2 Z be the weights of these S1-representations. We
call these integers the Hopf weights of the S1-action. From an algebraic
point of view, the lift of � gives us an equivariant cohomology class
⇠ 2 H2

S

1

(X
n

(d)), whose restriction to any point in Y ⇢ X
n

(d)S
1 (re-

spectively Z ⇢ X
n

(d)S
1) is the class a

Y

· z (resp. a
Z

· z) where z is the
generator of H⇤(BS1; Z). Thus the equivariant first Chern classes of Y
and Z are respectively x|

Y

+ a
Y

· z and x|
Z

+ a
Z

· z.
Note that, the lift of the S1-action to � is not unique. For any l 2

Z we can choose a lift such that the equivariant first Chern classes
of � at Y and Z respectively are of the form x|

Y

+ (a
Y

+ l) · z and
x|

Z

+ (a
Z

+ l) · z (cf. Section 4.3 for more details). Without loss of
generality we assume that a

Y

= 0, i.e. S1 acts trivially on the fibers of
� over Y.

We define the normal weights at Y and Z like in Section 3.3. Let ⌫
Y

and ⌫
Z

be the normal bundles of Y and Z respectively. Thus, ⌫
Y

and
⌫
Z

are S1-bundles over trivial S1-spaces.
From representation theory, we know that the real non-trivial irre-

ducible representations of S1 are two dimensional and given by

ei✓ 7�!
 

cos(n✓) - sin(n✓)
sin(n✓) cos(n✓)

!

with n 2 Z. Note that the representations given by n and -n are
equivalent, thus we can always assume n to be positive. Furthermore,
such representations are of complex type, which defines a natural
complex structure where the S1-action is given by complex multipli-
cation with �n for � 2 S1.

Therefore, the later argument induces for any fixed point x in F ⇢
X
n

(d)S1 a complex structure at the fibers of ⌫
F

at x together with a
direct sum decomposition

(⌫
F

)
x

=
M

n

F,j

⌫(n
F,j)x

where ⌫(n
F,j)x is the isotypical summand associated to the weight

� 7! �nF,j and n
F,j > 0. Furthermore, the isomorphism type of the

fibers at x is independent of the choice of x 2 F. This yields an S1-
equivariant direct sum decomposition of the normal bundle

⌫
F

=
M

n

F,j

⌫(n
F,j).

Note that there are only finitely many n
F,j’s giving us a non-trivial

weight space ⌫(n
F,j)x. We call these n

F,j’s the normal weights at the
fixed point component F.

We fix the orientation of the normal bundle ⌫
F

by means of the
complex structure mentioned above. Thus, we can now choose the
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orientation on F to make it compatible with the one of ⌫
F

and X
n

(d).
In addition, we use the splitting principle [10, Section 21]. Let y

F,j +
n
F,i · z denote the formal roots of ⌫

F

. Thus, the equivariant normal
roots at Y are given by y

Y,1 + n
Y,1 · z and y

Y,2 + n
Y,2 · z, while those

at Z are given by y
Z,1 +n

Z,1 · z, . . . , y
Z,n-1

+n
Z,n-1

· z.

lemma 5 .3. Let X
n

(d) be a complete intersection with n > 5 odd. Sup-
pose that X

n

(d) is equipped with a smooth effective S1-action, such that
the fixed point set is Y2n-4 [ Z2. If the action is semi-free around the fixed
points components, then d = (1) and X

n

(d) = CPn

proof. By hypothesis, we assume that the action is semi-free around
the fixed point components, i.e. the normal weights n

Y,i’s and n
Z,i’s

are all equal to 1. By obstruction theory (cf. [44]) we can also assume
that y

Z,2 = · · · = y
Z,n-1

= 0 since Z is a surface. Therefore, the
equivariant Euler classes of ⌫

Y

and ⌫
Z

are given by

e
S

1

(⌫
Y

) = (y
Y,1 + z)(y

Y,2 + z) and e
S

1

(⌫
Z

) = (y
Z,1 + z)zn-2.

Using the Atiyah-Bott integration formula, we have
Z

X

n

(d)
xn =

Z

Y

2n-4

i⇤
Y

(xn) · e
S

1

(⌫
Y

)-1 +

Z

Z

2

i⇤
Z

(xn) · e
S

1

(⌫
Z

)-1. (2)

By Section 2.1 we know that the left hand side of the above equation
is equal to the product d = d

1

· · ·d
r

. Furthermore, we can see that
the right hand side is a polynomial in the variable l. Indeed, let us
make the local datum at Y more explicit.

Z

Y

2n-4

i⇤
Y

(xn) · e
S

1

(⌫
Y

)-1

=

Z

Y

(x|
Y

+ l · z)n(y
Y,1 + z)-1(y

Y,2 + z)-1

=

✓
n

2

◆
·
Z

Y

x|n-2

Y

· l2 + (terms of higher order in l)

Next, let us compute the local datum at Z.

Z

Z

2

i⇤
Z

(xn) · e
S

1

(⌫
Z

)-1

=

Z

Z

(x|
Z

+ (a
Z

+ l) · z)n(y
Z,1 + z)-1z-(n-2)

= n · (a
Z

+ l)n-1

Z

Z

x|
Z

- (a
Z

+ l)n
Z

Z

y
Z,1

=
n-1X

k=0

✓
n- 1

k

◆
an-1-k

Z

·n
Z

Z

x|
Z

-

✓
n

k

◆
an-k

Z

Z

Z

y
Z,1

�
lk -

Z

Z

y
Z,1 · ln



48 circle actions on odd dimensional complete intersections

As above, we use the Atiyah-Bott integration formula to compute
Z

X

n

(d)
p
1

(X
n

(d)) · xn-2 =

Z

Y

2n-4

p
1,S1

(Y) · i⇤
Y

(xn-2) · e
S

1

(⌫
Y

)-1

+

Z

Z

2

p
1,S1

(Z) · i⇤
Z

(xn-2) · e
S

1

(⌫
Z

)-1.
(3)

The left hand side is equal to p
1

·d, where p
1

= (n+ r+ 1-
P

r

i=1

d2

i

)
according to Section 2.1. The right hand side is also a polynomial in l,
but we are interested in its constant term only. Furthermore, p

1,S1

(Y)
(respectively p

1,S1

(Z)) denotes the equivariant first Pontrjagin classes
of X

n

(d) restricted to Y (resp. Z). Let us first compute the local datum
at Y.

Z

Y

2n-4

p
1,S1

(Y) · i⇤
Y

(xn-2) · e
S

1

(⌫
Y

)-1

=

Z

Y

�
p
1

(Y) + (y
Y,1 + z)2 + (y

Y,2 + z)2
�

(x|
Y

+ l · z)n-2(y
Y,1 + z)-1(y

Y,2 + z)-1

As above, one can find that
Z

Y

2n-4

p
1,S1

(Y) · i⇤
Y

(xn-2) · e
S

1

(⌫
Y

)-1

= 2 ·
Z

Y

xn-2|
Y

+ (terms of higher order in l)

The local datum at Z is computed in a similar fashion.
Z

Z

2

p
1,S1

(Z) · i⇤
Z

(xn-2) · e
S

1

(⌫
Z

)-1

=

Z

Z

�
p
1

(Z) + (y
Z,1 + z)2 + (n- 2)z2

�

· (x|
Z

+ (a
Z

+ l)z)n-2(y
Z,1 + z)-1z2-n

= (n- 2)(n- 1) · an-3

Z

Z

Z

x|
Z

- (n- 3) · an-2

Z

Z

Z

y
Z,1

+ (terms of higher order in l)

If we wrap up our computations of the local data in (2) and (3), we
have two polynomials in l which are constant equal to d and p

1

· d
respectively. Therefore, by comparing the coefficients we can extract
the following system of equations

d = n · an-1

Z

Z

Z

x|
Z

- an

Z

Z

Z

y
Z,1,

0 =

✓
n- 1

1

◆
n · an-2

Z

Z

Z

x|
Z

-

✓
n

1

◆
an-1

Z

Z

Z

y
Z,1,

0 =

✓
n- 1

2

◆
n · an-3

Z

Z

Z

x|
Z

-

✓
n

2

◆
an-2

Z

Z

Z

y
Z,1 +

✓
n

2

◆ Z

Y

x|n-2

Y

,
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p
1

· d = (n- 1)(n- 2) · an-3

Z

Z

Z

x|
Z

- (n- 3) · an-2

Z

Z

Z

y
Z,1 + 2

Z

Y

x|n-2

Y

.

This system is linear in the variables p
1

,
R
x|

Z

,
R
y
Z,1,

R
x|n-2

Y

and
has a unique solution, namely

p
1

=
n+ 1

a2

Z

,
Z

Z

x|
Z

=
d

an-1

Z

,
Z

Z

y
Z,1 =

d · (n- 1)

an

Z

,
Z

Y

x|n-2

Y

=
d

a2

Z

.

By assumption we took n > 5, thus by Section 2.1 and Poincaré
duality the class x|n-2

Y

is the product of d with a cohomology class in
H2n-4(Y; Z). Therefore, we have that

R
Y

x|n-2

Y

2 dZ. One can then
directly obtain a

Z

= ±1. Since p
1

= n+ r+ 1-
P

r

i=1

d2

i

we deduce
that all the d

i

’s are equal to 1, thus X
n

(d) = CPn.

Let us now treat the general case.

proof of theorem C. part 1. Let us assume by Lemma 5.3 that
the action is not semi-free around the fixed point set. Then there exists
a prime number p and a connected component eF ⇢ X

n

(d)Z/p which
contains strictly a component of F ⇢ X

n

(d)S1 . Since x|mF

F

2 Hev(F; Q)
is non-zero, x|mF

e
F

2 Hev(eF; Q) is also non-zero. Therefore, by count-
ing the even Betti numbers, we have bev(eF) > bev(F). In virtue of
Corollary 4.7, we can conclude that eF contains all of X

n

(d)S1 and is
of codimension 2 in X

n

(d). Using Poincaré duality, we can deduce
that the even Betti numbers of eF are given by b

2k

(eF) = 1 except for
b
n-1

(eF) = 2.
Therefore, we can think of the Poincaré-dual class ⌘x 2 H2(X

n

(d))
of eF as a virtual complete intersection in X

n

(d) (cf. [28, Chapter 3]).
Thus eF represents a virtual complete intersection in CPn+r with mul-
tidegree (d

1

, . . . ,d
r

, |⌘|). In addition, we have that the signature of eF
is 0 or ±2. Thus by Theorem 5.2, we get that d = (1) or (2).

5.2.2 The case X
n

(d)S1

= Y2n-4 [ P
1

[ P
2

Let us consider the case where the fixed point set consists of a codi-
mension 4 manifold and two isolated points.

Let us use the same notations as in Section 5.2.1. As above, we lift
the S1-action to � such that the equivariant first Chern class of the
restriction to Y is equal to x|

Y

+ l · z. Recall that � is the restriction
to X

n

(d) of the dual Hopf line bundle over CPn+r, and that such lift
exists for any l 2 Z. Moreover, a

1

+ l and a
2

+ l denote the (Hopf)
weights of the induced S1-representations on P

1

and P
2

respectively.
We denote by ⌫

1

(respectively ⌫
2

) the normal bundle of P
1

(resp.
P
2

). The S1-action on ⌫
1

and ⌫
2

give us the normal weights n
1,1, . . . ,

n
1,n and n

2,1, . . . , n
2,n which we assume positive. This induces a
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complex structure on ⌫
1

and ⌫
2

together with an orientation. Fur-
thermore, we choose the orientation of P

1

and P
2

in order to make
it compatible with the orientation of their respective normal bundle
and X

n

(d). Since the signature of X
n

(d) is the sum of the signature
of the fixed points, then one of these isolated fixed point has to be
positively oriented, say P

1

. Hence P
2

is negatively oriented.
Before we dive into the computations, we need the following lemma

to understand the normal weights at P
1

and P
2

.

lemma 5 .4. Let N2k be a closed smooth oriented manifold equipped with a
smooth S1-action such that the fixed point set consists of two isolated points
P
1

and P
2

. Then the normal weights at P
1

and P
2

, are equal up to ordering.

proof. As above, let us denote the normal weights at P
1

(respec-
tively P

2

) by (n
1,1, . . . ,n

1,k) (resp. (n
2,1, . . . ,n

2,k)) and assume them
all positive. Without loss of generality, one can order them in the fol-
lowing way,

1 6 n
1,1 = n

1,2 = · · · = n
1,r < n

1,r+1

6 · · · 6 n
1,k

1 6 n
2,1 = n

2,2 = · · · = n
2,s < n

2,s+1

6 · · · 6 n
2,k.

Let � 2 S1 be a topological generator. By the equivariant signature
formula we know that

sign(N) = µ(�,P
0

) + µ(�,P
1

).

The local datum at P
i

is given by the Laurent polynomial in Z[�, �-1]

µ(�,P
i

) =

Z

P

i

kY

j=1

1+ �-n

i,j

1- �-n

i,j
.

Note that each term of the above product is given by the formal power
serie in � given by

1+ �-n

i,j

1- �-n

i,j
= -(1+ 2�ni,j + 2�2ni,j + 2�3ni,j + 2�4ni,j + · · · ).

Since the signature of N is a constant polynomial in �, the isolated
fixed points P

1

and P
2

need to be of different orientations in order
for the power series to cancel themselves. By looking at the constant
term, we see that the signature of N is equal to 0. Thus, we have the
following equality,

kY

j=1

1+ �-n

1,j

1- �-n

1,j
=

kY

j=1

1+ �-n

2,j

1- �-n

2,j
.

If we now look on both sides at the coefficients with the smallest
power of �, we get

1+ 2r�n1,1 +O(�>n

1,1) = 1+ 2s�n2,1 +O(�>n

2,1).
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From this, we deduce that r = s and n
1,1 = n

2,1. By induction we get
that the normal weights (n

1,1, . . . ,n
1,k) and (n

2,1, . . . ,n
2,k) are equal

up to ordering.

We are now ready to dive into the computations. In particular, we
prove the following lemma.

lemma 5 .5. Let X
n

(d) be a complete intersection with n > 5 odd. Sup-
pose that X

n

(d) is equipped with a smooth and effective S1-action, such
that the fixed point set is Y2n-4 [ P

1

[ P
2

. If the action is semi-free around
Y2n-4, then d = (1) and X

n

(d) = CPn, or d = (2) and X
n

(d) is a
complex quadric.

proof. By the Atiyah-Bott integration formula, we have
Z

X

n

(d)
xn =

Z

Y

2n-4

i⇤
Y

(x)n · e
S

1

(⌫
Y

)-1

+

Z

P

1

i⇤
1

(x)n · e
S

1

(⌫
1

)-1 +

Z

P

2

i⇤
2

(x)n · e
S

1

(⌫
2

)-1.
(4)

The local datum at Y is computed exactly the same way as in the
previous part. Therefore we have

Z

Y

2n-4

i⇤
Y

(xn) · e
S

1

(⌫
Y

)-1 =

✓
n

2

◆
·
Z

Y

x|n-2

Y

· l2

+ (terms of higher order in l).

We now compute the local datum at P
1

or P
2

. According to the pre-
vious lemma, we denote by (n

1

, . . . ,n
n

) their normal weights. Thus
the local datum is given by

Z

P

k

i⇤
k

(x)n · e
S

1

(⌫
k

)-1 =

Z

P

k

(a
k

+ l)n

n
1

· · ·n
n

= "
k

(a
k

+ l)n

n
1

· · ·n
n

,

and where "
k

is the orientation of P
k

, i.e positive for P
1

and negative
for P

2

.
Again by the Atiyah-Bott integration formula, we now compute
Z

X

n

(d)
p
1

(X
n

(d)) · xn-2 =

Z

Y

2n-4

p
1,S1

(Y) · i⇤
Y

(x)n-2 · e
S

1

(⌫
Y

)-1

+

Z

P

1

p
1,S1

(P
1

) · i⇤
1

(x)n-2 · e
S

1

(⌫
1

)-1

+

Z

P

2

p
1,S1

(P
2

) · i⇤
2

(x)n-2 · e
S

1

(⌫
2

)-1.

(5)

The local datum at Y is given as above by
Z

Y

2n-4

p
1,S1

(Y) · i⇤
Y

(xn-2) · e
S

1

(⌫
Y

)-1 = 2 ·
Z

Y

xn-2|
Y

+ (terms of higher order in l),
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while the local datum at P
1

or P
2

is given by
Z

P

k

p
1,S1

(P
k

) · i⇤
k

(x)n-2 · e
S

1

(⌫
k

)-1 = "
k

(n2

1

+ · · ·n2

n

) · (ak

+ l)n-2

n
1

· · ·n
n

.

As in the first part, if we now put our computations of the local data
in (4) and (5), we have two polynomials in l which are constant equal
to d and p

1

· d respectively. Therefore, by comparing the coefficients
we get the following system of equations

d =
an

1

n
1

· · ·n
n

-
an

2

n
1

· · ·n
n

,

0 =
an-1

1

n
1

· · ·n
n

-
an-1

2

n
1

· · ·n
n

,

0 =

Z

Y

x|n-2

Y

+
an-2

1

n
1

· · ·n
n

-
an-2

2

n
1

· · ·n
n

,

p
1

· d = 2 ·
Z

Y

x|n-2

Y

+

 
nX

i=1

n2

i

!

·
 

an-2

1

n
1

· · ·n
n

-
an-2

2

n
1

· · ·n
n

!

,

where d = d
1

· · ·d
r

and p
1

= n+ r+ 1-
P

r

i=1

d2

i

.
We can see that the first and second equalities imply that a

1

=
-a

2

> 0. Moreover, this system has a unique solution, namely

d =
2 · an

1

n
1

· · ·n
n

, p
1

=

P
n

i=1

n2

i

- 2

a2

1

,
Z

Y

x|n-2

Y

=
-2 · an-2

1

n
1

· · ·n
n

.

By assumption we took n > 5, thus by Section 2.1 and Poincaré du-
ality we have

R
Y

x|n-2

Y

2 dZ. Therefore, we directly get that a
1

= 1.
This leaves us with, d = 2/n

1

· · ·n
n

, and we have two possibilities.
Either all the d

i

’s are equal to 1 and X
n

(d) = CPn, or d = (2) and
X
n

(d) = X
n

(2) is a quadric.

proof of theorem C. part 2. In virtue of Lemma 5.5, suppose
the action is not semi-free around Y. Then there exists a prime num-
ber p and a fixed point component F2n-2 ⇢ X

n

(d)Z/p containing Y.
Therefore, by Proposition 4.3 the component F must contain at least
one of the isolated fixed points. Since sign(F) = sign(FS1

), the signa-
ture of F is either ±1 in the case F contains only one of the isolated
fixed point, or the signature of F is 0 or ±2 if F contains both isolated
fixed points.

Since F is of codimension 2, we can picture the Poincaré-dual class
of F, namely ⌘x 2 H2(X

n

(d); Z), as a virtual complete interesection
in X

n

(d) (cf. [28, Chapter 3]). Therefore, F represents a virtual com-
plete intersection in CPn+r with multidegree (d

1

, . . . ,d
r

, |⌘|). Thus by
Theorem 5.2, we have that d = (1) or (2).



6
C O M P L E T E I N T E R S E C T I O N S O F C O M P L E X
D I M E N S I O N 5

In this chapter, we consider 5-dimensional complete intersections with
S1-symmetry. The idea is to extend the classification of complete in-
tersections with S1-symmetry in low degrees given in Section 2.2.

theorem d. Let X
5

(d) be a complete intersection equipped with a smooth
and effective circle action which admits a fixed point component of dimension
strictly bigger than 2, then

d = (1) and X
5

(d) = CP5, or

d = (2) and X
5

(d) is a complex quadric.

Before we prove this theorem, let us give an interesting corollary.

theorem e. Let X
5

(d) be a complete intersection equipped with a smooth
and effective rank 2 torus action, then

d = (1) and X
5

(d) = CP5, or

d = (2) and X
5

(d) is a complex quadric.

proof. First, remark that if there exists a fixed point component Y ⇢
X

5

(d)T
2 of dimension 4 , 6 or 8, then there exists S1 ⇢ T 2 acting

smoothly on X
5

(d) admitting Y as fixed point component. This fact
follows easily from the classification of real T 2-representations [13,
Proposition 8.5]. Thus, by Theorem D the multidegree d needs to
be equal to (1) or (2). The same holds in the case where X

5

(d)T
2

happens to be a union of isolated fixed points. Indeed, the result
follows by Corollary 4.2.

Therefore, let us assume there exists a fixed point component Z2 ⇢
X

5

(d)T
2 of dimension 2. Let ⌫

Z

denote its normal bundle. Since
Z2 is fixed by the torus action, we know that T 2 acts on ⌫

Z

which
we equip with a complex structure using the action. This allows us
to decompose ⌫

Z

into a sum of irreducible T 2-modules. Since any
irreducible complex representation of T 2 is of dimension 1, the kernel
of this action on any irreducible T 2-module contains a circle S1. One
can use this S1 to equip X

5

(d) with a circle action admitting a fixed
point component of dimension greater or equal to 4 containing Z. By
Theorem D, it follows that d is equal to (1) or (2).

Let us now prove Theorem D. The proof is nothing more sophis-
ticated than a case by case study among all possible S1-fixed point

53
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configurations. In virtue of Proposition A (cf. Section 4.2), any com-
plete intersection of complex dimension 5 equipped with a non-trivial
smooth S1-actions admits one of these fixed point configuration:

1. X
5

(d)S1

= Y8 [ P0,

2. X
5

(d)S1

= Y6 [Z2,

3. X
5

(d)S1

= Y6 [ P0

1

[ P0

2

,

4. X
5

(d)S1

= Y4

1

[ Y4

2

,

5. X
5

(d)S1

= Y4 [Z2 [ P0,

6. X
5

(d)S1

= Y4 [ P0

1

[ P0

2

[ P0

3

,

7. X
5

(d)S1

= Z2

1

[Z2

2

[Z2

3

,

8. X
5

(d)S1

= Z2

1

[Z2

2

[ P0

1

[ P0

2

,

9. X
5

(d)S1

= Z2 [ P0

1

[ P0

2

[ P0

3

[ P0

4

,

10. X
5

(d)S1

= P0

1

[ P0

2

[ P0

3

[ P0

4

[ P0

5

[ P0

6

.

One can see that Chapter 5 deals in a greater generality with the cases
1, 2 and 3. Therefore, to prove Theorem D, one needs to deal with the
cases 4, 5 and 6. Thus, the proof of Theorem D is three parts, the later
corresponding to the cases 4, 5 and 6. Note also that Corollary 4.2
deals with case 10 for any odd dimensional complete intersection.

6.1 the case where X
5

(d)S
1

= Y4

1

[ Y4

2

Let � denote the restriction to X
5

(d) of the dual Hopf line bundle
over CP5+r, then the first Chern class x := c

1

(�) is the generator
of H2(X

5

(d) ; Z). Like in Chapter 5, we can lift the S1-action to �

(cf. [26] or [45]). The restriction of � to the fixed point set gives us
on the fibers a complex one-dimensional S1-representations whose
isomorphism types are constant on each fixed point components. Let
a
1

, a
2

2 Z be the weights of these S1-representations. As above, we
call these integers the Hopf weights of the S1-action. Thus, the equivari-
ant first Chern classes of � at Y

1

and Y
2

are respectively x |
Y

1

+ a
1

· z
and x |

Y

2

+ a
2

· z, where z is the generator of H⇤(BS1 ; Z).
Furthermore, the lift of the S1-action to � is not unique. For any

l 2 Z we can choose a lift such that the equivariant first Chern classes
of � at Y

1

and Y
2

are respectively of the form x |
Y

1

+ (a
1

+ l) · z and
x |

Y

2

+ (a
2

+ l) · z. Without loss of generality we assume that the
Hopf weight a

1

= 0, i.e. S1 acts trivially on the fibers of � over Y
1

.
We denote by ⌫

1

and ⌫
2

the normal bundle of Y
1

and Y
2

respec-
tively. Like in Section 3.3, we orient these bundles by mean of the
S1-action. The orientation on ⌫

1

and ⌫
2

is chosen such that their
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normal weights n
1 ,1 , n

1 ,2 , n
1 ,3 and n

2 ,1 , n
2 ,2 , n

2 ,3 are all positive.
Furthermore, we choose the orientations of Y

1

and Y
2

in order to
make them compatible with the orientations of their respective nor-
mal bundles and the orientation of X

n

(d). Since the signature of
X

5

(d) is the sum of the signature of the fixed points, then the signa-
ture of one of the Y

i

has to be 1, say Y
1

. Hence the signature of Y
2

is
-1.

We denote by x
1

a fixed generator of H2(Y
1

; Z) such that
R
Y

1

x2
1

= 1.
Similarly, x

2

denotes a generator of H2(Y
2

; Z) and satisfies
R
Y

2

x2
2

=
-1. Using this notation, we can write x|

Y

1

= r
1

x
1

and x|
Y

2

= r
2

x
2

,
where r

1

, r
2

2 Z.
Furthermore, we apply the splitting principle to ⌫

1

and ⌫
2

. We
denote by {y

i,j +n
i,j · z} the three equivariant normal roots at Y

i

.

lemma 6 .1. Let X
5

(d) be a complete intersection with a smooth circle
action such that the fixed point components are X

5

(d)S1

= Y4

1

[ Y4

2

. If the
action is semi-free around the fixed point components, then d = (1) and
X
5

(d) is the complex projective space.

Since the computations will be more and more involved in this
chapter, we invite the reader to be aware of the Mathematicar com-
putations in the appendix, cf. Chapter B. An explanation of the Math-
ematicar code is given using the computations of Lemma 6.1 as an
example.

proof. By hypothesis, we have that all the n
i,j are equal to 1. Thus

one can compute the Euler classes of ⌫
1

and ⌫
2

using elementary
symmetric functions in the y

i,j’s,

e
S

1

(⌫
i

) = (y
i,1 + z)(y

i,2 + z)(y
i,3 + z)

= c
2

(⌫
i

)z+ c
1

(⌫
i

)z2 + z3.

If we now write c
2

(⌫
i

) = c
i,2x

2

i

and c
1

(⌫
i

) = c
i,1xi with c

i,j 2 Z,
then one can compute e

S

1

(⌫
i

)-1 as a power series in x
i

.

e
S

1

(⌫
i

)-1 =
1

z3
-

c
i,1xi
z4

+
(c2

i,1 - c
i,2)x2

i

z5

We now compute locally
Z

X

5

(d)
x5, and

Z

X

5

(d)
p
1

(X
5

(d)) · x3.

The local datum of x5 at Y
i

is given by

Z

Y

4

i

(r
i

x
i

+ (a
i

+ l) · z)5
 

1

z3
-

c
i,1xi
z4

+
(c2

i,1 - c
i,2)x2

i

z5

!

.

If we now develop
R
X

5

(d) x
5 as a polynomial in l which is constant

equal to d, this gives us the system of equations
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d = -a3

2

(a2

2

c2
2,1 - a2

2

c
2,2 - 5a

2

c
2,1r2 + 10r2

2

)

0 = -5a2

2

(a2

2

c2
2,1 - a2

2

c
2,2 - 4a

2

c
2,1r2 + 6r2

2

)

0 = -10a
2

(a2

2

c2
2,1 - a2

2

c
2,2 - 3a

2

c
2,1r2 + 3r2

2

)

0 = -10(a2

2

c2
2,1 - a2

2

c
2,2 - r2

1

+ 2a
2

c
2,1r2 + r2

2

)

0 = -5(a
2

c2
2,1 - a

2

c
2,2 + c

1,1r1 - c
2,1r2)

0 = c2
1,1 - c

1,2 - c2
2,1 + c

2,2.

If one now solve this system of equations in the variables d, r
2

, c
1,1,

c
1,2, c

2,1 and c
2,2 we get two solutions, namely

d = -a3

2

r2
1

, c
1,1 = -

3r
1

a
2

, c
1,2 =

3r2
1

a2

2

,

r
2

= ±r
1

, c
2,1 = ±3r

1

a
2

, c
2,2 =

3r2
1

a2

2

.

To solve the above system of equations, note the similarities inside the
parenthesis of the equations on line 2, 3 and 4. This can be used to
find that r2

2

= r2
1

, and c
2,1 = 3r

2

/a
2

. The rest can then be computed
easily.

We now compute the local datum of p
1

(X
5

(d)) · x3 at Y
i

, i.e.
Z

Y

4

i

p
1,S1

(Y
i

) (r
i

x
i

+ (a
i

+ l) · z)3 e
S

1

(⌫
i

)-1.

Note that we already computed above e
S

1

(⌫
i

)-1, and the equivariant
Pontrjagin class are given by

p
1,S1

(Y
i

) = (p
1

(Y
i

) + (y
i,1 + z)2 + (y

i,2 + z)2 + (y
i,3 + z)2).

If we now identify the elementary symmetric functions in the y
i,j’s

using the Chern classes of ⌫
i

, we then get

p
1,S1

(Y
i

) = (p
1

(Y
i

) + c2
i,1x

2

i

- 2c
i,2x

2

i

+ 2c
i,1xiz+ 3z2).

We can now develop
R
X

5

(d) p1

(X
5

(d)) · x3 into a polynomial in l,
which is constant equal to p

1

· d and where p
1

= 6 + r -
P

r

i=1

d2

i

.
This gives us the following system of equations

p
1

· d = -a
2

(2a2

2

c2
2,1 - 5a2

2

c
2,2 - a2

2

Z
p
1

(Y
2

)- 3a
2

c
2,1r2 + 9r2

2

),

0 = 3(-2a2

2

c2
2,1 + 5a2

2

c
2,2 + a2

2

Z
p
1

(Y
2

) + 3r2
1

+ 2a
2

c
2,1r2 - 3r2

2

),

0 = -3(2a
2

c2
2,1 - 5a

2

c
2,2 - a

2

Z
p
1

(Y
2

) + c
1,1r1 - c

2,1r2),

0 = 2c2
1,1 - 5c

1,2 - 2c2
2,1 + 5c

2,2 +

Z
p
1

(Y
1

) +

Z
p
1

(Y
2

).
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Furthermore, we know by the Hirzebruch signature formula, thatR
p
1

(Y
1

) = 3 and
R
p
1

(Y
2

) = -3. Using the above solutions with this
equations, we can solve the system in the variable p

1

, r
1

, r
2

and we
have exactly four non-trivial solutions. In particular, we have that

p
1

=
6

a2

2

, and d = -a5

2

which forces p
1

to be equal to 6 and d
1

= · · · = d
r

= 1.

For now on, we assume the action is not semi-free around both
fixed point components. We decompose again the problem into sub
cases. In particular, we argue on the X

n

(d)Z/p fixed point compo-
nents and their dimensions.

lemma 6 .2. Let X
5

(d) be a complete intersection with a smooth circle
action such that the fixed point components are X

5

(d)S1

= Y4

1

[ Y4

2

. If the
action admits a fixed point component N8 ⇢ X

5

(d)Z/p for a prime number
p, then d = (1) or (2).

proof. First, one can see that N contains both Y
1

and Y
2

. This can
be deduced easily, using Corollary 4.7.

Since sign(N) = sign(NS

1

), the signature of N is either 0 or ±2.
Since N is of codimension 2, we can picture the Poincaré-dual class
of N, namely ⌘x 2 H2(X

5

(d); Z), as a virtual complete interesection
in X

5

(d) (cf. [28, Chapter 3]). Therefore, N represents a virtual com-
plete intersection in CP5+r with multidegree (d

1

, . . . ,d
r

, |⌘|). Thus by
Theorem 5.2, we have that d = (1) or (2).

We now focus our interest in the case where there exists a fixed
point component N6 ⇢ X

5

(d)Z/p containing Y
1

and Y
2

. Remark first
that if there exists a component N6 ⇢ X

5

(d)Z/p containing one of
the Y

i

, then by Corollary 4.7 both fixed point components need to
be contained in N. Furthermore, one can see that the normal weights
at Y

1

and Y
2

are equal. Indeed, if we denote by n
1,j’s (respectively

n
2,j’s) the normal weights at Y

1

(resp. Y
2

), then we know there exists
exactly one of them divisible by p, say n

1,j (resp. n
2,j). Furthermore,

if we consider the component N6

1,j ⇢ X
5

(d)Z/n

1,j containing Y
1

, then
it follows from

Y4

1

⇢ N6

1,j ✓ N6

that N
1,j = N. Thus Y

2

is an S1-fixed point component at N
1,j, which

implies that n
1,j divides n

2,j. By changing the roles of Y
1

and Y
2

we
have that n

2,j divides n
1,j, hence they have to be equal, we write

n
j

:= n
1,j = n

2,j.
Let us now discuss what information one can get using the Atiyah-

Bott integration formula on N6

j

⇢ X
5

(d)Z/n

j as above.
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lemma 6 .3. Let N6

j

⇢ X
5

(d)Z/n

j be a connected fixed point component
for a prime p such that the fixed point set NS

1

j

consists of two 4-dimensional
manifolds Y4

1

and Y4

2

as above. If we write the first Chern class c
1

(⌫
i,N

j

) =
c
i,n

j

x
i

, where ⌫
i,N

j

is the normal bundle of Y
i

in N
j

, then

c
1,n

j

= ±c
2,n

j

and r
1

= ±(r
2

-
a
2

c
2,n

j

n
j

).

proof. Let us fix the orientation on ⌫
i,n

j

via the S1-action. Thus, we
can then fix the orientation on N

j

such that it is compatible with the
orientation of Y

1

and ⌫
1,N

j

. Since the signature of N
j

is zero and the
signature of Y

1

is equal to +1, we have that Y
2

(with the orientation
induced by N

j

and ⌫
2,N

j

) has its signature equal to -1.
To obtain the above equations, it is enough to integrate locallyR

N

6

j

x| 3
N

j

. This integral is given by the sum of the local datum at the
Y
i

’s. Using the same notation as above, the local datum at Y
i

is given
by

Z

Y

i

(r
i

x
i

+ (a
i

+ l) · z)3(c
1

(⌫
i,N

j

) +n
j

z)-1.

If one replaces c
1

(⌫
i,N

j

) by c
i,n

j

x
i

, we can then develop the above
formula and get a polynomial in l. Identifying the coefficient in l>0

to be zero gives us the following system of equations
Z

N

6

j

x| 3
N

j

= -
a
2

(a2

2

c2
2,n

j

- 3a
2

c
2,n

j

n
j

r
2

+ 3n2

j

r2
2

)

n3

j

,

0 =
3r2

1

n
j

-
3(a

2

c
2,n

j

-n
j

r
2

)2

n3

j

0 = -
3c

1,n
j

r
1

n2

j

-
3c

2,n
j

(a
2

c
2,n

j

-n
j

r
2

)

n3

j

0 =
c2
1,n

j

n3

j

-
c2
2,n

j

n3

j

.

One can extract the desired equalities out of the last three equations
above.

We now use the Lemma 6.3 to prove the following result.

lemma 6 .4. Let X
5

(d) be a complete intersection with a smooth circle
action such that the fixed point components are X

5

(d)S1

= Y4

1

[ Y4

2

. If the
action admits a fixed point component N6 ⇢ X

5

(d)Z/p for a prime number
p, then d is either (1) or (2).

The reader should be aware that we added in the appendix the
Mathematicar computations of the following proof, cf. Chapter B.
These computations can be done by hand, but the detailed Mathe-
maticar code can spare some paper, time and computational errors
for the reader.
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proof. In virtue of Lemma 6.1 and Lemma 6.2, we can suppose that
the action is not semi-free around the fixed point component and
that the normal weights at Y

1

and Y
2

fold into the following three
situations:

case a . (n
1

, 1, 1),

case b . (n
1

,n
2

, 1),

case c . (n
1

,n
2

,n
3

).

where the above n
j

’s are strictly greater than 1 and prime to each
other. Furthermore, we denote by N6

j

the fixed point component of
the Z/n

j

-action.
The proofs in each of these cases is essentially the same as in the

semi-free case and consists on computing locally the integrals
Z

X

5

(d)
x5, and

Z

X

5

(d)
p
1

(X
5

(d)) · x3.

case a . The local datum of x5 at Y
i

is given by
Z

Y

i

(r
i

x
i

+ (a
i

+ l) · z)5e
S

1

(⌫
i

)-1

where ⌫
i

is the normal bundle of Y
i

in X
5

(d). Using the splitting prin-
ciple, we can compute the equivariant Euler class. Since the normal
weights at Y

i

are (n
1

, 1, 1), the normal bundle ⌫
i

of Y
i

in X
5

(d) splits
into ⌫

i,N
1

� ⌫ ?
i,N

1

. Therefore, the Euler class is given by

e
S

1

(⌫
i

) =
�
c
1

(⌫
i,N

1

) +n
1

· z
��
c
2

(⌫ ?
i,N

1

) + c
1

(⌫ ?
i,N

1

) · z+ z2
�
.

Let us now replace c
1

(⌫
i,N

1

) 2 H2(Y
i

) by c
i,n

1

· x
i

, and do the same
with c

k

(⌫ ?
N

1

) 2 H2k(Y
i

) and replace it by c
i,k · x

i

k. Thus, e
S

1

(⌫
i

)-1

is given by the power series expansion in x
i

1

n
1

z3
-

✓
c
i,n

1

n2

1

z4
+

c
i,1

n
1

z4

◆
x
i

+

 
c2
i,n

1

n3

1

z5
+

c
i,1ci,n

1

n2

1

z5
+

c2
i,1 - c

i,2

n
1

z5

!

x2
i

.

The above computation allows us to compute locally the integralR
X

5

(d) x
5. With the above notation, this is a polynomial in l which is

constant equal to d. The equations induced by the coefficients in l63

give us the following system.

d = -
a3

2

n3

1

�
a2

2

c2
2,1n

2

1

+ a2

2

c
2,1c2,n

1

n
1

- a2

2

c
2,2n

2

1

+ a2

2

c2
2,n

1

- 5a
2

c
2,1n

2

1

r
2

- 5a
2

c
2,n

1

n
1

r
2

+ 10n2

1

r2
2

�
,

0 = -
5a2

2

n3

1

�
a2

2

c2
2,1n

2

1

+ a2

2

c
2,1c2,n

1

n
1

- a2

2

c
2,2n

2

1

+ a2

2

c2
2,n

1

- 4a
2

c
2,1n

2

1

r
2

- 4a
2

c
2,n

1

n
1

r
2

+ 6n2

1

r2
2

�
,
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0 = -
10a

2

n3

1

�
a2

2

c2
2,1n

2

1

+ a2

2

c
2,1c2,n

1

n
1

- a2

2

c
2,2n

2

1

+ a2

2

c2
2,n

1

- 3a
2

c
2,1n

2

1

r
2

- 3a
2

c
2,n

1

n
1

r
2

+ 3n2

1

r2
2

�
,

0 =
10r2

1

n
1

-
10

n3

1

�
a2

2

c2
2,1n

2

1

+ a2

2

c
2,1c2,n

1

n
1

- a2

2

c
2,2n

2

1

+ a2

2

c2
2,n

1

- 2a
2

c
2,1n

2

1

r
2

- 2a
2

c
2,n

1

n
1

r
2

+n2

1

r2
2

�

This system admits two non-trivial solutions in the variables d, c
2,2,

r
1

and r
2

, namely

d = -
a5

2

(c
2,1n1

+ c
2,n

1

)2

9n3

1

, c
2,2 =

c2
2,1n

2

1

- c
2,1c2,n

1

n
1

+ c2
2,n

1

3n2

1

,

r
2

=
a
2

(c
2,1n1

+ c
2,n

1

)

3n
1

, r
1

= ±a
2

(c
2,1n1

+ c
2,n

1

)

3n
1

.

We now compute locally the integral
R
X

5

(d) p1

(X
5

(d)) · x3. We al-
ready computed e

S

1

(⌫
i

)-1, thus we only need to compute the equiv-
ariant Pontrjagin class at Y

i

p
1,S1

(Y
i

) = (p
1

(Y
i

) + (y
i,1 +n

1

z)2 + (y
i,2 + z)2 + (y

i,3 + z)2)

= (p
1

(Y
i

) + (c
i,n

1

x
i

+n
1

z)2 + c2
i,1x

2

i

+ 2c
i,1xiz- 2c

i,2x
2

i

+ 2z2).

One can now compute
R
X

5

(d) p1

(X
5

(d)) · x3 which is again a poly-
nomial in l. If we look at the constant term in l, we have the equality

p
1

· d =
a
2

n3

1

�
- 2a2

2

c2
2,n

1

- a2

2

c2
2,1n

2

1

+ 4a2

2

c
2,2n

2

1

+ a2

2

c
2,1c2,n

1

n3

1

- a2

2

c2
2,1n

4

1

+ a2

2

c
2,2n

4

1

+ a2

2

n2

1

Z
p
1

(Y
2

) + 6a
2

c
2,n

1

n
1

r
2

- 3a
2

c
2,n

1

n3

1

r
2

+ 3a
2

c
2,1n

4

1

r
2

- 6n2

1

r2
2

- 3n4

1

r2
2

�
.

Note that
R
p
1

(Y
2

) = -3. If we now use this equation together with
the result above and Lemma 6.3, we can obtain

p
1

=
c2
1,n

1

(4n2

1

- 1) + 12n2

1

a2

2

c2
1,n

1

, d = -
a5

2

c2
1,n

1

4n3

1

which implies that p
1

= 6+ r-
P

r

i=1

d2

i

is positive. This implies that
d = (1) or (2).

case b . The computations are essentially the same in this case. The
normal bundle ⌫

i

of Y
i

in X
5

(d) splits into ⌫
i,N

1

� ⌫
i,N

2

� e⌫
i

?. Thus
the equivariant Euler class is given by

e
S

1

(⌫
i

) =
�
c
1

(⌫
i,N

1

) +n
1

· z
��
c
1

(⌫
i,N

2

) +n
2

· z
��
c
1

( e⌫
i

?) + z
�
.

Let us now replace c
1

(⌫
i,N

j

) 2 H2(Y
i

) by c
i,n

j

· x
i

, and do the same
with c

1

( e⌫
i

?) 2 H2(Y
i

) and replace it by c
i,1 · x

i

. Thus, e
S

1

(⌫
i

)-1 is
given by the power series expansion in x

i



6.1 the case where X
5

(d)S
1

= Y4

1

[ Y4

2

61

1

n
1

n
2

z3
-

1

n2

1

n2

2

z4
�
c
i,n

1

n
2

+ c
i,n

2

n
1

+ c
i,1n1

n
2

�
x
i

+
1

n3

1

n3

2

z5
�
c2
i,1n

2

1

n2

2

+ c
i,1ci,n

1

n
1

n2

2

+ c
i,1ci,n

2

n2

1

n
2

+ c2
i,n

1

n2

2

+ c
i,n

1

c
i,n

2

n
1

n
2

+ c2
i,n

2

n2

1

�
x2
i

.

We can then compute
R
X

5

(d) x
5, which is a polynomial in l that needs

to be constant equal to d. The coefficients in l62 give us the system
of equations

d = -
a3

2

n3

1

n3

2

�
a2

2

c2
2,1n

2

1

n2

2

+ a2

2

c
2,1c2,n

1

n
1

n2

2

+ a2

2

c
2,1c2,n

2

n2

1

n
2

+ a2

2

c2
2,n

1

n2

2

+ a2

2

c
2,n

1

c
2,n

2

n
1

n
2

+ a2

2

c2
2,n

2

n2

1

- 5a
2

c
2,1n

2

1

n2

2

r
2

- 5a
2

c
2,n

1

n
1

n2

2

r
2

- 5a
2

c
2,n

2

n2

1

n
2

r
2

+ 10n2

1

n2

2

r2
2

�

0 = -
5a2

2

n3

1

n3

2

�
a2

2

c2
2,1n

2

1

n2

2

+ a2

2

c
2,1c2,n

1

n
1

n2

2

+ a2

2

c
2,1c2,n

2

n2

1

n
2

+ a2

2

c2
2,n

1

n2

2

+ a2

2

c
2,n

1

c
2,n

2

n
1

n
2

+ a2

2

c2
2,n

2

n2

1

- 4a
2

c
2,1n

2

1

n2

2

r
2

- 4a
2

c
2,n

1

n
1

n2

2

r
2

- 4a
2

c
2,n

2

n2

1

n
2

r
2

+ 6n2

1

n2

2

r2
2

�
,

0 = -
10a

2

n3

1

n3

2

�
a2

2

c2
2,1n

2

1

n2

2

+ a2

2

c
2,1c2,n

1

n
1

n2

2

+ a2

2

c
2,1c2,n

2

n2

1

n
2

+ a2

2

c2
2,n

1

n2

2

+ a2

2

c
2,n

1

c
2,n

2

n
1

n
2

+ a2

2

c2
2,n

2

n2

1

- 3a
2

c
2,1n

2

1

n2

2

r
2

- 3a
2

c
2,n

1

n
1

n2

2

r
2

- 3a
2

c
2,n

2

n2

1

n
2

r
2

+ 3n2

1

n2

2

r2
2

�
.

Solving this system in the variables d, c
2,n

1

and c
2,n

2

gives us the
solutions

d = -
a3

2

r2
2

n
1

n
2

,

c
2,n

1

= -

p
3
q

-a2

2

n2

1

(r
2

- a
2

c
2,1)2 + a2

2

c
2,1n1

- 3a
2

n
1

r
2

2a2

2

,

c
2,n

2

=

p
3
q
-a2

2

n2

2

(r
2

- a
2

c
2,1)2 - a2

2

c
2,1n2

+ 3a
2

n
2

r
2

2a2

2

,

or

d = -
a3

2

r2
2

n
1

n
2

,

c
2,n

1

=

p
3
q
-a2

2

n2

1

(r
2

- a
2

c
2,1)2 - a2

2

c
2,1n1

+ 3a
2

n
1

r
2

2a2

2

,

c
2,n

2

= -

p
3
q

-a2

2

n2

2

(r
2

- a
2

c
2,1)2 + a2

2

c
2,1n2

- 3a
2

n
2

r
2

2a2

2

,
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In both cases, we need to have that r
2

-a
2

c
2,1 = 0 to obtain a solution

over the real numbers. Thus, we have

c
2,n

1

=
n
1

r
2

a
2

, c
2,n

2

=
n
2

r
2

a
2

, c
2,1 =

r
2

a
2

.

One can now compute
R
X

5

(d) p1

(X
5

(d)) · x3 using the Atiyah-Bott
integration formula to get a constant polynomial in l equal to p

1

·
d. This computation is left to the reader and leads to the system of
equations below.

p
1

· d = -
a
2

n3

1

n3

2

�
a2

2

c2
2,1n

4

1

n2

2

+ a2

2

c2
2,1n

2

1

n4

2

- a2

2

c
2,1c2,n

1

n3

1

n2

2

+ a2

2

c
2,1c2,n

1

n
1

n4

2

- a2

2

c
2,1c2,n

1

n
1

n2

2

+ a2

2

c
2,1c2,n

2

n4

1

n
2

- a2

2

c
2,1c2,n

2

n2

1

n3

2

- a2

2

c
2,1c2,n

2

n2

1

n
2

+ a2

2

c2
2,n

1

n4

2

+ a2

2

c2
2,n

1

n2

2

- a2

2

c
2,n

1

c
2,n

2

n3

1

n
2

- a2

2

c
2,n

1

c
2,n

2

n
1

n3

2

+ a2

2

c
2,n

1

c
2,n

2

n
1

n
2

+ a2

2

c2
2,n

2

n4

1

+ a2

2

c2
2,n

2

n2

1

- a2

2

n2

1

n2

2

Z
p
1

(Y
2

)- 3a
2

c
2,1n

4

1

n2

2

r
2

- 3a
2

c
2,1n

2

1

n4

2

r
2

+ 3a
2

c
2,1n

2

1

n2

2

r
2

+ 3a
2

c
2,n

1

n3

1

n2

2

r
2

- 3a
2

c
2,n

1

n
1

n4

2

r
2

- 3a
2

c
2,n

1

n
1

n2

2

r
2

- 3a
2

c
2,n

2

n4

1

n
2

r
2

+ 3a
2

c
2,n

2

n2

1

n3

2

r
2

- 3a
2

c
2,n

2

n2

1

n
2

r
2

+ 3n4

1

n2

2

r2
2

+ 3n2

1

n4

2

r2
2

+ 3n2

1

n2

2

r2
2

�

from which we can deduce using the above equalities that

p
1

=
3a2

2

+ r2
2

�
n2

1

+n2

2

+ 1
�

a2

2

r2
2

.

This shows that p
1

= 6+ r-
P

r

i=1

d2

i

is positive. This implies that
d = (1) or (2). The reader can find in the appendix the Mathematicar

computations of this case, cf. Chapter B

case c . This case can be treated exactly the same way as Case B.
One simply needs to adapt the formulae for the equivariant Euler
class of the normal bundle at Y

i

in order to carry the computations.
The reader can find in the appendix the Mathematicar computations
of this case, cf. Chapter B

proof of theorem D. part 1. In virtue of the Lemma 6.1, 6.2 and
6.4, there is no other choice that d is either (1) and X

5

(d) is the
complex projective space CP5, or d = (2) and X

5

(d) is a complex
quadric.

6.2 the case where X
5

(d)S
1

= Y4 [ Z2 [ P0

As above, we can lift the S1-action to �, where � denotes the restric-
tion to X

5

(d) of the dual Hopf line bundle on CP5+r. This allows
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us to consider the Hopf weights at the fixed point components. Since
the lift is not unique, we choose the Hopf weights at Y , Z and P to be
respectively l, a

Z

+ l and a
P

+ l, where l 2 Z.
We denote by ⌫

Y

, ⌫
Z

and ⌫
P

the normal bundles of Y, Z and P re-
spectively. We orient these bundles by mean of the S1-action. The ori-
entation on ⌫

Y

, ⌫
Z

and ⌫
P

are chosen such that their normal weights
n
Y,j, nZ,j and n

P,j’s are all positive. Furthermore, we choose the ori-
entation on Y, Z and P in order to make it compatible with the orien-
tation of X

n

(d) and their respective normal bundles. By Section 3.3,
the signature of X

n

(d) is the sum of the signature of the fixed points.
Thus the signature of Y has to be ±1, and the signature of P has to be
⌥1. Up to changing the S1-action with the inverse S1-action, let us fix
without loss of generality the signature of Y to be equal to +1.

We denote by x
Y

a fixed generator of H2(Y; Z) such that
R
Y

x2
Y

=
1. Similarly, x

Z

denotes the generator of H2(Z; Z) which satisfiesR
Z

x
Z

= 1. Using this notation, we can write x|
Y

= r
Y

x
Y

and x|
Z

=
r
Z

x
Z

, where r
Y

, r
Z

2 Z.
Furthermore, we apply the splitting principle to ⌫

Y

, ⌫
Z

and ⌫
P

.
We denote by {y

Y,j + n
Y,j · z}, by {y

Z,j + n
Z,j · z}, and by {n

P,j · z} the
equivariant normal roots at Y, Z and P respectively.

lemma 6 .5. Let X
5

(d) be a complete intersection with a smooth circle
action such that the fixed point components are X

5

(d)S1

= Y4 [ Z2 [ P0.
Then the action is not semi-free around the fixed point components.

proof. Let us assume that the n
Y,j’s, n

Z,j’s and the n
P,j’s are all

equal to 1. Thus one can compute the Euler classes of ⌫
Y

and ⌫
Z

,

e
S

1

(⌫
Y

) = c
2

(⌫
Y

)z+ c
1

(⌫
Y

)z2 + z3,

e
S

1

(⌫
Z

) = c
1

(⌫
Z

)z3 + z4,

If we now write c
2

(⌫
Y

) = c
Y,2x

2

Y

, and c
1

(⌫
Y

) = c
Y,1xY with c

Y,j 2 Z,
and c

1

(⌫
Z

) = c
Z,1xZ with c

Z,1 2 Z, then one can compute e
S

1

(⌫
Y

)-1

as a power series in x
Y

,

e
S

1

(⌫
Y

)-1 =
1

z3
-

c
Y,1xY
z4

+
(c2

Y,1 - c
Y,2)x2

Y

z5
.

Similarly, e
S

1

(⌫
Z

)-1 is given by the power series in x
Z

,

e
S

1

(⌫
Z

)-1 =
1

z4
-

c
Z,1xZ
z5

.

We now compute locally
Z

X

5

(d)
x5,

Z

X

5

(d)
p
1

(X
5

(d)) · x3, and
Z

X

5

(d)
s
2

(X
5

(d)) · x,

where s
2

(X
5

(d)) denotes the sum
P

i

x4
i

and the x
i

are the formal
roots of the tangent bundle of X

5

(d). Note that one could use the sec-
ond Pontrjagin class p

2

(X
5

(d)) instead of the class s
2

(X
5

(d)), but this
would make the computations of the local data more complicated.
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The local datum of x5 at Y is given by

Z

Y

4

(r
Y

x
Y

+ l · z)5
 

1

z3
-

c
Y,1xY
z4

+
(c2

Y,1 - c
Y,2)x2

Y

z5

!

= 10r2
Y

l3 - 5c
Y,1rYl

4 + (c2
Y,1 - c

Y,2)l
5.

Similarly, one can compute the local datum of x5 at Z is
Z

Z

2

(r
Z

x
Z

+ (a
Z

+ l) · z)5
✓

1

z4
-

c
Z,1xZ
z5

◆

= 5a4

Z

r
Z

- a5

Z

c
Z,1 + (20a3

Z

r
Z

- 5a4

Z

c
Z,1) · l

+ (30a2

Z

r
Z

- 10a3

Z

c
Z,1) · l2 + (20a

Z

r
Z

- 10a2

Z

c
Z,1) · l3

+ (5r
Z

- 5a
Z

c
Z,1) · l4 - c

Z,1 · l5.

Finally, the local datum of x5 at P is

-(a
P

+ l)5 = -a5

P

- 5a4

P

l- 10a3

P

l2 - 10a2

P

l3 - 5a
P

l4 - l5.

Identifying the polynomial in l to be constant and equal to d gives us
the system of equations

d = -a5

P

- a5

Z

c
Z,1 + 5a4

Z

r
Z

,

0 = -5
�
a4

P

+ a4

Z

c
Z,1 - 4a3

Z

r
Z

�
,

0 = -10
�
a3

P

+ a3

Z

c
Z,1 - 3a2

Z

r
Z

�
,

0 = -10
�
a2

P

+ a2

Z

c
Z,1 - 2a

Z

r
Z

- r2
Y

�
,

0 = -5(a
P

+ a
Z

c
Z,1 + c

Y,1rY - r
Z

),

0 = c2
Y,1 - c

Y,2 - c
Z,1 - 1.

We can now do the same with p
1

(X
5

(d)) · x3 and obtain the system
of equations

p
1

· d = -5a3

P

- 2a3

Z

c
Z,1 + 12a2

Z

r
Z

,

0 = -3
�
5a2

P

+ 2a2

Z

c
Z,1 - 8a

Z

r
Z

- 3r2
Y

�
,

0 = -3(5a
P

+ 2a
Z

c
Z,1 + c

Y,1rY - 4r
Z

),

0 = 2c2
Y,1 - 5c

Y,2 - 2c
Z,1 +

Z
p
1

(Y)- 5,

where p
1

= 6+ r-
P

i

d2

i

.
Let us now integrate s

2

(X
5

(d)) · x locally. The local datum at Y is
given by
Z

Y

4

�
(y

Y,1 + z)4 + (y
Y,2 + z)4 + (y

Y,3 + z)4
�
· (r

Y

x
Y

+ l · z) ·e
S

1

(⌫
Y

)-1.

By means of symmetric functions, we have the following equality

3X

i=1

(y
Y,i + z)4 = 6c2

Y,1x
2

Y

z2 - 12c
Y,2x

2

Y

z2 + 4c
Y,1xYz

3 + 3z4.
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Thus, the local datum at Y is c
Y,1rY + 5(c2

Y,1 - 3c
Y,2) · l. Similarly, the

local datum of s
2

(X
5

(d)) · x at Z is equal to 4r
Z

, and at P is given by
-5a

P

- 5l. This gives us the system of equations
Z

X

5

(d)
s
2

(X
5

(d)) · x = -5a
P

+ c
Y,1rY + 4r

Z

,

0 = 5(-1+ c2
Y,1 - 3c

Y,2).

If we now solve the system of equations

0 = c2
Y,1 - c

Y,2 - c
Z,1 - 1,

0 = 2c2
Y,1 - 5c

Y,2 - 2c
Z,1 +

Z
p
1

(Y)- 5,

0 = 5
�
c2
Y,1 - 3c

Y,2 - 1
�

with
R
p
1

(Y) = 3, we get only two solutions c
Y,1 = ±1, c

Y,2 = 0, c
Z,1 =

0. This implies that the system of equations

d = -a5

P

- a5

Z

c
Z,1 + 5a4

Z

r
Z

,

0 = -5
�
a4

P

+ a4

Z

c
Z,1 - 4a3

Z

r
Z

�
,

0 = -10
�
a3

P

+ a3

Z

c
Z,1 - 3a2

Z

r
Z

�
,

0 = -10
�
a2

P

+ a2

Z

c
Z,1 - 2a

Z

r
Z

- r2
Y

�
,

0 = -5(a
P

+ a
Z

c
Z,1 + c

Y,1rY - r
Z

),

0 = -3
�
5a2

P

+ 2a2

Z

c
Z,1 - 8a

Z

r
Z

- 3r2
Y

�
,

0 = -3(5a
P

+ 2a
Z

c
Z,1 + c

Y,1rY - 4r
Z

),

has for solution d = 0, a
P

= 0, r
Y

= 0, r
Z

= 0, which is an obvious
contradiction. The reader can find in the appendix the Mathematicar

computations of this case, cf. Chapter B

lemma 6 .6. Let X
5

(d) be a complete intersection with a smooth circle
action such that the fixed point components are X

5

(d)S1

= Y4 [ Z2 [ P0.
If the action admits a fixed point component N8 ⇢ X

5

(d)Z/p for a prime
number p, then d = (1) or (2).

proof. First, one can see that N contains both Y and Z, and possibly
P. This can be deduced easily, using Corollary 4.7.

Since sign(N) = sign(NS

1

), the signature of N is either ±1 if it
contains only Y and Z. If N contains in addition the isolated fixed
point P, then the signature of N is 0 or ±2. On the other hand, N is
of codimension 2, thus one can think about it as a virtual complete
intersection in CPn+r with multidegree (d

1

, . . . ,d
r

, |⌘|), and where
⌘x 2 H2(X

n

(d); Z) is the Poincaré-dual class of N. Thus by Theorem
5.2, we have that d = (1) or (2) in both cases.

The next step is now for us to understand what happens if there
exists an N6 ⇢ X

5

(d)Z/p for a certain prime number p. Using Corol-
lary 4.7 together with Poincaré Duality, there are only two possible
situations.
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case a . N6 contains Y, Z and P, or

case b . N6 contains Y and P.

We choose the orientation on N6 by making it compatible with the
orientation of Y and ⌫

Y

, the normal bundle of Y in N. In particular,
this implies that the normal weights at Y are positive. Furthermore,
we fix now the orientation of P (and possibly Z) in N using the just
defined orientation of N, together with our convention that the nor-
mal weights of their normal bundles in N need to be positive. Using
the equivariant signature formula, we can deduce that the orientation
of P in N is -1.

For dimensional reasons, N6 is in fact a connected fixed point com-
ponent of X

5

(d)Z/n

Y,1 , where n
Y,j is the normal weight at Y divisible

by p. Let us consider the induced effective fS1-action on N6, where
fS1 = S1/(Z/n

Y,j). By definition, this action is semi-free around Y.
One can see that in case a, this fS1-action on N6 can be of two kind,
either it is semi-free around all fixed point components, or there ex-
ists M ⇢ NZ/

e
n containing Z or P, where we look at Z/en as a sub-

group offS1. Note that M is also a connected fixed point component of
X
5

(d)Z/n with respect to the original S1-action on X
5

(d) and where
n = n

Y,j · en
Therefore, let us focus our interest on the special case where there

exists a fixed point component M ⇢ X
5

(d)Z/n containing Z or P,
for an integer n. We prove that M ⇢ X

5

(d)Z/n is 4-dimensional and
contains in fact both fixed point components.

By contradiction, assume M ⇢ X
5

(d)Z/n contains only P. There-
fore, we have an orientable manifold M equipped with a smooth S1-
action such that the fixed point set MS

1 is equal to P, an isolated fixed
point. Using the equivariant signature formula (cf. Section 3.3) or [12,
Chapter IV, Corollary 2.3] one gets a contradiction.

On the other hand, assume by contradiction that M contains Z and
does not contain P. Since M contains Z strictly, M needs to be of
dimension 4 or higher. However, M needs to be contained in N. Thus
M is 4-dimensional.

Without loss of generality, we assume that the circle action on M is
semi-free around Z, thus if we integrate locally x|2

M

we have that
Z

M

4

x|
M

2 =

Z

Z

(x|
Z

+ (a
Z

+ l) · z)2
✓
1

z
-

c
1

(⌫
Z

)

z2

◆

=

✓
-a2

Z

Z
c
1

(⌫
Z

) + 2a
Z

◆
- 2

✓
a
Z

Z
c
1

(⌫
Z

)-

Z
x|

Z

◆
· l

-

Z
c
1

(⌫
Z

) · l2

Which implies that the first Chern class of the normal bundle c
1

(⌫
Z

) =
0, and

R
x|

Z

= 0 by looking the coefficients in l and l2. Which is a con-
tradiction to Proposition A (cf. Section 4.2).
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lemma 6 .7. Let M4 ⇢ X
5

(d)Z/n be a connected fixed point component
such that the fixed point set MS

1 consists of Z2 [ P0 as above. Then the
normal weights at P and Z are equal to n,

r
Z

= ±a
P

- a
Z

n
, and c

1

(⌫
Z

) = ±x
Z

,

where c
1

(⌫
Z

) is the first Chern class of the normal bundle of Z in M.

proof. We choose the orientation on M4 by making it compatible
with the orientation of Z and ⌫

Z

, the normal bundle of Z in M. In
particular, this implies that the normal weight at Z is positive. Fur-
thermore, we fix now the orientation of P in M using the just de-
fined orientation of M, together with our convention that the normal
weights of the normal bundle in M need to be positive.

We first prove that the normal weights are equal. To show this, we
use the Lefschetz fixed point formula for the equivariant signature
(cf. Section 3.3)

sign(M) = µ(�,P) + µ(�,Z),

where � 2 S1 is a topological generator. Furthermore, we have that

µ(�,P) =
Z

P

1+ �-n

P,1

1- �-n

P,1
· 1+ �-n

P,2

1- �-n

P,2

= ±1+ �nP,1

1- �nP,1
· 1+ �nP,2

1- �nP,2

= ±(1+ 2�nP,1 + 2�2nP,1 + · · · )(1+ 2�nP,2 + 2�2nP,2 + · · · ).

For Z we have a similar power series in �

µ(�,Z) =
Z

Z

2

x
Z,1

1+ e-x

Z,1

1- e-x

Z,1
· 1+ �-n

Z,1e-y

Z,1

1- �-n

Z,1e-y

Z,1

= -4

0

@
X

k>1

k · �k·nZ,1

1

A
Z

Z

y
Z,1,

where x
Z,1 is a formal root of the tangent bundle of Z, and y

Z,1 is a
formal root of the normal bundle of Z in M. Since the signature of M
does not depend on �, the two power series need to cancel in all but
the constant terms. Thus the coefficient in �nZ,1 of the power series
µ(�,Z) needs to cancel with the smallest coefficient in � in the power
series of µ(�,P). We can then deduce that n

Z,1 = n
P,1 = n

P,2 andR
Z

y
Z,1 = ±1, depending on the orientation of P in M.

Let us now deduce the above formulae. The strategy is to integrate
locally x|2

M

. The local datum of x|2
M

at Z is given by
Z

Z

(r
Z

x
Z

+ (a
Z

+ l) · z)2
✓

1

n · z -
c
1

x
Z

n2 · z2

◆

= "
Z

✓
-
a
Z

(a
Z

c
1

- 2nr
Z

)

n2

-
2(a

Z

c
1

-nr
Z

)

n2

· l- c
1

n2

· l2
◆
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where "
Z

= ±1 depending on the orientation of Z in M, and c
1

x
Z

=
c
1

(⌫
Z

).
Similarly, the local datum of x|2

M

at P is given by

"
P

✓
a2

P

n2

+
2ap

n2

· l+ 1

n2

· l2
◆

where "
P

= ±1 depending on the orientation of P in M.
Thus,

Z

N

x|2
N

=
a2

P

"
P

- a2

Z

c
1

"
Z

+ 2a
Z

"
Z

nr
Z

n2

+
2(a

P

"
P

- a
Z

c
1

"
Z

+ "
Z

nr
Z

)

n2

· l+ "
P

- c
1

"
Z

n2

· l2

Solving now the system

0 =
"
P

- c
1

"
Z

n2

,

0 =
2(a

P

"
P

- a
Z

c
1

"
Z

+ "
Z

nr
Z

)

n2

in r
Z

and c
1

gives us exactly four solutions, namely

r
Z

= ±a
P

- a
Z

n
, and c

1

= ±1.

We now focus our attention again on case a, i.e. when there exists
a fixed point component N6 ⇢ X

5

(d)Z/p containing Y, Z and P. First,
note that if n

Y,1 is the normal weight at Y divisible by p, then N6

is in fact a fixed point component of X
5

(d)Z/n

Y,1 . Therefore, for N6

to contain also Z and P, the prime number p needs to divide exactly
two normal weights at Z and three at P, say n

Z,1, n
Z,2, n

P,1,n
P,2, and

n
P,3.
As we mentioned early, there are exactly two possible outcomes

in the case a. Either the induced effective fS1-action on N is semi-
free, and all the n

Z,1, n
Z,2, n

P,1,n
P,2, and n

P,3 are equal to n
Y,1, or

there is another intermediate manifold M4 ⇢ NZ/n

Z,1 containing Z

and P. In virtue of Lemma 6.7, we have that n
Z,2 = n

P,2 = n
P,3,

n
Y,1 = n

Z,1 = n
P,1 and divides n

Z,2. Thus, this breaks case a into
two cases.

Assume the other weights at Y, namely n
Y,2 and n

Y,3, are equal
to 1. In virtue of Lemma 6.7, there are two possible situation for the
remaining weights at Z and P. Either they are all equal to 1, or n

Z,3 =
n
P,4 = n

P,5 and n
Z,4 is equal to 1. This finally breaks case a into

the following sub cases.

case a .1 .i The normal weights are

at Y . (n
1

, 1 , 1)

at Z . (n
1

, n
1

, 1 , 1)
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at P . (n
1

, n
1

, n
1

, 1 , 1)

case a .1 .ii The normal weights are

at Y . (n
1

, 1 , 1)

at Z . (n
1

, n
1

, n
2

, 1)

at P . (n
1

, n
1

, n
1

, n
2

, n
2

), where (n
1

, n
2

) = 1.

case a .2 .i The normal weights are

at Y . (n
1

, 1 , 1)

at Z . (n
1

n
2

, n
1

, 1 , 1)

at P . (n
1

n
2

, n
1

n
2

, n
1

, 1 , 1).

case a .2 .ii The normal weights are

at Y . (n
1

, 1 , 1)

at Z . (n
1

n
2

, n
1

, n
3

, 1)

at P . (n
1

n
2

, n
1

n
2

, n
1

, n
3

, n
3

), where (n
1

n
2

, n
3

) = 1.

Assume now we have n
Y ,2 > 1. In virtue of Lemma 6.6, we have

without loss of generality that (n
Y ,1 , n

Y ,2) = 1. Thus, we have N6

1

⇢
X

5

(d)Z/n

Y ,1 and N6

2

⇢ X
5

(d)Z/n

Y ,2 containing Y . By the pigeon
hole principle, we know that at least one normal weight at P, say
n

P ,1, is divisible by both n
Y ,1 and n

Y ,2. As above, this gives us that
there exists a connected fixed point component M4 ⇢ X

5

(d)Z/n

where n = n
Y ,1nY ,2 en, and containing Z and P. Therefore, n

Z ,1 =
n

P ,1 = n
P ,2n, n

Z ,2 = n
P ,3 = n

Y ,1 and n
Z ,3 = n

P ,4 = n
Y ,2. If we

assume n
Y ,3 = 1, then the remaining normal weights at Z and P are

also equal to 1.

case a .3 The normal weights are

at Y . (n
1

, n
2

, 1)

at Z . (n
1

n
2

n
3

, n
1

, n
2

, 1)

at P . (n
1

n
2

n
3

, n
1

n
2

n
3

, n
1

, n
2

, 1), where (n
1

, n
2

) = 1.

Assume now n
Y ,3 > 1 and (n

Y ,i , n
Y ,j) = 1 for i 6= j by Lemma

6.6. Then we have as above a fixed point component M4 ⇢ X
5

(d)Z/n

where n = n
Y ,1nY ,2 en, and containing Z and P. Thus the normal

weights at Z are n
Z ,1 = n

Y ,1nY ,2 en = n, n
Z ,2 = n

Y ,1, and n
Z ,3 =

n
Y ,2 which leaves no other option that n

Z ,1 = n
Y ,1nY ,2nY ,3n and

n
Z ,4 = n

Y ,3.

case a .4 The normal weights are

at Y . (n
1

, n
2

, n
3

)

at Z . (n
1

n
2

n
3

n
4

, n
1

, n
2

, n
3

)

at P . (n
1

n
2

n
3

n
4

, n
1

n
2

n
3

n
4

, n
1

, n
2

, n
3

), where (n
i

, n
j

) =
1 for i , j = 1 , 2 , 3, and i 6= j.
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The following lemmas gives us very useful formulae for the above
case a.

lemma 6 .8. Let N6 ⇢ X
5

(d)Z/n

1 be a connected fixed point component
for an integer n

1

such that the fixed point set NS

1 consists of Y4 [Z2 [ P0

as above. If the normal weights are like in the cases a .1 .⇤, then

r
Z

= "
Z

(1 + c
Y ,n

1

)(a
P

- a
Z

)

n
1

,

r
Y

=
a
P

- a
Z

c
Y ,n

1

- a
Z

n
1

,

c
Z ,n

1

= "
Z

(c
Y ,n

1

- 1)(c
Y ,n

1

+ 1) ,

or

r
Z

= "
Z

(1 - c
Y ,n

1

)(a
P

- a
Z

)

n
1

,

r
Y

= -
a
P

+ a
Z

c
Y ,n

1

- a
Z

n
1

,

c
Z ,n

1

= "
Z

(c
Y ,n

1

- 1)(c
Y ,n

1

+ 1) ,

where c
Y ,n

1

· x
Y

(respectively c
Z ,n

1

· x
Z

) denotes the first Chern class of
the normal bundle of Y (resp. Z) in N, and "

Z

is equal to ±1 depending on
the orientation of Z in N.

proof. To obtain the above equations, it is enough to compute lo-
cally

R
N

6

x |3
N

at the fixed point components. In particular, the local
datum of x |3

N

at Y is given by

Z

Y

4

(r
Y

x
Y

+ l · z)3
 

1

n
1

z
-

c
Y ,n

1

x
Y

n2

1

z2
+

c2
Y ,n

1

x2

Y

n3

1

z3

!

which gives the polynomial in l,

3r2
Y

n
1

· l - 3c
Y ,n

1

r
Y

n2

1

· l2 +
c2
Y ,n

1

n3

1

· l3 .

Similarly, we have at Z and P respectively the polynomials

-
a2

Z

"
Z

(a
Z

c
Z ,n

1

- 3n
1

r
Z

)

n3

1

-
3a

Z

"
Z

(a
Z

c
Z ,n

1

- 2n
1

r
Z

)

n3

1

· l

-
3"

Z

(a
Z

c
Z ,n

1

- n
1

r
Z

)

n3

1

· l2 -
c
Z ,n

1

"
Z

n3

1

· l3 ,

and

-
a3

P

n3

1

-
3a2

P

n3

1

· l - 3a
P

n3

1

· l2 -
1

n3

1

· l3 .
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This gives us the system

0 = -
3a2

P

n3

1

-
3a

Z

"
Z

(a
Z

c
Z ,n

1

- 2n
1

r
Z

)

n3

1

+
3r2

Y

n
1

,

0 = -
3a

P

n3

1

-
3"

Z

(a
Z

c
Z ,n

1

- n
1

r
Z

)

n3

1

-
3c

Y ,n
1

r
Y

n2

1

,

0 =
c2
Y ,n

1

n3

1

-
c
Z ,n

1

"
Z

n3

1

-
1

n3

1

which once solved in the variables r
Z

, r
Y

and c
Z,n

1

gives us the de-
sired results.

Let us now get similar relations in the cases a .2 .⇤.

lemma 6 .9. Let N6 ⇢ X
5

(d)Z/n

1 be a connected fixed point component
for an integer n

1

such that the fixed point set NS

1 consists of Y4 [ Z2 [ P0

as above. If the normal weights are like in cases a .2 .⇤, i.e. there exists
M4 ⇢ NZ/n

1

n

2 containing Z and P, then

r
Y

= ± a
P

- a
Z

n
1

n
2

, r
Z

= "N
Z

a
P

- a
Z

n
1

n
2

, "M
Z

= -"M
P

"N
Z

c
Y ,n

1

= 0 , c
Z ,n

1

n

2

= -"N
Z

, c
Z ,n

1

= 0 ,

or

r
Y

= ± a
P

+ a
Z

n
1

n
2

, r
Z

= "N
Z

a
Z

- a
P

n
1

n
2

, "M
Z

= "M
P

"N
Z

c
Y ,n

1

= -
2

n
2

, c
Z ,n

1

n

2

= "N
Z

, c
Z ,n

1

= "N
Z

2

n
2

,

where c
Y ,n

1

· x
Y

, c
Z ,n

1

n

2

· x
Z

and c
Z ,n

1

· x
Z

denote respectively the
first Chern class of the normal bundle of Y in N, Z in M and its normal
complement in N respectively. Furthermore, "N

Z

, "M
Z

and "M
P

are equal to
±1 depending on the orientations of Z and P in M and N.

proof. To prove this result, we have to compute the integrals
Z

N

x |3
N

and
Z

N

p
1

(N) · x |
N

.

The local datum of x |3
N

at Y is given by the formula in the proof of
Lemma 6.8. At Z the local datum is like above except that e

S

1

(⌫
Z

)-1

is given by

1

n2

1

n
2

z2
+

✓
-

c
Z ,n

1

n3

1

n
2

z3
-

c
Z ,n

1

n

2

n3

1

n2

2

z3

◆
· x

Z

where c
Z ,n

1

n

2

· x
Z

denotes the first Chern class of the normal bundle
of Z in M4 ⇢ NZ/n

1

n

2 , and c
Z ,n

1

· x
Z

denotes the first Chern



72 complete intersections of complex dimension 5

class of Z in its complement. The computations give us the following
polynomial in l

-
a2

Z

"N
Z

(a
Z

c
Z ,n

1

n
2

+ a
Z

c
Z ,n

1

n

2

- 3n
1

n
2

r
Z

)

n3

1

n2

2

-
3a

Z

"N
Z

(a
Z

c
Z ,n

1

n
2

+ a
Z

c
Z ,n

1

n

2

- 2n
1

n
2

r
Z

)

n3

1

n2

2

· l

-
3"N

Z

(a
Z

c
Z ,n

1

n
2

+ a
Z

c
Z ,n

1

n

2

- n
1

n
2

r
Z

)

n3

1

n2

2

· l2

-
"N
Z

(c
Z ,n

1

n
2

+ c
Z ,n

1

n

2

)

n3

1

n2

2

· l3 .

We are now left to compute the local datum of x|3
N

at P. The later is
given by the polynomial

-
a3

P

n3

1

n2

2

-
3a2

P

n3

1

n2

2

· l- 3a
P

n3

1

n2

2

· l2 - 1

n3

1

n2

2

· l3.

By identifying the coefficients in l, l2 and l3 to zero gives us the
system of equations

0 = -
3a2

P

n3

1

n2

2

-
3a

Z

"N
Z

(a
Z

c
Z,n

1

n
2

+ a
Z

c
Z,n

1

n

2

- 2n
1

n
2

r
Z

)

n3

1

n2

2

+
3r2

Y

n
1

,

0 = -
3a

P

n3

1

n2

2

-
3"N

Z

(a
Z

c
Z,n

1

n
2

+ a
Z

c
Z,n

1

n

2

-n
1

n
2

r
Z

)

n3

1

n2

2

-
3c

Y,n
1

r
Y

n2

1

,

0 =
c2
Y,n

1

n3

1

-
"N
Z

(c
Z,n

1

n
2

+ c
Z,n

1

n

2

)

n3

1

n2

2

-
1

n3

1

n2

2

In order to have enough equations, one needs to proceed the same
way with

R
N

p
1

(N) · x|
N

, i.e. compute this integral locally on the fixed
point set and identify the coefficient in l to zero. This process gives
us the equation

0 =- "N
Z

c
Z,n

1

n3

2

- c
Z,n

1

n
2

- c
Z,n

1

n

2

n2

2

+ c
Z,n

1

n

2

n
1

n2

2

+
-n2

2

R
p
1

(Y) + 2n2

2

+ 1

n
1

n2

2

.

Furthermore, by the signature formula one knows that
R
p
1

(Y) = 3.
We complete this set of equations with the one given in Lemma 6.7,

since we have an M4 ⇢ NZ/n

1

n

2 containing Z [ P. This system of
equations gives us the desired result.

Let us now get similar relations in the cases a .3.

lemma 6 .10. Let N6

1

⇢ X
5

(d)Z/n

i and N6

2

⇢ X
5

(d)Z/n

2 be connected
fixed point components for integers n

1

and n
2

, such that the fixed point
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sets NS

1

i

consists of Y4 [Z2 [ P0 as above. If the normal weights are like in
cases a .3, then

r
Z

= "N1

Z

(a
P

- a
Z

)

n
1

n
2

n
3

, r
Y

= ±a
P

- a
Z

n
1

n
2

n
3

, c
Z,n

1

n

2

n

3

= -"N1

Z

,

c
Z,n

1

= 0, c
Z,n

2

= 0, c
Y,n

1

= 0, c
Y,n

2

= 0,

"N1

Z

= "N2

Z

= -"M
Z

"M
P

,
or

r
Z

= -"N1

Z

(a
P

- a
Z

)

n
1

n
2

n
3

, r
Y

= ⌥a
P

+ a
Z

n
1

n
2

n
3

, c
Z,n

1

n

2

n

3

= "N1

Z

,

c
Z,n

1

=
2"N1

Z

n
2

n
3

, c
Z,n

2

=
2"N2

Z

n
1

n
3

, c
Y,n

1

= ± 2

n
2

n
3

,

c
Y,n

2

= ± 2

n
1

n
3

, "N1

Z

= "N2

Z

= "M
Z

"M
P

,

proof. The above equalities follows by computing
Z

N

i

x|3
N

i

and
Z

N

i

p
1

(N
i

) · x|
N

i

.

for i = 1, 2 and completing the equations with the one given in
Lemma 6.7.

Note that these computations for each N
i

are exaclty the same as
those in Lemma 6.9. Indeed, the local data of x|3

N

i

and p
1

(N
i

) · x|
N

i

at Y is given in Lemma 6.8. At Z the local data are like above except
that e

S

1

(⌫
Z⇢N

i

)-1 is given by

1

n
i

n
1

n
2

n
3

z2
+

✓
-

c
Z,n

i

n2

i

n
1

n
2

n
3

z3
-

c
Z,n

1

n

2

n

3

n
i

n2

1

n2

2

n2

3

z3

◆
· x

Z

where c
Z,n

1

n

2

n

3

· x
Z

denotes the first Chern class of the normal bun-
dle of Z in M4 ⇢ N

Z/n

1

n

2

n

3

i

, and c
Z,n

i

· x
Z

denotes the first Chern
class of Z in its complement.

Like in Lemma 6.9, we obtain for N
1

the system of equations

0 =-
3a

Z

"N1

Z

(a
Z

c
Z,n

1

n
2

n
3

+ a
Z

c
Z,n

1

n

2

n

3

- 2n
1

n
2

n
3

r
Z

)

n3

1

n2

2

n2

3

-
3a2

P

n3

1

n2

2

n2

3

+
3r2

Y

n
1

,

0 =-
3"N1

Z

(a
Z

c
Z,n

1

n
2

n
3

+ a
Z

c
Z,n

1

n

2

n

3

-n
1

n
2

n
3

r
Z

)

n3

1

n2

2

n2

3

-
3a

P

n3

1

n2

2

n2

3

-
3c

Y,n
1

r
Y

n2

1

,

0 =
c2
Y,n

1

n3

1

-
"N1

Z

(c
Z,n

1

n
2

n
3

+ c
Z,n

1

n

2

n

3

)

n3

1

n2

2

n2

3

-
1

n3

1

n2

2

n2

3

0 =- "N1

Z

c
Z,n

1

n3

2

n3

3

- c
Z,n

1

n
2

n
3

- c
Z,n

1

n

2

n

3

n2

2

n2

3

+ c
Z,n

1

n

2

n

3

n
1

n2

2

n2

3

+
-n2

2

n2

3

R
p
1

(Y) + 2n2

2

n2

3

+ 1

n
1

n2

2

n2

3

.
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For N
2

we obtain in a similar fashion the following system of equa-
tions

0 =-
3a

Z

"N2

Z

(a
Z

c
Z,n

2

n
1

n
3

+ a
Z

c
Z,n

1

n

2

n

3

- 2n
1

n
2

n
3

r
Z

)

n3

2

n2

1

n2

3

-
3a2

P

n3

2

n2

1

n2

3

+
3r2

Y

n
2

,

0 =-
3"N2

Z

(a
Z

c
Z,n

2

n
1

n
3

+ a
Z

c
Z,n

1

n

2

n

3

-n
1

n
2

n
3

r
Z

)

n3

2

n2

1

n2

3

-
3a

P

n3

2

n2

1

n2

3

-
3c

Y,n
2

r
Y

n2

2

,

0 =
c2
Y,n

2

n3

2

-
"N2

Z

(c
Z,n

2

n
1

n
3

+ c
Z,n

1

n

2

n

3

)

n3

2

n2

1

n2

3

-
1

n3

2

n2

1

n2

3

0 =- "N2

Z

c
Z,n

2

n3

1

n3

3

- c
Z,n

2

n
1

n
3

- c
Z,n

1

n

2

n

3

n2

1

n2

3

+ c
Z,n

1

n

2

n

3

n
1

n2

2

n2

3

+
-n2

1

n2

3

R
p
1

(Y) + 2n2

1

n2

3

+ 1

n
1

n2

2

n2

3

.

Completing the system of equations with the equations given in
Lemma 6.7 and solving the system in the variables r

Y

, r
Z

, c
Y,n

1

,
c
Z,n

1

n

2

n

3

, c
Z,n

1

, "N1

Z

, c
Z,n

2

, c
Y,n

2

, "N2

Z

gives us the desired solu-
tions.

Let us now get similar relations in the cases a .4.

lemma 6 .11. Let N6

1

⇢ X
5

(d)Z/n

1 , N6

2

⇢ X
5

(d)Z/n

2 and N6

3

⇢ X
5

(d)Z/n

3

be connected fixed point components for integers n
1

, n
2

and n
3

, such that
the fixed point sets NS

1

i

consists of Y4 [ Z2 [ P0 as above. If the normal
weights are like in cases a .4, then

r
Z

= "N1

Z

(a
P

- a
Z

)

n
1

n
2

n
3

n
4

, r
Y

= ± a
P

- a
Z

n
1

n
2

n
3

n
4

, c
Z,n

1

n

2

n

3

n

4

= -"N1

Z

,

c
Z,n

1

= 0, c
Z,n

2

= 0, , c
Z,n

3

= 0 c
Y,n

1

= 0,

c
Y,n

2

= 0, c
Y,n

3

= 0 "N1

Z

= "N2

Z

= "N3

Z

= -"M
Z

"M
P

,

or

r
Z

= -"N1

Z

(a
P

- a
Z

)

n
1

n
2

n
3

n
4

, r
Y

= ⌥ a
P

+ a
Z

n
1

n
2

n
3

n
4

, c
Z,n

1

n

2

n

3

n

4

= "N1

Z

,

c
Z,n

1

=
2"N1

Z

n
2

n
3

n
4

, c
Z,n

2

=
2"N2

Z

n
1

n
3

n
4

, c
Z,n

3

=
2"N3

Z

n
1

n
2

n
4

,

c
Y,n

1

= ± 2

n
2

n
3

n
4

, c
Y,n

2

= ± 2

n
1

n
3

n
4

, c
Y,n

3

= ± 2

n
1

n
2

n
4

,

"N1

Z

= "N2

Z

= "N3

Z

= "M
Z

"M
P

,

proof. The above equalities follows by computing
Z

N

i

x|3
N

i

and
Z

N

i

p
1

(N
i

) · x|
N

i

.
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for i = 1, 2, 3 and completing the equations with the one given in
Lemma 6.7. These computations are exactly the same as those in the
proof of Lemma 6.10.

We now use Lemmas 6.7, 6.8, 6.9, 6.10 and 6.11 to prove the follow-
ing result (i.e. case a).

lemma 6 .12. Let X
5

(d) be a complete intersection with a smooth circle
action such that the fixed point components are X

5

(d)S1

= Y4 [ Z2 [ P0.
If the action admits a fixed point component N6 ⇢ X

5

(d)Z/p containing
Y4 [Z2 [ P0 for a prime number p, then d = (1) or (2).

proof. To prove this, one needs to compute
Z

X

5

(d)
x5, and

Z

X

5

(d)
p
1

(X
5

(d)) · x3

locally at Y, Z and P, for case a .1 .i, case a .1 .ii, case a .2 .i, case

a .2 .ii, case a .3 and case a .4. Furthermore, we use extensively the
Lemmas 6.7, 6.8, 6.9, 6.10 and 6.11.

Let us first remark that in the first four cases, the local datum of
x5 and p

1

(X
5

(d)) · x3 at Y stays the same since the normal weights at
Y are always of the form (n

1

, 1, 1). Thus, we compute them for once
and for all. One needs first to compute the Euler class of the normal
bundle. Since the normal bundle ⌫

Y

splits into ⌫
Y⇢N

and ⌫
Y⇢N

?.
This gives us that the Euler class of ⌫

Y

is

e
S

1

(⌫
Y

) = (c
Y,n

1

· x
Y

+n
1

· z)
�
c
Y,2 · x2

Y

+ c
Y,1 · xY · z+ z2

�

where c
Y,n

1

· x
Y

denotes the first Chern class of ⌫
Y⇢N

, while c
Y,1 · xY

and c
Y,2 · x2

Y

are the Chern classes of ⌫
Y⇢N

?.
We now compute the local datum of x5 at Y, which is
Z

Y

4

(r
Y

x
Y

+ l · z)5e
S

1

(⌫
Y

)-1

=

Z

Y

4

(r
Y

x
Y

+ l · z)5 ·
 

1

n
1

z3
+

✓
-

c
Y,1

n
1

z4
-

c
Y,n

1

n2

1

z4

◆
· x

Y

+

✓
c2
Y,1 - c

Y,2

n
1

z5
+

c
Y,1cY,n

1

n2

1

z5
+

c2
Y,n

1

n3

1

z5

◆
· x2

Y

!

,

which gives us the polynomial in l

10r2
Y

n
1

· l3 - 5r
Y

(c
Y,1n1

+ c
Y,n

1

)

n2

1

· l4

c2
Y,1n

2

1

+ c
Y,1cY,n

1

n
1

- c
Y,2n

2

1

+ c2
Y,n

1

n3

1

· l5

Let us now compute locally p
1

(X
5

(d)) · x3 at Y, but first one needs
to compute p

1,S1

(Y) which is given by

p
1

(Y) + (c
Y,n

1

x
Y

+n
1

z)2 +
�
c2
Y,1x

2

Y

+ 2c
Y,1xYz- 2c

Y,2x
2

Y

+ 2z2
�

.
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Thus the local datum gives us the polynomial in l

Z

Y

4

p
1,S1

(Y) · (r
Y

x
Y

+ l · z)3 · e
S

1

(⌫
Y

)-1

=
3
�
n2

1

+ 2
�
r2
Y

n
1

· l+
3r

Y

�
-c

Y,1n
3

1

+ c
Y,n

1

n2

1

- 2c
Y,n

1

�

n2

1

· l2

+

✓
c2
Y,1n

4

1

+ c2
Y,1n

2

1

- c
Y,1cY,n

1

n3

1

n3

1

+
-c

Y,2n
4

1

- 4c
Y,2n

2

1

+ 2c2
Y,n

1

+n2

1

R
p
1

(Y)

n3

1

◆
· l3

In the case a .3 and case a .4, the local data can be computed the
same way. The equivariant Euler class of ⌫

Y

are respectively

e
S

1

(⌫
Y

) = (c
Y,n

1

x
Y

+n
1

z) (c
Y,n

2

x
Y

+n
2

z) (c
Y,1xY + z)

and

e
S

1

(⌫
Y

) = (c
Y,n

1

x
Y

+n
1

z) (c
Y,n

2

x
Y

+n
2

z) (c
Y,n

3

x
Y

+n
3

z) .

The details are left to the reader. However, note that these computa-
tions are done in the appendix using Mathematicar (cf. Chapter B).

We want now to compute in each of the cases the local datum of
x5 and p

1

(X
5

(d)) · x3 at Z. Let us first compute the equivariant Euler
class of the normal bundle and its inverse in every cases. We then
leave the computations of the local datum of x5 at Z to the reader.
Note that one can find the Mathematicar computations in the ap-
pendix, cf. Chapter B.

case a .1 .i the normal weights are (n
1

,n
1

, 1, 1), thus the equivariant
Euler class e

S

1

(⌫
Z

) is given by (c
Z,n

1

x
Z

+ n
1

z) · (c
Z,1xZ + z) ·

(n
1

z) · z. Then, its inverse is

1

n2

1

z4
-

✓
c
Z,1

n2

1

z5
+

c
Z,n

1

n3

1

z5

◆
x
Z

.

case a .1 .ii the normal weights are (n
1

,n
1

,n
2

, 1), thus the equivari-
ant Euler class e

S

1

(⌫
Z

) is given by (c
Z,n

1

x
Z

+n
1

z) · (c
Z,n

2

x
Z

+
n
2

z) · (c
Z,1xZ + z) ·n

1

z. Then, its inverse is

1

n2

1

n
2

z4
-

✓
c
Z,1

n2

1

n
2

z5
+

c
Z,n

1

n3

1

n
2

z5
+

c
Z,n

2

n2

1

n2

2

z5

◆
x
Z

.

case a .2 .i the normal weights are (n
1

,n
1

n
2

, 1, 1), thus the equivari-
ant Euler class e

S

1

(⌫
Z

) is given by (c
Z,n

1

x
Z

+n
1

z) · (c
Z,n

1

n

2

x
Z

+
n
1

n
2

z) · (c
Z,1xZ + z) · z. Then its inverse is

1

n2

1

n
2

z4
-

✓
c
Z,n

1

n

2

n3

1

n2

2

z5
+

c
Z,n

1

n3

1

n
2

z5
+

c
Z,1

n2

1

n
2

z5

◆
x
Z

.
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case a .2 .ii the normal weights are (n
1

,n
1

n
2

,n
3

, 1), thus the equiv-
ariant Euler class e

S

1

(⌫
Z

) is given by (c
Z,n

1

x
Z

+n
1

z) · (c
Z,n

1

n

2

x
Z

+
n
1

n
2

z) · (c
Z,n

3

x
Z

+n
3

z) · (c
Z,1xZ + z). Then its inverse is

1

n2

1

n
2

n
3

z4
-

✓
c
Z,1

n2

1

n
2

n
3

z5
+

c
Z,n

1

n3

1

n
2

n
3

z5
+

c
Z,n

1

n

2

n3

1

n2

2

n
3

z5
+

c
Z,n

3

n2

1

n
2

n2

3

z5

◆
x
Z

.

case a .3 the normal weights are (n
1

n
2

n
3

,n
1

,n
2

, 1), thus the equiv-
ariant Euler class e

S

1

(⌫
Z

) is given by (c
Z,n

1

n

2

n

3

x
Z

+n
1

n
2

n
3

z) ·
(c

Z,n
1

x
Z

+n
1

z) · (c
Z,n

2

x
Z

+n
2

z) · (c
Z,1xZ + z). Then its inverse

is

1

n2

1

n2

2

n
3

z4
-

✓
c
Z,1

n2

1

n2

2

n
3

z5
+

c
Z,n

1

n3

1

n2

2

n
3

z5
+

c
Z,n

2

n2

1

n3

2

n
3

z5
+

c
Z,n

1

n

2

n

3

n3

1

n3

2

n2

3

z5

◆
x
Z

.

case a .4 the normal weights are (n
1

n
2

n
3

n
4

,n
1

,n
2

,n
3

), thus the
equivariant Euler class e

S

1

(⌫
Z

) is given by (c
Z,n

1

n

2

n

3

n

4

x
Z

+
n
1

n
2

n
3

n
4

z) · (c
Z,n

1

x
Z

+n
1

z) · (c
Z,n

2

x
Z

+n
2

z) · (c
Z,n

3

x
Z

+n
3

z).
Then its inverse is

1

n2

1

n2

2

n2

3

n
4

z4
-

✓
c
Z,n

1

n3

1

n2

2

n2

3

n
4

z5
+

c
Z,n

2

n2

1

n3

2

n2

3

n
4

z5
+

c
Z,n

3

n2

1

n2

2

n3

3

n
4

z5

+
c
Z,n

1

n

2

n

3

n

4

n3

1

n3

2

n3

3

n2

4

z5

◆
x
Z

.

We want now to compute locally p
1

(X
5

(d)) · x3 at Z. Thus one
needs to know what the equivariant Pontrjagin class p

1,S1

(Z) is in
each of the cases. We leave then the computations of the local datum
to the reader.

case a .1 .i The equivariant Pontrjagin class p
1,S1

(Z) is given by

(c
Z,1xZ + z)2 +

�
2c

Z,n
1

n
1

x
Z

z+ 2n2

1

z2
�
+ z2

case a .1 .ii The equivariant Pontrjagin class p
1,S1

(Z) is given by

(c
Z,1xZ + z)2 +

�
2c

Z,n
1

n
1

x
Z

z+ 2n2

1

z2
�
+ (c

Z,n
2

x
Z

+n
2

z)2

case a .2 .i The equivariant Pontrjagin class p
1,S1

(Z) is given by

(c
Z,1xZ+ z)2+(c

Z,n
1

x
Z

+n
1

z)2+(c
Z,n

1

n

2

x
Z

+n
1

n
2

z)2+ z2

case a .2 .ii The equivariant Pontrjagin class p
1,S1

(Z) is given by

(c
Z,1xZ + z)2 + (c

Z,n
1

x
Z

+n
1

z)2

+ (c
Z,n

1

n

2

x
Z

+n
1

n
2

z)2 + (c
Z,n

3

x
Z

+n
3

z)2

case a .3 The equivariant Pontrjagin class p
1,S1

(Z) is given by

(c
Z,1xZ + z)2 + (c

Z,n
1

x
Z

+n
1

z)2

+ (c
Z,n

2

x
Z

+n
2

z)2 + (c
Z,n

1

n

2

n

3

x
Z

+n
1

n
2

n
3

z)2
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case a .4 The equivariant Pontrjagin class p
1,S1

(Z) is given by

(c
Z,n

1

x
Z

+n
1

z)2 + (c
Z,n

2

x
Z

+n
2

z)2

+ (c
Z,n

3

x
Z

+n
3

z)2 + (c
Z,n

1

n

2

n

3

n

4

x
Z

+n
1

n
2

n
3

n
4

z)2

Finally, one needs to compute the local datum of x5 and p
1

(X
5

(d)) ·
x3 at P. They are given respectively by

-
(a

P

+ l)5

n
P,1nP,2 · · ·nP,5

, and -
(
P

i

n2

P,i) · (aP

+ l)3

n
P,1nP,2 · · ·nP,5

.

The later gives us polynomials in l. The coefficients of these polyno-
mials can be easily found by expanding the above equations.

To finish the proof, one needs now to treat each of the cases sepa-
rately. We have to find a contradiction to the existence of such normal
weight structure, or simply show that d is equal to (1) or (2). We
added for the reader the Mathematicar computations in each of these
cases in the appendix, cf. Chapter B.

case a .1 .i . We treat this case using the Atiyah-Bott integration
formula on x5 and p

1

(X
5

(d)) · x3. We extract out of these formulae a
system of equations. Furthermore, we complete this system with the
equations given by Lemma 6.8. This implies p

1

(X
5

(d)) to be positive,
leaving us with d equal to (1) or (2).

The integration formula applied on
R
X

5

(d) x
5 gives us a polynomial

in l which needs to be constant equal to d. The coefficients in l63 give
us the system of equations

d = -
a5

P

n3

1

-
a5

Z

c
Z,1

n2

1

-
a5

Z

c
Z,n

1

n3

1

+
5a4

Z

r
Z

n2

1

,

0 = -
5a4

P

n3

1

-
5a4

Z

c
Z,1

n2

1

-
5a4

Z

c
Z,n

1

n3

1

+
20a3

Z

r
Z

n2

1

,

0 = -
10a3

P

n3

1

-
10a3

Z

c
Z,1

n2

1

-
10a3

Z

c
Z,n

1

n3

1

+
30a2

Z

r
Z

n2

1

,

0 = -
10a2

P

n3

1

-
10a2

Z

c
Z,1

n2

1

-
10a2

Z

c
Z,n

1

n3

1

+
20a

Z

r
Z

n2

1

+
10r2

Y

n
1

.

Completing the system with the equations given in Lemma 6.8 gives
us four real non-trivial solutions, namely

d =
72a5

Z

n3

1

, c
Z,n

1

= 80, c
Y,n

1

= ±9, c
Z,1 = 0,

r
Z

=
24a

Z

n
1

, r
Y

= ⌥6a
Z

n
1

, a
P

= -2a
Z

, "N
Z

= 1,

and

d =
4a5

Z

n3

1

, c
Z,n

1

= 1, c
Y,n

1

= 0, c
Z,1 =

6

n
1

,

r
Z

=
2a

Z

n
1

, r
Y

= ⌥2a
Z

n
1

, a
P

= -a
Z

, "N
Z

= -1.
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Furthermore, looking at the constant term given by
R
X

5

(d) p1

(X
5

(d)) ·
x3 gives us the equation

p
1

· d =-
a3

P

�
3n2

1

+ 2
�

n3

1

-
2a2

Z

�
a
Z

c
Z,1n

3

1

+ a
Z

c
Z,n

1

- 3n3

1

r
Z

- 3n
1

r
Z

�

n3

1

where p
1

= 6-
P

i

d2

i

. Plugging the above results gives us that

p
1

=
7n2

1

3a2

Z

, or p
1

=
3
�
n2

1

+ 4
�

4a2

Z

.

This implies that d is equal to (1) or (2) since it needs to be positive.
One can in fact go further with these equations and show that there
is no real solutions for a

Z

and n
1

making p
1

= 6 and d = (1), or
p
1

= 3 and d = (2).
case a .1 .ii . We treat this case using the Atiyah-Bott integration

formula on x5. Like in the previous case, we will extract a system of
equations. We also use the equations given in Lemmas 6.8 and 6.7 in
order to show that the d

i

’s need to be equal to 0, contradicting the
existence of an action with such normal weights.

The integration formula applied on
R
X

5

(d) x
5 gives us a polynomial

in l which needs to be constant equal to d. The coefficients in l63 give
us the system of equations

d = -
a5

P

n3

1

n2

2

-
a5

Z

c
Z,1

n2

1

n
2

-
a5

Z

c
Z,n

1

n3

1

n
2

-
a5

Z

c
Z,n

2

n2

1

n2

2

+
5a4

Z

r
Z

n2

1

n
2

,

0 = -
5a4

P

n3

1

n2

2

-
5a4

Z

c
Z,1

n2

1

n
2

-
5a4

Z

c
Z,n

1

n3

1

n
2

-
5a4

Z

c
Z,n

2

n2

1

n2

2

+
20a3

Z

r
Z

n2

1

n
2

,

0 = -
10a3

P

n3

1

n2

2

-
10a3

Z

c
Z,1

n2

1

n
2

-
10a3

Z

c
Z,n

1

n3

1

n
2

-
10a3

Z

c
Z,n

2

n2

1

n2

2

+
30a2

Z

r
Z

n2

1

n
2

,

0 = -
10a2

P

n3

1

n2

2

-
10a2

Z

c
Z,1

n2

1

n
2

-
10a2

Z

c
Z,n

1

n3

1

n
2

-
10a2

Z

c
Z,n

2

n2

1

n2

2

+
20a

Z

r
Z

n2

1

n
2

+
10r2

Y

n
1

If we now add to this the equations given in Lemmas 6.7 and 6.8,
we get a unique solution

d = 0, r
Z

= 0, r
Y

= 0, a
P

= a
Z

, c
Y,n

1

= 0, c
Z,n

1

= -"N
Z

,

c
Z,n

2

= "M
P

"M
Z

, c
Z,1 = -

"M
P

"N
Z

n
1

+ "N
Z

"M
Z

- "M
Z

n
2

"N
Z

"M
Z

n
1

n
2

,

contradicting the existence of an action with such normal weights.
case a .2 .i . We treat this case using the Atiyah-Bott integration

formula on x5 and p
1

(X
5

(d)) · x3, together with Lemma 6.9. We will
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have that p
1

needs to be positive, implying that d is equal to (1) or
(2).

As above, we apply the integration formula on
R
X

5

(d) x
5. This gives

us a polynomial in l which needs to be constant equal to d. The
coefficients in l62 give us the system of equations

d = -
a5

P

n3

1

n2

2

-
a5

Z

c
Z,1

n2

1

n
2

-
a5

Z

c
Z,n

1

n3

1

n
2

-
a5

Z

c
Z,n

1

n

2

n3

1

n2

2

+
5a4

Z

r
Z

n2

1

n
2

,

0 = -
5a4

P

n3

1

n2

2

-
5a4

Z

c
Z,1

n2

1

n
2

-
5a4

Z

c
Z,n

1

n3

1

n
2

-
5a4

Z

c
Z,n

1

n

2

n3

1

n2

2

+
20a3

Z

r
Z

n2

1

n
2

,

0 = -
10a3

P

n3

1

n2

2

-
10a3

Z

c
Z,1

n2

1

n
2

-
10a3

Z

c
Z,n

1

n3

1

n
2

-
10a3

Z

c
Z,n

1

n

2

n3

1

n2

2

+
30a2

Z

r
Z

n2

1

n
2

.

We can solve this system to get the unique solution

d = -
a3

P

(a
P

- a
Z

)2

n3

1

n2

2

, r
Z

= -
a3

P

(a
Z

- a
P

)

a3

Z

n
1

n
2

,

c
Z,1 = -

-3a4

P

+ 4a3

P

a
Z

+ a4

Z

c
Z,n

1

n
2

+ a4

Z

c
Z,n

1

n

2

a4

Z

n
1

n
2

.

On the other hand, Lemma 6.9 gives us that r
Z

= ±(a
P

-a
Z

)/(n
1

n
2

).
This implies a

Z

= -a
P

since a
Z

cannot be equal to a
P

. We can now
use the integration formula on p

1

(X
5

(d)) · x3. This will give us as usu-
ally a polynomial in l. Identifying the constant term to p

1

· d gives us
an equation, which once solved gives us two solutions for p

1

, namely

p
1

=
3
�
n2

1

n2

2

+ 4
�

4a2

Z

, or p
1

=
3n2

1

n2

2

+ 4n2

1

+ 8

4a2

Z

.

This implies that p
1

= 6-
P

i

d2

i

is positive, thus d is equal to (1) or
(2).

case a .2 .ii . This case is easily treated using simply Lemmas 6.7
and 6.9. These Lemmas give us respectively that

r
Z

= ±a
P

- a
Z

n
1

n
2

, and r
Z

= ±a
P

- a
Z

n
3

.

Thus n
1

n
2

= n
3

. On the other hand, we have that (n
1

,n
3

) = 1 and
(n

2

,n
3

). This implies that there is no action on X
5

(d) with such nor-
mal weights.

case a .3 . This case is very similar to case a .2 .i. We use the
integration formula together with Lemmas 6.7 and 6.10 to obtain that

p
1

=
3
�
5n2

1

n2

2

n2

3

+ 4n2

1

+ 4n2

2

�

4a2

Z

, or p
1

=
7n2

1

n2

2

n2

3

+ 8n2

1

+ 8n2

2

4a2

Z

.

This implies that p
1

= 6-
P

i

d2

i

is positive, thus d is equal to (1) or
(2).
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case a .4 . This case is very similar to case a .3. The integration
formula together with Lemmas 6.7 and 6.11 gives us

p
1

=
3n2

1

n2

2

n2

3

n2

4

+ 4n2

1

+ 4n2

2

+ 4n2

3

4a2

Z

.

This leads to the same conclusion as above.

Let us now focus our interest to the case b, i.e. where there exists
N6 ⇢ X

5

(d)Z/p containing Y and P for a certain prime number p.
Therefore, there exists a normal weight at Y, say n

Y,1, and exactly
three normal weights at P say n

P,1, n
P,2 and n

P,3, divisible by p. We
prove that they are all equal.

Note first that N6 is a connected component of X
5

(d)Z/n

Y,1 , thus
n
Y,1 divides the n

P,i’s. Therefore, let us assume there exists a nor-
mal weight n

P,i > n
Y,1. Then there exists a closed smooth and ori-

entable connected component F ⇢ X
5

(d)Z/n

P,i in N and admitting an
S1-action with P as unique isolated fixed point. This contradicts the
ending result of Section 3.3. Thus, the normal weights n

Y,1, n
P,1, n

P,2
and n

P,3 are all equal. Furthermore, by the pigeon hole principle, the
other weights at Y need to be equal to 1.

We are now left with two possibilities for the remaining normal
weights at Z and P. Either there exists M4 ⇢ X

5

(d)Z/n

Z,1 containing
Z and P for a certain integer n

Z,1 > 1, or the actions is semi-free
around Z. Thus, we have the following sub cases.

case b .1 . The normal weights are

at Y . (n
1

, 1 , 1)

at Z . (1 , 1 , 1 , 1)

at P . (n
1

, n
1

, n
1

, 1 , 1)

case b .2 . The normal weights are

at Y . (n
1

, 1 , 1)

at Z . (n
2

, 1 , 1 , 1)

at P . (n
1

, n
1

, n
1

, n
2

, n
2

) where (n
1

, n
2

) = 1.

Before to treat each of these cases, we discuss the information one
can get with a component N6 ⇢ X

5

(d)Z/n containing Y and P as
above. Let us orient N6 by means of the orientation of Y and the
normal bundle of Y in N. Thus, with this fixed orientation we can
assume that in N, the component Y has orientation +1, and P has
orientation -1.
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lemma 6 .13. Let N6 be an closed smooth oriented manifold equipped
with a smooth S1-action such that the fixed point set consists of Y4 [ P0 as
above. Then

r
Y

= ± a
P

n
1

, and c
1

(⌫
Y

) = ⌥x
Y

where ⌫
Y

denotes here the normal bundle of Y in N.

proof. The proof follows immediately by computing
R
N

x|3
N

locally
at Y and P. Indeed, the local datum of x|3

N

at Y is given by

3r2
Y

n
1

· l- 3c
Y,n

1

r
Y

n2

1

· l2 +
c2
Y,n

1

n3

1

· l3.

Similarly, at P the local datum is given by

-
a3

P

n3

1

-
3a2

P

n3

1

· l- 3a
P

n3

1

· l2 - 1

n3

1

· l3.

This gives us the system

0 =
3r2

Y

n
1

-
3a2

P

n3

1

,

0 = -
3a

P

n3

1

-
3c

Y,n
1

r
Y

n2

1

,

0 =
c2
Y,n

1

n3

1

-
1

n3

1

.

One can solve this system to get exactly two solutions in r
Y

and c
Y,n

1

which are the desired equalities.

lemma 6 .14. Let X
5

(d) be a complete intersection with a smooth circle
action such that the fixed point components are X

5

(d)S1

= Y4 [ Z2 [ P0.
If the action admits a fixed point component N6 ⇢ X

5

(d)Z/p containing
Y4 [ P0 for a prime number p, then d is equal to (1).

proof. To prove this Lemma, we need to compute locally
Z

X

5

(d)
x5, and

Z

X

5

(d)
p
1

(X
5

(d)) · x3

at Y, Z and P for case b .1 and case b .2. Furthermore, we use Lem-
mas 6.7 and 6.13.

Note that the local datum of x5 and p
1

(X
5

(d)) · x3 at Y is exactly
the same as in the proof of Lemma 6.12 since the normal weights at
Y are (n

1

, 1, 1). Thus, one needs only to compute the local datum of
x5 and p

1

(X
5

(d)) · x3 at Z and P. We start this process by computing
the equivariant Euler class of ⌫

Z

in both cases.
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case b .1 . The normal weights are (1, 1, 1, 1), thus the equivariant
Euler class e

S

1

(⌫
Z

) is given by (c
Z,1xZ+ z) · z3. Then, its inverse

is

1

z4
-

c
Z,1

z5
· x

Z

.

case b .2 . The normal weights are (n
2

, 1, 1, 1), thus the equivariant
Euler class e

S

1

(⌫
Z

) is given by (c
Z,n

2

x
Z

+n
2

z) · (c
Z,1xZ+ z) · z2.

Then, its inverse is

1

n
2

z4
-

✓
c
Z,1

n
2

z5
+

c
Z,n

2

n2

2

z5

◆
x
Z

.

We leave the computation of the local datum of x5 at Z to the reader.
Like in the proof of Lemma 6.12 one needs first compute the equiv-

ariant Pontrjagin class p
1,S1

(Z) in order to compute the local datum
of p

1

(X
5

(d)) · x3 at Z. We let the reader figure out by himself these
computations. These computations can also be found in the appendix,
cf. Chapter B. To finish the proof, one needs now to treat the two cases
separately.

case b .1 . We treat this case using the Atiyah-Bott integration for-
mula on x5 and p

1

(X
5

(d)) · x3. We will extract a system of equations
that we solve using the equations given in Lemma 6.13. This will im-
ply that d needs to be equal to (1).

Indeed, the Atiyah-Bott integration formula applied on
R
X

5

(d) x
5

gives us the polynomial in l. Since this polynomial needs to be con-
stant equal to d, one gets a system of equations by looking at the
coefficients in l63

d = -
a5

P

n3

1

- a5

Z

c
Z,1 + 5a4

Z

r
Z

0 = -
5a4

P

n3

1

- 5a4

Z

c
Z,1 + 20a3

Z

r
Z

0 = -
10a3

P

n3

1

- 10a3

Z

c
Z,1 + 30a2

Z

r
Z

0 = -
10a2

P

n3

1

- 10a2

Z

c
Z,1 + 20a

Z

r
Z

+
10r2

Y

n
1

.

Furthermore, we also apply the Atiyah-Bott integration formula toR
X

5

(d) p1

(X
5

(d))x3. This will be again a polynomial in l which needs
to be constant equal to p

1

· d, where p
1

= 6-
P

d2

i

. In particular, the
constant term gives us that

p
1

· d = -
a3

P

�
3n2

1

+ 2
�

n3

1

- 2a3

Z

c
Z,1 + 12a2

Z

r
Z

.
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Together with Lemma 6.13, one gets only two non-trivial solutions,
namely

p
1

=
3
�
n2

1

- 2
�

a2

Z

, d = -
8a5

Z

n3

1

, c
Z,1 =

16

n3

1

,

c
Y,n

1

= 1, r
Z

=
8a

Z

n3

1

, r
Y

= ±2a
Z

n
1

, a
P

= 2a
Z

.

Since c
Z,1 is an integer and n

1

is also an integer strictly greater than
1, we have that n

1

= 2 and that p
1

= 6/a2

Z

. This let us no other choice
than a

Z

= 1 and therefore d = (1). We added for the reader the
Mathematicar computations for this case in the appendix, cf. Chapter
B.

case b .2 . As above, we treat this case using the Atiyah-Bott inte-
gration formula on x5 and p

1

(X
5

(d)) · x3 together with Lemmas 6.7
and 6.13.

Indeed, if we apply the integration formula to
R
X

5

(d) x
5 we get the

system of equations (looking at the coefficients in l63)

d = -
a5

P

n3

1

n2

2

-
a5

Z

c
Z,1

n
2

-
a5

Z

c
Z,n

2

n2

2

+
5a4

Z

r
Z

n
2

,

0 = -
5a4

P

n3

1

n2

2

-
5a4

Z

c
Z,1

n
2

-
5a4

Z

c
Z,n

2

n2

2

+
20a3

Z

r
Z

n
2

,

0 = -
10a3

P

n3

1

n2

2

-
10a3

Z

c
Z,1

n
2

-
10a3

Z

c
Z,n

2

n2

2

+
30a2

Z

r
Z

n
2

,

0 = -
10a2

P

n3

1

n2

2

-
10a2

Z

c
Z,1

n
2

-
10a2

Z

c
Z,n

2

n2

2

+
20a

Z

r
Z

n
2

+
10r2

Y

n
1

,

Solving the system in the variables d, c
Z,1, r

Y

, and r
Z

, gives us the
two solutions

d = -
a3

P

(a
P

- a
Z

)2

n3

1

n2

2

, c
Z,1 = -

-3a4

P

+ 4a3

P

a
Z

+ a4

Z

c
Z,n

2

n3

1

a4

Z

n3

1

n
2

,

r
Y

= ±a
P

(a
P

- a
Z

)

a
Z

n
1

n
2

, r
Z

=
a3

P

(a
P

- a
Z

)

a3

Z

n3

1

n
2

.

Furthermore, Lemmas 6.7 and 6.13 gives us

r
Y

= ±a
P

n
1

, and r
Z

= ±a
P

- a
Z

n
2

.

Thus, this gives us a
P

- a
Z

= ±a
Z

n
2

, and a
P

= ±a
Z

n
1

, which im-
plies that n

2

= n
1

+ 1 or n
1

= n
2

+ 1, since n
1

and n
2

needs to be
positive.

We now apply the integration formula to
R
X

5

(d) p1

(X
5

(d)) · x3 we
get the equation

p
1

· d = -
a3

P

�
3n2

1

+ 2n2

2

�

n3

1

n2

2

- a3

Z

c
Z,1n2

-
a3

Z

c
Z,1

n
2

-
3a3

Z

c
Z,n

2

n2

2

+ a3

Z

c
Z,n

2

+ 3a2

Z

n
2

r
Z

+
9a2

Z

r
Z

n
2
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If we now solve the above system, we get that p
1

= 6/a2

Z

and
d = ±a5

Z

which implies that a
Z

= ±1. The solution reflects in fact
the linear situation, i.e. the linear action on CP5. We added for the
reader the Mathematicar computations for this case in the appendix,
cf. Chapter B.

We can now assume that for any integer n, the components of
X
5

(d)Z/n are of dimension less or equal to 4. Therefore, we con-
sider the case where there exists a prime number p and a component
N4 ⇢ X

5

(d)Z/p. In virtue of Corollary 4.7, N4 needs to contain Z and
P. Note that in this case, the normal weights falls into two situations:

case c .1 . The normal weights are

at Y . (1 , 1 , 1)

at Z . (n
1

, 1 , 1 , 1)

at P . (n
1

, n
1

, 1 , 1 , 1).

case c .2 . The normal weights are

at Y . (1 , 1 , 1)

at Z . (n
1

, n
2

, 1 , 1)

at P . (n
1

, n
1

, n
2

, n
2

, 1), where (n
1

, n
2

) = 1.

Furthermore, case c .2 . cannot occur simply by using Lemma 6.7. In
this case, it is easy to show that n

1

= n
2

contradicting (n
1

, n
2

) = 1.

lemma 6 .15. Let X
5

(d) be a complete intersection with a smooth circle
action such that the fixed point components are X

5

(d)S
1

= Y4 [ Z2 [ P0.
If the action admits a fixed point component N4 ⇢ X

5

(d)Z/p containing
Z2 [ P0 for a prime number p, then d is equal to (1).

proof. As above, we prove this lemma using Atiyah-Bott integration
formula on

R
X

5

(d) x
5 and

R
X

5

(d) p1

(X
5

(d)) · x3. Note that the local
datum at Y has already been computed in the proof of Lemma 6.5.
We leave the remaining computations of the local data to the reader.
We added for the reader the Mathematicar computations for this case
in the appendix, cf. Chapter B.

The later computations gives us the following system of equations

d = -
a5

P

n2

1

-
a5

Z

c
Z,1

n
1

-
a5

Z

c
Z,n

1

n2

1

+
5a4

Z

r
Z

n
1

,

0 = -
5a4

P

n2

1

-
5a4

Z

c
Z,1

n
1

-
5a4

Z

c
Z,n

1

n2

1

+
20a3

Z

r
Z

n
1

,

0 = -
10a3

P

n2

1

-
10a3

Z

c
Z,1

n
1

-
10a3

Z

c
Z,n

1

n2

1

+
30a2

Z

r
Z

n
1

,

p
1

· d = -
a3

P

�
2n2

1

+ 3
�

n2

1

- a3

Z

c
Z,1n1

-
a3

Z

c
Z,1

n
1

-
3a3

Z

c
Z,n

1

n2

1

+ a3

Z

c
Z,n

1

+ 3a2

Z

n
1

r
Z

+
9a2

Z

r
Z

n
1

.
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In addition to that we have equations given by Lemma 6.7. This gives
us the solution

p
1

=
3
�
n2

1

+ 4
�

4a2

Z

, d =
4a5

Z

n2

1

, c
Z,1 =

6

n
1

,

c
Z,n

1

= 1, r
Z

=
2a

Z

n
1

, a
P

= -a
Z

.

Since c
Z,1 needs to be an integer, n

1

is equal to 2, 3 or 6. The above
solution makes sense only in the case n

1

= 2. Thus, a
Z

= 1 and
d = (1). In fact, the reader can see that the above solution reflects the
situation of a linear action on CP5.

proof of theorem D. part 2. In virtue of Lemma 6.5, the action
cannot be semi-free around the fixed point component. This implies
that there is a fixed point component N ⇢ X

5

(d)Z/p for a certain
prime number p. In virtue of Lemmas 6.6, 6.12, 6.14 and 6.15 we have
that in all of these situations d is equal to (1) or (2).

6.3 the case where X
5

(d)S
1

= Y4 [ P0

0

[ P0

1

[ P0

2

Like in the previous section, we lift the S1-action to �. The later being
the restriction to X

5

(d) of the dual Hopf line bundle on CP5+r. We
can then consider the Hopf weights at the fixed point components.
Since the lift is not unique, we choose the Hopf weights at Y ,P

0

, P
1

and P
2

to be respectively l, a
0

+ l, a
1

+ l and a
2

+ l, where l 2 Z.
We denote by ⌫

Y

, ⌫
0

, ⌫
1

and ⌫
2

the normal bundles of Y , P
0

,
P
1

and P
2

respectively. We orient these bundles by mean of the S1-
action. The orientation on ⌫

Y

, ⌫
0

, ⌫
1

and ⌫
2

are chosen such that
their normal weights n

Y ,j, nZ ,j and n
P ,j’s are all positive. Further-

more, we choose the orientation on Y , P
0

, P
1

and P
2

in order to make
it compatible with the orientation of X

n

(d) and their respective nor-
mal bundles. By Proposition A (cf. Section 4.2) the signature of Y has
to be ±1. Up to changing the S1-action with the inverse S1-action,
let us fix without loss of generality the signature of Y to be equal to
+1. Furthermore, since the signature needs to be equal to zero, there
is exactly one isolated fixed point P

0

, P
1

or P
2

which needs to be
positively oriented, while the other needs to be negatively oriented.
Let us assume P

0

to be positively oriented and have signature +1.
We denote by x

Y

a fixed generator of H2(Y ; Z) such that
R
Y

x2

Y

=
1. Using this notation, we can write x |

Y

= r
Y

x
Y

, where r
Y

2 Z.
Furthermore, we apply the splitting principle to ⌫

Y

, ⌫
0

, ⌫
1

and ⌫
2

.
We denote by {y

Y ,j + n
Y ,j · z} and {n

i ,j · z} the equivariant normal
roots at Y , and at the P

i

’s respectively.

lemma 6 .16. Let X
5

(d) be a complete intersection with a smooth circle
action such that the fixed point components are X

5

(d)S
1

= Y4 [ P0

0

[
P0

1

[ P0

2

. Then the action is not semi-free around the fixed point components.
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proof. Let us assume by contradiction all normal weights to be
equal to 1. The idea of the proof is to compute

Z

X

5

(d)
x5 ,

Z

X

5

(d)
p
1

(X
5

(d)) · x3 and
Z

X

5

(d)
s
2

(X
5

(d)) · x

using the Atiyah-Bott integration formula.
Note that most of the computations have already been done in the

proof of Lemma 6.5. Thus, we use the same notations for the Chern
classes of Y and leave these computations to the reader. Furthermore,
we added for the reader the Mathematicar computations for this case
in the appendix, cf. Chapter B.

Let us summarize what one should get. First, by integrating
R
X

5

(d) x
5

locally at the fixed point components we get the system of equations

d = a5

0

- a5

1

- a5

2

,

0 = 5
�
a4

0

- a4

1

- a4

2

�
,

0 = 10
�
a3

0

- a3

1

- a3

2

�
,

0 = 10
�
a2

0

- a2

1

- a2

2

+ r2
Y

�
,

0 = 5 (a
0

- a
1

- a
2

- c
Y,1rY) ,

0 = c2
Y,1 - c

Y,2 - 1.

Similarly, by integrating
R
X

5

(d) p1

(X
5

(d)) · x3 locally, one obtains the
system of equations

p
1

· d = 5
�
a3

0

- a3

1

- a3

2

�
,

0 = 3
�
5a2

0

- 5a2

1

- 5a2

2

+ 3r2
Y

�
,

0 = 3 (5a
0

- 5a
1

- 5a
2

- c
Y,1rY) ,

0 = 2c2
Y,1 - 5c

Y,2 + p
1

(Y)- 5.

Finally, by integrating
R
X

5

(d) s2(X5

(d)) · x locally, we have the system
of equations

Z

X

5

(d)
s
2

(X
5

(d)) · x = 5a
0

- 5a
1

- 5a
2

+ c
Y,1rY ,

0 = 5
�
c2
Y,1 - 3c

Y,2 - 1
�

.

We will now find a contradiction. First, remark that the equations

0 = c2
Y,1 - c

Y,2 - 1,

0 = 5
�
c2
Y,1 - 3c

Y,2 - 1
�

,

induces c
Y,1 = ±1, and c

Y,2 = 0. Adding to this the equations

0 = 10
�
a2

0

- a2

1

- a2

2

+ r2
Y

�
,

0 = 5 (a
0

- a
1

- a
2

- c
Y,1rY) ,

0 = 3 (5a
0

- 5a
1

- 5a
2

- c
Y,1rY) ,
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gives us that r
Y

is equal to 1/5 which is an obvious contradiction.
Let us mention that there is multiple ways to play with these equa-

tions and find a contradiction. For instance, another way would be to
solve the system of equations

d = a5

0

- a5

1

- a5

2

,

0 = 5
�
a4

0

- a4

1

- a4

2

�
,

0 = 10
�
a3

0

- a3

1

- a3

2

�
,

0 = 10
�
a2

0

- a2

1

- a2

2

+ r2
Y

�
,

0 = 5 (a
0

- a
1

- a
2

- c
Y,1rY) ,

0 = c2
Y,1 - c

Y,2 - 1,

0 = 5
�
c2
Y,1 - 3c

Y,2 - 1
�

,

which induces d = 0.

lemma 6 .17. Let X
5

(d) be a complete intersection with a smooth circle
action such that the fixed point components are X

5

(d)S1

= Y4 [ P0

0

[ P0

1

[
P0

2

. If the action admits a fixed point component N8 ⇢ X
5

(d)Z/p for a prime
number p, then d = (1) or (2).

proof. Since sign(N) = sign(NS

1

), the signature of N satisfies

| sign(N)| 6 4.

The exact value of the signature depends on which S1-fixed point
components are contained in N and their orientations. Since N is of
codimension 2, we can think of the Poincaré-dual class of N, namely
⌘x 2 H2(X

5

(d); Z), as a virtual complete interesection in X
5

(d) (cf.
[28, Chapter 3]). Therefore, N represents a virtual complete intersec-
tion in CP5+r with multidegree (d

1

, . . . ,d
r

, |⌘|). By [35], in complex
dimension four only the complex projective space and the complex
quadric have | sign(N)| 6 4. Thus we have that d = (1) or (2).

Recall that when we have N ⇢ X
5

(d)Z/p containing exactly two
isolated S1-fixed point, then their normal weights are equal. This was
the statement of Lemma 5.4. We now investigate what happens when
we have an N4 ⇢ X

5

(d)Z/p containing exactly three fixed point com-
ponent.

Let us denote by n
i,1 and n

i,2 the two normal weights at P
i

in N.
We orient this normal bundle in a way such that the normal weights
are all positive. Furthermore, one can see easily using the equivari-
ant signature formula that N must have signature ±1 = "

N

. Making
the orientation of the isolated points compatible with N and their re-
spective normal bundle, we get that there is exactly one isolated fixed
point, say P

0

, which is of orientation -"
N

. The other fixed point, P
1

and P
2

will have orientation "
N

. Let us write "
i

the orientation of P
i

.
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lemma 6 .18. Let N4 be an closed smooth oriented manifold equipped with
a smooth S1-action such that the fixed point set consists of three isolated
fixed point P0

0

[ P0

1

[ P0

2

with the above orientation. Then n
0,1 = n

1,1,
n
0,2 = n

2,1 and n
1,2 = n

2,2 = n
0,1 +n

0,2.

proof. To prove this result, we use the equivariant signature for-
mula. Let � be a topological generator of S1, thus we have the equal-
ity

sign(N) = µ(�,P
0

) + µ(�,P
1

) + µ(�,P
2

),

where µ(�,P
i

) is given by

"
i

· 1+ �-n

i,1

1- �-n

i,1
· 1+ �-n

i,2

1- �-n

i,2
.

If we now develop the above power series in �, then we have for
µ(�,P

i

) the power series

"
i

· (1+ 2
X

r>1

�rni,1) · (1+ 2
X

s>1

�sni,2).

Thus, the above equation gives us the equalities of power series
X

r>1

�rn0,1 +
X

s>1

�sn0,2 + 2 ·
X

r,s>1

�rn0,1+sn

0,2

=
X

k>1

�kn1,1 +
X

l>1

�ln1,2 + 2 ·
X

k,l>1

�kn1,1+ln

1,2

+
X

u>1

�un

2,1 +
X

v>1

�vn2,2 + 2 ·
X

u,v>1

�un

2,1+vn

2,2 .

Let us assume without loss of generality that n
i,1 6 n

i,2 for any
i = 0, 1, 2 and that n

1,1 6 n
2,1. Therefore, one can see by looking

at the smallest coefficient that n
0,1 = n

1,1. Furthermore, we cannot
have n

0,2 = n
1,2 because then the local datum at P

0

simply cancels
with the local datum at P

1

, leaving us the local datum at P
2

. Thus,
n
0,2 = n

2,1. If we now rewrite the above equality and clean it up
with these relations, we are left with

2 ·
X

r,s>1

�rn0,1+sn

0,2 =
X

l>1

�ln1,2 + 2 ·
X

k,l>1

�kn0,1+ln

1,2

+
X

v>1

�vn2,2 + 2 ·
X

u,v>1

�un

0,2+vn

2,2 .

Since the coefficients on the left hand side are divisible by 2, we need
n
1,2 to be equal to n

2,2, thus n
1,2 = n

2,2 gives us the equation
X

r,s>1

�rn0,1+sn

0,2 =
X

k,l>1

�kn0,1+ln

1,2 +
X

l>1

�ln1,2 +
X

u,v>1

�un

0,2+vn

1,2 .

Finally, we can see that n
1,2 needs to be equal to a linear combination

r · n
0,1 + s · n

0,2. It is now easy to see that n
1,2 needs to be equal to

n
0,1 +n

0,2 in order that all the terms on the left hand side cancels.
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The reader can remark that this normal weights structure is similar
to the one given by a linear S1-action on CP2 admitting three isolated
fixed points.

Together with Lemma 5.4, let us now discuss the normal weight
structure at the fixed point components. In virtue of Lemma 6.17, we
can exclude the existence of a fixed point component N8 ⇢ X

5

(d)Z/n

for any integer n. This leaves us with fixed point components N ⇢
X
5

(d)Z/p of dimension 2, 4 or 6 for a prime number p.
Let us first consider the case where there exists N6 ⇢ X

5

(d)Z/p.
By Corollary 4.7 and Poincaré duality, N contains Y [ P

0

[ P
1

[ P
2

, or
N contains Y [ P

i

for a certain i = 0, 1, 2, or N contains exactly two
isolated fixed point P

i

[ P
j

. Similarly, if there exists N4 ⇢ X
5

(d)Z/p,
then either N contains all the isolated fixed point P

0

[ P
1

[ P
2

, or
N contains exactly two isolated fixed points P

i

[ P
j

. Finally, if there
exists N2 ⇢ X

5

(d)Z/p, then N contains exactly two isolated fixed
points P

i

[ P
j

for i 6= j.
One can see that in this situation, a case by case proof might be long

and fastidious. Therefore, we will show how one can handle multiple
cases into a single case by rearranging the normal weight at the P

i

’s
into our equations.

Let us first ignore all the cases where there is an N6 ⇢ X
5

(d)Z/p

containing Y. Thus, in virtue of Lemmas 5.4 and 6.18, whenever a
normal weight show up at a point P

i

, then it needs to show up at
another isolated fixed. Furthermore, in the Atiyah-Bott integration
formula, we can see that we are often dealing with the product of the
normal weights at the P

i

’s. Therefore, let us introduce the notation
N

i,j to denote the product of the normal weights shared between P
i

and P
j

. This notation allows us to write the products

n
0,1 ·n0,2 · · ·n0,5 = N

0,1 ·N0,2,
n
1,1 ·n1,2 · · ·n1,5 = N

0,1 ·N1,2,
n
2,1 ·n2,2 · · ·n2,5 = N

0,2 ·N1,2.

Let us now consider also the cases where there exists N6 ⇢ X
5

(d)Z/p

containing Y.

case a . NS

1

= Y [ P
0

[ P
1

[ P
2

,

case b . NS

1

= Y [ P
i

for a certain i = 0, 1, 2,

We first discuss case a. Let p devide n
Y,1 > 1 the normal weight

at Y and let N6

1

⇢ X
5

(d)Z/p be as above in case a. Note that N
1

is
in fact a component of X

5

(d)Z/n

Y,1 for dimensional reasons. Assume
we have n

Y,2 > 1, then there exists a fixed point component N6

2

⇢
X
5

(d)Z/n

Y,2 . Furthermore, by Lemma 6.17 we have (n
Y,1,n

Y,2) = 1.
We show that NS

1

2

= Y [ P
0

[ P
1

[ P
2

. Thus suppose by contradic-
tion NS

1

2

= Y [ P
i

for a certain i = 0, 1 or 2. Then by the pigeon
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hole principle, there is at least one normal weight at P
i

divisible
by n

Y,1 and n
Y,2. Consequently, there is a fixed point component

M ⇢ X
5

(d)Z/n

Y,1nY,2 such that MS

1

= P
i

. This gives us our desired
contradiction, because no closed manifold admits an isolated fixed
point by a smooth S1-action (cf. Section 3.3).

Therefore, the connected component N6

2

⇢ X
5

(d)Z/n

Y,2 admits an
induced S1-action such that NS

1

2

= Y [ P
0

[ P
1

[ P
2

. By the pigeon
hole principle, there is a fixed point component M ⇢ X

5

(d)Z/n

Y,1nY,2

which admits an S1-action such that MS

1

= P
0

[ P
1

[ P
2

. Note that
M needs to be 4-dimensional. This implies that M is like in Lemma
6.18 up to orientation of the fixed points.

The above discussion gives us the following configurations for the
normal weights:

case a .1 at Y . (n
1

, 1 , 1),

at P
0

. (n
1

n
0 ,1 , n

1

n
0 ,2 , n

1

n
0 ,3 , n

0 ,4 , n
0 ,5),

at P
1

. (n
1

n
1 ,1 , n

1

n
1 ,2 , n

1

n
1 ,3 , n

1 ,4 , n
1 ,5),

at P
2

. (n
1

n
2 ,1 , n

1

n
2 ,2 , n

1

n
2 ,3 , n

2 ,4 , n
2 ,5),

case a .2 at Y . (n
1

, n
2

, 1),

at P
0

. (n
1

n
2

n
0 ,1 , n

1

n
2

n
0 ,2 , n

1

n
0 ,3 , n

2

n
0 ,4 , n

0 ,5),

at P
1

. (n
1

n
2

n
1 ,1 , n

1

n
2

n
1 ,2 , n

1

n
1 ,3 , n

2

n
1 ,4 , n

1 ,5),

at P
2

. (n
1

n
2

n
2 ,1 , n

1

n
2

n
2 ,2 , n

1

n
2 ,3 , n

2

n
2 ,4 , n

2 ,5),

case a .3 at Y . (n
1

, n
2

, n
3

),

at P
0

. (n
1

n
2

n
3

n
0 ,1 , n

1

n
2

n
3

n
0 ,2 , n

1

n
0 ,3 , n

2

n
0 ,4 , n

3

n
0 ,5),

at P
1

. (n
1

n
2

n
3

n
1 ,1 , n

1

n
2

n
3

n
1 ,2 , n

1

n
1 ,3 , n

2

n
1 ,4 , n

3

n
1 ,5),

at P
2

. (n
1

n
2

n
3

n
2 ,1 , n

1

n
2

n
3

n
2 ,2 , n

1

n
2 ,3 , n

2

n
2 ,4 , n

3

n
2 ,5),

where (n
k

, n
l

) = 1 when k 6= l, for k , l = 1 , 2 , 3. In virtue of
Lemmas 5.4 and 6.18, we use as above the N

i ,j to denote the product
of the n

i ,k’s which are shared between P
i

and P
j

for i < j.

lemma 6 .19. Let X
5

(d) be a complete intersection with a smooth circle
action such that the fixed point components are X

5

(d)S
1

= Y4 [ P0

0

[
P0

1

[ P0

2

. If the action admits a fixed point component N6 ⇢ X
5

(d)Z/p

containing Y4 [ P0

0

[ P0

1

[ P0

2

for a prime number p, then d is equal to
(1) or (2).

proof. The idea of the proof is to compute
Z

X

5

(d)
x5 , and

Z

X

5

(d)
p
1

(X
5

(d)) · x3

locally at the fixed point using the Atiyah-Bott integration formula. In
each of the cases a .1, a .2 and a .2. Thus, one needs first to compute
the local datum of x5 and p

1

(X
5

(d)) · x3 at Y . Note that for cases
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a .1, this have been done in the proof of Lemma 6.12. For cases

a .2 and cases a .3, we compute these local data in a similar way
knowing that the equivariant Euler classes of ⌫

Y

the normal bundle
of Y in X

5

(d) are given by

e
S

1

(⌫
Y

) = (c
Y ,n

1

x
Y

+ n
1

z)(c
Y ,n

2

x
Y

+ n
2

z)(c
Y ,1xY

+ z) ,

and

e
S

1

(⌫
Y

) = (c
Y,n

1

x
Y

+n
1

z)(c
Y,n

2

x
Y

+n
2

z)(c
Y,n

3

x
Y

+n
3

z)

respectively.
Note also that in the proof of Lemma 6.12, we computed the local

datum of x5 and p
1

(X
5

(d)) · x3 at an isolated fixed point. Thus, using
our N

i,j notation, the local datum of x5 and p
1

(X
5

(d)) · x3 at P
i

are
given in each of the cases a .1, a .2 and a .2 by

case a .1 .

"
i

(a
i

+ l)5

n3

1

N
i,jNi,k

, and "
i

⌃2

i

· (a
i

+ l)3

n3

1

N
i,jNi,k

,

case a .2 .

"
i

(a
i

+ l)5

n3

1

n3

2

N
i,jNi,k

, and "
i

⌃2

i

· (a
i

+ l)3

n3

1

n3

2

N
i,jNi,k

,

case a .3 .

"
i

(a
i

+ l)5

n3

1

n3

2

n3

3

N
i,jNi,k

, and "
i

⌃2

i

· (a
i

+ l)3

n3

1

n3

2

n3

3

N
i,jNi,k

,

where "
i

= ±1 denotes the orientation of the point P
i

, and ⌃2

i

de-
notes the sum of the squares of the normal weights at P

i

. It will be
very convenient in our system of equation to consider ⌃2

i

as a single
variable for i = 0, 1, 2.

Thus for case a .1, the integration formula gives us a polynomials
in l which needs to be constant equal to d and p

1

· d respectively. We
end up then with the system of equations

d =
a5

0

N
0,1N0,2n3

1

-
a5

1

N
0,1n3

1

N
1,2

-
a5

2

N
0,2n3

1

N
1,2

,

0 =
5a4

0

N
0,1N0,2n3

1

-
5a4

1

N
0,1n3

1

N
1,2

-
5a4

2

N
0,2n3

1

N
1,2

,

0 =
10a3

0

N
0,1N0,2n3

1

-
10a3

1

N
0,1n3

1

N
1,2

-
10a3

2

N
0,2n3

1

N
1,2

,

0 =
10a2

0

N
0,1N0,2n3

1

-
10a2

1

N
0,1n3

1

N
1,2

-
10a2

2

N
0,2n3

1

N
1,2

+
10r2

Y

n
1

,

0 =
5a

0

N
0,1N0,2n3

1

-
5a

1

N
0,1n3

1

N
1,2

-
5a

2

N
0,2n3

1

N
1,2

-
5r

Y

(c
Y,1n1

+ c
Y,n

1

)

n2

1

,
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0 =
c2
Y,1n

2

1

+ c
Y,1cY,n

1

n
1

- c
Y,2n

2

1

+ c2
Y,n

1

n3

1

+
1

N
0,1N0,2n3

1

-
1

N
0,1n3

1

N
1,2

-
1

N
0,2n3

1

N
1,2

and

p
1

· d =
1

n3

1

N
0,1N0,2N1,2

�
a3

0

N
1,2⌃

2

0

- a3

1

N
0,2⌃

2

1

- a3

2

N
0,1⌃

2

2

�
,

0 =
3

n3

1

N
0,1N0,2N1,2

�
a2

0

N
1,2⌃

2

0

- a2

1

N
0,2⌃

2

1

- a2

2

N
0,1⌃

2

2

+n4

1

N
0,1N0,2N1,2r

2

Y

+ 2n2

1

N
0,1N0,2N1,2r

2

Y

�
,

0 = -
3

n3

1

N
0,1N0,2N1,2

�
- a

0

N
1,2⌃

2

0

+ a
1

N
0,2⌃

2

1

+ a
2

N
0,1⌃

2

2

+ c
Y,1N0,1N0,2n

4

1

N
1,2rY - c

Y,n
1

N
0,1N0,2n

3

1

N
1,2rY

+ 2c
Y,n

1

N
0,1N0,2n1

N
1,2rY

�
,

0 =
1

n3

1

N
0,1N0,2N1,2

�
c2
Y,1N0,1N0,2n

4

1

N
1,2 + c2

Y,1N0,1N0,2n
2

1

N
1,2

- c
Y,1cY,n

1

N
0,1N0,2n

3

1

N
1,2 - c

Y,2N0,1N0,2n
4

1

N
1,2

- 4c
Y,2N0,1N0,2n

2

1

N
1,2 + 2c2

Y,n
1

N
0,1N0,2N1,2

+N
0,1N0,2n

2

1

N
1,2

Z
p
1

(Y)-N
0,1⌃

2

2

-N
0,2⌃

2

1

+N
1,2⌃

2

0

�

Solving this system in the variables p
1

, d, N
0,1, N

0,2, N
1,2, ⌃2

0

, ⌃2

1

, ⌃2

2

,
c
Y,1, c

Y,2, gives us

p
1

=
3

r2
Y

+
c2
Y,n

1

(n2

1

- 1)

n2

1

r2
Y

+

✓
1

a2

0

+
1

a2

1

+
1

a2

2

◆

which implies that d is equal to (1) or (2) since p
1

is positive. Fur-
thermore, the reader can find the Mathematicar computations for this
case in the appendix, cf. Chapter B.

The computations for case a .2 and case a .3 are similar to those
of case case a .1. In the case a .2, we find that

p
1

=
c2
Y,n

1

+ c2
Y,n

2

+ c2
Y,1 + 3

r2
Y

,

and for case a .3

p
1

=
c2
Y,n

1

+ c2
Y,n

2

+ c2
Y,n

3

+ 3

r2
Y

.

In both cases, we have the same conclusion, i.e. d is equal to (1)
or (2) because p

1

is positive. The reader can find the Mathematicar

computations in Chapter B.
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Let us now discuss case b. For convenience, let us denote by n
0

,
n
1

and n
2

the normal weights at Y. We write N6

i

the fixed point
component of X

5

(d)Z/n

i containing Y and P
i

. It is easy to see that if
there is such N6

i

with a normal weight n
i

> 1 at Y, then n
i

appears as
a normal weight at P

i

with multiplicity 3. Without loss of generality,
there are 5 sub cases with the following normal weights:

case b .1 . at Y . (n
0

, 1 , 1),

at P
0

. (n
0

, n
0

, n
0

, n
0 ,4 , n

0 ,5),

at P
1

. (n
1 ,1 , n

1 ,2 , n
1 ,3 , n

1 ,4 , n
1 ,5),

at P
2

. (n
2 ,1 , n

2 ,2 , n
2 ,3 , n

2 ,4 , n
2 ,5).

case b .2 . at Y . (1 , n
1

, 1),

at P
0

. (n
0 ,1 , n

0 ,2 , n
0 ,3 , n

0 ,4 , n
0 ,5),

at P
1

. (n
1

, n
1

, n
1

, n
1 ,4 , n

1 ,5),

at P
2

. (n
2 ,1 , n

2 ,2 , n
2 ,3 , n

2 ,4 , n
2 ,5).

case b .3 . at Y . (n
0

, n
1

, 1),

at P
0

. (n
0

, n
0

, n
0

, n
0 ,4 , n

0 ,5),

at P
1

. (n
1

, n
1

, n
1

, n
1 ,4 , n

1 ,5),

at P
2

. (n
2 ,1 , n

2 ,2 , n
2 ,3 , n

2 ,4 , n
2 ,5).

case b .4 . at Y . (1 , n
1

, n
2

),

at P
0

. (n
0 ,1 , n

0 ,2 , n
0 ,3 , n

0 ,4 , n
0 ,5),

at P
1

. (n
1

, n
1

, n
1

, n
1 ,4 , n

1 ,5),

at P
2

. (n
2

, n
2

, n
2

, n
2 ,4 , n

2 ,5).

case b .5 . at Y . (n
0

, n
1

, n
2

),

at P
0

. (n
0

, n
0

, n
0

, n
0 ,4 , n

0 ,5),

at P
1

. (n
1

, n
1

, n
1

, n
1 ,4 , n

1 ,5),

at P
2

. (n
2

, n
2

, n
2

, n
2 ,4 , n

2 ,5).

We use as above the notation N
i ,j for the product of the normal

weights n
i ,k’s which are shared between P

i

and P
j

.

lemma 6 .20. Let X
5

(d) be a complete intersection with a smooth circle
action such that the fixed point components are X

5

(d)S
1

= Y4 [ P0

0

[
P0

1

[ P0

2

. If the action admits a fixed point component N6 ⇢ X
5

(d)Z/p

containing Y4 [ P0

i

for a certain prime number p and a certain i = 0 , 1 , 2,
then d is equal to (1) or (2).

proof. Like in the proof of Lemma 6.19, we prove that p
1

> 0 using
the Atiyah-Bott integration formula on

Z

X

5

(d)
x5 , and

Z

X

5

(d)
p
1

(X
5

(d)) · x3 .
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Furthermore, we use Lemma 6.13 to obtain additional equations which
will allow us to solve the system of equations. Note that the reader
can find the Mathematicar computations for each of these cases in the
appendix, cf. Chapter B.

case b .1 . The local datum at Y is the same as in the proof of
Lemmas 6.12 and 6.19. The local datum of x5 and p

1

(X
5

(d)) · x3 at P
0

is given by

(a
0

+ l)5

n3

0

N
0,1N0,2

, and
⌃2

0

· (a
0

+ l)3

n3

0

N
0,1N0,2

.

Similarly, the local datum of x5 and p
1

(X
5

(d)) · x3 at P
1

and P
2

are
given by

-
(a

i

+ l)5

N
0,iNi,j

, and -
⌃2

i

· (a
i

+ l)3

N
0,iNi,j

.

for i = 1, 2 and j 6= 0, i.
This gives us the systems of equations

d =
a5

0

n3

0

N
0,1N0,2

-
a5

1

N
0,1N1,2

-
a5

2

N
0,2N1,2

,

0 =
5a4

0

n3

0

N
0,1N0,2

-
5a4

1

N
0,1N1,2

-
5a4

2

N
0,2N1,2

,

0 =
10a3

0

n3

0

N
0,1N0,2

-
10a3

1

N
0,1N1,2

-
10a3

2

N
0,2N1,2

,

0 =
10a2

0

n3

0

N
0,1N0,2

-
10a2

1

N
0,1N1,2

-
10a2

2

N
0,2N1,2

+
10r2

Y

n
0

,

0 =
5a

0

n3

0

N
0,1N0,2

-
5a

1

N
0,1N1,2

-
5a

2

N
0,2N1,2

-
5r

Y

(c
Y,1n0

+ c
Y,n

0

)

n2

0

,

0 =
c2
Y,1n

2

0

+ c
Y,1cY,n

0

n
0

- c
Y,2n

2

0

+ c2
Y,n

0

n3

0

+
1

n3

0

N
0,1N0,2

-
1

N
0,1N1,2

-
1

N
0,2N1,2

,

and

p
1

· d =
a3

0

⌃2

0

n3

0

N
0,1N0,2

-
a3

1

⌃2

1

N
0,1N1,2

-
a3

2

⌃2

2

N
0,2N1,2

,

0 =
3a2

0

⌃2

0

n3

0

N
0,1N0,2

-
3a2

1

⌃2

1

N
0,1N1,2

-
3a2

2

⌃2

2

N
0,2N1,2

+
3
�
n2

0

+ 2
�
r2
Y

n
0

,

0 =
3a

0

⌃2

0

n3

0

N
0,1N0,2

-
3a

1

⌃2

1

N
0,1N1,2

-
3a

2

⌃2

2

N
0,2N1,2

+
3r

Y

�
-c

Y,1n
3

0

+ c
Y,n

0

n2

0

- 2c
Y,n

0

�

n2

0

,
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0 =
1

n3

0

·
�
c2
Y,1n

4

0

+ c2
Y,1n

2

0

- c
Y,1cY,n

0

n3

0

- c
Y,2n

4

0

- 4c
Y,2n

2

0

+ 2c2
Y,n

0

+n2

0

Z
p
1

(Y)
�
+

⌃2

0

n3

0

N
0,1N0,2

-
⌃2

1

N
0,1N1,2

-
⌃2

2

N
0,2N1,2

Furthermore, we know by Lemma 6.13 that

r2
Y

=
a2

0

n2

0

, and c
Y,n

0

= ±1.

This allows us to solve the above system in the variables p
1

, d, n
0

,
N

0,1, N
0,2, N

1,2, ⌃2

0

, ⌃2

1

, ⌃2

2

, c
Y,1, c

Y,2, c
Y,n

0

, to obtain that

p
1

=
4

r2
Y

+
1

a2

1

+
1

a2

2

> 0.

case b .2 . This case is treated in the exact same way with a mi-
nor change of sign. Using the Atiyah-Bott integration formula and
Lemma 6.13, we obtain as above a system of equation which gives us

p
1

=
4

r2
Y

+
1

a2

0

+
1

a2

2

> 0.

case b .3 . Let us compute the local datum of x5 and p
1

(X
5

(d)) · x3
at Y. First, one needs to compute the equivariant Euler class of the
normal bundle of Y. The later is given by

e
S

1

(⌫
Y

) = (c
Y,n

0

· x
Y

+n
0

· z) · (c
Y,n

1

· x
Y

+n
1

· z) · (c
Y,1 · xY + z).

Thus, the local datum of x5 at Y is given by

Z

Y

4

(r
Y

· x
Y

+ l · z)5
 
c2
Y,n

0

x2
Y

n3

0

z3
-

c
Y,n

0

x
Y

n2

0

z2
+

1

n
0

z

!

·
 
c2
Y,n

1

x2
Y

n3

1

z3
-

c
Y,n

1

x
Y

n2

1

z2
+

1

n
1

z

!

·
 
c2
Y,1x

2

Y

z3
-

c
Y,1xY
z2

+
1

z

!

.

Furthermore, the equivariant first Pontrjagin class of Y, p
S

1,1(Y) is
given by

p
1

(Y) + (c
Y,n

0

x
Y

+n
0

z)2 + (c
Y,n

1

x
Y

+n
1

z)2 + (c
Y,1xY + z)2.

We leave the computation of the local datum of p
1

(X
5

(d)) · x3 to the
reader.

Therefore, the Atiyah-Bott integration formula gives us a system of
equations which we can solve in the variable p

1

, d, n
0

, n
1

, N
0,1, N

0,2,
N

1,2, ⌃2

0

, ⌃2

1

, ⌃2

2

, c
Y,1, c

Y,n
0

, c
Y,n

1

. This is to be done together with
the equations given by Lemma 6.13, i.e.

r2
Y

=
a2

0

n2

0

=
a2

1

n2

1

, c
Y,n

0

= ±1, and c
Y,n

1

= ±1.
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In particular, the solution for p
1

= 6+ r-
P

i

d2

i

is given by

p
1

=
5

r2
Y

+
1

a2

2

> 0.

case b .4 . This case is treated in the exact same way as case b .3 .
with a minor change of sign. Using the Atiyah-Bott integration for-
mula and Lemma 6.13, we obtain a system of equation which gives
us

p
1

=
5

r2
Y

+
1

a2

0

> 0.

case b .5 . This last case is treated as above using the Atiyah-Bott
integration formula and Lemma 6.13. The computations gives us

p
1

=
6

r2
Y

> 0.

which again implies that d is equal to (1) or (2). Note that in this case,
it is particularly simple to see that d cannot be equal to (2). However,
the statement that p

1

> 0 is enough for our purpose.

In virtue of Lemmas 6.17, 6.19 and 6.20, we are now left with the
case where the action is semi-free around Y.

lemma 6 .21. Let X
5

(d) be a complete intersection with a smooth circle
action such that the fixed point components are X

5

(d)S1

= Y4 [ P0

0

[ P0

1

[
P0

2

. If the action is semi-free around Y, then d = (1) or (2).

proof. As above, we treat this case using the Atiyah-Bott integration
formula on

Z

X

5

(d)
x5, and

Z

X

5

(d)
p
1

(X
5

(d)) · x3.

One can see that the local data at Y have been computed in the proof
of Lemma 6.16. Furthermore, the local data at the isolated fixed point
have also been computed in the proof of Lemma 6.20. This gives us
the system of equations

d =
a5

0

N
0,1N0,2

-
a5

1

N
0,1N1,2

-
a5

2

N
0,2N1,2

,

0 =
5a4

0

N
0,1N0,2

-
5a4

1

N
0,1N1,2

-
5a4

2

N
0,2N1,2

,

0 =
10a3

0

N
0,1N0,2

-
10a3

1

N
0,1N1,2

-
10a3

2

N
0,2N1,2

,

0 =
10a2

0

N
0,1N0,2

-
10a2

1

N
0,1N1,2

-
10a2

2

N
0,2N1,2

+ 10r2
Y

,

0 =
5a

0

N
0,1N0,2

-
5a

1

N
0,1N1,2

-
5a

2

N
0,2N1,2

- 5c
Y,1rY ,

0 = c2
Y,1 - c

Y,2 +
1

N
0,1N0,2

-
1

N
0,1N1,2

-
1

N
0,2N1,2

,
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p
1

· d =
a3

0

⌃2

0

N
0,1N0,2

-
a3

1

⌃2

1

N
0,1N1,2

-
a3

2

⌃2

2

N
0,2N1,2

,

0 =
3a2

0

⌃2

0

N
0,1N0,2

-
3a2

1

⌃2

1

N
0,1N1,2

-
3a2

2

⌃2

2

N
0,2N1,2

+ 9r2
Y

,

0 =
3a

0

⌃2

0

N
0,1N0,2

-
3a

1

⌃2

1

N
0,1N1,2

-
3a

2

⌃2

2

N
0,2N1,2

- 3c
Y,1rY ,

0 = 2c2
Y,1 - 5c

Y,2 +
⌃2

0

N
0,1N0,2

-
⌃2

1

N
0,1N1,2

-
⌃2

2

N
0,2N1,2

+

Z
p
1

(Y).

Solving this system in the variables p
1

, d, N
0,1, N

0,2, N
1,2, c

Y,1, c
Y,2,

⌃2

0

, ⌃2

1

, ⌃2

2

, gives us for p
1

the solution

p
1

=
3

r2
Y

+

✓
1

a2

0

+
1

a2

1

+
1

a2

2

◆
> 0.

proof of theorem D. part 3. The proof follows from Lemmas
6.17, 6.19, 6.20 and 6.21.



7
F U RT H E R D I S C U S S I O N A B O U T S 1 - A C T I O N S O N
C O M P L E T E I N T E R S E C T I O N S

7.1 complete intersections of complex dimension 5

In virtue of Theorem D, it is natural to conjecture the following state-
ment.

conjecture. Let X
5

(d ) be a complete intersection equipped with a
smooth and effective circle action, then

d = (1) and X
5

(d) = CP5, or

d = (2) and X
5

(d) is a complex quadric.

To prove such result, one could use the above tools like in Section
6.1, 6.2 and 6.3 to extend Theorem D to the cases where the fixed
point set are given by

7. X
5

(d)S
1

= Z2

1

[ Z2

2

[ Z2

3

,

8. X
5

(d)S
1

= Z2

1

[ Z2

2

[ P0

1

[ P0

2

, or

9. X
5

(d)S
1

= Z2 [ P0

1

[ P0

2

[ P0

3

[ P0

4

.

However, the number of sub cases in the above situations increases
dramatically. Indeed, the intermediate manifolds given as Z/n-fixed
point components are of many kinds, this yields to many possible
configurations of the normal weights. Thus, we did not pursue this
strategy. On the other hand, the computations in the semi-free case
turned out to be easy and give rise to immediate contradictions simi-
lar to those in Lemmas 6.5 and 6.16, i.e. d = 0.

example. Let us assume X
5

(d)S
1

= Z2

1

[ Z2

2

[ Z2

3

. Then using
Proposition A (cf. Section 4.2), Corollary 4.7 and Poincaré-Duality,
for a prime number p, the intermediate manifold F4 ⇢ X

5

(d)Z/p

can be of two kind:

if F4 contains Z2

i

[ Z2

j

. We have b
2

(F) = 2 and b
0

(F) = b
4

(F) =
1 for i 6= j.

if F4 contains Z2

1

[ Z2

2

[ Z2

3

. We have b
2

(F) = 4 and b
0

(F) =
b
4

(F) = 1.

If we consider now F6 ⇢ X
5

(d)Z/p, then these intermediate man-
ifolds can be also of two kind:
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100 further discussion about s1 -actions on complete intersections

if F6 contains Z2

i

[ Z2

j

. We have b
0

(F) = b
2

(F) = b
4

(F) =
b
6

(F) = 1 for i 6= j.

if F6 contains Z2

1

[ Z2

2

[ Z2

3

. We have b
2

(F) = b
4

(F) = 2 and
b
0

(F) = b
6

(F) = 1.

Composing these possible intermediate manifolds with the Z
i

’s
gives a huge amount of possible normal weights configurations.

7.2 other conjectures about complete intersection with

circle actions

So far, we can also think that among complete intersections of di-
mension greater than 3, only complex projective spaces and complex
quadrics admit a smooth non-trivial S1-action. Thus, we conjectured
the following statement.

conjecture. Let X
n

(d) be a complete intersection with n > 3 equipped
with a smooth and effective circle action, then

d = (1) and X
n

(d) = CPn, or

d = (2) and X
n

(d) is a complex quadric.

This conjecture seems to be difficult to prove in its great generality,
since no known obstruction to smooth S1-action exists yet. Thus, it is
also interesting to consider the "weak" conjecture.

conjecture (weak). Let X
n

(d) be a complete intersection with n > 3

equipped with a smooth and effective circle action, then p
1

(X
n

(d)) > 0.

This conjecture is in fact very natural to consider. If one looks in
detail the proof of Theorem D, the ending conclusions of Lemmas 6.1,
6.4, 6.12, 6.14, 6.15, 6.19, 6.20 and 6.21 were all that the first Pontrjagin
class of the complete intersection had to be positive. The dimension
of the complete intersection being 5 yields that d = (1) or (2). This
conjecture is also supported by the main result in the paper of Dessai
and Wiemeler [16, Theorem 2.4]. Thus, in terms of obstruction class to
smooth non-trivial S1-action, it might be interesting to explore the role
of the first Pontrjagin class.



Part III

A P P E N D I X





A
N O T E O N O R I E N TA B I L I T Y O F F I X E D P O I N T
C O M P O N E N T S

Let X be a closed smooth oriented manifold equipped with a smooth
S1-action. We discuss in this note a criterion to obtain that any con-
nected fixed point component F ⇢ XZ/n is orientable for any induced
action Z/n ⇢ S1.

criterion. If X is totally nonhomologous to zero in X
S

1

(over Q) and
H⇤(X) does not have 2-torsion, then any connected component F ⇢ XZ/n is
orientable.

Recall that X is totally nonhomologous to zero over Q in X
S

1

if and
only if the Serre spectral sequence

H⇤(BS1;H⇤(X; Q)) ) H⇤(X
S

1

; Q)

degenerates at the E
2

-term. The reader can find a complete discussion
about this in [12, Chapter VII, Theorem 1.6].

lemma a .1. Let X be as above. We consider on X the induced cyclic group
action Z/2r ⇢ S1. Then the following equalities hold:

bev(X
Z/2

r

) = rkHev(XZ/2

r

; F
2

) = rkHev(X; F
2

) = bev(X), and

bodd(X
Z/2

r

) = rkHodd(XZ/2

r

; F
2

) = rkHodd(X; F
2

) = bodd(X).

proof. Let us fix a prime q large enough such that

• XZ/q = XS

1 ,

• XZ/2

r has no q-torsion,

• XS

1 has no q-torsion.

It follows by [12, Chapter VII, Theorem 2.2] that for any closed smooth
oriented manifold Z with smooth S1-action

rkHev(ZZ/2; F
2

) 6 rkHev(Z; F
2

), and

rkHodd(ZZ/2; F
2

) 6 rkHodd(Z; F
2

).

By induction, one can show that

rkHev(ZZ/2

r

; F
2

) 6 rkHev(Z; F
2

), and

rkHodd(ZZ/2

r

; F
2

) 6 rkHodd(Z; F
2

).

103



104 note on orientability of fixed point components

Therefore, we have the following inequalities:

bev(X
S

1

) = rkHev(XS

1

; F
q

)

= rkHev((XZ/2

r

)Z/q; F
q

)

6 rkHev(XZ/2

r

; F
q

) = bev(X
Z/2

r

)

6 rkHev(XZ/2

r

; F
2

)

6 rkHev(X; F
2

) = bev(X).

The same holds in odd dimensions. Since bev(XS

1

) = bev(X) and
bodd(X

S

1

) = bodd(X), all the above inequalities are in fact equalities,
and this concludes the proof of the lemma.

lemma a .2. Any fixed point component of XZ/2

r is orientable.

proof. By Lemma A.1 we know that

bev(X
Z/2

r

) = rkHev(XZ/2

r

; F
2

), and

bodd(X
Z/2

r

) = rkHodd(XZ/2

r

; F
2

).

This implies in particular that H⇤(XZ/2

r

) does not have 2-torsion. By
[25, Chapter 3, Corollary 3.28] our result follows.

proof of the criterion. Let F be the fixed point component of
the induced Z/n ⇢ S1 action. We decomposes the Z/n-action as fol-
low. Write n = 2rk where k is an odd number, then the connected
components of XZ/2

r are orientable by Lemma A.2. Furthermore,
XZ/2

r is equipped with a Z/k-action such that

(XZ/2

r

)Z/k = XZ/n.

This implies that F is a fixed point component of a Z/k-action on a
certain orientable connected component Y ✓ XZ/2

r . Since Y is an ori-
entable manifold and since the Z/k-action induces a complex struc-
ture on the normal bundle of F in Y, we have that F is an orientable
manifold.



B
M AT H E M AT I C Ar C O M P U TAT I O N S

In this chapter, we explain how to read the following Mathematicar

computations. To do so, we use the computations of Lemma 6.1 to
introduce the Mathematicar functions we used. The other computa-
tions in Section 6.1 and those in Sections 6.2 and 6.3 are very simi-
lar in essence, thus we used the same notations in the Mathematicar

computations. The version we used is the Wolfram Mathematicar 10

running on Mac OS X Yosemite.
In Lemma 6.1, we were first interested to compute the local datum

at Y
1

and Y
2

of x5 in order to apply the Atiyah-Bott integration, i.e.
Z

X

5

(d)
x5 = µ(x5, Y

1

) + µ(x5, Y
2

),

where µ(x5, Y
i

) denotes the local datum at Y
i

of x5. Let us explain the
Mathematicar computations that we did for µ(x5, Y

1

). The computa-
tions for µ(x5, Y

2

) uses the same Mathematicar functions.
Recall that the local datum of x5 at Y

1

is given by

µ(x5, Y
1

) =

Z

Y

4

1

(r
1

x
1

+ l · z)5 e
S

1

(⌫
1

)-1.

We computed e
S

1

(⌫
1

)-1 by first identifying

e
S

1

(⌫
1

) = c
2

(⌫
1

)z+ c
1

(⌫
1

)z2 + z3.

Then we used the generator x
1

2 H2(Y
1

; Z) to write c
2

(⌫
1

) = c
1,2x

2

1

and c
1

(⌫
1

) = c
1,1x1 with c

1,j 2 Z. This allows us to consider e
S

1

(⌫
1

)
as a polynomial in x

1

with coefficients in the polynomial ring in z.
Thus, the inverse e

S

1

(⌫
1

)-1 is given by the following power series in
x
1

1

z3
-

c
1,1x1
z4

+
(c2

1,1 - c
1,2)x2

1

z5
.

To find this using Mathematica, we used the function Series.

This gives us the desired power series up to order 2 in x
1

. The higher
terms cancel in cohomology, thus are not needed. We will explain
later the use of the variable t. So far, the reader should not pay any
attention to it.
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106 mathematica

r
computations

Note that we used almost the same variables names in our com-
putation. The lower subscripts are not allowed in Mathematica, while
the upper subscripts are interpreted as powers. In the beginning of
each computation, we referenced the variables we use. The reader
will easily find his way through the notations.

If one now continues the computations of µ(x5, Y
1

), then we need
to expand the term

(r
1

x
1

+ l · z)5 .

This is done in Mathematicar with the function Expand.

We can now multiply the previous two solutions to get

(r
1

x
1

+ l · z)5 e
S

1

(⌫
1

)-1.

Since the integration
R
Y

1

considers only the term in degree 2 in x
1

,
we only need the coefficient of t2. Thus, we extract it using the Math-
ematicar function Coefficient

We finally need to integrate the variable x2
1

and extract the coeffi-
cients in l. Note that these two operations are independent and can
be done in any order. Thus we first extract the coefficients using the
function CoefficientList.

Finally, we evaluate x12 in 1 using the /. function.

The above vector is then stored in the variable µx5Y1. The computa-
tions for µx5Y2 are similar.



Computations for TheoremD.
The casewhere the fixed points are Y14U Y24.

Computations for Lemma 6.1. 
The case where the action is semi-free.

(""""""""""""""""""""""""""""""
NOTATIONS
ri xi denotes the restriction of x to Yi
ai are the Hopf weight at Yi
cij xij denotes the j#th Chern class of Yi
µx5Yi denotes the local datum of x5 at Yi

We use the variable t to extract the coefficient of order 2 of xi. We
then only evaluate xi2 to 1 or #1.
""""""""""""""""""""""""""""""

µx5Y1 =
FactorCoefficientList

CoefficientExpand(r1 x1 t + l z)5

Seriesc12 x12 t2 z + c11 x1 t z2 + z3#1, {x1, 0, 2}, t, 2, l .. x12 / 1

0, 0, 0, 10 r12, "5 c11 r1, c112 " c12

µx5Y2 =
FactorCoefficientList

CoefficientExpand(r2 x2 t + (a2 + l) z)5

Seriesc22 x22 t2 z + c21 x2 t z2 + z3#1, {x2, 0, 2}, t, 2, l .. x22 / #1

"a23 a22 c212 " a22 c22 " 5 a2 c21 r2 + 10 r22,

"5 a22 a22 c212 " a22 c22 " 4 a2 c21 r2 + 6 r22, "10 a2 a22 c212 " a22 c22 " 3 a2 c21 r2 + 3 r22,

"10 a22 c212 " a22 c22 " 2 a2 c21 r2 + r22, "5 a2 c212 " a2 c22 " c21 r2, "c212 + c22

(""""""""""""""""""""""""""""""
NOTATIONS
(yij + z) denotes the formal normal roots at Yi
µs1x3Yi denotes the local datum of p1(X)x3 at Yi
"""""""""""""""""""""""""""""")

SymmetricReductionExpand(y11 t + z)2 + (y12 t + z)2 + (y13 t + z)2,

{y11, y12, y13}, c11 x1, c12 x12, c13 x13

c112 t2 x12 " 2 c12 t2 x12 + 2 c11 t x1 z + 3 z2, 0

µs1x3Y1 =
FactorCoefficientList

CoefficientpY1 t2 + c112 t2 x12 # 2 c12 t2 x12 + 2 c11 t x1 z + 3 z2

Expand(r1 x1 t + l z)3 Seriesc12 x12 t2 z + c11 x1 t z2 + z3#1, {x1, 0, 2}, t, 2,

l .. x12 / 1

0, 9 r12, "3 c11 r1, 2 c112 " 5 c12 + pY1



SymmetricReductionExpand(y21 t + z)2 + (y22 t + z)2 + (y23 t + z)2,

{y21, y22, y23}, c21 x2, c22 x22, c23 x23

c212 t2 x22 " 2 c22 t2 x22 + 2 c21 t x2 z + 3 z2, 0

µs1x3Y2 =
FactorCoefficientList

CoefficientpY2 t2 + c212 t2 x22 # 2 c22 t2 x22 + 2 c21 t x2 z + 3 z2

Expand(r2 x2 t + (a2 + l) z)3 Seriesc22 x22 t2 z + c21 x2 t z2 + z3#1, {x2, 0, 2},

t, 2, l .. x22 / #1

a2 "2 a22 c212 + 5 a22 c22 + a22 pY2 + 3 a2 c21 r2 " 9 r22,

3 "2 a22 c212 + 5 a22 c22 + a22 pY2 + 2 a2 c21 r2 " 3 r22,

3 "2 a2 c212 + 5 a2 c22 + a2 pY2 + c21 r2, "2 c212 + 5 c22 + pY2

(""""""""""""""""""""""""""""""
We now sum the local datum at Y1 and Y2
"""""""""""""""""""""""""""""")

Factor[µx5Y1 + µx5Y2]

"a23 a22 c212 " a22 c22 " 5 a2 c21 r2 + 10 r22,

"5 a22 a22 c212 " a22 c22 " 4 a2 c21 r2 + 6 r22, "10 a2 a22 c212 " a22 c22 " 3 a2 c21 r2 + 3 r22,

10 "a22 c212 + a22 c22 + r12 + 2 a2 c21 r2 " r22,

"5 a2 c212 " a2 c22 + c11 r1 " c21 r2, c112 " c12 " c212 + c22

Factor[µs1x3Y1 + µs1x3Y2]

"a2 2 a22 c212 " 5 a22 c22 " a22 pY2 " 3 a2 c21 r2 + 9 r22,

3 "2 a22 c212 + 5 a22 c22 + a22 pY2 + 3 r12 + 2 a2 c21 r2 " 3 r22,

"3 2 a2 c212 " 5 a2 c22 " a2 pY2 + c11 r1 " c21 r2, 2 c112 " 5 c12 " 2 c212 + 5 c22 + pY1 + pY2

Solve

d 4 #a23 a22 c212 # a22 c22 # 5 a2 c21 r2 + 10 r22,

0 4 #5 a22 a22 c212 # a22 c22 # 4 a2 c21 r2 + 6 r22,

0 4 #10 a2 a22 c212 # a22 c22 # 3 a2 c21 r2 + 3 r22,

0 4 10 #a22 c212 + a22 c22 + r12 + 2 a2 c21 r2 # r22,

0 4 #5 a2 c212 # a2 c22 + c11 r1 # c21 r2,

0 4 c112 # c12 # c212 + c22
,

{d, r2, c11, c12, c21, c22}

(""""""""""""""""""""""""""""""
The coefficients in l gives us a system of equations.
"""""""""""""""""""""""""""""")

2     Complex 5-dimensional complete intersection. Case 1.nb



Solve

d 4 #a23 a22 c212 # a22 c22 # 5 a2 c21 r2 + 10 r22,

0 4 #5 a22 a22 c212 # a22 c22 # 4 a2 c21 r2 + 6 r22,

0 4 #10 a2 a22 c212 # a22 c22 # 3 a2 c21 r2 + 3 r22,

0 4 10 #a22 c212 + a22 c22 + r12 + 2 a2 c21 r2 # r22,

0 4 #5 a2 c212 # a2 c22 + c11 r1 # c21 r2,

0 4 c112 # c12 # c212 + c22
,

{d, r2, c11, c12, c21, c22}

d ( "a23 r12, r2 ( "r1, c11 ( "
3 r1

a2
, c12 (

3 r12

a22
, c21 ( "

3 r1

a2
, c22 (

3 r12

a22
,

d ( "a23 r12, r2 ( r1, c11 ( "
3 r1

a2
, c12 (

3 r12

a22
, c21 (

3 r1

a2
, c22 (

3 r12

a22


Solve
(""""""""""""""""""""""""""""""
The following equations are a copy paste of the equations above
"""""""""""""""""""""""""""""")

d 4 #a23 a22 c212 # a22 c22 # 5 a2 c21 r2 + 10 r22,

0 4 #5 a22 a22 c212 # a22 c22 # 4 a2 c21 r2 + 6 r22,

0 4 #10 a2 a22 c212 # a22 c22 # 3 a2 c21 r2 + 3 r22,

0 4 10 #a22 c212 + a22 c22 + r12 + 2 a2 c21 r2 # r22,

0 4 #5 a2 c212 # a2 c22 + c11 r1 # c21 r2,

0 4 c112 # c12 # c212 + c22,
(""""""""""""""""""""""""""""""
The following equations are given by the integration of p1(X)x3 locally
"""""""""""""""""""""""""""""")

p d 4 #a2 2 a22 c212 # 5 a22 c22 # a22 pY2 # 3 a2 c21 r2 + 9 r22,

0 4 3 #2 a22 c212 + 5 a22 c22 + a22 pY2 + 3 r12 + 2 a2 c21 r2 # 3 r22,

0 4 #3 2 a2 c212 # 5 a2 c22 # a2 pY2 + c11 r1 # c21 r2,

0 4 2 c112 # 5 c12 # 2 c212 + 5 c22 + pY1 + pY2,
pY1 4 3,
pY2 4 #3

,

{p, d, pY1, pY2, c21, c22, c11, c12, r1, r2}

{d ( 0, pY1 ( 3, pY2 ( "3, c21 ( "1, c22 ( 1, c11 ( "1, c12 ( 1, r1 ( 0, r2 ( 0},

{d ( 0, pY1 ( 3, pY2 ( "3, c21 ( "1, c22 ( 1, c11 ( 1, c12 ( 1, r1 ( 0, r2 ( 0},
{d ( 0, pY1 ( 3, pY2 ( "3, c21 ( 1, c22 ( 1, c11 ( "1, c12 ( 1, r1 ( 0, r2 ( 0},
{d ( 0, pY1 ( 3, pY2 ( "3, c21 ( 1, c22 ( 1, c11 ( 1, c12 ( 1, r1 ( 0, r2 ( 0},

p (
6

a22
, d ( "a25, pY1 ( 3, pY2 ( "3, c21 ( "3, c22 ( 3, c11 ( "3, c12 ( 3,

r1 ( a2, r2 ( "a2, p (
6

a22
, d ( "a25, pY1 ( 3, pY2 ( "3, c21 ( "3, c22 ( 3,

c11 ( 3, c12 ( 3, r1 ( "a2, r2 ( "a2, p (
6

a22
, d ( "a25, pY1 ( 3, pY2 ( "3,

c21 ( 3, c22 ( 3, c11 ( "3, c12 ( 3, r1 ( a2, r2 ( a2, p (
6

a22
, d ( "a25,

pY1 ( 3, pY2 ( "3, c21 ( 3, c22 ( 3, c11 ( 3, c12 ( 3, r1 ( "a2, r2 ( a2

Computations for Lemma 6.4. 
The case where there exists N6 s.t. Fix(N) = Y14U Y24.
Case A where the normal weights are (n1, 1, 1).
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Computations for Lemma 6.4. 
The case where there exists N6 s.t. Fix(N) = Y14U Y24.
Case A where the normal weights are (n1, 1, 1).

(""""""""""""""""""""""""""""""
NOTATIONS
ri xi denotes the restriction of x to Yi
ai are the Hopf weight at Yi
cij xij denotes the j#th Chern class of Yi
cin1 xi denotes the first Chern class of the normal bundle of Yi in
the direction of N1
µx5YiA denotes the local datum of x5 at Yi

We use the variable t to extract the coefficient of order 2 of xi. We
then only evaluate xi2 to 1 or #1.
"""""""""""""""""""""""""""""")

µx5Y1A =
FactorCoefficientList

CoefficientExpand(r1 x1 t + l z)5 Series(c1n1 x1 t + n1 z)#1, {x1, 0, 2}

Seriesc12 x12 t2 + c11 x1 t z + z2#1, {x1, 0, 2}, t, 2, l .. x1^2 / 1

0, 0, 0,
10 r12

n1
, "

5 (c1n1 + c11 n1) r1

n12
,
c1n12 + c11 c1n1 n1 + c112 n12 " c12 n12

n13


µx5Y2A =
FactorCoefficientList

CoefficientExpand(r2 x2 t + (a2 + l) z)5 Series(c2n1 x2 t + n1 z)#1, {x2, 0, 2}

Seriesc22 x22 t2 + c21 x2 t z + z2#1, {x2, 0, 2}, t, 2, l .. x2^2 / #1

"
1

n13
a23 a22 c2n12 + a22 c21 c2n1 n1 +

a22 c212 n12 " a22 c22 n12 " 5 a2 c2n1 n1 r2 " 5 a2 c21 n12 r2 + 10 n12 r22,

"
1

n13
5 a22 a22 c2n12 + a22 c21 c2n1 n1 + a22 c212 n12 " a22 c22 n12 "

4 a2 c2n1 n1 r2 " 4 a2 c21 n12 r2 + 6 n12 r22,

"
1

n13
10 a2 a22 c2n12 + a22 c21 c2n1 n1 + a22 c212 n12 " a22 c22 n12 "

3 a2 c2n1 n1 r2 " 3 a2 c21 n12 r2 + 3 n12 r22,

"
1

n13
10 a22 c2n12 + a22 c21 c2n1 n1 + a22 c212 n12 " a22 c22 n12 "

2 a2 c2n1 n1 r2 " 2 a2 c21 n12 r2 + n12 r22,

"
1

n13
5 a2 c2n12 + a2 c21 c2n1 n1 + a2 c212 n12 " a2 c22 n12 " c2n1 n1 r2 " c21 n12 r2,

"
c2n12 + c21 c2n1 n1 + c212 n12 " c22 n12

n13


(""""""""""""""""""""""""""""""
NOTATIONS
(yij + z) denotes the formal normal roots at Yi in the direction
perpedicular to N1
µs1x3YiA denotes the local datum of p1(X)x3 at Yi
"""""""""""""""""""""""""""""")

SymmetricReductionExpand(y11 t + z)2 + (y12 t + z)2, {y11, y12}, c11 x1, c12 x12

c112 t2 x12 " 2 c12 t2 x12 + 2 c11 t x1 z + 2 z2, 0
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µs1x3Y1A =
FactorCoefficientList

CoefficientpY1 t2 + (c1n1 x1 t + n1 z)2 + c112 t2 x12 # 2 c12 t2 x12 + 2 c11 t x1 z + 2 z2

Expand(r1 x1 t + l z)3 Series(c1n1 x1 t + n1 z)#1, {x1, 0, 2}

Seriesc12 x12 t2 + c11 x1 t z + z2#1, {x1, 0, 2}, t, 2, l .. x1^2 / 1

0,
3 2 + n12 r12

n1
,
3 "2 c1n1 + c1n1 n12 " c11 n13 r1

n12
,

1

n13
2 c1n12 + c112 n12 " 4 c12 n12 " c11 c1n1 n13 + c112 n14 " c12 n14 + n12 pY1

SymmetricReductionExpand(y21 t + z)2 + (y22 t + z)2, {y21, y22}, c21 x2, c22 x22

c212 t2 x22 " 2 c22 t2 x22 + 2 c21 t x2 z + 2 z2, 0

µs1x3Y2A =
FactorCoefficientList

CoefficientpY2 t2 + (c2n1 x2 t + n1 z)2 + c212 t2 x22 # 2 c22 t2 x22 + 2 c21 t x2 z + 2 z2

Expand(r2 x2 t + (a2 + l) z)3 Series(c2n1 x2 t + n1 z)#1, {x2, 0, 2}

Seriesc22 x22 t2 + c21 x2 t z + z2#1, {x2, 0, 2}, t, 2, l .. x2^2 / #1


1

n13
a2 "2 a22 c2n12 " a22 c212 n12 + 4 a22 c22 n12 + a22 c21 c2n1 n13 " a22 c212 n14 + a22 c22 n14 +

a22 n12 pY2 + 6 a2 c2n1 n1 r2 " 3 a2 c2n1 n13 r2 + 3 a2 c21 n14 r2 " 6 n12 r22 " 3 n14 r22,

1

n13
3 "2 a22 c2n12 " a22 c212 n12 + 4 a22 c22 n12 + a22 c21 c2n1 n13 " a22 c212 n14 + a22 c22 n14 +

a22 n12 pY2 + 4 a2 c2n1 n1 r2 " 2 a2 c2n1 n13 r2 + 2 a2 c21 n14 r2 " 2 n12 r22 " n14 r22,

1

n13
3 "2 a2 c2n12 " a2 c212 n12 + 4 a2 c22 n12 + a2 c21 c2n1 n13 " a2 c212 n14 +

a2 c22 n14 + a2 n12 pY2 + 2 c2n1 n1 r2 " c2n1 n13 r2 + c21 n14 r2,

1

n13
"2 c2n12 " c212 n12 + 4 c22 n12 + c21 c2n1 n13 " c212 n14 + c22 n14 + n12 pY2

µx5Y1A + µx5Y2A

"
1

n13
a23 a22 c2n12 + a22 c21 c2n1 n1 +

a22 c212 n12 " a22 c22 n12 " 5 a2 c2n1 n1 r2 " 5 a2 c21 n12 r2 + 10 n12 r22,

"
1

n13
5 a22 a22 c2n12 + a22 c21 c2n1 n1 + a22 c212 n12 " a22 c22 n12 "

4 a2 c2n1 n1 r2 " 4 a2 c21 n12 r2 + 6 n12 r22,

"
1

n13
10 a2 a22 c2n12 + a22 c21 c2n1 n1 + a22 c212 n12 " a22 c22 n12 "

3 a2 c2n1 n1 r2 " 3 a2 c21 n12 r2 + 3 n12 r22,

10 r12

n1
"

1

n13
10 a22 c2n12 + a22 c21 c2n1 n1 + a22 c212 n12 " a22 c22 n12 "

2 a2 c2n1 n1 r2 " 2 a2 c21 n12 r2 + n12 r22, "
5 (c1n1 + c11 n1) r1

n12
"

1

n13
5 a2 c2n12 + a2 c21 c2n1 n1 + a2 c212 n12 " a2 c22 n12 " c2n1 n1 r2 " c21 n12 r2,

c1n12 + c11 c1n1 n1 + c112 n12 " c12 n12

n13
"

c2n12 + c21 c2n1 n1 + c212 n12 " c22 n12

n13

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µs1x3Y1A + µs1x3Y2A


1

n13
a2 "2 a22 c2n12 " a22 c212 n12 + 4 a22 c22 n12 + a22 c21 c2n1 n13 " a22 c212 n14 + a22 c22 n14 +

a22 n12 pY2 + 6 a2 c2n1 n1 r2 " 3 a2 c2n1 n13 r2 + 3 a2 c21 n14 r2 " 6 n12 r22 " 3 n14 r22,

3 2 + n12 r12

n1
+

1

n13
3 "2 a22 c2n12 " a22 c212 n12 + 4 a22 c22 n12 + a22 c21 c2n1 n13 "

a22 c212 n14 + a22 c22 n14 + a22 n12 pY2 + 4 a2 c2n1 n1 r2 " 2 a2 c2n1 n13 r2 +

2 a2 c21 n14 r2 " 2 n12 r22 " n14 r22,
3 "2 c1n1 + c1n1 n12 " c11 n13 r1

n12
+

1

n13
3 "2 a2 c2n12 " a2 c212 n12 + 4 a2 c22 n12 + a2 c21 c2n1 n13 " a2 c212 n14 +

a2 c22 n14 + a2 n12 pY2 + 2 c2n1 n1 r2 " c2n1 n13 r2 + c21 n14 r2,

1

n13
2 c1n12 + c112 n12 " 4 c12 n12 " c11 c1n1 n13 + c112 n14 " c12 n14 + n12 pY1 +

1

n13
"2 c2n12 " c212 n12 + 4 c22 n12 + c21 c2n1 n13 " c212 n14 + c22 n14 + n12 pY2

FactorSolve

d 4

#
1

n13
a23 a22 c2n12 + a22 c21 c2n1 n1 + a22 c212 n12 # a22 c22 n12 # 5 a2 c2n1 n1 r2 #

5 a2 c21 n12 r2 + 10 n12 r22,
0 4

#
1

n13
5 a22 a22 c2n12 + a22 c21 c2n1 n1 + a22 c212 n12 # a22 c22 n12 # 4 a2 c2n1 n1 r2 #

4 a2 c21 n12 r2 + 6 n12 r22,
0 4

#
1

n13
10 a2 a22 c2n12 + a22 c21 c2n1 n1 + a22 c212 n12 # a22 c22 n12 # 3 a2 c2n1 n1 r2 #

3 a2 c21 n12 r2 + 3 n12 r22,
0 4

10 r12

n1
#

1

n13
10 a22 c2n12 + a22 c21 c2n1 n1 + a22 c212 n12 # a22 c22 n12 # 2 a2 c2n1 n1 r2 #

2 a2 c21 n12 r2 + n12 r22

, {d, c22, r2, r1}

d ( 0, c22 (
c2n12 + c21 c2n1 n1 + c212 n12

n12
, r2 ( 0, r1 ( 0,

d ( "
a25 (c2n1 + c21 n1)2

9 n13
, c22 (

c2n12 " c21 c2n1 n1 + c212 n12

3 n12
,

r2 (
a2 (c2n1 + c21 n1)

3 n1
, r1 ( "

a2 (c2n1 + c21 n1)

3 n1
, d ( "

a25 (c2n1 + c21 n1)2

9 n13
,

c22 (
c2n12 " c21 c2n1 n1 + c212 n12

3 n12
, r2 (

a2 (c2n1 + c21 n1)

3 n1
, r1 (

a2 (c2n1 + c21 n1)

3 n1


6     Complex 5-dimensional complete intersection. Case 1.nb



FactorSolve

(""""""""""""""""""""""""""""""
The following equations are the second and third solutions of the above system
"""""""""""""""""""""""""""""")

d 4 #
a25 (c2n1 + c21 n1)2

9 n13
, c22 4

c2n12 # c21 c2n1 n1 + c212 n12

3 n12
, r2 4

a2 (c2n1 + c21 n1)

3 n1
,

r12 4 r22, pY1 4 3, pY2 4 #3,
(""""""""""""""""""""""""""""""

In addition, we have the equation given by integrating locally p1(X)x3

"""""""""""""""""""""""""""""")
p d 4

1

n13
a2 #2 a22 c2n12 # a22 c212 n12 + 4 a22 c22 n12 + a22 c21 c2n1 n13 # a22 c212 n14 +

a22 c22 n14 + a22 n12 pY2 + 6 a2 c2n1 n1 r2 # 3 a2 c2n1 n13 r2 + 3 a2 c21 n14 r2 #

6 n12 r22 # 3 n14 r22,
(""""""""""""""""""""""""""""""
Furthermore, the following equations are given by Lemma 6.3
"""""""""""""""""""""""""""""")

0 4
3 r12

n1
#
3 (a2 c2n1 # n1 r2)2

n13
,

0 4 #
3 c1n1 r1

n12
#
3 c2n1 (a2 c2n1 # n1 r2)

n13
,

0 4
c1n12

n13
#
c2n12

n13

, {p, d, pY1, pY2, c2n1, c21, c22, r1, r2}

p (
"c1n12 + 12 n12 + 4 c1n12 n12

a22 c1n12
, d ( "

a25 c1n12

4 n13
, pY1 ( 3, pY2 ( "3,

c2n1 ( "c1n1, c21 ( "
c1n1

2 n1
, c22 (

c1n12

4 n12
, r1 ( "

a2 c1n1

2 n1
, r2 ( "

a2 c1n1

2 n1
,

p (
"c1n12 + 12 n12 + 4 c1n12 n12

a22 c1n12
, d ( "

a25 c1n12

4 n13
, pY1 ( 3, pY2 ( "3,

c2n1 ( c1n1, c21 (
c1n1

2 n1
, c22 (

c1n12

4 n12
, r1 ( "

a2 c1n1

2 n1
, r2 (

a2 c1n1

2 n1

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Computations for Lemma 6.4. 
The case where there exists N1

6 and N2
6 s.t. 

Fix(Ni) = Y14U Y24.
Case B where the normal weights are (n1, n2, 1).

(""""""""""""""""""""""""""""""
NOTATIONS
ri xi denotes the restriction of x to Yi
ai are the Hopf weight at Yi
cij xij denotes the j#th Chern class of Yi
cin1 xi denotes the first Chern class of the normal bundle of Yi in
the direction of N1
cin2 xi denotes the first Chern class of the normal bundle of Yi in
the direction of N2
µx5YiB denotes the local datum of x5 at Yi

We use the variable t to extract the coefficient of order 2 of xi. We
then only evaluate xi2 to 1 or #1.
""""""""""""""""""""""""""""")

µx5Y1B =
FactorCoefficientList

CoefficientExpand(r1 x1 t + l z)5 Series(c1n1 x1 t + n1 z)#1, {x1, 0, 2}

Series(c1n2 x1 t + n2 z)#1, {x1, 0, 2} Series(c11 x1 t + z)#1, {x1, 0, 2}, t, 2,

l .. x1^2 / 1

0, 0, 0,
10 r12

n1 n2
, "

5 (c1n2 n1 + c1n1 n2 + c11 n1 n2) r1

n12 n22
,

c1n22 n12 + c1n1 c1n2 n1 n2 + c11 c1n2 n12 n2 + c1n12 n22 + c11 c1n1 n1 n22 + c112 n12 n22

n13 n23


8     Complex 5-dimensional complete intersection. Case 1.nb



µx5Y2B =
FactorCoefficientList

CoefficientExpand(r2 x2 t + (a2 + l) z)5 Series(c2n1 x2 t + n1 z)#1, {x2, 0, 2}

Series(c2n2 x2 t + n2 z)#1, {x2, 0, 2} Series(c21 x2 t + z)#1, {x2, 0, 2}, t, 2,

l .. x2^2 / #1

"
1

n13 n23
a23 a22 c2n22 n12 + a22 c2n1 c2n2 n1 n2 +

a22 c21 c2n2 n12 n2 + a22 c2n12 n22 + a22 c21 c2n1 n1 n22 + a22 c212 n12 n22 "

5 a2 c2n2 n12 n2 r2 " 5 a2 c2n1 n1 n22 r2 " 5 a2 c21 n12 n22 r2 + 10 n12 n22 r22,

"
1

n13 n23
5 a22 a22 c2n22 n12 + a22 c2n1 c2n2 n1 n2 + a22 c21 c2n2 n12 n2 +

a22 c2n12 n22 + a22 c21 c2n1 n1 n22 + a22 c212 n12 n22 " 4 a2 c2n2 n12 n2 r2 "

4 a2 c2n1 n1 n22 r2 " 4 a2 c21 n12 n22 r2 + 6 n12 n22 r22,

"
1

n13 n23
10 a2 a22 c2n22 n12 + a22 c2n1 c2n2 n1 n2 + a22 c21 c2n2 n12 n2 +

a22 c2n12 n22 + a22 c21 c2n1 n1 n22 + a22 c212 n12 n22 " 3 a2 c2n2 n12 n2 r2 "

3 a2 c2n1 n1 n22 r2 " 3 a2 c21 n12 n22 r2 + 3 n12 n22 r22,

"
1

n13 n23
10 a22 c2n22 n12 + a22 c2n1 c2n2 n1 n2 + a22 c21 c2n2 n12 n2 + a22 c2n12 n22 +

a22 c21 c2n1 n1 n22 + a22 c212 n12 n22 " 2 a2 c2n2 n12 n2 r2 "

2 a2 c2n1 n1 n22 r2 " 2 a2 c21 n12 n22 r2 + n12 n22 r22,

"
1

n13 n23
5 a2 c2n22 n12 + a2 c2n1 c2n2 n1 n2 + a2 c21 c2n2 n12 n2 + a2 c2n12 n22 +

a2 c21 c2n1 n1 n22 + a2 c212 n12 n22 " c2n2 n12 n2 r2 " c2n1 n1 n22 r2 " c21 n12 n22 r2,

"
c2n22 n12 + c2n1 c2n2 n1 n2 + c21 c2n2 n12 n2 + c2n12 n22 + c21 c2n1 n1 n22 + c212 n12 n22

n13 n23


(""""""""""""""""""""""""""""""
NOTATIONS
µs1x3YiB denotes the local datum of p1(X)x3 at Yi
"""""""""""""""""""""""""""""")

µs1x3Y1B =
FactorCoefficientList

CoefficientpY1 t2 + (c1n1 x1 t + n1 z)2 + (c1n2 x1 t + n2 z)2 + (c11 x1 t + z)2

Expand(r1 x1 t + l z)3 Series(c1n1 x1 t + n1 z)#1, {x1, 0, 2}

Series(c1n2 x1 t + n2 z)#1, {x1, 0, 2} Series(c11 x1 t + z)#1, {x1, 0, 2}, t, 2,

l .. x1^2 / 1

0,
3 1 + n12 + n22 r12

n1 n2
,

"
1

n12 n22
3 c1n2 n1 + c1n2 n13 + c1n1 n2 " c11 n1 n2 " c1n1 n12 n2 + c11 n13 n2 "

c1n2 n1 n22 + c1n1 n23 + c11 n1 n23 r1,

1

n13 n23
c1n22 n12 + c1n22 n14 + c1n1 c1n2 n1 n2 " c11 c1n2 n12 n2 " c1n1 c1n2 n13 n2 +

c11 c1n2 n14 n2 + c1n12 n22 " c11 c1n1 n1 n22 " c11 c1n1 n13 n22 + c112 n14 n22 "

c1n1 c1n2 n1 n23 " c11 c1n2 n12 n23 + c1n12 n24 + c11 c1n1 n1 n24 + c112 n12 n24 + n12 n22 pY1
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µs1x3Y2B =
FactorCoefficientList

CoefficientpY2 t2 + (c2n1 x2 t + n1 z)2 + (c2n2 x2 t + n2 z)2 + (c21 x2 t + z)2

Expand(r2 x2 t + (a2 + l) z)3 Series(c2n1 x2 t + n1 z)#1, {x2, 0, 2}

Series(c2n2 x2 t + n2 z)#1, {x2, 0, 2} Series(c21 x2 t + z)#1, {x2, 0, 2}, t, 2,

l .. x2^2 / #1


1

n13 n23

a2 "a22 c2n22 n12 " a22 c2n22 n14 " a22 c2n1 c2n2 n1 n2 + a22 c21 c2n2 n12 n2 + a22 c2n1 c2n2

n13 n2 " a22 c21 c2n2 n14 n2 " a22 c2n12 n22 + a22 c21 c2n1 n1 n22 + a22 c21 c2n1 n13 n22 "
a22 c212 n14 n22 + a22 c2n1 c2n2 n1 n23 + a22 c21 c2n2 n12 n23 " a22 c2n12 n24 "
a22 c21 c2n1 n1 n24 " a22 c212 n12 n24 + a22 n12 n22 pY2 + 3 a2 c2n2 n12 n2 r2 +
3 a2 c2n2 n14 n2 r2 + 3 a2 c2n1 n1 n22 r2 " 3 a2 c21 n12 n22 r2 " 3 a2 c2n1 n13 n22 r2 +
3 a2 c21 n14 n22 r2 " 3 a2 c2n2 n12 n23 r2 + 3 a2 c2n1 n1 n24 r2 +

3 a2 c21 n12 n24 r2 " 3 n12 n22 r22 " 3 n14 n22 r22 " 3 n12 n24 r22,

1

n13 n23
3 "a22 c2n22 n12 " a22 c2n22 n14 " a22 c2n1 c2n2 n1 n2 + a22 c21 c2n2 n12 n2 +

a22 c2n1 c2n2 n13 n2 " a22 c21 c2n2 n14 n2 " a22 c2n12 n22 + a22 c21 c2n1 n1 n22 +
a22 c21 c2n1 n13 n22 " a22 c212 n14 n22 + a22 c2n1 c2n2 n1 n23 +
a22 c21 c2n2 n12 n23 " a22 c2n12 n24 " a22 c21 c2n1 n1 n24 " a22 c212 n12 n24 +
a22 n12 n22 pY2 + 2 a2 c2n2 n12 n2 r2 + 2 a2 c2n2 n14 n2 r2 + 2 a2 c2n1 n1 n22 r2 "
2 a2 c21 n12 n22 r2 " 2 a2 c2n1 n13 n22 r2 + 2 a2 c21 n14 n22 r2 " 2 a2 c2n2 n12 n23 r2 +

2 a2 c2n1 n1 n24 r2 + 2 a2 c21 n12 n24 r2 " n12 n22 r22 " n14 n22 r22 " n12 n24 r22,

1

n13 n23
3 "a2 c2n22 n12 " a2 c2n22 n14 " a2 c2n1 c2n2 n1 n2 + a2 c21 c2n2 n12 n2 +

a2 c2n1 c2n2 n13 n2 " a2 c21 c2n2 n14 n2 " a2 c2n12 n22 + a2 c21 c2n1 n1 n22 +
a2 c21 c2n1 n13 n22 " a2 c212 n14 n22 + a2 c2n1 c2n2 n1 n23 + a2 c21 c2n2 n12 n23 "
a2 c2n12 n24 " a2 c21 c2n1 n1 n24 " a2 c212 n12 n24 + a2 n12 n22 pY2 +
c2n2 n12 n2 r2 + c2n2 n14 n2 r2 + c2n1 n1 n22 r2 " c21 n12 n22 r2 " c2n1 n13 n22 r2 +

c21 n14 n22 r2 " c2n2 n12 n23 r2 + c2n1 n1 n24 r2 + c21 n12 n24 r2,

1

n13 n23
"c2n22 n12 " c2n22 n14 " c2n1 c2n2 n1 n2 + c21 c2n2 n12 n2 + c2n1 c2n2 n13 n2 "

c21 c2n2 n14 n2 " c2n12 n22 + c21 c2n1 n1 n22 + c21 c2n1 n13 n22 " c212 n14 n22 +

c2n1 c2n2 n1 n23 + c21 c2n2 n12 n23 " c2n12 n24 " c21 c2n1 n1 n24 " c212 n12 n24 + n12 n22 pY2

10     Complex 5-dimensional complete intersection. Case 1.nb



Factor[µx5Y1B + µx5Y2B]

"
1

n13 n23
a23 a22 c2n22 n12 + a22 c2n1 c2n2 n1 n2 +

a22 c21 c2n2 n12 n2 + a22 c2n12 n22 + a22 c21 c2n1 n1 n22 + a22 c212 n12 n22 "

5 a2 c2n2 n12 n2 r2 " 5 a2 c2n1 n1 n22 r2 " 5 a2 c21 n12 n22 r2 + 10 n12 n22 r22,

"
1

n13 n23
5 a22 a22 c2n22 n12 + a22 c2n1 c2n2 n1 n2 + a22 c21 c2n2 n12 n2 +

a22 c2n12 n22 + a22 c21 c2n1 n1 n22 + a22 c212 n12 n22 " 4 a2 c2n2 n12 n2 r2 "

4 a2 c2n1 n1 n22 r2 " 4 a2 c21 n12 n22 r2 + 6 n12 n22 r22,

"
1

n13 n23
10 a2 a22 c2n22 n12 + a22 c2n1 c2n2 n1 n2 + a22 c21 c2n2 n12 n2 +

a22 c2n12 n22 + a22 c21 c2n1 n1 n22 + a22 c212 n12 n22 " 3 a2 c2n2 n12 n2 r2 "

3 a2 c2n1 n1 n22 r2 " 3 a2 c21 n12 n22 r2 + 3 n12 n22 r22,

1

n13 n23
10 "a22 c2n22 n12 " a22 c2n1 c2n2 n1 n2 " a22 c21 c2n2 n12 n2 "

a22 c2n12 n22 " a22 c21 c2n1 n1 n22 " a22 c212 n12 n22 + n12 n22 r12 +

2 a2 c2n2 n12 n2 r2 + 2 a2 c2n1 n1 n22 r2 + 2 a2 c21 n12 n22 r2 " n12 n22 r22,

"
1

n13 n23
5 a2 c2n22 n12 + a2 c2n1 c2n2 n1 n2 + a2 c21 c2n2 n12 n2 + a2 c2n12 n22 +

a2 c21 c2n1 n1 n22 + a2 c212 n12 n22 + c1n2 n12 n2 r1 + c1n1 n1 n22 r1 +

c11 n12 n22 r1 " c2n2 n12 n2 r2 " c2n1 n1 n22 r2 " c21 n12 n22 r2,
1

n13 n23

c1n22 n12 " c2n22 n12 + c1n1 c1n2 n1 n2 " c2n1 c2n2 n1 n2 + c11 c1n2 n12 n2 "

c21 c2n2 n12 n2 + c1n12 n22 " c2n12 n22 + c11 c1n1 n1 n22 "

c21 c2n1 n1 n22 + c112 n12 n22 " c212 n12 n22
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Factor[µs1x3Y1B + µs1x3Y2B]

"
1

n13 n23

a2 a22 c2n22 n12 + a22 c2n22 n14 + a22 c2n1 c2n2 n1 n2 " a22 c21 c2n2 n12 n2 " a22 c2n1 c2n2

n13 n2 + a22 c21 c2n2 n14 n2 + a22 c2n12 n22 " a22 c21 c2n1 n1 n22 " a22 c21 c2n1 n13 n22 +
a22 c212 n14 n22 " a22 c2n1 c2n2 n1 n23 " a22 c21 c2n2 n12 n23 + a22 c2n12 n24 +
a22 c21 c2n1 n1 n24 + a22 c212 n12 n24 " a22 n12 n22 pY2 " 3 a2 c2n2 n12 n2 r2 "
3 a2 c2n2 n14 n2 r2 " 3 a2 c2n1 n1 n22 r2 + 3 a2 c21 n12 n22 r2 + 3 a2 c2n1 n13 n22 r2 "
3 a2 c21 n14 n22 r2 + 3 a2 c2n2 n12 n23 r2 " 3 a2 c2n1 n1 n24 r2 "

3 a2 c21 n12 n24 r2 + 3 n12 n22 r22 + 3 n14 n22 r22 + 3 n12 n24 r22,

1

n13 n23
3 "a22 c2n22 n12 " a22 c2n22 n14 " a22 c2n1 c2n2 n1 n2 + a22 c21 c2n2 n12 n2 +

a22 c2n1 c2n2 n13 n2 " a22 c21 c2n2 n14 n2 " a22 c2n12 n22 + a22 c21 c2n1 n1 n22 +
a22 c21 c2n1 n13 n22 " a22 c212 n14 n22 + a22 c2n1 c2n2 n1 n23 + a22 c21 c2n2 n12 n23 "
a22 c2n12 n24 " a22 c21 c2n1 n1 n24 " a22 c212 n12 n24 + a22 n12 n22 pY2 + n12 n22 r12 +
n14 n22 r12 + n12 n24 r12 + 2 a2 c2n2 n12 n2 r2 + 2 a2 c2n2 n14 n2 r2 + 2 a2 c2n1 n1 n22 r2 "
2 a2 c21 n12 n22 r2 " 2 a2 c2n1 n13 n22 r2 + 2 a2 c21 n14 n22 r2 " 2 a2 c2n2 n12 n23 r2 +

2 a2 c2n1 n1 n24 r2 + 2 a2 c21 n12 n24 r2 " n12 n22 r22 " n14 n22 r22 " n12 n24 r22,

"
1

n13 n23
3 a2 c2n22 n12 + a2 c2n22 n14 + a2 c2n1 c2n2 n1 n2 " a2 c21 c2n2 n12 n2 "

a2 c2n1 c2n2 n13 n2 + a2 c21 c2n2 n14 n2 + a2 c2n12 n22 " a2 c21 c2n1 n1 n22 "
a2 c21 c2n1 n13 n22 + a2 c212 n14 n22 " a2 c2n1 c2n2 n1 n23 " a2 c21 c2n2 n12 n23 +
a2 c2n12 n24 + a2 c21 c2n1 n1 n24 + a2 c212 n12 n24 " a2 n12 n22 pY2 +
c1n2 n12 n2 r1 + c1n2 n14 n2 r1 + c1n1 n1 n22 r1 " c11 n12 n22 r1 " c1n1 n13 n22 r1 +
c11 n14 n22 r1 " c1n2 n12 n23 r1 + c1n1 n1 n24 r1 + c11 n12 n24 r1 " c2n2 n12 n2 r2 "
c2n2 n14 n2 r2 " c2n1 n1 n22 r2 + c21 n12 n22 r2 + c2n1 n13 n22 r2 "

c21 n14 n22 r2 + c2n2 n12 n23 r2 " c2n1 n1 n24 r2 " c21 n12 n24 r2,

1

n13 n23
c1n22 n12 " c2n22 n12 + c1n22 n14 " c2n22 n14 + c1n1 c1n2 n1 n2 "

c2n1 c2n2 n1 n2 " c11 c1n2 n12 n2 + c21 c2n2 n12 n2 " c1n1 c1n2 n13 n2 +
c2n1 c2n2 n13 n2 + c11 c1n2 n14 n2 " c21 c2n2 n14 n2 + c1n12 n22 " c2n12 n22 "
c11 c1n1 n1 n22 + c21 c2n1 n1 n22 " c11 c1n1 n13 n22 + c21 c2n1 n13 n22 +
c112 n14 n22 " c212 n14 n22 " c1n1 c1n2 n1 n23 + c2n1 c2n2 n1 n23 "
c11 c1n2 n12 n23 + c21 c2n2 n12 n23 + c1n12 n24 " c2n12 n24 + c11 c1n1 n1 n24 "

c21 c2n1 n1 n24 + c112 n12 n24 " c212 n12 n24 + n12 n22 pY1 + n12 n22 pY2
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SimplifySolve

d 4 #
1

n13 n23
a23 a22 c2n22 n12 + a22 c2n1 c2n2 n1 n2 + a22 c21 c2n2 n12 n2 +

a22 c2n12 n22 + a22 c21 c2n1 n1 n22 + a22 c212 n12 n22 # 5 a2 c2n2 n12 n2 r2 #

5 a2 c2n1 n1 n22 r2 # 5 a2 c21 n12 n22 r2 + 10 n12 n22 r22,
0 4

#
1

n13 n23
5 a22 a22 c2n22 n12 + a22 c2n1 c2n2 n1 n2 + a22 c21 c2n2 n12 n2 +

a22 c2n12 n22 + a22 c21 c2n1 n1 n22 + a22 c212 n12 n22 # 4 a2 c2n2 n12 n2 r2 #

4 a2 c2n1 n1 n22 r2 # 4 a2 c21 n12 n22 r2 + 6 n12 n22 r22,

0 4 #
1

n13 n23
10 a2

a22 c2n22 n12 + a22 c2n1 c2n2 n1 n2 + a22 c21 c2n2 n12 n2 + a22 c2n12 n22 +

a22 c21 c2n1 n1 n22 + a22 c212 n12 n22 # 3 a2 c2n2 n12 n2 r2 # 3 a2 c2n1 n1 n22 r2 #

3 a2 c21 n12 n22 r2 + 3 n12 n22 r22

, {d, c2n1, c2n2}

d ( "
a23 r22

n1 n2
, c2n1 ( "

a22 c21 n1 " 3 a2 n1 r2 + 3 "a22 n12 ("a2 c21 + r2)2

2 a22
,

c2n2 (
n2 "a22 c21 n1 + 3 a2 n1 r2 + 3 "a22 n12 ("a2 c21 + r2)2 

2 a22 n1
,

d ( "
a23 r22

n1 n2
, c2n1 (

"a22 c21 n1 + 3 a2 n1 r2 + 3 "a22 n12 ("a2 c21 + r2)2

2 a22
,

c2n2 ( "
n2 a22 c21 n1 " 3 a2 n1 r2 + 3 "a22 n12 ("a2 c21 + r2)2 

2 a22 n1


("""""""""""""""""""""""""""""
Since the solution needs to be real,

"""""""""""""""""""""""""""""")

SimplifySolve

d 4 #
1

n13 n23
a23 a22 c2n22 n12 + a22 c2n1 c2n2 n1 n2 + a22 c21 c2n2 n12 n2 +

a22 c2n12 n22 + a22 c21 c2n1 n1 n22 + a22 c212 n12 n22 # 5 a2 c2n2 n12 n2 r2 #

5 a2 c2n1 n1 n22 r2 # 5 a2 c21 n12 n22 r2 + 10 n12 n22 r22,
0 4

#
1

n13 n23
5 a22 a22 c2n22 n12 + a22 c2n1 c2n2 n1 n2 + a22 c21 c2n2 n12 n2 +

a22 c2n12 n22 + a22 c21 c2n1 n1 n22 + a22 c212 n12 n22 # 4 a2 c2n2 n12 n2 r2 #

4 a2 c2n1 n1 n22 r2 # 4 a2 c21 n12 n22 r2 + 6 n12 n22 r22,

0 4 #
1

n13 n23
10 a2

a22 c2n22 n12 + a22 c2n1 c2n2 n1 n2 + a22 c21 c2n2 n12 n2 + a22 c2n12 n22 +

a22 c21 c2n1 n1 n22 + a22 c212 n12 n22 # 3 a2 c2n2 n12 n2 r2 # 3 a2 c2n1 n1 n22 r2 #

3 a2 c21 n12 n22 r2 + 3 n12 n22 r22,
0 4 #a2 c21 + r2

, {d, c2n1, c2n2, c21}

d ( "
a23 r22

n1 n2
, c2n1 (

n1 r2

a2
, c2n2 (

n2 r2

a2
, c21 (

r2

a2

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SimplifySolve

d 4 #
a23 r22

n1 n2
, c2n1 4

n1 r2

a2
, c2n2 4

n2 r2

a2
, c21 4

r2

a2
, pY2 4 #3,

p d 4

#
1

n13 n23
a2 a22 c2n22 n12 + a22 c2n22 n14 + a22 c2n1 c2n2 n1 n2 # a22 c21 c2n2 n12 n2 #

a22 c2n1 c2n2 n13 n2 + a22 c21 c2n2 n14 n2 + a22 c2n12 n22 # a22 c21 c2n1 n1 n22 #
a22 c21 c2n1 n13 n22 + a22 c212 n14 n22 # a22 c2n1 c2n2 n1 n23 # a22 c21 c2n2 n12 n23 +
a22 c2n12 n24 + a22 c21 c2n1 n1 n24 + a22 c212 n12 n24 # a22 n12 n22 pY2 #

3 a2 c2n2 n12 n2 r2 # 3 a2 c2n2 n14 n2 r2 # 3 a2 c2n1 n1 n22 r2 + 3 a2 c21 n12 n22 r2 +

3 a2 c2n1 n13 n22 r2 # 3 a2 c21 n14 n22 r2 + 3 a2 c2n2 n12 n23 r2 # 3 a2 c2n1 n1 n24 r2 #

3 a2 c21 n12 n24 r2 + 3 n12 n22 r22 + 3 n14 n22 r22 + 3 n12 n24 r22

, {p, d, c2n1, c2n2, c21, pY2}

p (
3 a22 + 1 + n12 + n22 r22

a22 r22
,

d ( "
a23 r22

n1 n2
, c2n1 (

n1 r2

a2
, c2n2 (

n2 r2

a2
, c21 (

r2

a2
, pY2 ( "3

Computations for Lemma 6.4. 
The case where there exists N1

6, N2
6 and N3

6 s.t. 
Fix(Ni) = Y14U Y24.
Case C where the normal weights are (n1, n2, n3).

(""""""""""""""""""""""""""""""
NOTATIONS
ri xi denotes the restriction of x to Yi
ai are the Hopf weight at Yi
cin1 xi denotes the first Chern class of the normal bundle of Yi in
the direction of N1
cin2 xi denotes the first Chern class of the normal bundle of Yi in
the direction of N2
cin3 xi denotes the first Chern class of the normal bundle of Yi in
the direction of N3
µx5YiC denotes the local datum of x5 at Yi

We use the variable t to extract the coefficient of order 2 of xi. We
then only evaluate xi2 to 1 or #1.
"""""""""""""""""""""""""""""")

µx5Y1C =
FactorCoefficientList

CoefficientExpand(r1 x1 t + l z)5 Series(c1n1 x1 t + n1 z)#1, {x1, 0, 2}

Series(c1n2 x1 t + n2 z)#1, {x1, 0, 2} Series(c1n3 x1 t + n3 z)#1, {x1, 0, 2},

t, 2, l .. x1^2 / 1

0, 0, 0,
10 r12

n1 n2 n3
, "

5 (c1n3 n1 n2 + c1n2 n1 n3 + c1n1 n2 n3) r1

n12 n22 n32
,

1

n13 n23 n33
c1n32 n12 n22 + c1n2 c1n3 n12 n2 n3 +

c1n1 c1n3 n1 n22 n3 + c1n22 n12 n32 + c1n1 c1n2 n1 n2 n32 + c1n12 n22 n32
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µx5Y2C =
FactorCoefficientList

CoefficientExpand(r2 x2 t + (a2 + l) z)5 Series(c2n1 x2 t + n1 z)#1, {x2, 0, 2}

Series(c2n2 x2 t + n2 z)#1, {x2, 0, 2} Series(c2n3 x2 t + n3 z)#1, {x2, 0, 2},

t, 2, l .. x2^2 / #1

"
1

n13 n23 n33
a23 a22 c2n32 n12 n22 + a22 c2n2 c2n3 n12 n2 n3 + a22 c2n1 c2n3 n1 n22 n3 +

a22 c2n22 n12 n32 + a22 c2n1 c2n2 n1 n2 n32 + a22 c2n12 n22 n32 " 5 a2 c2n3 n12 n22 n3 r2 "

5 a2 c2n2 n12 n2 n32 r2 " 5 a2 c2n1 n1 n22 n32 r2 + 10 n12 n22 n32 r22,

"
1

n13 n23 n33
5 a22 a22 c2n32 n12 n22 + a22 c2n2 c2n3 n12 n2 n3 + a22 c2n1 c2n3 n1 n22 n3 +

a22 c2n22 n12 n32 + a22 c2n1 c2n2 n1 n2 n32 + a22 c2n12 n22 n32 " 4 a2 c2n3 n12 n22 n3 r2 "

4 a2 c2n2 n12 n2 n32 r2 " 4 a2 c2n1 n1 n22 n32 r2 + 6 n12 n22 n32 r22,

"
1

n13 n23 n33
10 a2 a22 c2n32 n12 n22 + a22 c2n2 c2n3 n12 n2 n3 + a22 c2n1 c2n3 n1 n22 n3 +

a22 c2n22 n12 n32 + a22 c2n1 c2n2 n1 n2 n32 + a22 c2n12 n22 n32 " 3 a2 c2n3 n12 n22 n3 r2 "

3 a2 c2n2 n12 n2 n32 r2 " 3 a2 c2n1 n1 n22 n32 r2 + 3 n12 n22 n32 r22,

"
1

n13 n23 n33
10 a22 c2n32 n12 n22 + a22 c2n2 c2n3 n12 n2 n3 + a22 c2n1 c2n3 n1 n22 n3 +

a22 c2n22 n12 n32 + a22 c2n1 c2n2 n1 n2 n32 + a22 c2n12 n22 n32 " 2 a2 c2n3 n12 n22 n3 r2 "

2 a2 c2n2 n12 n2 n32 r2 " 2 a2 c2n1 n1 n22 n32 r2 + n12 n22 n32 r22,

"
1

n13 n23 n33
5 a2 c2n32 n12 n22 + a2 c2n2 c2n3 n12 n2 n3 + a2 c2n1 c2n3 n1 n22 n3 +

a2 c2n22 n12 n32 + a2 c2n1 c2n2 n1 n2 n32 + a2 c2n12 n22 n32 "

c2n3 n12 n22 n3 r2 " c2n2 n12 n2 n32 r2 " c2n1 n1 n22 n32 r2,

"
1

n13 n23 n33
c2n32 n12 n22 + c2n2 c2n3 n12 n2 n3 + c2n1 c2n3 n1 n22 n3 +

c2n22 n12 n32 + c2n1 c2n2 n1 n2 n32 + c2n12 n22 n32

(""""""""""""""""""""""""""""""
NOTATIONS
µs1x3YiA denotes the local datum of p1(X)x3 at Yi
"""""""""""""""""""""""""""""")

µs1x3Y1C =
FactorCoefficientList

CoefficientpY1 t2 + (c1n1 x1 t + n1 z)2 + (c1n2 x1 t + n2 z)2 + (c1n3 x1 t + n3 z)2

Expand(r1 x1 t + l z)3 Series(c1n1 x1 t + n1 z)#1, {x1, 0, 2}

Series(c1n2 x1 t + n2 z)#1, {x1, 0, 2} Series(c1n3 x1 t + n3 z)#1, {x1, 0, 2},

t, 2, l .. x1^2 / 1

0,
3 n12 + n22 + n32 r12

n1 n2 n3
,

"
1

n12 n22 n32
3 c1n3 n13 n2 + c1n3 n1 n23 + c1n2 n13 n3 " c1n1 n12 n2 n3 "

c1n2 n1 n22 n3 + c1n1 n23 n3 " c1n3 n1 n2 n32 + c1n2 n1 n33 + c1n1 n2 n33 r1,

1

n13 n23 n33
c1n32 n14 n22 + c1n32 n12 n24 + c1n2 c1n3 n14 n2 n3 " c1n1 c1n3 n13 n22 n3 "

c1n2 c1n3 n12 n23 n3 + c1n1 c1n3 n1 n24 n3 + c1n22 n14 n32 " c1n1 c1n2 n13 n2 n32 "
c1n1 c1n2 n1 n23 n32 + c1n12 n24 n32 " c1n2 c1n3 n12 n2 n33 " c1n1 c1n3 n1 n22 n33 +

c1n22 n12 n34 + c1n1 c1n2 n1 n2 n34 + c1n12 n22 n34 + n12 n22 n32 pY1
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µs1x3Y2C =
FactorCoefficientList

CoefficientpY2 t2 + (c2n1 x2 t + n1 z)2 + (c2n2 x2 t + n2 z)2 + (c2n3 x2 t + n3 z)2

Expand(r2 x2 t + (a2 + l) z)3 Series(c2n1 x2 t + n1 z)#1, {x2, 0, 2}

Series(c2n2 x2 t + n2 z)#1, {x2, 0, 2} Series(c2n3 x2 t + n3 z)#1, {x2, 0, 2},

t, 2, l .. x2^2 / #1


1

n13 n23 n33

a2 "a22 c2n32 n14 n22 " a22 c2n32 n12 n24 " a22 c2n2 c2n3 n14 n2 n3 + a22 c2n1 c2n3 n13 n22 n3 +

a22 c2n2 c2n3 n12 n23 n3 " a22 c2n1 c2n3 n1 n24 n3 " a22 c2n22 n14 n32 +
a22 c2n1 c2n2 n13 n2 n32 + a22 c2n1 c2n2 n1 n23 n32 " a22 c2n12 n24 n32 +
a22 c2n2 c2n3 n12 n2 n33 + a22 c2n1 c2n3 n1 n22 n33 " a22 c2n22 n12 n34 "
a22 c2n1 c2n2 n1 n2 n34 " a22 c2n12 n22 n34 + a22 n12 n22 n32 pY2 +
3 a2 c2n3 n14 n22 n3 r2 + 3 a2 c2n3 n12 n24 n3 r2 + 3 a2 c2n2 n14 n2 n32 r2 "
3 a2 c2n1 n13 n22 n32 r2 " 3 a2 c2n2 n12 n23 n32 r2 + 3 a2 c2n1 n1 n24 n32 r2 "
3 a2 c2n3 n12 n22 n33 r2 + 3 a2 c2n2 n12 n2 n34 r2 + 3 a2 c2n1 n1 n22 n34 r2 "

3 n14 n22 n32 r22 " 3 n12 n24 n32 r22 " 3 n12 n22 n34 r22,

1

n13 n23 n33
3 "a22 c2n32 n14 n22 " a22 c2n32 n12 n24 " a22 c2n2 c2n3 n14 n2 n3 +

a22 c2n1 c2n3 n13 n22 n3 + a22 c2n2 c2n3 n12 n23 n3 " a22 c2n1 c2n3 n1 n24 n3 "
a22 c2n22 n14 n32 + a22 c2n1 c2n2 n13 n2 n32 + a22 c2n1 c2n2 n1 n23 n32 "
a22 c2n12 n24 n32 + a22 c2n2 c2n3 n12 n2 n33 + a22 c2n1 c2n3 n1 n22 n33 "
a22 c2n22 n12 n34 " a22 c2n1 c2n2 n1 n2 n34 " a22 c2n12 n22 n34 +
a22 n12 n22 n32 pY2 + 2 a2 c2n3 n14 n22 n3 r2 + 2 a2 c2n3 n12 n24 n3 r2 +
2 a2 c2n2 n14 n2 n32 r2 " 2 a2 c2n1 n13 n22 n32 r2 " 2 a2 c2n2 n12 n23 n32 r2 +
2 a2 c2n1 n1 n24 n32 r2 " 2 a2 c2n3 n12 n22 n33 r2 + 2 a2 c2n2 n12 n2 n34 r2 +

2 a2 c2n1 n1 n22 n34 r2 " n14 n22 n32 r22 " n12 n24 n32 r22 " n12 n22 n34 r22,

1

n13 n23 n33
3 "a2 c2n32 n14 n22 " a2 c2n32 n12 n24 " a2 c2n2 c2n3 n14 n2 n3 +

a2 c2n1 c2n3 n13 n22 n3 + a2 c2n2 c2n3 n12 n23 n3 " a2 c2n1 c2n3 n1 n24 n3 "
a2 c2n22 n14 n32 + a2 c2n1 c2n2 n13 n2 n32 + a2 c2n1 c2n2 n1 n23 n32 "
a2 c2n12 n24 n32 + a2 c2n2 c2n3 n12 n2 n33 + a2 c2n1 c2n3 n1 n22 n33 " a2 c2n22 n12 n34 "
a2 c2n1 c2n2 n1 n2 n34 " a2 c2n12 n22 n34 + a2 n12 n22 n32 pY2 + c2n3 n14 n22 n3 r2 +
c2n3 n12 n24 n3 r2 + c2n2 n14 n2 n32 r2 " c2n1 n13 n22 n32 r2 " c2n2 n12 n23 n32 r2 +

c2n1 n1 n24 n32 r2 " c2n3 n12 n22 n33 r2 + c2n2 n12 n2 n34 r2 + c2n1 n1 n22 n34 r2,

1

n13 n23 n33
"c2n32 n14 n22 " c2n32 n12 n24 " c2n2 c2n3 n14 n2 n3 + c2n1 c2n3 n13 n22 n3 +

c2n2 c2n3 n12 n23 n3 " c2n1 c2n3 n1 n24 n3 " c2n22 n14 n32 + c2n1 c2n2 n13 n2 n32 +
c2n1 c2n2 n1 n23 n32 " c2n12 n24 n32 + c2n2 c2n3 n12 n2 n33 + c2n1 c2n3 n1 n22 n33 "

c2n22 n12 n34 " c2n1 c2n2 n1 n2 n34 " c2n12 n22 n34 + n12 n22 n32 pY2
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µx5Y1C + µx5Y2C

"
1

n13 n23 n33
a23 a22 c2n32 n12 n22 + a22 c2n2 c2n3 n12 n2 n3 + a22 c2n1 c2n3 n1 n22 n3 +

a22 c2n22 n12 n32 + a22 c2n1 c2n2 n1 n2 n32 + a22 c2n12 n22 n32 " 5 a2 c2n3 n12 n22 n3 r2 "

5 a2 c2n2 n12 n2 n32 r2 " 5 a2 c2n1 n1 n22 n32 r2 + 10 n12 n22 n32 r22,

"
1

n13 n23 n33
5 a22 a22 c2n32 n12 n22 + a22 c2n2 c2n3 n12 n2 n3 + a22 c2n1 c2n3 n1 n22 n3 +

a22 c2n22 n12 n32 + a22 c2n1 c2n2 n1 n2 n32 + a22 c2n12 n22 n32 " 4 a2 c2n3 n12 n22 n3 r2 "

4 a2 c2n2 n12 n2 n32 r2 " 4 a2 c2n1 n1 n22 n32 r2 + 6 n12 n22 n32 r22,

"
1

n13 n23 n33
10 a2 a22 c2n32 n12 n22 + a22 c2n2 c2n3 n12 n2 n3 + a22 c2n1 c2n3 n1 n22 n3 +

a22 c2n22 n12 n32 + a22 c2n1 c2n2 n1 n2 n32 + a22 c2n12 n22 n32 " 3 a2 c2n3 n12 n22 n3 r2 "

3 a2 c2n2 n12 n2 n32 r2 " 3 a2 c2n1 n1 n22 n32 r2 + 3 n12 n22 n32 r22,

10 r12

n1 n2 n3
"

1

n13 n23 n33
10 a22 c2n32 n12 n22 + a22 c2n2 c2n3 n12 n2 n3 + a22 c2n1 c2n3 n1 n22 n3 +

a22 c2n22 n12 n32 + a22 c2n1 c2n2 n1 n2 n32 + a22 c2n12 n22 n32 " 2 a2 c2n3 n12 n22 n3 r2 "

2 a2 c2n2 n12 n2 n32 r2 " 2 a2 c2n1 n1 n22 n32 r2 + n12 n22 n32 r22,

"
5 (c1n3 n1 n2 + c1n2 n1 n3 + c1n1 n2 n3) r1

n12 n22 n32
"

1

n13 n23 n33

5 a2 c2n32 n12 n22 + a2 c2n2 c2n3 n12 n2 n3 + a2 c2n1 c2n3 n1 n22 n3 +

a2 c2n22 n12 n32 + a2 c2n1 c2n2 n1 n2 n32 + a2 c2n12 n22 n32 "

c2n3 n12 n22 n3 r2 " c2n2 n12 n2 n32 r2 " c2n1 n1 n22 n32 r2,

1

n13 n23 n33
c1n32 n12 n22 + c1n2 c1n3 n12 n2 n3 + c1n1 c1n3 n1 n22 n3 +

c1n22 n12 n32 + c1n1 c1n2 n1 n2 n32 + c1n12 n22 n32 "

1

n13 n23 n33
c2n32 n12 n22 + c2n2 c2n3 n12 n2 n3 + c2n1 c2n3 n1 n22 n3 +

c2n22 n12 n32 + c2n1 c2n2 n1 n2 n32 + c2n12 n22 n32
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Factor[µs1x3Y1C + µs1x3Y2C]

"
1

n13 n23 n33

a2 a22 c2n32 n14 n22 + a22 c2n32 n12 n24 + a22 c2n2 c2n3 n14 n2 n3 " a22 c2n1 c2n3 n13 n22 n3 "

a22 c2n2 c2n3 n12 n23 n3 + a22 c2n1 c2n3 n1 n24 n3 + a22 c2n22 n14 n32 "
a22 c2n1 c2n2 n13 n2 n32 " a22 c2n1 c2n2 n1 n23 n32 + a22 c2n12 n24 n32 "
a22 c2n2 c2n3 n12 n2 n33 " a22 c2n1 c2n3 n1 n22 n33 + a22 c2n22 n12 n34 +
a22 c2n1 c2n2 n1 n2 n34 + a22 c2n12 n22 n34 " a22 n12 n22 n32 pY2 "
3 a2 c2n3 n14 n22 n3 r2 " 3 a2 c2n3 n12 n24 n3 r2 " 3 a2 c2n2 n14 n2 n32 r2 +
3 a2 c2n1 n13 n22 n32 r2 + 3 a2 c2n2 n12 n23 n32 r2 " 3 a2 c2n1 n1 n24 n32 r2 +
3 a2 c2n3 n12 n22 n33 r2 " 3 a2 c2n2 n12 n2 n34 r2 " 3 a2 c2n1 n1 n22 n34 r2 +

3 n14 n22 n32 r22 + 3 n12 n24 n32 r22 + 3 n12 n22 n34 r22,

1

n13 n23 n33
3 "a22 c2n32 n14 n22 " a22 c2n32 n12 n24 " a22 c2n2 c2n3 n14 n2 n3 +

a22 c2n1 c2n3 n13 n22 n3 + a22 c2n2 c2n3 n12 n23 n3 " a22 c2n1 c2n3 n1 n24 n3 "
a22 c2n22 n14 n32 + a22 c2n1 c2n2 n13 n2 n32 + a22 c2n1 c2n2 n1 n23 n32 " a22 c2n12 n24 n32 +
a22 c2n2 c2n3 n12 n2 n33 + a22 c2n1 c2n3 n1 n22 n33 " a22 c2n22 n12 n34 "
a22 c2n1 c2n2 n1 n2 n34 " a22 c2n12 n22 n34 + a22 n12 n22 n32 pY2 + n14 n22 n32 r12 +
n12 n24 n32 r12 + n12 n22 n34 r12 + 2 a2 c2n3 n14 n22 n3 r2 + 2 a2 c2n3 n12 n24 n3 r2 +
2 a2 c2n2 n14 n2 n32 r2 " 2 a2 c2n1 n13 n22 n32 r2 " 2 a2 c2n2 n12 n23 n32 r2 +
2 a2 c2n1 n1 n24 n32 r2 " 2 a2 c2n3 n12 n22 n33 r2 + 2 a2 c2n2 n12 n2 n34 r2 +

2 a2 c2n1 n1 n22 n34 r2 " n14 n22 n32 r22 " n12 n24 n32 r22 " n12 n22 n34 r22,

"
1

n13 n23 n33
3 a2 c2n32 n14 n22 + a2 c2n32 n12 n24 + a2 c2n2 c2n3 n14 n2 n3 "

a2 c2n1 c2n3 n13 n22 n3 " a2 c2n2 c2n3 n12 n23 n3 + a2 c2n1 c2n3 n1 n24 n3 +
a2 c2n22 n14 n32 " a2 c2n1 c2n2 n13 n2 n32 " a2 c2n1 c2n2 n1 n23 n32 + a2 c2n12 n24 n32 "
a2 c2n2 c2n3 n12 n2 n33 " a2 c2n1 c2n3 n1 n22 n33 + a2 c2n22 n12 n34 + a2 c2n1 c2n2 n1 n2
n34 + a2 c2n12 n22 n34 " a2 n12 n22 n32 pY2 + c1n3 n14 n22 n3 r1 + c1n3 n12 n24 n3 r1 +

c1n2 n14 n2 n32 r1 " c1n1 n13 n22 n32 r1 " c1n2 n12 n23 n32 r1 + c1n1 n1 n24 n32 r1 "
c1n3 n12 n22 n33 r1 + c1n2 n12 n2 n34 r1 + c1n1 n1 n22 n34 r1 " c2n3 n14 n22 n3 r2 "
c2n3 n12 n24 n3 r2 " c2n2 n14 n2 n32 r2 + c2n1 n13 n22 n32 r2 + c2n2 n12 n23 n32 r2 "

c2n1 n1 n24 n32 r2 + c2n3 n12 n22 n33 r2 " c2n2 n12 n2 n34 r2 " c2n1 n1 n22 n34 r2,

1

n13 n23 n33
c1n32 n14 n22 " c2n32 n14 n22 + c1n32 n12 n24 " c2n32 n12 n24 +

c1n2 c1n3 n14 n2 n3 " c2n2 c2n3 n14 n2 n3 " c1n1 c1n3 n13 n22 n3 +
c2n1 c2n3 n13 n22 n3 " c1n2 c1n3 n12 n23 n3 + c2n2 c2n3 n12 n23 n3 +
c1n1 c1n3 n1 n24 n3 " c2n1 c2n3 n1 n24 n3 + c1n22 n14 n32 " c2n22 n14 n32 "
c1n1 c1n2 n13 n2 n32 + c2n1 c2n2 n13 n2 n32 " c1n1 c1n2 n1 n23 n32 +
c2n1 c2n2 n1 n23 n32 + c1n12 n24 n32 " c2n12 n24 n32 " c1n2 c1n3 n12 n2 n33 +
c2n2 c2n3 n12 n2 n33 " c1n1 c1n3 n1 n22 n33 + c2n1 c2n3 n1 n22 n33 +
c1n22 n12 n34 " c2n22 n12 n34 + c1n1 c1n2 n1 n2 n34 " c2n1 c2n2 n1 n2 n34 +

c1n12 n22 n34 " c2n12 n22 n34 + n12 n22 n32 pY1 + n12 n22 n32 pY2
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FactorSolve

d 4 #
1

n13 n23 n33
a23

a22 c2n32 n12 n22 + a22 c2n2 c2n3 n12 n2 n3 + a22 c2n1 c2n3 n1 n22 n3 +

a22 c2n22 n12 n32 + a22 c2n1 c2n2 n1 n2 n32 + a22 c2n12 n22 n32 #
5 a2 c2n3 n12 n22 n3 r2 # 5 a2 c2n2 n12 n2 n32 r2 # 5 a2 c2n1 n1 n22 n32 r2 +

10 n12 n22 n32 r22,

0 4 #
1

n13 n23 n33
5 a22

a22 c2n32 n12 n22 + a22 c2n2 c2n3 n12 n2 n3 + a22 c2n1 c2n3 n1 n22 n3 +

a22 c2n22 n12 n32 + a22 c2n1 c2n2 n1 n2 n32 + a22 c2n12 n22 n32 #
4 a2 c2n3 n12 n22 n3 r2 # 4 a2 c2n2 n12 n2 n32 r2 # 4 a2 c2n1 n1 n22 n32 r2 +

6 n12 n22 n32 r22,

0 4 #
1

n13 n23 n33
10 a2

a22 c2n32 n12 n22 + a22 c2n2 c2n3 n12 n2 n3 + a22 c2n1 c2n3 n1 n22 n3 +

a22 c2n22 n12 n32 + a22 c2n1 c2n2 n1 n2 n32 + a22 c2n12 n22 n32 #
3 a2 c2n3 n12 n22 n3 r2 # 3 a2 c2n2 n12 n2 n32 r2 # 3 a2 c2n1 n1 n22 n32 r2 +

3 n12 n22 n32 r22

, {d, c2n1, c2n2}

d ( "
a23 r22

n1 n2 n3
, c2n1 ( "

a22 c2n3 n1 n3 " 3 a2 n1 n32 r2 + 3 "a22 n12 n32 (a2 c2n3 " n3 r2)2

2 a22 n32
,

c2n2 ( "
n2 a22 c2n3 n1 n3 " 3 a2 n1 n32 r2 " 3 "a22 n12 n32 (a2 c2n3 " n3 r2)2 

2 a22 n1 n32
,

d ( "
a23 r22

n1 n2 n3
, c2n1 ( "

a22 c2n3 n1 n3 " 3 a2 n1 n32 r2 " 3 "a22 n12 n32 (a2 c2n3 " n3 r2)2

2 a22 n32
,

c2n2 ( "
n2 a22 c2n3 n1 n3 " 3 a2 n1 n32 r2 + 3 "a22 n12 n32 (a2 c2n3 " n3 r2)2 

2 a22 n1 n32


(""""""""""""""""""""""""""""""
As in Case B, the solution cannot be complex thus (a2 c2n3#n3 r2)4 0

"""""""""""""""""""""""""""""")
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FactorSolve

d 4 #
1

n13 n23 n33
a23

a22 c2n32 n12 n22 + a22 c2n2 c2n3 n12 n2 n3 + a22 c2n1 c2n3 n1 n22 n3 +

a22 c2n22 n12 n32 + a22 c2n1 c2n2 n1 n2 n32 + a22 c2n12 n22 n32 #
5 a2 c2n3 n12 n22 n3 r2 # 5 a2 c2n2 n12 n2 n32 r2 # 5 a2 c2n1 n1 n22 n32 r2 +

10 n12 n22 n32 r22,

0 4 #
1

n13 n23 n33
5 a22

a22 c2n32 n12 n22 + a22 c2n2 c2n3 n12 n2 n3 + a22 c2n1 c2n3 n1 n22 n3 +

a22 c2n22 n12 n32 + a22 c2n1 c2n2 n1 n2 n32 + a22 c2n12 n22 n32 #
4 a2 c2n3 n12 n22 n3 r2 # 4 a2 c2n2 n12 n2 n32 r2 # 4 a2 c2n1 n1 n22 n32 r2 +

6 n12 n22 n32 r22,

0 4 #
1

n13 n23 n33
10 a2

a22 c2n32 n12 n22 + a22 c2n2 c2n3 n12 n2 n3 + a22 c2n1 c2n3 n1 n22 n3 +

a22 c2n22 n12 n32 + a22 c2n1 c2n2 n1 n2 n32 + a22 c2n12 n22 n32 #
3 a2 c2n3 n12 n22 n3 r2 # 3 a2 c2n2 n12 n2 n32 r2 # 3 a2 c2n1 n1 n22 n32 r2 +

3 n12 n22 n32 r22,
0 4 a2 c2n3 # n3 r2

, {d, c2n1, c2n2, c2n3}

d ( "
a23 r22

n1 n2 n3
, c2n1 (

n1 r2

a2
, c2n2 (

n2 r2

a2
, c2n3 (

n3 r2

a2


FactorSolve

d 4 #
a23 r22

n1 n2 n3
, c2n1 4

n1 r2

a2
, c2n2 4

n2 r2

a2
, c2n3 4

n3 r2

a2
, pY2 4 #3,

p d 4

#
1

n13 n23 n33
a2 a22 c2n32 n14 n22 + a22 c2n32 n12 n24 + a22 c2n2 c2n3 n14 n2 n3 #

a22 c2n1 c2n3 n13 n22 n3 # a22 c2n2 c2n3 n12 n23 n3 + a22 c2n1 c2n3 n1 n24 n3 +

a22 c2n22 n14 n32 # a22 c2n1 c2n2 n13 n2 n32 # a22 c2n1 c2n2 n1 n23 n32 +
a22 c2n12 n24 n32 # a22 c2n2 c2n3 n12 n2 n33 # a22 c2n1 c2n3 n1 n22 n33 +
a22 c2n22 n12 n34 + a22 c2n1 c2n2 n1 n2 n34 + a22 c2n12 n22 n34 # a22 n12 n22 n32 pY2 #

3 a2 c2n3 n14 n22 n3 r2 # 3 a2 c2n3 n12 n24 n3 r2 # 3 a2 c2n2 n14 n2 n32 r2 +

3 a2 c2n1 n13 n22 n32 r2 + 3 a2 c2n2 n12 n23 n32 r2 # 3 a2 c2n1 n1 n24 n32 r2 +

3 a2 c2n3 n12 n22 n33 r2 # 3 a2 c2n2 n12 n2 n34 r2 # 3 a2 c2n1 n1 n22 n34 r2 +

3 n14 n22 n32 r22 + 3 n12 n24 n32 r22 + 3 n12 n22 n34 r22

, {p, d, c2n1, c2n2, c2n3, pY2}

p (
3 a22 + n12 r22 + n22 r22 + n32 r22

a22 r22
,

d ( "
a23 r22

n1 n2 n3
, c2n1 (

n1 r2

a2
, c2n2 (

n2 r2

a2
, c2n3 (

n3 r2

a2
, pY2 ( "3
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Computations for TheoremD.
The casewhere the fixed points are Y4U Z2UP0.

Computations for Lemma 6.5. 
The case where the action is semi-free.

(""""""""""""""""""""""""""""""
NOTATIONS
rY xY denotes the restriction of x to Y
rZ xZ denotes the restriction of x to Z
aZ denotes the Hopf weight at Z
aP denotes the Hopf weight at P
cYj xYj denotes the j#th Chern class of the normal bundle of Y
cZ1 xZ denotes the first Chern class of the normal bundle of Z
µx5Y denotes the local datum of x5 at Y
µx5Z denotes the local datum of x5 at Z
µx5P denotes the local datum of x5 at P

We use the variable t to extract the coefficient of order 2 of xY and
of order 1 of xZ. We then evaluate xY2 and xZ to 1.
The orientation of the point P is #1, this explains the negative sign.
Once evaluated, we extract all the coefficients in l into a list.
"""""""""""""""""""""""""""""")

µx5Y =
FactorCoefficientList

CoefficientExpand(rY xY t + l z)5

SeriescY2 xY2 t2 z + cY1 xY t z2 + z3#1, {xY, 0, 2}, t, 2, l .. xY^2 / 1

0, 0, 0, 10 rY2, "5 cY1 rY, cY12 " cY2

µx5Z =
CoefficientList

CoefficientExpand(rZ xZ t + (aZ + l) z)5 Series(cZ1 xZ t + z)#1, {xZ, 0, 1} z#3,

t, 1, l .. xZ / 1

"aZ5 cZ1 + 5 aZ4 rZ, "5 aZ4 cZ1 + 20 aZ3 rZ,
"10 aZ3 cZ1 + 30 aZ2 rZ, "10 aZ2 cZ1 + 20 aZ rZ, "5 aZ cZ1 + 5 rZ, "cZ1

µx5P = CoefficientListExpand#((aP + l) z)5 z#5, l

"aP5, "5 aP4, "10 aP3, "10 aP2, "5 aP, "1

(""""""""""""""""""""""""""""""
NOTATIONS
µs1x3Y denotes the local datum of p1(X)x3 at Y
µs1x3Z denotes the local datum of p1(X)x3 at Z
µs1x3P denotes the local datum of p1(X)x3 at P
"""""""""""""""""""""""""""""")

SymmetricReduction(yY1 t + z)2 + (yY2 t + z)2 + (yY3 t + z)2 , {yY1, yY2, yY3},

cY1 xY , cY2 xY2, cY3 xY3

cY12 t2 xY2 " 2 cY2 t2 xY2 + 2 cY1 t xY z + 3 z2, 0



µs1x3Y =
FactorCoefficientList

CoefficientpY1 t2 + cY12 t2 xY2 # 2 cY2 t2 xY2 + 2 cY1 t xY z + 3 z2

Expand(rY xY t + l z)3 SeriescY2 xY2 t2 z + cY1 xY t z2 + z3#1, {xY, 0, 2}, t, 2,

l .. xY^2 / 1

0, 9 rY2, "3 cY1 rY, 2 cY12 " 5 cY2 + pY1

µs1x3Z =
CoefficientList

Coefficient(cZ1 xZ t + z)2 + 3 z2 Expand(rZ xZ t + (aZ + l) z)3

Series(cZ1 xZ t + z)#1, {xZ, 0, 1} z#3, t, 1, l .. xZ / 1

"2 aZ3 cZ1 + 12 aZ2 rZ, "6 aZ2 cZ1 + 24 aZ rZ, "6 aZ cZ1 + 12 rZ, "2 cZ1

µs1x3P = CoefficientList#5 z2 Expand((aP + l) z)3 z#5, l

"5 aP3, "15 aP2, "15 aP, "5

(""""""""""""""""""""""""""""""
NOTATIONS
µs2xY denotes the local datum of s2(X)x at Y
µs2xZ denotes the local datum of s2(X)x at Z
µs2xP denotes the local datum of s2(X)x at P
"""""""""""""""""""""""""""""")

SymmetricReductionExpand(yY1 t + z)4 + (yY2 t + z)4 + (yY3 t + z)4, {yY1, yY2, yY3},

{cY1 xY, cY2 xY^2 , cY3 xY^3}

cY14 t4 xY4 " 4 cY12 cY2 t4 xY4 + 2 cY22 t4 xY4 + 4 cY1 cY3 t4 xY4 + 4 cY13 t3 xY3 z "

12 cY1 cY2 t3 xY3 z + 12 cY3 t3 xY3 z + 6 cY12 t2 xY2 z2 " 12 cY2 t2 xY2 z2 + 4 cY1 t xY z3 + 3 z4, 0

µs2xY =
FactorCoefficientList

Coefficient6 cY12 t2 xY2 z2 # 12 cY2 t2 xY2 z2 + 4 cY1 t xY z3 + 3 z4 (rY xY t + l z)

SeriescY2 xY2 t2 z + cY1 xY t z2 + z3#1, {xY, 0, 2}, t, 2, l .. xY^2 / 1

cY1 rY, 5 cY12 " 3 cY2

µs2xZ =
CoefficientList

Coefficient(cZ1 xZ t + z)4 + 3 z4 (rZ xZ t + (aZ + l) z)

Series(cZ1 xZ t + z)#1, {xZ, 0, 1} z#3, t, 1, l, 2 .. xZ / 1

{4 rZ, 0}

µs2xP = CoefficientList#5 z4 ((aP + l) z) z#5, l

{"5 aP, "5}

Factor[µx5Y + µx5Z + µx5P]

"aP5 " aZ5 cZ1 + 5 aZ4 rZ, "5 aP4 + aZ4 cZ1 " 4 aZ3 rZ, "10 aP3 + aZ3 cZ1 " 3 aZ2 rZ,
"10 aP2 + aZ2 cZ1 " rY2 " 2 aZ rZ, "5 (aP + aZ cZ1 + cY1 rY " rZ), "1 + cY12 " cY2 " cZ1

Factor[µs1x3Y + µs1x3Z + µs1x3P]

"5 aP3 " 2 aZ3 cZ1 + 12 aZ2 rZ, "3 5 aP2 + 2 aZ2 cZ1 " 3 rY2 " 8 aZ rZ,
"3 (5 aP + 2 aZ cZ1 + cY1 rY " 4 rZ), "5 + 2 cY12 " 5 cY2 " 2 cZ1 + pY1
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Factor[µs2xY + µs2xZ + µs2xP]

"5 aP + cY1 rY + 4 rZ, 5 "1 + cY12 " 3 cY2

Solve
(""""""""""""""""""""""""""""""
The following equations are given respectively by the above computations of x5,

p1(X)x3 and s2(X)x locally
"""""""""""""""""""""""""""""")

0 4 #1 + cY12 # cY2 # cZ1,
0 4 #5 + 2 cY12 # 5 cY2 # 2 cZ1 + pY1,
0 4 5 #1 + cY12 # 3 cY2,
pY1 4 3

,

{cY1, cY2, cZ1, pY1}

{{cY1 + "1, cY2 + 0, cZ1 + 0, pY1 + 3}, {cY1 + 1, cY2 + 0, cZ1 + 0, pY1 + 3}}

Solve

0 4 #1 + cY12 # cY2 # cZ1,
0 4 #5 + 2 cY12 # 5 cY2 # 2 cZ1 + pY1,
0 4 5 #1 + cY12 # 3 cY2,
pY1 4 3,
(""""""""""""""""""""""""""""""
The following equations are given by the above computations of x5 locally
"""""""""""""""""""""""""""""")

d 4 #aP5 # aZ5 cZ1 + 5 aZ4 rZ,
0 4 #5 aP4 + aZ4 cZ1 # 4 aZ3 rZ,

0 4 #10 aP3 + aZ3 cZ1 # 3 aZ2 rZ,

0 4 #10 aP2 + aZ2 cZ1 # rY2 # 2 aZ rZ,
0 4 #5 (aP + aZ cZ1 + cY1 rY # rZ),
(""""""""""""""""""""""""""""""
The following equations are given by the above computations of p1(X)x3 locally
"""""""""""""""""""""""""""""")

0 4 #3 5 aP2 + 2 aZ2 cZ1 # 3 rY2 # 8 aZ rZ,
0 4 #3 (5 aP + 2 aZ cZ1 + cY1 rY # 4 rZ)

,

{d, aP, rY, rZ, cY1, cY2, cZ1, pY1}

{{d + 0, aP + 0, rY + 0, rZ + 0, cY1 + "1, cY2 + 0, cZ1 + 0, pY1 + 3},
{d + 0, aP + 0, rY + 0, rZ + 0, cY1 + 1, cY2 + 0, cZ1 + 0, pY1 + 3}}
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Computations for Lemma 6.10. 
The case where there exists N6 s.t. Fix (N) = Y4U Z2U P0.
Case A.1.i where the other normal weights are trivial.

(""""""""""""""""""""""""""""""
NOTATIONS
rY xY denotes the restriction of x to Y
rZ xZ denotes the restriction of x to Z
aZ denotes the Hopf weight at Z
aP denotes the Hopf weight at P
cYn1 xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cZn1 xZ denotes the first Chern class of the normal bundle of Z in the
direction of N
cYj xYj denotes the j#th Chern class of the normal bundle of Y in the
remaining directions
cZ1 xZ denotes the first Chern class of the normal bundle of Z in the
remaining directions
µx5YA1i denotes the local datum of x5 at Y
µx5ZA1i denotes the local datum of x5 at Z
µx5PA1i denotes the local datum of x5 at P

We use the variable t to extract the coefficient of order 2 of xY and
of order 1 of xZ. We then evaluate xY2 and xZ to 1.
The orientation of the point P is #1, this explains the negative sign.
Once evaluated, we extract all the coefficients in l into a list.
"""""""""""""""""""""""""""""")

µx5YA1i =
FactorCoefficientList

CoefficientExpand(rY xY t + l z)5 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

SeriescY2 xY2 t2 + cY1 xY t z + z2#1, {xY, 0, 2}, t, 2, l .. xY2 / 1

0, 0, 0, 10 rY2

n1
, "

5 (cYn1 + cY1 n1) rY
n12

, cYn12 + cY1 cYn1 n1 + cY12 n12 " cY2 n12

n13


SymmetricReductionExpand[(yZ1 t + n1 z) (yZ2 t + n1 z)], {yZ1, yZ2},

cZn1 xZ, cZn2 xZ2

cZn2 t2 xZ2 + cZn1 n1 t xZ z + n12 z2, 0

µx5ZA1i =
CoefficientList

CoefficientExpand(rZ xZ t + (aZ + l) z)5

SeriescZn1 n1 t xZ z + n12 z2#1, {xZ, 0, 1} Series(cZ1 xZ t + z)#1, {xZ, 0, 1} z#1,

t, 1, l .. xZ / 1

"
aZ5 cZn1

n13
"
aZ5 cZ1
n12

+
5 aZ4 rZ
n12

, "
5 aZ4 cZn1

n13
"
5 aZ4 cZ1

n12
+
20 aZ3 rZ

n12
,

"
10 aZ3 cZn1

n13
"
10 aZ3 cZ1

n12
+
30 aZ2 rZ

n12
, "

10 aZ2 cZn1
n13

"
10 aZ2 cZ1

n12
+
20 aZ rZ

n12
,

"
5 aZ cZn1

n13
"
5 aZ cZ1

n12
+
5 rZ
n12

, "
cZn1
n13

"
cZ1
n12



µx5PA1i = CoefficientListExpand#((aP + l) z)5 (n1 z)#3 (z)#2, l

"
aP5

n13
, "

5 aP4

n13
, "

10 aP3

n13
, "

10 aP2

n13
, "

5 aP
n13

, "
1
n13


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(""""""""""""""""""""""""""""""
NOTATIONS
µs1x3YA1i denotes the local datum of p1(X)x3 at Y
µs1x3ZA1i denotes the local datum of p1(X)x3 at Z
µs1x3PA1i denotes the local datum of p1(X)x3 at P
"""""""""""""""""""""""""""""")

SymmetricReductionExpand(yY2 t + z)2 + (yY3 t + z)2, {yY2, yY3}, cY1 xY, cY2 xY2

cY12 t2 xY2 " 2 cY2 t2 xY2 + 2 cY1 t xY z + 2 z2, 0

µs1x3YA1i =
FactorCoefficientList

Coefficient

ExpandpY1 t2 + (cYn1 xY t + n1 z)2 + cY12 t2 xY2 # 2 cY2 t2 xY2 + 2 cY1 t xY z + 2 z2

(rY xY t + l z)3 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

SeriescY2 xY2 t2 + cY1 xY t z + z2#1, {xY, 0, 2}, t, 2, l .. xY2 / 1

0,
3 2 + n12 rY2

n1
,
3 "2 cYn1 + cYn1 n12 " cY1 n13 rY

n12
,

2 cYn12 + cY12 n12 " 4 cY2 n12 " cY1 cYn1 n13 + cY12 n14 " cY2 n14 + n12 pY1
n13



SymmetricReductionExpand(yZ1 t + n1 z)2 + (yZ2 t + n1 z)2, {yZ1, yZ2},

cZn1 xZ, cZn2 xZ2

cZn12 t2 xZ2 " 2 cZn2 t2 xZ2 + 2 cZn1 n1 t xZ z + 2 n12 z2, 0

µs1x3ZA1i =
FactorCoefficientList

CoefficientExpand2 cZn1 n1 t xZ z + 2 n12 z2 + (cZ1 xZ t + z)2 + z2

(rZ xZ t + (aZ + l) z)3 SeriescZn1 n1 t xZ z + n12 z2#1, {xZ, 0, 1}

Series(cZ1 xZ t + z)#1, {xZ, 0, 1} z#1, t, 1, l .. xZ / 1

"
2 aZ2 aZ cZn1 + aZ cZ1 n13 " 3 n1 rZ " 3 n13 rZ

n13
,

"
6 aZ aZ cZn1 + aZ cZ1 n13 " 2 n1 rZ " 2 n13 rZ

n13
,

"
6 aZ cZn1 + aZ cZ1 n13 " n1 rZ " n13 rZ

n13
, "

2 cZn1 + cZ1 n13
n13



µs1x3PA1i =

FactorCoefficientList(n1 z)2 + (n1 z)2 + (n1 z)2 + z2 + z2 Expand#((aP + l) z)3

(n1 z)#3 (z)#2, l

"
aP3 2 + 3 n12

n13
, "

3 aP2 2 + 3 n12
n13

, "
3 aP 2 + 3 n12

n13
, "

2 + 3 n12

n13

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µx5YA1i + µx5ZA1i + µx5PA1i

"
aP5

n13
"
aZ5 cZn1

n13
"
aZ5 cZ1
n12

+
5 aZ4 rZ
n12

, "
5 aP4

n13
"
5 aZ4 cZn1

n13
"
5 aZ4 cZ1

n12
+
20 aZ3 rZ

n12
,

"
10 aP3

n13
"
10 aZ3 cZn1

n13
"
10 aZ3 cZ1

n12
+
30 aZ2 rZ

n12
,

"
10 aP2

n13
"
10 aZ2 cZn1

n13
"
10 aZ2 cZ1

n12
+
10 rY2

n1
+
20 aZ rZ

n12
,

"
5 aP
n13

"
5 aZ cZn1

n13
"
5 aZ cZ1

n12
"
5 (cYn1 + cY1 n1) rY

n12
+
5 rZ
n12

,

"
1
n13

"
cZn1
n13

"
cZ1
n12

+
cYn12 + cY1 cYn1 n1 + cY12 n12 " cY2 n12

n13


µs1x3YA1i + µs1x3ZA1i + µs1x3PA1i

"
aP3 2 + 3 n12

n13
"
2 aZ2 aZ cZn1 + aZ cZ1 n13 " 3 n1 rZ " 3 n13 rZ

n13
,

"
3 aP2 2 + 3 n12

n13
+
3 2 + n12 rY2

n1
"
6 aZ aZ cZn1 + aZ cZ1 n13 " 2 n1 rZ " 2 n13 rZ

n13
,

"
3 aP 2 + 3 n12

n13
+
3 "2 cYn1 + cYn1 n12 " cY1 n13 rY

n12
"

6 aZ cZn1 + aZ cZ1 n13 " n1 rZ " n13 rZ
n13

, "
2 + 3 n12

n13
"
2 cZn1 + cZ1 n13

n13
+

2 cYn12 + cY12 n12 " 4 cY2 n12 " cY1 cYn1 n13 + cY12 n14 " cY2 n14 + n12 pY1
n13



FactorSolve

(""""""""""""""""""""""""""""""
The following equations are given by the above computations of x5 locally
"""""""""""""""""""""""""""""")

d 4 #
aP5

n13
#
aZ5 cZn1

n13
#
aZ5 cZ1

n12
+
5 aZ4 rZ

n12
,

0 4 #
5 aP4

n13
#
5 aZ4 cZn1

n13
#
5 aZ4 cZ1

n12
+
20 aZ3 rZ

n12
,

0 4 #
10 aP3

n13
#
10 aZ3 cZn1

n13
#
10 aZ3 cZ1

n12
+
30 aZ2 rZ

n12
,

0 4 #
10 aP2

n13
#
10 aZ2 cZn1

n13
#
10 aZ2 cZ1

n12
+
10 rY2

n1
+
20 aZ rZ

n12
,

(""""""""""""""""""""""""""""""
The following equations are given by the Lemma 6.8
eZN denotes the orientation of Z in N
"""""""""""""""""""""""""""""")

0 4 #
3 aP2

n13
+
3 rY2

n1
#
3 aZ eZN (aZ cZn1 # 2 n1 rZ)

n13
,

0 4 #
3 aP

n13
#
3 cYn1 rY

n12
#
3 eZN (aZ cZn1 # n1 rZ)

n13
,

0 4 #
1

n13
+
cYn12

n13
#
cZn1 eZN

n13
,

eZN2 4 1

,

{d, cZn1, cYn1, cZ1, rZ, rY, aP, eZN}
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{d + 0, cZn1 + 0, cYn1 + "1, cZ1 + 0, rZ + 0, rY + 0, aP + 0, eZN + "1},
{d + 0, cZn1 + 0, cYn1 + 1, cZ1 + 0, rZ + 0, rY + 0, aP + 0, eZN + "1},
{d + 0, cZn1 + 0, cYn1 + "1, cZ1 + 0, rZ + 0, rY + 0, aP + 0, eZN + 1},
{d + 0, cZn1 + 0, cYn1 + 1, cZ1 + 0, rZ + 0, rY + 0, aP + 0, eZN + 1},

d +
72 aZ5

n13
, cZn1 + 80, cYn1 + 9, cZ1 + 0, rZ +

24 aZ
n1

, rY + "
6 aZ
n1

, aP + "2 aZ, eZN + 1,

d +
72 aZ5

n13
, cZn1 + 80, cYn1 + "9, cZ1 + 0, rZ +

24 aZ
n1

, rY +
6 aZ
n1

, aP + "2 aZ, eZN + 1,

d +
4 aZ5

n13
, cZn1 + 1, cYn1 + 0, cZ1 +

6
n1

, rZ +
2 aZ
n1

, rY + "
2 aZ
n1

, aP + "aZ, eZN + "1,

d +
4 aZ5

n13
, cZn1 + 1, cYn1 + 0, cZ1 +

6
n1

, rZ +
2 aZ
n1

, rY +
2 aZ
n1

, aP + "aZ, eZN + "1,

{d + 0, cZn1 + "1, cYn1 + 0, cZ1 + 0, rZ + 0, rY + 0, aP + aZ, eZN + 1},

d + 0, cZn1 + 1, cYn1 + 0, cZ1 + "
2
n1

, rZ + 0, rY + 0, aP + aZ, eZN + "1,

d +
2 . . + 7  aZ5

n13
, cZn1 +

1
2

1 + 3 . 7 , cYn1 +
1
2

3 " . 7 ,

cZ1 +
11 + . 7

n1
, rZ +

3 + . 7  aZ
n1

, rY + "
2 aZ
n1

, aP +
1
2

1 " . 7  aZ, eZN + "1,

d +
2 . . + 7  aZ5

n13
, cZn1 +

1
2

1 + 3 . 7 , cYn1 +
1
2

. 3 . + 7 ,

cZ1 +
11 + . 7

n1
, rZ +

3 + . 7  aZ
n1

, rY +
2 aZ
n1

, aP +
1
2

1 " . 7  aZ, eZN + "1,

d + "
2 . ". + 7  aZ5

n13
, cZn1 +

1
2

1 " 3 . 7 , cYn1 +
1
2

3 + . 7 ,

cZ1 +
11 " . 7

n1
, rZ +

3 " . 7  aZ
n1

, rY + "
2 aZ
n1

, aP +
1
2

1 + . 7  aZ, eZN + "1,

d + "
2 . ". + 7  aZ5

n13
, cZn1 +

1
2

1 " 3 . 7 , cYn1 + "
1
2

. "3 . + 7 ,

cZ1 +
11 " . 7

n1
, rZ +

3 " . 7  aZ
n1

, rY +
2 aZ
n1

, aP +
1
2

1 + . 7  aZ, eZN + "1
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FactorSolve

(""""""""""""""""""""""""""""""
Since there are many solutions to the above system of equations, we simply
copy it instead of copying the solutions and compute in each of the cases

The following equations are given by the above computations of x5 locally.
"""""""""""""""""""""""""""""")

d 4 #
aP5

n13
#
aZ5 cZn1

n13
#
aZ5 cZ1

n12
+
5 aZ4 rZ

n12
,

0 4 #
5 aP4

n13
#
5 aZ4 cZn1

n13
#
5 aZ4 cZ1

n12
+
20 aZ3 rZ

n12
,

0 4 #
10 aP3

n13
#
10 aZ3 cZn1

n13
#
10 aZ3 cZ1

n12
+
30 aZ2 rZ

n12
,

0 4 #
10 aP2

n13
#
10 aZ2 cZn1

n13
#
10 aZ2 cZ1

n12
+
10 rY2

n1
+
20 aZ rZ

n12
,

(""""""""""""""""""""""""""""""
The following equations are given by the Lemma 7.8
eZN denotes the orientation of Z in N
"""""""""""""""""""""""""""""")

0 4 #
3 aP2

n13
+
3 rY2

n1
#
3 aZ eZN (aZ cZn1 # 2 n1 rZ)

n13
,

0 4 #
3 aP

n13
#
3 cYn1 rY

n12
#
3 eZN (aZ cZn1 # n1 rZ)

n13
,

0 4 #
1

n13
+
cYn12

n13
#
cZn1 eZN

n13
,

eZN2 4 1,
(""""""""""""""""""""""""""""""
The following equations are given by the above computations of p1(X)x3 locally
"""""""""""""""""""""""""""""")

p d 4 #
aP3 2 + 3 n12

n13
#
2 aZ2 aZ cZn1 + aZ cZ1 n13 # 3 n1 rZ # 3 n13 rZ

n13

, {p, d, cYn1, cZn1, cZ1, rZ, rY, aP, eZN}
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{d + 0, cYn1 + "1, cZn1 + 0, cZ1 + 0, rZ + 0, rY + 0, aP + 0, eZN + "1},
{d + 0, cYn1 + 1, cZn1 + 0, cZ1 + 0, rZ + 0, rY + 0, aP + 0, eZN + "1},
{d + 0, cYn1 + "1, cZn1 + 0, cZ1 + 0, rZ + 0, rY + 0, aP + 0, eZN + 1},
{d + 0, cYn1 + 1, cZn1 + 0, cZ1 + 0, rZ + 0, rY + 0, aP + 0, eZN + 1},

p +
7 n12

3 aZ2
, d +

72 aZ5

n13
, cYn1 + 9, cZn1 + 80, cZ1 + 0, rZ +

24 aZ
n1

,

rY + "
6 aZ
n1

, aP + "2 aZ, eZN + 1, p +
7 n12

3 aZ2
, d +

72 aZ5

n13
, cYn1 + "9,

cZn1 + 80, cZ1 + 0, rZ +
24 aZ
n1

, rY +
6 aZ
n1

, aP + "2 aZ, eZN + 1,

p +
3 4 + n12

4 aZ2
, d +

4 aZ5

n13
, cYn1 + 0, cZn1 + 1, cZ1 +

6
n1

, rZ +
2 aZ
n1

,

rY + "
2 aZ
n1

, aP + "aZ, eZN + "1, p +
3 4 + n12

4 aZ2
, d +

4 aZ5

n13
, cYn1 + 0,

cZn1 + 1, cZ1 +
6
n1

, rZ +
2 aZ
n1

, rY +
2 aZ
n1

, aP + "aZ, eZN + "1,

p +
"4 " 12 . 7 + 7 n12 " 3 . 7 n12

8 aZ2
, d +

2 . . + 7  aZ5

n13
, cYn1 +

1
2

3 " . 7 ,

cZn1 +
1
2

1 + 3 . 7 , cZ1 +
11 + . 7

n1
, rZ +

3 + . 7  aZ
n1

, rY + "
2 aZ
n1

,

aP +
1
2

1 " . 7  aZ, eZN + "1, p +
"4 " 12 . 7 + 7 n12 " 3 . 7 n12

8 aZ2
,

d +
2 . . + 7  aZ5

n13
, cYn1 +

1
2

. 3 . + 7 , cZn1 +
1
2

1 + 3 . 7 ,

cZ1 +
11 + . 7

n1
, rZ +

3 + . 7  aZ
n1

, rY +
2 aZ
n1

, aP +
1
2

1 " . 7  aZ, eZN + "1,

p +
"4 + 12 . 7 + 7 n12 + 3 . 7 n12

8 aZ2
, d + "

2 . ". + 7  aZ5

n13
, cYn1 +

1
2

3 + . 7 ,

cZn1 +
1
2

1 " 3 . 7 , cZ1 +
11 " . 7

n1
, rZ +

3 " . 7  aZ
n1

, rY + "
2 aZ
n1

,

aP +
1
2

1 + . 7  aZ, eZN + "1, p +
"4 + 12 . 7 + 7 n12 + 3 . 7 n12

8 aZ2
,

d + "
2 . ". + 7  aZ5

n13
, cYn1 + "

1
2

. "3 . + 7 , cZn1 +
1
2

1 " 3 . 7 ,

cZ1 +
11 " . 7

n1
, rZ +

3 " . 7  aZ
n1

, rY +
2 aZ
n1

, aP +
1
2

1 + . 7  aZ, eZN + "1
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Computations for Lemma 6.10. 
The case where there exists N6 s.t. Fix (N) = Y4U Z2U P0.
Case A.1.ii where there exists M (not contained in N) containing Z and P.

(""""""""""""""""""""""""""""""
NOTATIONS
rY xY denotes the restriction of x to Y
rZ xZ denotes the restriction of x to Z
aZ denotes the Hopf weight at Z
aP denotes the Hopf weight at P
cZn2 xZ denotes the first Chern class of the normal bundle of Z in the
direction of M
cZn1 xZ denotes the first Chern class of the normal bundle of Z in the
direction of N
cZ1 xZ denotes the first Chern class of the normal bundle of Z in the
remaining directions
cYn1 xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cYj xYj denotes the j#th Chern class of the normal bundle of Y in the
remaining directions
µx5YA1ii denotes the local datum of x5 at Y
µx5ZA1ii denotes the local datum of x5 at Z
µx5PA1ii denotes the local datum of x5 at P

We use the variable t to extract the coefficient of order 2 of xY and
of order 1 of xZ. We then evaluate xY2 and xZ to 1.
The orientation of the point P is #1, this explains the negative sign.
Once evaluated, we extract all the coefficients in l into a list.
"""""""""""""""""""""""""""""")

µx5YA1ii =
FactorCoefficientList

CoefficientExpand(rY xY t + l z)5 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

SeriescY2 xY2 t2 + cY1 xY t z + z2#1, {xY, 0, 2}, t, 2, l .. xY2 / 1

0, 0, 0, 10 rY2

n1
, "

5 (cYn1 + cY1 n1) rY
n12

, cYn12 + cY1 cYn1 n1 + cY12 n12 " cY2 n12

n13


SymmetricReductionExpand[(yZ1 t + n1 z) (yZ2 t + n1 z)], {yZ1, yZ2},

cZn1 xZ, cZ2n1 xZ2

cZ2n1 t2 xZ2 + cZn1 n1 t xZ z + n12 z2, 0

µx5ZA1ii =
CoefficientList

CoefficientExpand(rZ xZ t + (aZ + l) z)5

SeriescZn1 n1 t xZ z + n12 z2#1, {xZ, 0, 1} Series(cZn2 xZ t + n2 z)#1, {xZ, 0, 1}

Series(cZ1 xZ t + z)#1, {xZ, 0, 1}, t, 1, l .. xZ / 1

"
aZ5 cZn2
n12 n22

"
aZ5 cZn1
n13 n2

"
aZ5 cZ1
n12 n2

+
5 aZ4 rZ
n12 n2

, "
5 aZ4 cZn2
n12 n22

"
5 aZ4 cZn1
n13 n2

"
5 aZ4 cZ1
n12 n2

+
20 aZ3 rZ
n12 n2

,

"
10 aZ3 cZn2
n12 n22

"
10 aZ3 cZn1

n13 n2
"
10 aZ3 cZ1
n12 n2

+
30 aZ2 rZ
n12 n2

,

"
10 aZ2 cZn2
n12 n22

"
10 aZ2 cZn1

n13 n2
"
10 aZ2 cZ1
n12 n2

+
20 aZ rZ
n12 n2

,

"
5 aZ cZn2
n12 n22

"
5 aZ cZn1
n13 n2

"
5 aZ cZ1
n12 n2

+
5 rZ
n12 n2

, "
cZn2
n12 n22

"
cZn1
n13 n2

"
cZ1

n12 n2

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µx5PA1ii = CoefficientListExpand#((aP + l) z)5 (n1 z)#3 (n2 z)#2, l

"
aP5

n13 n22
, "

5 aP4

n13 n22
, "

10 aP3

n13 n22
, "

10 aP2

n13 n22
, "

5 aP
n13 n22

, "
1

n13 n22


(""""""""""""""""""""""""""""""
NOTATIONS
µs1x3YA1ii denotes the local datum of p1(X)x3 at Y
µs1x3ZA1ii denotes the local datum of p1(X)x3 at Z
µs1x3PA1ii denotes the local datum of p1(X)x3 at P
"""""""""""""""""""""""""""""")

SymmetricReductionExpand(yY2 t + z)2 + (yY3 t + z)2, {yY2, yY3}, cY1 xY, cY2 xY2

cY12 t2 xY2 " 2 cY2 t2 xY2 + 2 cY1 t xY z + 2 z2, 0

µs1x3YA1ii =
FactorCoefficientList

Coefficient

ExpandpY1 t2 + (cYn1 xY t + n1 z)2 + cY12 t2 xY2 # 2 cY2 t2 xY2 + 2 cY1 t xY z + 2 z2

(rY xY t + l z)3 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

SeriescY2 xY2 t2 + cY1 xY t z + z2#1, {xY, 0, 2}, t, 2, l .. xY2 / 1

0,
3 2 + n12 rY2

n1
,
3 "2 cYn1 + cYn1 n12 " cY1 n13 rY

n12
,

2 cYn12 + cY12 n12 " 4 cY2 n12 " cY1 cYn1 n13 + cY12 n14 " cY2 n14 + n12 pY1
n13



SymmetricReductionExpand(yZ1 t + n1 z)2 + (yZ2 t + n1 z)2, {yZ1, yZ2},

cZn1 xZ, cz2n2 xZ2

"2 cz2n2 t2 xZ2 + cZn12 t2 xZ2 + 2 cZn1 n1 t xZ z + 2 n12 z2, 0

µs1x3ZA1ii =
FactorCoefficientList

CoefficientExpand2 cZn1 n1 t xZ z + 2 n12 z2 + (cZn2 xZ t + n2 z)2 + (cZ1 xZ t + z)2

(rZ xZ t + (aZ + l) z)3 SeriescZn1 n1 t xZ z + n12 z2#1, {xZ, 0, 1}

Series(cZn2 xZ t + n2 z)#1, {xZ, 0, 1} Series(cZ1 xZ t + z)#1, {xZ, 0, 1}, t, 1,

l .. xZ / 1

"
1

n13 n22
aZ2 aZ cZn2 n1 + 2 aZ cZn2 n13 + aZ cZn1 n2 " aZ cZ1 n1 n2 + 2 aZ cZ1 n13 n2 " aZ cZn2 n1 n22 +

aZ cZn1 n23 + aZ cZ1 n1 n23 " 3 n1 n2 rZ " 6 n13 n2 rZ " 3 n1 n23 rZ,

"
1

n13 n22
3 aZ aZ cZn2 n1 + 2 aZ cZn2 n13 + aZ cZn1 n2 " aZ cZ1 n1 n2 + 2 aZ cZ1 n13 n2 "

aZ cZn2 n1 n22 + aZ cZn1 n23 + aZ cZ1 n1 n23 " 2 n1 n2 rZ " 4 n13 n2 rZ " 2 n1 n23 rZ,

"
1

n13 n22
3 aZ cZn2 n1 + 2 aZ cZn2 n13 + aZ cZn1 n2 " aZ cZ1 n1 n2 + 2 aZ cZ1 n13 n2 "

aZ cZn2 n1 n22 + aZ cZn1 n23 + aZ cZ1 n1 n23 " n1 n2 rZ " 2 n13 n2 rZ " n1 n23 rZ,

"
cZn2 n1 + 2 cZn2 n13 + cZn1 n2 " cZ1 n1 n2 + 2 cZ1 n13 n2 " cZn2 n1 n22 + cZn1 n23 + cZ1 n1 n23

n13 n22

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µs1x3PA1ii =

FactorCoefficientList(n1 z)2 + (n1 z)2 + (n1 z)2 + (n2 z)2 + (n2 z)2

Expand#((aP + l) z)3 (n1 z)#3 (n2 z)#2, l

"
aP3 3 n12 + 2 n22

n13 n22
, "

3 aP2 3 n12 + 2 n22
n13 n22

, "
3 aP 3 n12 + 2 n22

n13 n22
, "

3 n12 + 2 n22

n13 n22


µx5YA1ii + µx5ZA1ii + µx5PA1ii

"
aP5

n13 n22
"
aZ5 cZn2
n12 n22

"
aZ5 cZn1
n13 n2

"
aZ5 cZ1
n12 n2

+
5 aZ4 rZ
n12 n2

,

"
5 aP4

n13 n22
"
5 aZ4 cZn2
n12 n22

"
5 aZ4 cZn1
n13 n2

"
5 aZ4 cZ1
n12 n2

+
20 aZ3 rZ
n12 n2

,

"
10 aP3

n13 n22
"
10 aZ3 cZn2
n12 n22

"
10 aZ3 cZn1

n13 n2
"
10 aZ3 cZ1
n12 n2

+
30 aZ2 rZ
n12 n2

,

"
10 aP2

n13 n22
"
10 aZ2 cZn2
n12 n22

"
10 aZ2 cZn1

n13 n2
"
10 aZ2 cZ1
n12 n2

+
10 rY2

n1
+
20 aZ rZ
n12 n2

,

"
5 aP

n13 n22
"
5 aZ cZn2
n12 n22

"
5 aZ cZn1
n13 n2

"
5 aZ cZ1
n12 n2

"
5 (cYn1 + cY1 n1) rY

n12
+

5 rZ
n12 n2

,

cYn12 + cY1 cYn1 n1 + cY12 n12 " cY2 n12

n13
"

1
n13 n22

"
cZn2
n12 n22

"
cZn1
n13 n2

"
cZ1

n12 n2


µs1x3YA1ii + µs1x3ZA1ii + µs1x3PA1ii

"
aP3 3 n12 + 2 n22

n13 n22
"

1
n13 n22

aZ2 aZ cZn2 n1 + 2 aZ cZn2 n13 + aZ cZn1 n2 " aZ cZ1 n1 n2 + 2 aZ cZ1 n13 n2 "

aZ cZn2 n1 n22 + aZ cZn1 n23 + aZ cZ1 n1 n23 " 3 n1 n2 rZ " 6 n13 n2 rZ " 3 n1 n23 rZ,

"
3 aP2 3 n12 + 2 n22

n13 n22
+
3 2 + n12 rY2

n1
"

1
n13 n22

3 aZ aZ cZn2 n1 + 2 aZ cZn2 n13 + aZ cZn1 n2 " aZ cZ1 n1 n2 + 2 aZ cZ1 n13 n2 "

aZ cZn2 n1 n22 + aZ cZn1 n23 + aZ cZ1 n1 n23 " 2 n1 n2 rZ " 4 n13 n2 rZ " 2 n1 n23 rZ,

"
3 aP 3 n12 + 2 n22

n13 n22
+
3 "2 cYn1 + cYn1 n12 " cY1 n13 rY

n12
"

1
n13 n22

3 aZ cZn2 n1 + 2 aZ cZn2 n13 + aZ cZn1 n2 " aZ cZ1 n1 n2 + 2 aZ cZ1 n13 n2 " aZ cZn2 n1 n22 +

aZ cZn1 n23 + aZ cZ1 n1 n23 " n1 n2 rZ " 2 n13 n2 rZ " n1 n23 rZ, "
3 n12 + 2 n22

n13 n22
"

cZn2 n1 + 2 cZn2 n13 + cZn1 n2 " cZ1 n1 n2 + 2 cZ1 n13 n2 " cZn2 n1 n22 + cZn1 n23 + cZ1 n1 n23

n13 n22
+

2 cYn12 + cY12 n12 " 4 cY2 n12 " cY1 cYn1 n13 + cY12 n14 " cY2 n14 + n12 pY1
n13


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FactorSolve

(""""""""""""""""""""""""""""""
The following equations are given by the above computations of x5 locally
"""""""""""""""""""""""""""""")

d 4 #
aP5

n13 n22
#
aZ5 cZn2

n12 n22
#
aZ5 cZn1

n13 n2
#
aZ5 cZ1

n12 n2
+
5 aZ4 rZ

n12 n2
,

0 4 #
5 aP4

n13 n22
#
5 aZ4 cZn2

n12 n22
#
5 aZ4 cZn1

n13 n2
#
5 aZ4 cZ1

n12 n2
+
20 aZ3 rZ

n12 n2
,

0 4 #
10 aP3

n13 n22
#
10 aZ3 cZn2

n12 n22
#
10 aZ3 cZn1

n13 n2
#
10 aZ3 cZ1

n12 n2
+
30 aZ2 rZ

n12 n2
,

0 4 #
10 aP2

n13 n22
#
10 aZ2 cZn2

n12 n22
#
10 aZ2 cZn1

n13 n2
#
10 aZ2 cZ1

n12 n2
+
10 rY2

n1
+
20 aZ rZ

n12 n2
,

(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.8
"""""""""""""""""""""""""""""")

0 4 #
3 aP2

n13
+
3 rY2

n1
#
3 aZ eZN (aZ cZn1 # 2 n1 rZ)

n13
,

0 4 #
3 aP

n13
#
3 cYn1 rY

n12
#
3 eZN (aZ cZn1 # n1 rZ)

n13
,

0 4 #
1

n13
+
cYn12

n13
#
cZn1 eZN

n13
,

(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.7
"""""""""""""""""""""""""""""")

0 4
2 (aP ePM # aZ cZn2 eZM + eZM n2 rZ)

n22
,

0 4
ePM # cZn2 eZM

n22

,

{d, cZn1, cZn2, cZ1, cYn1, rZ, rY, aP}

d + 0, cZn1 + "
1

eZN
, cZn2 +

ePM
eZM

,

cZ1 + "
eZM eZN + ePM eZN n1 " eZM n2

eZM eZN n1 n2
, cYn1 + 0, rZ + 0, rY + 0, aP + aZ
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Computations for Lemma 6.10. 
The case where there exists N6 s.t. Fix (N) = Y4U Z2U P0 and 
M4 in N6 s.t. Fix(M) = Z2U P0
Case A.2.i where the other normal weights are trivial.

(""""""""""""""""""""""""""""""
NOTATIONS
rY xY denotes the restriction of x to Y
rZ xZ denotes the restriction of x to Z
aZ denotes the Hopf weight at Z
aP denotes the Hopf weight at P
cZn12 xZ denotes the first Chern class of the normal bundle of Z in
the direction of M
cZn1 xZ denotes the first Chern class of the normal bundle of Z in the
remaining direction in N
cZ1 xZ denotes the first Chern class of the normal bundle of Z in the
remaining directions
cYn1 xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cYj xYj denotes the j#th Chern class of the normal bundle of Y in the
remaining directions
µx5YA2i denotes the local datum of x5 at Y
µx5ZA2i denotes the local datum of x5 at Z
µx5PA2i denotes the local datum of x5 at P

We use the variable t to extract the coefficient of order 2 of xY and
of order 1 of xZ. We then evaluate xY2 and xZ to 1.
The orientation of the point P is #1, this explains the negative sign.
Once evaluated, we extract all the coefficients in l into a list.
"""""""""""""""""""""""""""""")

µx5YA2i =
FactorCoefficientList

CoefficientExpand(rY xY t + l z)5 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

SeriescY2 xY2 t2 + cY1 xY t z + z2#1, {xY, 0, 2}, t, 2, l .. xY2 / 1

0, 0, 0, 10 rY2

n1
, "

5 (cYn1 + cY1 n1) rY
n12

, cYn12 + cY1 cYn1 n1 + cY12 n12 " cY2 n12

n13


µx5ZA2i =
CoefficientList

CoefficientExpand(rZ xZ t + (aZ + l) z)5 Series(cZn1 t xZ + n1 z)#1, {xZ, 0, 1}

Series(cZn12 xZ t + n1 n2 z)#1, {xZ, 0, 1} Series(cZ1 xZ t + z)#1, {xZ, 0, 1} z#1,

t, 1, l .. xZ / 1

"
aZ5 cZn12
n13 n22

"
aZ5 cZn1
n13 n2

"
aZ5 cZ1
n12 n2

+
5 aZ4 rZ
n12 n2

, "
5 aZ4 cZn12
n13 n22

"
5 aZ4 cZn1
n13 n2

"
5 aZ4 cZ1
n12 n2

+
20 aZ3 rZ
n12 n2

,

"
10 aZ3 cZn12

n13 n22
"
10 aZ3 cZn1

n13 n2
"
10 aZ3 cZ1
n12 n2

+
30 aZ2 rZ
n12 n2

,

"
10 aZ2 cZn12

n13 n22
"
10 aZ2 cZn1

n13 n2
"
10 aZ2 cZ1
n12 n2

+
20 aZ rZ
n12 n2

,

"
5 aZ cZn12
n13 n22

"
5 aZ cZn1
n13 n2

"
5 aZ cZ1
n12 n2

+
5 rZ
n12 n2

, "
cZn12
n13 n22

"
cZn1
n13 n2

"
cZ1

n12 n2


14     Complex 5-dimensional complete intersection. Case 2.nb



µx5PA2i = CoefficientListExpand#((aP + l) z)5 (n1 z)#1 (n1 n2 z)#2 (z)#2, l

"
aP5

n13 n22
, "

5 aP4

n13 n22
, "

10 aP3

n13 n22
, "

10 aP2

n13 n22
, "

5 aP
n13 n22

, "
1

n13 n22


(""""""""""""""""""""""""""""""
NOTATIONS
µs1x3YA2i denotes the local datum of p1(X)x3 at Y
µs1x3ZA2i denotes the local datum of p1(X)x3 at Z
µs1x3PA2i denotes the local datum of p1(X)x3 at P
"""""""""""""""""""""""""""""")

SymmetricReductionExpand(yY2 t + z)2 + (yY3 t + z)2, {yY2, yY3}, cY1 xY, cY2 xY2

cY12 t2 xY2 " 2 cY2 t2 xY2 + 2 cY1 t xY z + 2 z2, 0

µs1x3YA2i =
FactorCoefficientList

Coefficient

ExpandpY1 t2 + (cYn1 xY t + n1 z)2 + cY12 t2 xY2 # 2 cY2 t2 xY2 + 2 cY1 t xY z + 2 z2

(rY xY t + l z)3 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

SeriescY2 xY2 t2 + cY1 xY t z + z2#1, {xY, 0, 2}, t, 2, l .. xY2 / 1

0,
3 2 + n12 rY2

n1
,
3 "2 cYn1 + cYn1 n12 " cY1 n13 rY

n12
,

2 cYn12 + cY12 n12 " 4 cY2 n12 " cY1 cYn1 n13 + cY12 n14 " cY2 n14 + n12 pY1
n13



µs1x3ZA2i =
FactorCoefficientList

CoefficientExpand(cZn1 xZ t + n1 z)2 + (cZn12 xZ t + n1 n2 z)2 + (cZ1 xZ t + z)2 + z2

(rZ xZ t + (aZ + l) z)3 Series(cZn1 t xZ + n1 z)#1, {xZ, 0, 1}

Series(cZn12 xZ t + n1 n2 z)#1, {xZ, 0, 1} Series(cZ1 xZ t + z)#1, {xZ, 0, 1} z#1,

t, 1, l .. xZ / 1


1

n13 n22
aZ2 "2 aZ cZn12 " aZ cZn12 n12 " 2 aZ cZn1 n2 + aZ cZn1 n12 n2 " aZ cZ1 n13 n2 + aZ cZn12 n12 n22 "

aZ cZn1 n12 n23 " aZ cZ1 n13 n23 + 6 n1 n2 rZ + 3 n13 n2 rZ + 3 n13 n23 rZ, 1
n13 n22

3 aZ "2 aZ cZn12 " aZ cZn12 n12 " 2 aZ cZn1 n2 + aZ cZn1 n12 n2 " aZ cZ1 n13 n2 +

aZ cZn12 n12 n22 " aZ cZn1 n12 n23 " aZ cZ1 n13 n23 + 4 n1 n2 rZ + 2 n13 n2 rZ + 2 n13 n23 rZ,
1

n13 n22
3 "2 aZ cZn12 " aZ cZn12 n12 " 2 aZ cZn1 n2 + aZ cZn1 n12 n2 " aZ cZ1 n13 n2 +

aZ cZn12 n12 n22 " aZ cZn1 n12 n23 " aZ cZ1 n13 n23 + 2 n1 n2 rZ + n13 n2 rZ + n13 n23 rZ,
1

n13 n22
"2 cZn12 " cZn12 n12 " 2 cZn1 n2 + cZn1 n12 n2 " cZ1 n13 n2 +

cZn12 n12 n22 " cZn1 n12 n23 " cZ1 n13 n23
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µs1x3PA2i =

FactorCoefficientList(n1 z)2 + (n1 n2 z)2 + (n1 n2 z)2 + z2 + z2 Expand#((aP + l) z)3

(n1 z)#1 (n1 n2 z)#2 (z)#2, l

"
aP3 2 + n12 + 2 n12 n22

n13 n22
, "

3 aP2 2 + n12 + 2 n12 n22
n13 n22

,

"
3 aP 2 + n12 + 2 n12 n22

n13 n22
, "

2 + n12 + 2 n12 n22

n13 n22


µx5YA2i + µx5ZA2i + µx5PA2i

"
aP5

n13 n22
"
aZ5 cZn12
n13 n22

"
aZ5 cZn1
n13 n2

"
aZ5 cZ1
n12 n2

+
5 aZ4 rZ
n12 n2

,

"
5 aP4

n13 n22
"
5 aZ4 cZn12
n13 n22

"
5 aZ4 cZn1
n13 n2

"
5 aZ4 cZ1
n12 n2

+
20 aZ3 rZ
n12 n2

,

"
10 aP3

n13 n22
"
10 aZ3 cZn12

n13 n22
"
10 aZ3 cZn1

n13 n2
"
10 aZ3 cZ1
n12 n2

+
30 aZ2 rZ
n12 n2

,

"
10 aP2

n13 n22
"
10 aZ2 cZn12

n13 n22
"
10 aZ2 cZn1

n13 n2
"
10 aZ2 cZ1
n12 n2

+
10 rY2

n1
+
20 aZ rZ
n12 n2

,

"
5 aP

n13 n22
"
5 aZ cZn12
n13 n22

"
5 aZ cZn1
n13 n2

"
5 aZ cZ1
n12 n2

"
5 (cYn1 + cY1 n1) rY

n12
+

5 rZ
n12 n2

,

cYn12 + cY1 cYn1 n1 + cY12 n12 " cY2 n12

n13
"

1
n13 n22

"
cZn12
n13 n22

"
cZn1
n13 n2

"
cZ1

n12 n2


µs1x3YA2i + µs1x3ZA2i + µs1x3PA2i

"
aP3 2 + n12 + 2 n12 n22

n13 n22
+

1
n13 n22

aZ2 "2 aZ cZn12 " aZ cZn12 n12 " 2 aZ cZn1 n2 + aZ cZn1 n12 n2 " aZ cZ1 n13 n2 +

aZ cZn12 n12 n22 " aZ cZn1 n12 n23 " aZ cZ1 n13 n23 + 6 n1 n2 rZ + 3 n13 n2 rZ + 3 n13 n23 rZ,

"
3 aP2 2 + n12 + 2 n12 n22

n13 n22
+
3 2 + n12 rY2

n1
+

1
n13 n22

3 aZ "2 aZ cZn12 " aZ cZn12 n12 " 2 aZ cZn1 n2 + aZ cZn1 n12 n2 " aZ cZ1 n13 n2 +

aZ cZn12 n12 n22 " aZ cZn1 n12 n23 " aZ cZ1 n13 n23 + 4 n1 n2 rZ + 2 n13 n2 rZ + 2 n13 n23 rZ,

"
3 aP 2 + n12 + 2 n12 n22

n13 n22
+
3 "2 cYn1 + cYn1 n12 " cY1 n13 rY

n12
+

1
n13 n22

3 "2 aZ cZn12 " aZ cZn12 n12 " 2 aZ cZn1 n2 + aZ cZn1 n12 n2 " aZ cZ1 n13 n2 +

aZ cZn12 n12 n22 " aZ cZn1 n12 n23 " aZ cZ1 n13 n23 + 2 n1 n2 rZ + n13 n2 rZ + n13 n23 rZ,

"
2 + n12 + 2 n12 n22

n13 n22
+

1
n13 n22

"2 cZn12 " cZn12 n12 " 2 cZn1 n2 + cZn1 n12 n2 "

cZ1 n13 n2 + cZn12 n12 n22 " cZn1 n12 n23 " cZ1 n13 n23 +

2 cYn12 + cY12 n12 " 4 cY2 n12 " cY1 cYn1 n13 + cY12 n14 " cY2 n14 + n12 pY1
n13


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FactorSolve

(""""""""""""""""""""""""""""""
The following equations are given by the above computations of x5 locally
"""""""""""""""""""""""""""""")

d 4 #
aP5

n13 n22
#
aZ5 cZn12

n13 n22
#
aZ5 cZn1

n13 n2
#
aZ5 cZ1

n12 n2
+
5 aZ4 rZ

n12 n2
,

0 4 #
5 aP4

n13 n22
#
5 aZ4 cZn12

n13 n22
#
5 aZ4 cZn1

n13 n2
#
5 aZ4 cZ1

n12 n2
+
20 aZ3 rZ

n12 n2
,

0 4 #
10 aP3

n13 n22
#
10 aZ3 cZn12

n13 n22
#
10 aZ3 cZn1

n13 n2
#
10 aZ3 cZ1

n12 n2
+
30 aZ2 rZ

n12 n2

,

{d, cZ1, rZ}

d + "
aP3 (aP " aZ)2

n13 n22
,

cZ1 + "
"3 aP4 + 4 aP3 aZ + aZ4 cZn12 + aZ4 cZn1 n2

aZ4 n1 n2
, rZ + "

aP3 ("aP + aZ)
aZ3 n1 n2



Solve

(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.9
"""""""""""""""""""""""""""""")

0 4 #
3 aP2

n13 n22
+
3 rY2

n1
#
3 aZ eZN (aZ cZn12 + aZ cZn1 n2 # 2 n1 n2 rZ)

n13 n22
,

0 4 #
3 aP

n13 n22
#
3 cYn1 rY

n12
#
3 eZN (aZ cZn12 + aZ cZn1 n2 # n1 n2 rZ)

n13 n22
,

0 4
cYn12

n13
#

1

n13 n22
#
eZN (cZn12 + cZn1 n2)

n13 n22
,

0 4 #
1 + cZn12 eZN # cZn1 eZN n2 + 2 n22 # cZn12 eZN n22 + cZn1 eZN n23 # n22 pY1

n1 n22
,

pY1 4 3,
(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.7
"""""""""""""""""""""""""""""")

0 4
2 aP ePM

n12 n22
#
2 eZM (aZ cZn12 # n1 n2 rZ)

n12 n22
,

0 4
ePM

n12 n22
#
cZn12 eZM

n12 n22

,

{rY, rZ, pY1, rY, cYn1, cZn12, cZn1, eZM}

rY +
aP " aZ
n1 n2

, rZ +
aP " aZ

eZN n1 n2
, pY1 + 3, cYn1 + 0, cZn12 + "

1
eZN

, cZn1 + 0, eZM + "ePM eZN,

rY +
"aP + aZ
n1 n2

, rZ +
aP " aZ

eZN n1 n2
, pY1 + 3, cYn1 + 0, cZn12 + "

1
eZN

, cZn1 + 0, eZM + "ePM eZN,

rY + "
aP + aZ
n1 n2

, rZ +
"aP + aZ
eZN n1 n2

, pY1 + 3, cYn1 +
2
n2

, cZn12 +
1

eZN
,

cZn1 +
2

eZN n2
, eZM + ePM eZN, rY +

aP + aZ
n1 n2

, rZ +
"aP + aZ
eZN n1 n2

,

pY1 + 3, cYn1 + "
2
n2

, cZn12 +
1

eZN
, cZn1 +

2
eZN n2

, eZM + ePM eZN
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(""""""""""""""""""""""""""""""
It is now interesting to compare the values of rZ
"""""""""""""""""""""""""""""")

FactorSolve

#
aP # aZ

n1 n2
4 #

aP3 (#aP + aZ)

aZ3 n1 n2

, {aP}

{aP + "aZ}, {aP + aZ}, aP +
1
2

1 " . 3  aZ, aP +
1
2

1 + . 3  aZ

(""""""""""""""""""""""""""""""
Since aP is not equal to aZ and needs to be an integer, we have that aP = #aZ

"""""""""""""""""""""""""""""")
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FactorSolve

(""""""""""""""""""""""""""""""
The following equations are give by the above computations
"""""""""""""""""""""""""""""")

aP 4 #aZ, d 4 #
aP3 (aP # aZ)2

n13 n22
, cZ1 4 #

#3 aP4 + 4 aP3 aZ + aZ4 cZn12 + aZ4 cZn1 n2

aZ4 n1 n2
,

rZ 4 #
aP3 (#aP + aZ)

aZ3 n1 n2
,

(""""""""""""""""""""""""""""""
The following equations are given by the above computations of p1(X)x3 locally
"""""""""""""""""""""""""""""")

p d 4 #
aP3 2 + n12 + 2 n12 n22

n13 n22
+

1

n13 n22

aZ2 #2 aZ cZn12 # aZ cZn12 n12 # 2 aZ cZn1 n2 + aZ cZn1 n12 n2 # aZ cZ1 n13 n2 +

aZ cZn12 n12 n22 # aZ cZn1 n12 n23 # aZ cZ1 n13 n23 + 6 n1 n2 rZ + 3 n13 n2 rZ +

3 n13 n23 rZ,
(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.9
"""""""""""""""""""""""""""""")

0 4 #
3 aP2

n13 n22
+
3 rY2

n1
#
3 aZ eZN (aZ cZn12 + aZ cZn1 n2 # 2 n1 n2 rZ)

n13 n22
,

0 4 #
3 aP

n13 n22
#
3 cYn1 rY

n12
#
3 eZN (aZ cZn12 + aZ cZn1 n2 # n1 n2 rZ)

n13 n22
,

0 4
cYn12

n13
#

1

n13 n22
#
eZN (cZn12 + cZn1 n2)

n13 n22
,

0 4 #
1 + cZn12 eZN # cZn1 eZN n2 + 2 n22 # cZn12 eZN n22 + cZn1 eZN n23 # n22 pY1

n1 n22
,

pY1 4 3, eZN2 4 1,
(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.7
"""""""""""""""""""""""""""""")

0 4
2 aP ePM

n12 n22
#
2 eZM (aZ cZn12 # n1 n2 rZ)

n12 n22
,

0 4
ePM

n12 n22
#
cZn12 eZM

n12 n22
,

eZM2 4 1, ePM2 4 1

,

{p, d, cZ1, cZn12, cZn1, cYn1, rZ, rY, aP, eZM, ePM, eZN, pY1}
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p +
3 4 + n12 n22

4 aZ2
, d +

4 aZ5

n13 n22
, cZ1 +

6
n1 n2

, cZn12 + 1, cZn1 + 0, cYn1 + 0,

rZ +
2 aZ
n1 n2

, rY + "
2 aZ
n1 n2

, aP + "aZ, eZM + "1, ePM + "1, eZN + "1, pY1 + 3,

p +
3 4 + n12 n22

4 aZ2
, d +

4 aZ5

n13 n22
, cZ1 +

6
n1 n2

, cZn12 + 1, cZn1 + 0, cYn1 + 0,

rZ +
2 aZ
n1 n2

, rY + "
2 aZ
n1 n2

, aP + "aZ, eZM + 1, ePM + 1, eZN + "1, pY1 + 3,

p +
3 4 + n12 n22

4 aZ2
, d +

4 aZ5

n13 n22
, cZ1 +

6
n1 n2

, cZn12 + 1, cZn1 + 0, cYn1 + 0,

rZ +
2 aZ
n1 n2

, rY +
2 aZ
n1 n2

, aP + "aZ, eZM + "1, ePM + "1, eZN + "1, pY1 + 3,

p +
3 4 + n12 n22

4 aZ2
, d +

4 aZ5

n13 n22
, cZ1 +

6
n1 n2

, cZn12 + 1, cZn1 + 0, cYn1 + 0,

rZ +
2 aZ
n1 n2

, rY +
2 aZ
n1 n2

, aP + "aZ, eZM + 1, ePM + 1, eZN + "1, pY1 + 3,

p +
8 + 4 n12 + 3 n12 n22

4 aZ2
, d +

4 aZ5

n13 n22
, cZ1 +

4
n1 n2

, cZn12 + 1, cZn1 +
2
n2

,

cYn1 + "
2
n2

, rZ +
2 aZ
n1 n2

, rY + 0, aP + "aZ, eZM + "1, ePM + "1, eZN + 1, pY1 + 3,

p +
8 + 4 n12 + 3 n12 n22

4 aZ2
, d +

4 aZ5

n13 n22
, cZ1 +

4
n1 n2

, cZn12 + 1, cZn1 +
2
n2

,

cYn1 + "
2
n2

, rZ +
2 aZ
n1 n2

, rY + 0, aP + "aZ, eZM + 1, ePM + 1, eZN + 1, pY1 + 3,

p +
8 + 4 n12 + 3 n12 n22

4 aZ2
, d +

4 aZ5

n13 n22
, cZ1 +

4
n1 n2

, cZn12 + 1, cZn1 +
2
n2

,

cYn1 +
2
n2

, rZ +
2 aZ
n1 n2

, rY + 0, aP + "aZ, eZM + "1, ePM + "1, eZN + 1, pY1 + 3,

p +
8 + 4 n12 + 3 n12 n22

4 aZ2
, d +

4 aZ5

n13 n22
, cZ1 +

4
n1 n2

, cZn12 + 1, cZn1 +
2
n2

,

cYn1 +
2
n2

, rZ +
2 aZ
n1 n2

, rY + 0, aP + "aZ, eZM + 1, ePM + 1, eZN + 1, pY1 + 3
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Computations for Lemma 6.10. 
The case where there exists Ni6 s.t. Fix(Ni) = Y4U Z2U P0 
and M4 in N1

6 and N2
6 s.t. Fix(M) = Z2U P0

Case A.3

(""""""""""""""""""""""""""""""
NOTATIONS
rY xY denotes the restriction of x to Y
rZ xZ denotes the restriction of x to Z
aZ denotes the Hopf weight at Z
aP denotes the Hopf weight at P
cZn123 xZ denotes the first Chern class of the normal bundle of Z in
the direction of M
cZn1 xZ denotes the first Chern class of the normal bundle of Z in the
remaining direction in N1
cZn2 xZ denotes the first Chern class of the normal bundle of Z in the
remaining direction in N2
cZ1 xZ denotes the first Chern class of the normal bundle of Z in the
remaining directions
cYn1 xY denotes the first Chern class of the normal bundle of Y in the
direction of N1
cYn2 xY denotes the first Chern class of the normal bundle of Y in the
direction of N2
cY1 xY denotes the first Chern class of the normal bundle of Y in the
remaining directions
µx5YA3 denotes the local datum of x5 at Y
µx5ZA3 denotes the local datum of x5 at Z
µx5PA3 denotes the local datum of x5 at P

We use the variable t to extract the coefficient of order 2 of xY and
of order 1 of xZ. We then evaluate xY2 and xZ to 1.
The orientation of the point P is #1, this explains the negative sign.
Once evaluated, we extract all the coefficients in l into a list.
"""""""""""""""""""""""""""""")

µx5YA3 =
FactorCoefficientList

CoefficientExpand(rY xY t + l z)5 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

Series(cYn2 xY t + n2 z)#1, {xY, 0, 2} Series(cY1 xY t + z)#1, {xY, 0, 2}, t, 2,

l .. xY2 / 1

0, 0, 0, 10 rY2

n1 n2
, "

5 (cYn2 n1 + cYn1 n2 + cY1 n1 n2) rY
n12 n22

,

cYn22 n12 + cYn1 cYn2 n1 n2 + cY1 cYn2 n12 n2 + cYn12 n22 + cY1 cYn1 n1 n22 + cY12 n12 n22

n13 n23

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µx5ZA3 =
CoefficientList

CoefficientExpand(rZ xZ t + (aZ + l) z)5 Series(cZn1 t xZ + n1 z)#1, {xZ, 0, 1}

Series(cZn123 xZ t + n1 n2 n3 z)#1, {xZ, 0, 1}

Series(cZn2 t xZ + n2 z)#1, {xZ, 0, 1} Series(cZ1 xZ t + z)#1, {xZ, 0, 1}, t, 1,

l .. xZ / 1

"
aZ5 cZn123
n13 n23 n32

"
aZ5 cZn2
n12 n23 n3

"
aZ5 cZn1
n13 n22 n3

"
aZ5 cZ1

n12 n22 n3
+

5 aZ4 rZ
n12 n22 n3

,

"
5 aZ4 cZn123
n13 n23 n32

"
5 aZ4 cZn2
n12 n23 n3

"
5 aZ4 cZn1
n13 n22 n3

"
5 aZ4 cZ1
n12 n22 n3

+
20 aZ3 rZ
n12 n22 n3

,

"
10 aZ3 cZn123
n13 n23 n32

"
10 aZ3 cZn2
n12 n23 n3

"
10 aZ3 cZn1
n13 n22 n3

"
10 aZ3 cZ1
n12 n22 n3

+
30 aZ2 rZ
n12 n22 n3

,

"
10 aZ2 cZn123
n13 n23 n32

"
10 aZ2 cZn2
n12 n23 n3

"
10 aZ2 cZn1
n13 n22 n3

"
10 aZ2 cZ1
n12 n22 n3

+
20 aZ rZ
n12 n22 n3

,

"
5 aZ cZn123
n13 n23 n32

"
5 aZ cZn2
n12 n23 n3

"
5 aZ cZn1
n13 n22 n3

"
5 aZ cZ1
n12 n22 n3

+
5 rZ

n12 n22 n3
,

"
cZn123

n13 n23 n32
"

cZn2
n12 n23 n3

"
cZn1

n13 n22 n3
"

cZ1
n12 n22 n3



µx5PA3 = CoefficientListExpand#((aP + l) z)5 (n1 n2 n3 z)#2 (n1 z)#1 (n2 z)#1 z#1, l

"
aP5

n13 n23 n32
, "

5 aP4

n13 n23 n32
, "

10 aP3

n13 n23 n32
, "

10 aP2

n13 n23 n32
, "

5 aP
n13 n23 n32

, "
1

n13 n23 n32


(""""""""""""""""""""""""""""""
NOTATIONS
µs1x3YA3 denotes the local datum of p1(X)x3 at Y
µs1x3ZA3 denotes the local datum of p1(X)x3 at Z
µs1x3PA3 denotes the local datum of p1(X)x3 at P
"""""""""""""""""""""""""""""")

µs1x3YA3 =
FactorCoefficientList

CoefficientExpandpY1 t2 + (cYn1 xY t + n1 z)2 + (cYn2 xY t + n2 z)2 + (cY1 xY t + z)2

(rY xY t + l z)3 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

Series(cYn2 xY t + n2 z)#1, {xY, 0, 2} Series(cY1 xY t + z)#1, {xY, 0, 2}, t, 2,

l .. xY2 / 1

0,
3 1 + n12 + n22 rY2

n1 n2
,

"
1

n12 n22
3 cYn2 n1 + cYn2 n13 + cYn1 n2 " cY1 n1 n2 " cYn1 n12 n2 + cY1 n13 n2 "

cYn2 n1 n22 + cYn1 n23 + cY1 n1 n23 rY,
1

n13 n23
cYn22 n12 + cYn22 n14 + cYn1 cYn2 n1 n2 " cY1 cYn2 n12 n2 " cYn1 cYn2 n13 n2 +

cY1 cYn2 n14 n2 + cYn12 n22 " cY1 cYn1 n1 n22 " cY1 cYn1 n13 n22 + cY12 n14 n22 "
cYn1 cYn2 n1 n23 " cY1 cYn2 n12 n23 + cYn12 n24 + cY1 cYn1 n1 n24 + cY12 n12 n24 + n12 n22 pY1
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µs1x3ZA3 =
FactorCoefficientList

Coefficient

Expand(cZn1 xZ t + n1 z)2 + (cZn123 xZ t + n1 n2 n3 z)2 + (cZn2 xZ t + n2 z)2 +

(cZ1 xZ t + z)2 (rZ xZ t + (aZ + l) z)3 Series(cZn1 t xZ + n1 z)#1, {xZ, 0, 1}

Series(cZn123 xZ t + n1 n2 n3 z)#1, {xZ, 0, 1}

Series(cZn2 t xZ + n2 z)#1, {xZ, 0, 1} Series(cZ1 xZ t + z)#1, {xZ, 0, 1}, t, 1,

l .. xZ / 1


1

n13 n23 n32
aZ2

"aZ cZn123 " aZ cZn123 n12 " aZ cZn123 n22 " aZ cZn2 n1 n3 " aZ cZn2 n13 n3 " aZ cZn1 n2 n3 +

aZ cZ1 n1 n2 n3 + aZ cZn1 n12 n2 n3 " aZ cZ1 n13 n2 n3 + aZ cZn2 n1 n22 n3 " aZ cZn1 n23 n3 "
aZ cZ1 n1 n23 n3 + aZ cZn123 n12 n22 n32 " aZ cZn2 n13 n22 n33 " aZ cZn1 n12 n23 n33 "
aZ cZ1 n13 n23 n33 + 3 n1 n2 n3 rZ + 3 n13 n2 n3 rZ + 3 n1 n23 n3 rZ + 3 n13 n23 n33 rZ,
1

n13 n23 n32
3 aZ "aZ cZn123 " aZ cZn123 n12 " aZ cZn123 n22 " aZ cZn2 n1 n3 "

aZ cZn2 n13 n3 " aZ cZn1 n2 n3 + aZ cZ1 n1 n2 n3 + aZ cZn1 n12 n2 n3 "
aZ cZ1 n13 n2 n3 + aZ cZn2 n1 n22 n3 " aZ cZn1 n23 n3 " aZ cZ1 n1 n23 n3 +
aZ cZn123 n12 n22 n32 " aZ cZn2 n13 n22 n33 " aZ cZn1 n12 n23 n33 " aZ cZ1 n13 n23 n33 +

2 n1 n2 n3 rZ + 2 n13 n2 n3 rZ + 2 n1 n23 n3 rZ + 2 n13 n23 n33 rZ, 1
n13 n23 n32

3 "aZ cZn123 " aZ cZn123 n12 " aZ cZn123 n22 " aZ cZn2 n1 n3 " aZ cZn2 n13 n3 " aZ cZn1 n2 n3 +

aZ cZ1 n1 n2 n3 + aZ cZn1 n12 n2 n3 " aZ cZ1 n13 n2 n3 + aZ cZn2 n1 n22 n3 " aZ cZn1 n23 n3 "
aZ cZ1 n1 n23 n3 + aZ cZn123 n12 n22 n32 " aZ cZn2 n13 n22 n33 " aZ cZn1 n12 n23 n33 "
aZ cZ1 n13 n23 n33 + n1 n2 n3 rZ + n13 n2 n3 rZ + n1 n23 n3 rZ + n13 n23 n33 rZ,
1

n13 n23 n32
"cZn123 " cZn123 n12 " cZn123 n22 " cZn2 n1 n3 " cZn2 n13 n3 " cZn1 n2 n3 +

cZ1 n1 n2 n3 + cZn1 n12 n2 n3 " cZ1 n13 n2 n3 + cZn2 n1 n22 n3 " cZn1 n23 n3 "

cZ1 n1 n23 n3 + cZn123 n12 n22 n32 " cZn2 n13 n22 n33 " cZn1 n12 n23 n33 " cZ1 n13 n23 n33

µs1x3PA3 =

FactorCoefficientList(n1 n2 n3 z)2 + (n1 n2 n3 z)2 + (n1 z)2 + (n2 z)2 + z2

Expand#((aP + l) z)3 (n1 n2 n3 z)#2 (n1 z)#1 (n2 z)#1 z#1, l

"
aP3 1 + n12 + n22 + 2 n12 n22 n32

n13 n23 n32
, "

3 aP2 1 + n12 + n22 + 2 n12 n22 n32
n13 n23 n32

,

"
3 aP 1 + n12 + n22 + 2 n12 n22 n32

n13 n23 n32
, "

1 + n12 + n22 + 2 n12 n22 n32

n13 n23 n32

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µx5YA3 + µx5ZA3 + µx5PA3

"
aP5

n13 n23 n32
"
aZ5 cZn123
n13 n23 n32

"
aZ5 cZn2
n12 n23 n3

"
aZ5 cZn1
n13 n22 n3

"
aZ5 cZ1

n12 n22 n3
+

5 aZ4 rZ
n12 n22 n3

,

"
5 aP4

n13 n23 n32
"
5 aZ4 cZn123
n13 n23 n32

"
5 aZ4 cZn2
n12 n23 n3

"
5 aZ4 cZn1
n13 n22 n3

"
5 aZ4 cZ1
n12 n22 n3

+
20 aZ3 rZ
n12 n22 n3

,

"
10 aP3

n13 n23 n32
"
10 aZ3 cZn123
n13 n23 n32

"
10 aZ3 cZn2
n12 n23 n3

"
10 aZ3 cZn1
n13 n22 n3

"
10 aZ3 cZ1
n12 n22 n3

+
30 aZ2 rZ
n12 n22 n3

,

"
10 aP2

n13 n23 n32
"
10 aZ2 cZn123
n13 n23 n32

"
10 aZ2 cZn2
n12 n23 n3

"
10 aZ2 cZn1
n13 n22 n3

"
10 aZ2 cZ1
n12 n22 n3

+
10 rY2

n1 n2
+

20 aZ rZ
n12 n22 n3

,

"
5 aP

n13 n23 n32
"
5 aZ cZn123
n13 n23 n32

"
5 aZ cZn2
n12 n23 n3

"
5 aZ cZn1
n13 n22 n3

"

5 aZ cZ1
n12 n22 n3

"
5 (cYn2 n1 + cYn1 n2 + cY1 n1 n2) rY

n12 n22
+

5 rZ
n12 n22 n3

,

cYn22 n12 + cYn1 cYn2 n1 n2 + cY1 cYn2 n12 n2 + cYn12 n22 + cY1 cYn1 n1 n22 + cY12 n12 n22

n13 n23
"

1
n13 n23 n32

"
cZn123

n13 n23 n32
"

cZn2
n12 n23 n3

"
cZn1

n13 n22 n3
"

cZ1
n12 n22 n3


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µs1x3YA3 + µs1x3ZA3 + µs1x3PA3

"
aP3 1 + n12 + n22 + 2 n12 n22 n32

n13 n23 n32
+

1
n13 n23 n32

aZ2 "aZ cZn123 " aZ cZn123 n12 " aZ cZn123 n22 " aZ cZn2 n1 n3 "

aZ cZn2 n13 n3 " aZ cZn1 n2 n3 + aZ cZ1 n1 n2 n3 + aZ cZn1 n12 n2 n3 "
aZ cZ1 n13 n2 n3 + aZ cZn2 n1 n22 n3 " aZ cZn1 n23 n3 " aZ cZ1 n1 n23 n3 +
aZ cZn123 n12 n22 n32 " aZ cZn2 n13 n22 n33 " aZ cZn1 n12 n23 n33 " aZ cZ1 n13 n23 n33 +
3 n1 n2 n3 rZ + 3 n13 n2 n3 rZ + 3 n1 n23 n3 rZ + 3 n13 n23 n33 rZ,

"
3 aP2 1 + n12 + n22 + 2 n12 n22 n32

n13 n23 n32
+
3 1 + n12 + n22 rY2

n1 n2
+

1
n13 n23 n32

3 aZ

"aZ cZn123 " aZ cZn123 n12 " aZ cZn123 n22 " aZ cZn2 n1 n3 " aZ cZn2 n13 n3 " aZ cZn1 n2 n3 +

aZ cZ1 n1 n2 n3 + aZ cZn1 n12 n2 n3 " aZ cZ1 n13 n2 n3 + aZ cZn2 n1 n22 n3 " aZ cZn1 n23 n3 "
aZ cZ1 n1 n23 n3 + aZ cZn123 n12 n22 n32 " aZ cZn2 n13 n22 n33 " aZ cZn1 n12 n23 n33 "
aZ cZ1 n13 n23 n33 + 2 n1 n2 n3 rZ + 2 n13 n2 n3 rZ + 2 n1 n23 n3 rZ + 2 n13 n23 n33 rZ,

"
3 aP 1 + n12 + n22 + 2 n12 n22 n32

n13 n23 n32
"

1
n12 n22

3 cYn2 n1 + cYn2 n13 + cYn1 n2 " cY1 n1 n2 "

cYn1 n12 n2 + cY1 n13 n2 " cYn2 n1 n22 + cYn1 n23 + cY1 n1 n23 rY +
1

n13 n23 n32
3 "aZ cZn123 " aZ cZn123 n12 " aZ cZn123 n22 " aZ cZn2 n1 n3 " aZ cZn2 n13 n3 " aZ cZn1 n2 n3 +

aZ cZ1 n1 n2 n3 + aZ cZn1 n12 n2 n3 " aZ cZ1 n13 n2 n3 + aZ cZn2 n1 n22 n3 " aZ cZn1 n23 n3 "
aZ cZ1 n1 n23 n3 + aZ cZn123 n12 n22 n32 " aZ cZn2 n13 n22 n33 " aZ cZn1 n12 n23 n33 "
aZ cZ1 n13 n23 n33 + n1 n2 n3 rZ + n13 n2 n3 rZ + n1 n23 n3 rZ + n13 n23 n33 rZ,

"
1 + n12 + n22 + 2 n12 n22 n32

n13 n23 n32
+

1
n13 n23 n32

"cZn123 " cZn123 n12 " cZn123 n22 "

cZn2 n1 n3 " cZn2 n13 n3 " cZn1 n2 n3 + cZ1 n1 n2 n3 + cZn1 n12 n2 n3 "
cZ1 n13 n2 n3 + cZn2 n1 n22 n3 " cZn1 n23 n3 " cZ1 n1 n23 n3 +

cZn123 n12 n22 n32 " cZn2 n13 n22 n33 " cZn1 n12 n23 n33 " cZ1 n13 n23 n33 +

1
n13 n23

cYn22 n12 + cYn22 n14 + cYn1 cYn2 n1 n2 " cY1 cYn2 n12 n2 " cYn1 cYn2 n13 n2 +

cY1 cYn2 n14 n2 + cYn12 n22 " cY1 cYn1 n1 n22 " cY1 cYn1 n13 n22 + cY12 n14 n22 " cYn1 cYn2
n1 n23 " cY1 cYn2 n12 n23 + cYn12 n24 + cY1 cYn1 n1 n24 + cY12 n12 n24 + n12 n22 pY1
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FactorSolve

(""""""""""""""""""""""""""""""
The following equations are given by the above computations of x5 locally
"""""""""""""""""""""""""""""")

d 4 #
aP5

n13 n23 n32
#
aZ5 cZn123

n13 n23 n32
#

aZ5 cZn2

n12 n23 n3
#

aZ5 cZn1

n13 n22 n3
#

aZ5 cZ1

n12 n22 n3
+

5 aZ4 rZ

n12 n22 n3
,

0 4 #
5 aP4

n13 n23 n32
#
5 aZ4 cZn123

n13 n23 n32
#
5 aZ4 cZn2

n12 n23 n3
#
5 aZ4 cZn1

n13 n22 n3
#

5 aZ4 cZ1

n12 n22 n3
+

20 aZ3 rZ

n12 n22 n3
,

0 4 #
10 aP3

n13 n23 n32
#
10 aZ3 cZn123

n13 n23 n32
#
10 aZ3 cZn2

n12 n23 n3
#
10 aZ3 cZn1

n13 n22 n3
#
10 aZ3 cZ1

n12 n22 n3
+

30 aZ2 rZ

n12 n22 n3

,

{d, cZ1, rZ}

d + "
aP3 (aP " aZ)2

n13 n23 n32
,

cZ1 + "
"3 aP4 + 4 aP3 aZ + aZ4 cZn123 + aZ4 cZn2 n1 n3 + aZ4 cZn1 n2 n3

aZ4 n1 n2 n3
, rZ + "

aP3 ("aP + aZ)
aZ3 n1 n2 n3


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Solve

(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.10 for N1
"""""""""""""""""""""""""""""")

0 4 #
3 aP2

n13 n22 n32
+
3 rY2

n1
#
3 aZ eZN1 (aZ cZn123 + aZ cZn1 n2 n3 # 2 n1 n2 n3 rZ)

n13 n22 n32
,

0 4 #
3 aP

n13 n22 n32
#
3 cYn1 rY

n12
#
3 eZN1 (aZ cZn123 + aZ cZn1 n2 n3 # n1 n2 n3 rZ)

n13 n22 n32
,

0 4
cYn12

n13
#

1

n13 n22 n32
#
eZN1 (cZn123 + cZn1 n2 n3)

n13 n22 n32
,

0 4

#
1

n1 n22 n32
1 + cZn123 eZN1 # cZn1 eZN1 n2 n3 + 2 n22 n32 # cZn123 eZN1 n22 n32 +

cZn1 eZN1 n23 n33 # n22 n32 pY1,
pY1 4 3,
(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.7 for M
"""""""""""""""""""""""""""""")

0 4
2 aP ePM

n12 n22 n32
#
2 eZM (aZ cZn123 # n1 n2 n3 rZ)

n12 n22 n32
,

0 4
ePM

n12 n22 n32
#
cZn123 eZM

n12 n22 n32

,

{rY, rZ, pY1, rY, cYn1, cZn123, cZn1, eZM}

rY +
aP " aZ
n1 n2 n3

, rZ +
aP " aZ

eZN1 n1 n2 n3
, pY1 + 3, cYn1 + 0, cZn123 + "

1
eZN1

,

cZn1 + 0, eZM + "ePM eZN1, rY +
"aP + aZ
n1 n2 n3

, rZ +
aP " aZ

eZN1 n1 n2 n3
,

pY1 + 3, cYn1 + 0, cZn123 + "
1

eZN1
, cZn1 + 0, eZM + "ePM eZN1,

rY + "
aP + aZ
n1 n2 n3

, rZ +
"aP + aZ

eZN1 n1 n2 n3
, pY1 + 3, cYn1 +

2
n2 n3

, cZn123 +
1

eZN1
,

cZn1 +
2

eZN1 n2 n3
, eZM + ePM eZN1, rY +

aP + aZ
n1 n2 n3

, rZ +
"aP + aZ

eZN1 n1 n2 n3
,

pY1 + 3, cYn1 + "
2

n2 n3
, cZn123 +

1
eZN1

, cZn1 +
2

eZN1 n2 n3
, eZM + ePM eZN1

(""""""""""""""""""""""""""""""
It is now interesting to compare the values of rZ
"""""""""""""""""""""""""""""")

FactorSolve

#
aP3 (#aP + aZ)

aZ3 n1 n2 n3
4

#aP + aZ

n1 n2 n3

, {aP}

{aP + "aZ}, {aP + aZ}, aP +
1
2

1 " . 3  aZ, aP +
1
2

1 + . 3  aZ

(""""""""""""""""""""""""""""""
Since aP is not equal to aZ and needs to be an integer, we have that aP = #aZ

"""""""""""""""""""""""""""""")

FactorSolve
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(""""""""""""""""""""""""""""""
The following equations are give by the above computations
"""""""""""""""""""""""""""""")

aP 4 #aZ, d 4 #
aP3 (aP # aZ)2

n13 n23 n32
,

cZ1 4
#3 aP4 + 4 aP3 aZ + aZ4 cZn123 + aZ4 cZn2 n1 n3 + aZ4 cZn1 n2 n3

aZ4 n1 n2 n3
, rZ 4 #

aP3 (#aP + aZ)

aZ3 n1 n2 n3
,

(""""""""""""""""""""""""""""""
The following equations are given by the above computations of p1(X)x3 locally
"""""""""""""""""""""""""""""")

p d 4 #
aP3 1 + n12 + n22 + 2 n12 n22 n32

n13 n23 n32
+

1

n13 n23 n32
aZ2 #aZ cZn123 # aZ cZn123 n12 # aZ cZn123 n22 # aZ cZn2 n1 n3 #

aZ cZn2 n13 n3 # aZ cZn1 n2 n3 + aZ cZ1 n1 n2 n3 + aZ cZn1 n12 n2 n3 #

aZ cZ1 n13 n2 n3 + aZ cZn2 n1 n22 n3 # aZ cZn1 n23 n3 # aZ cZ1 n1 n23 n3 +

aZ cZn123 n12 n22 n32 # aZ cZn2 n13 n22 n33 # aZ cZn1 n12 n23 n33 #
aZ cZ1 n13 n23 n33 + 3 n1 n2 n3 rZ + 3 n13 n2 n3 rZ + 3 n1 n23 n3 rZ + 3 n13 n23 n33 rZ,

(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.10 for N1
"""""""""""""""""""""""""""""")

0 4 #
3 aP2

n13 n22 n32
+
3 rY2

n1
#
3 aZ eZN1 (aZ cZn123 + aZ cZn1 n2 n3 # 2 n1 n2 n3 rZ)

n13 n22 n32
,

0 4 #
3 aP

n13 n22 n32
#
3 cYn1 rY

n12
#
3 eZN1 (aZ cZn123 + aZ cZn1 n2 n3 # n1 n2 n3 rZ)

n13 n22 n32
,

0 4
cYn12

n13
#

1

n13 n22 n32
#
eZN1 (cZn123 + cZn1 n2 n3)

n13 n22 n32
,

0 4

#
1

n1 n22 n32
1 + cZn123 eZN1 # cZn1 eZN1 n2 n3 + 2 n22 n32 # cZn123 eZN1 n22 n32 +

cZn1 eZN1 n23 n33 # n22 n32 pY1,

pY1 4 3, eZN12 4 1,
(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.10 for N2
"""""""""""""""""""""""""""""")

0 4 #
3 aP2

n12 n23 n32
+
3 rY2

n2
#
3 aZ eZN2 (aZ cZn123 + aZ cZn2 n1 n3 # 2 n1 n2 n3 rZ)

n12 n23 n32
,

0 4 #
3 aP

n12 n23 n32
#
3 cYn2 rY

n22
#
3 eZN2 (aZ cZn123 + aZ cZn2 n1 n3 # n1 n2 n3 rZ)

n12 n23 n32
,

0 4
cYn22

n23
#

1

n12 n23 n32
#
eZN2 (cZn123 + cZn2 n1 n3)

n12 n23 n32
,

0 4

#
1

n12 n2 n32
1 + cZn123 eZN2 # cZn2 eZN2 n1 n3 + 2 n12 n32 # cZn123 eZN2 n12 n32 +

cZn2 eZN2 n13 n33 # n12 n32 pY1,

eZN22 4 1,
(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.7
"""""""""""""""""""""""""""""")

0 4
2 aP ePM

n12 n22 n32
#
2 eZM (aZ cZn123 # n1 n2 n3 rZ)

n12 n22 n32
,

0 4
ePM

n12 n22 n32
#
cZn123 eZM

n12 n22 n32
,

eZM2 4 1, ePM2 4 1

,


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,

{p, d, cZ1, cZn123, cZn1, cZn2, cYn1, cYn2, rZ, rY, aP, eZM, ePM, eZN1, eZN2, pY1}

p +
3 4 n12 + 4 n22 + 5 n12 n22 n32

4 aZ2
, d +

4 aZ5

n13 n23 n32
, cZ1 + "

6
n1 n2 n3

,

cZn123 + 1, cZn1 + 0, cZn2 + 0, cYn1 + 0, cYn2 + 0, rZ +
2 aZ

n1 n2 n3
,

rY + "
2 aZ

n1 n2 n3
, aP + "aZ, eZM + "1, ePM + "1, eZN1 + "1, eZN2 + "1, pY1 + 3,

p +
3 4 n12 + 4 n22 + 5 n12 n22 n32

4 aZ2
, d +

4 aZ5

n13 n23 n32
, cZ1 + "

6
n1 n2 n3

,

cZn123 + 1, cZn1 + 0, cZn2 + 0, cYn1 + 0, cYn2 + 0, rZ +
2 aZ

n1 n2 n3
,

rY + "
2 aZ

n1 n2 n3
, aP + "aZ, eZM + 1, ePM + 1, eZN1 + "1, eZN2 + "1, pY1 + 3,

p +
3 4 n12 + 4 n22 + 5 n12 n22 n32

4 aZ2
, d +

4 aZ5

n13 n23 n32
, cZ1 + "

6
n1 n2 n3

,

cZn123 + 1, cZn1 + 0, cZn2 + 0, cYn1 + 0, cYn2 + 0, rZ +
2 aZ

n1 n2 n3
,

rY +
2 aZ

n1 n2 n3
, aP + "aZ, eZM + "1, ePM + "1, eZN1 + "1, eZN2 + "1, pY1 + 3,

p +
3 4 n12 + 4 n22 + 5 n12 n22 n32

4 aZ2
, d +

4 aZ5

n13 n23 n32
, cZ1 + "

6
n1 n2 n3

,

cZn123 + 1, cZn1 + 0, cZn2 + 0, cYn1 + 0, cYn2 + 0, rZ +
2 aZ

n1 n2 n3
,

rY +
2 aZ

n1 n2 n3
, aP + "aZ, eZM + 1, ePM + 1, eZN1 + "1, eZN2 + "1, pY1 + 3,

p +
8 n12 + 8 n22 + 7 n12 n22 n32

4 aZ2
, d +

4 aZ5

n13 n23 n32
, cZ1 + "

2
n1 n2 n3

, cZn123 + 1,

cZn1 +
2

n2 n3
, cZn2 +

2
n1 n3

, cYn1 + "
2

n2 n3
, cYn2 + "

2
n1 n3

, rZ +
2 aZ

n1 n2 n3
,

rY + 0, aP + "aZ, eZM + "1, ePM + "1, eZN1 + 1, eZN2 + 1, pY1 + 3,

p +
8 n12 + 8 n22 + 7 n12 n22 n32

4 aZ2
, d +

4 aZ5

n13 n23 n32
, cZ1 + "

2
n1 n2 n3

, cZn123 + 1,

cZn1 +
2

n2 n3
, cZn2 +

2
n1 n3

, cYn1 + "
2

n2 n3
, cYn2 + "

2
n1 n3

, rZ +
2 aZ

n1 n2 n3
,

rY + 0, aP + "aZ, eZM + 1, ePM + 1, eZN1 + 1, eZN2 + 1, pY1 + 3,

p +
8 n12 + 8 n22 + 7 n12 n22 n32

4 aZ2
, d +

4 aZ5

n13 n23 n32
, cZ1 + "

2
n1 n2 n3

, cZn123 + 1,

cZn1 +
2

n2 n3
, cZn2 +

2
n1 n3

, cYn1 + "
2

n2 n3
, cYn2 +

2
n1 n3

, rZ +
2 aZ

n1 n2 n3
,

rY + 0, aP + "aZ, eZM + "1, ePM + "1, eZN1 + 1, eZN2 + 1, pY1 + 3,

p +
8 n12 + 8 n22 + 7 n12 n22 n32

4 aZ2
, d +

4 aZ5

n13 n23 n32
, cZ1 + "

2
n1 n2 n3

, cZn123 + 1,

cZn1 +
2

n2 n3
, cZn2 +

2
n1 n3

, cYn1 + "
2

n2 n3
, cYn2 +

2
n1 n3

, rZ +
2 aZ

n1 n2 n3
,

rY + 0, aP + "aZ, eZM + 1, ePM + 1, eZN1 + 1, eZN2 + 1, pY1 + 3,

p +
8 n12 + 8 n22 + 7 n12 n22 n32

4 aZ2
, d +

4 aZ5

n13 n23 n32
, cZ1 + "

2
n1 n2 n3

, cZn123 + 1,

cZn1 +
2

n2 n3
, cZn2 +

2
n1 n3

, cYn1 +
2

n2 n3
, cYn2 + "

2
n1 n3

, rZ +
2 aZ

n1 n2 n3
,

, , , , , , ,
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rY + 0, aP + "aZ, eZM + "1, ePM + "1, eZN1 + 1, eZN2 + 1, pY1 + 3,

p +
8 n12 + 8 n22 + 7 n12 n22 n32

4 aZ2
, d +

4 aZ5

n13 n23 n32
, cZ1 + "

2
n1 n2 n3

, cZn123 + 1,

cZn1 +
2

n2 n3
, cZn2 +

2
n1 n3

, cYn1 +
2

n2 n3
, cYn2 + "

2
n1 n3

, rZ +
2 aZ

n1 n2 n3
,

rY + 0, aP + "aZ, eZM + 1, ePM + 1, eZN1 + 1, eZN2 + 1, pY1 + 3,

p +
8 n12 + 8 n22 + 7 n12 n22 n32

4 aZ2
, d +

4 aZ5

n13 n23 n32
, cZ1 + "

2
n1 n2 n3

, cZn123 + 1,

cZn1 +
2

n2 n3
, cZn2 +

2
n1 n3

, cYn1 +
2

n2 n3
, cYn2 +

2
n1 n3

, rZ +
2 aZ

n1 n2 n3
,

rY + 0, aP + "aZ, eZM + "1, ePM + "1, eZN1 + 1, eZN2 + 1, pY1 + 3,

p +
8 n12 + 8 n22 + 7 n12 n22 n32

4 aZ2
, d +

4 aZ5

n13 n23 n32
, cZ1 + "

2
n1 n2 n3

, cZn123 + 1,

cZn1 +
2

n2 n3
, cZn2 +

2
n1 n3

, cYn1 +
2

n2 n3
, cYn2 +

2
n1 n3

, rZ +
2 aZ

n1 n2 n3
,

rY + 0, aP + "aZ, eZM + 1, ePM + 1, eZN1 + 1, eZN2 + 1, pY1 + 3

Computations for Lemma 6.10. 
The case where there exists Ni6 s.t. Fix(Ni) = Y4U Z2U P0 
and M4 in N1

6, N2
6 and N3

6 s.t. Fix(M) = Z2U P0
Case A.4

(""""""""""""""""""""""""""""""
NOTATIONS
rY xY denotes the restriction of x to Y
rZ xZ denotes the restriction of x to Z
aZ denotes the Hopf weight at Z
aP denotes the Hopf weight at P
cZn1234 xZ denotes the first Chern class of the normal bundle of Z in
the direction of M
cZn1 xZ denotes the first Chern class of the normal bundle of Z in the
remaining direction in N1
cZn2 xZ denotes the first Chern class of the normal bundle of Z in the
remaining direction in N2
cZn3 xZ denotes the first Chern class of the normal bundle of Z in the
remaining direction in N3
cYn1 xY denotes the first Chern class of the normal bundle of Y in the
direction of N1
cYn2 xY denotes the first Chern class of the normal bundle of Y in the
direction of N2
cYn3 xY denotes the first Chern class of the normal bundle of Y in the
direction of N3
µx5YA4 denotes the local datum of x5 at Y
µx5ZA4 denotes the local datum of x5 at Z
µx5PA4 denotes the local datum of x5 at P

We use the variable t to extract the coefficient of order 2 of xY and
of order 1 of xZ. We then evaluate xY2 and xZ to 1.
The orientation of the point P is #1, this explains the negative sign.
Once evaluated, we extract all the coefficients in l into a list.
"""""""""""""""""""""""""""""")
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µx5YA4 =
FactorCoefficientList

CoefficientExpand(rY xY t + l z)5 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

Series(cYn2 xY t + n2 z)#1, {xY, 0, 2} Series(cYn3 xY t + n3 z)#1, {xY, 0, 2},

t, 2, l .. xY2 / 1

0, 0, 0, 10 rY2

n1 n2 n3
, "

5 (cYn3 n1 n2 + cYn2 n1 n3 + cYn1 n2 n3) rY
n12 n22 n32

,

1
n13 n23 n33

cYn32 n12 n22 + cYn2 cYn3 n12 n2 n3 +

cYn1 cYn3 n1 n22 n3 + cYn22 n12 n32 + cYn1 cYn2 n1 n2 n32 + cYn12 n22 n32

µx5ZA4 =
CoefficientList

CoefficientExpand(rZ xZ t + (aZ + l) z)5

Series(cZn1234 xZ t + n1 n2 n3 n4 z)#1, {xZ, 0, 1}

Series(cZn1 t xZ + n1 z)#1, {xZ, 0, 1} Series(cZn2 t xZ + n2 z)#1, {xZ, 0, 1}

Series(cZn3 xZ t + n3 z)#1, {xZ, 0, 1}, t, 1, l .. xZ / 1

"
aZ5 cZn1234

n13 n23 n33 n42
"

aZ5 cZn3
n12 n22 n33 n4

"
aZ5 cZn2

n12 n23 n32 n4
"

aZ5 cZn1
n13 n22 n32 n4

+
5 aZ4 rZ

n12 n22 n32 n4
,

"
5 aZ4 cZn1234
n13 n23 n33 n42

"
5 aZ4 cZn3

n12 n22 n33 n4
"

5 aZ4 cZn2
n12 n23 n32 n4

"
5 aZ4 cZn1

n13 n22 n32 n4
+

20 aZ3 rZ
n12 n22 n32 n4

,

"
10 aZ3 cZn1234
n13 n23 n33 n42

"
10 aZ3 cZn3
n12 n22 n33 n4

"
10 aZ3 cZn2
n12 n23 n32 n4

"
10 aZ3 cZn1
n13 n22 n32 n4

+
30 aZ2 rZ

n12 n22 n32 n4
,

"
10 aZ2 cZn1234
n13 n23 n33 n42

"
10 aZ2 cZn3
n12 n22 n33 n4

"
10 aZ2 cZn2
n12 n23 n32 n4

"
10 aZ2 cZn1
n13 n22 n32 n4

+
20 aZ rZ

n12 n22 n32 n4
,

"
5 aZ cZn1234
n13 n23 n33 n42

"
5 aZ cZn3

n12 n22 n33 n4
"

5 aZ cZn2
n12 n23 n32 n4

"
5 aZ cZn1

n13 n22 n32 n4
+

5 rZ
n12 n22 n32 n4

,

"
cZn1234

n13 n23 n33 n42
"

cZn3
n12 n22 n33 n4

"
cZn2

n12 n23 n32 n4
"

cZn1
n13 n22 n32 n4



µx5PA4 = CoefficientListExpand#((aP + l) z)5 (n1 n2 n3 n4 z)#2 (n1 z)#1 (n2 z)#1 (n3 z)#1,

l

"
aP5

n13 n23 n33 n42
, "

5 aP4

n13 n23 n33 n42
, "

10 aP3

n13 n23 n33 n42
,

"
10 aP2

n13 n23 n33 n42
, "

5 aP
n13 n23 n33 n42

, "
1

n13 n23 n33 n42


(""""""""""""""""""""""""""""""
NOTATIONS
µs1x3YA4 denotes the local datum of p1(X)x3 at Y
µs1x3ZA4 denotes the local datum of p1(X)x3 at Z
µs1x3PA4 denotes the local datum of p1(X)x3 at P
"""""""""""""""""""""""""""""")
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µs1x3YA4 =
FactorCoefficientList

Coefficient

ExpandpY1 t2 + (cYn1 xY t + n1 z)2 + (cYn2 xY t + n2 z)2 + (cYn3 xY t + n3 z)2

(rY xY t + l z)3 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

Series(cYn2 xY t + n2 z)#1, {xY, 0, 2} Series(cYn3 xY t + n3 z)#1, {xY, 0, 2},

t, 2, l .. xY2 / 1

0,
3 n12 + n22 + n32 rY2

n1 n2 n3
,

"
1

n12 n22 n32
3 cYn3 n13 n2 + cYn3 n1 n23 + cYn2 n13 n3 " cYn1 n12 n2 n3 "

cYn2 n1 n22 n3 + cYn1 n23 n3 " cYn3 n1 n2 n32 + cYn2 n1 n33 + cYn1 n2 n33 rY,
1

n13 n23 n33
cYn32 n14 n22 + cYn32 n12 n24 + cYn2 cYn3 n14 n2 n3 " cYn1 cYn3 n13 n22 n3 "

cYn2 cYn3 n12 n23 n3 + cYn1 cYn3 n1 n24 n3 + cYn22 n14 n32 " cYn1 cYn2 n13 n2 n32 "
cYn1 cYn2 n1 n23 n32 + cYn12 n24 n32 " cYn2 cYn3 n12 n2 n33 " cYn1 cYn3 n1 n22 n33 +
cYn22 n12 n34 + cYn1 cYn2 n1 n2 n34 + cYn12 n22 n34 + n12 n22 n32 pY1

µs1x3ZA4 =
FactorCoefficientList

Coefficient

Expand(cZn1234 xZ t + n1 n2 n3 n4 z)2 + (cZn1 xZ t + n1 z)2 + (cZn2 xZ t + n2 z)2 +

(cZn3 xZ t + n3 z)2 (rZ xZ t + (aZ + l) z)3 Series(cZn1 t xZ + n1 z)#1, {xZ, 0, 1}

Series(cZn1234 xZ t + n1 n2 n3 n4 z)#1, {xZ, 0, 1}

Series(cZn2 t xZ + n2 z)#1, {xZ, 0, 1} Series(cZn3 xZ t + n3 z)#1, {xZ, 0, 1},

t, 1, l .. xZ / 1


1

n13 n23 n33 n42
aZ2 "aZ cZn1234 n12 " aZ cZn1234 n22 " aZ cZn1234 n32 " aZ cZn3 n13 n2 n4 " aZ cZn3 n1 n23 n4 "

aZ cZn2 n13 n3 n4 + aZ cZn1 n12 n2 n3 n4 + aZ cZn2 n1 n22 n3 n4 " aZ cZn1 n23 n3 n4 +
aZ cZn3 n1 n2 n32 n4 " aZ cZn2 n1 n33 n4 " aZ cZn1 n2 n33 n4 + aZ cZn1234 n12 n22 n32 n42 "
aZ cZn3 n13 n23 n32 n43 " aZ cZn2 n13 n22 n33 n43 " aZ cZn1 n12 n23 n33 n43 +
3 n13 n2 n3 n4 rZ + 3 n1 n23 n3 n4 rZ + 3 n1 n2 n33 n4 rZ + 3 n13 n23 n33 n43 rZ,
1

n13 n23 n33 n42
3 aZ "aZ cZn1234 n12 " aZ cZn1234 n22 " aZ cZn1234 n32 "

aZ cZn3 n13 n2 n4 " aZ cZn3 n1 n23 n4 " aZ cZn2 n13 n3 n4 + aZ cZn1 n12 n2 n3 n4 +
aZ cZn2 n1 n22 n3 n4 " aZ cZn1 n23 n3 n4 + aZ cZn3 n1 n2 n32 n4 " aZ cZn2 n1 n33 n4 "
aZ cZn1 n2 n33 n4 + aZ cZn1234 n12 n22 n32 n42 " aZ cZn3 n13 n23 n32 n43 "
aZ cZn2 n13 n22 n33 n43 " aZ cZn1 n12 n23 n33 n43 + 2 n13 n2 n3 n4 rZ +

2 n1 n23 n3 n4 rZ + 2 n1 n2 n33 n4 rZ + 2 n13 n23 n33 n43 rZ, 1
n13 n23 n33 n42

3 "aZ cZn1234 n12 " aZ cZn1234 n22 " aZ cZn1234 n32 " aZ cZn3 n13 n2 n4 " aZ cZn3 n1 n23 n4 "

aZ cZn2 n13 n3 n4 + aZ cZn1 n12 n2 n3 n4 + aZ cZn2 n1 n22 n3 n4 " aZ cZn1 n23 n3 n4 +
aZ cZn3 n1 n2 n32 n4 " aZ cZn2 n1 n33 n4 " aZ cZn1 n2 n33 n4 + aZ cZn1234 n12 n22 n32 n42 "
aZ cZn3 n13 n23 n32 n43 " aZ cZn2 n13 n22 n33 n43 " aZ cZn1 n12 n23 n33 n43 +
n13 n2 n3 n4 rZ + n1 n23 n3 n4 rZ + n1 n2 n33 n4 rZ + n13 n23 n33 n43 rZ,
1

n13 n23 n33 n42
"cZn1234 n12 " cZn1234 n22 " cZn1234 n32 " cZn3 n13 n2 n4 "

cZn3 n1 n23 n4 " cZn2 n13 n3 n4 + cZn1 n12 n2 n3 n4 + cZn2 n1 n22 n3 n4 " cZn1 n23 n3 n4 +
cZn3 n1 n2 n32 n4 " cZn2 n1 n33 n4 " cZn1 n2 n33 n4 + cZn1234 n12 n22 n32 n42 "
cZn3 n13 n23 n32 n43 " cZn2 n13 n22 n33 n43 " cZn1 n12 n23 n33 n43
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µs1x3PA4 =

FactorCoefficientList(n1 n2 n3 n4 z)2 + (n1 n2 n3 n4 z)2 + (n1 z)2 + (n2 z)2 + (n3 z)2

Expand#((aP + l) z)3 (n1 n2 n3 n4 z)#2 (n1 z)#1 (n2 z)#1 (n3 z)#1, l

"
aP3 n12 + n22 + n32 + 2 n12 n22 n32 n42

n13 n23 n33 n42
, "

3 aP2 n12 + n22 + n32 + 2 n12 n22 n32 n42
n13 n23 n33 n42

,

"
3 aP n12 + n22 + n32 + 2 n12 n22 n32 n42

n13 n23 n33 n42
, "

n12 + n22 + n32 + 2 n12 n22 n32 n42

n13 n23 n33 n42


µx5YA4 + µx5ZA4 + µx5PA4

"
aP5

n13 n23 n33 n42
"

aZ5 cZn1234
n13 n23 n33 n42

"
aZ5 cZn3

n12 n22 n33 n4
"

aZ5 cZn2
n12 n23 n32 n4

"

aZ5 cZn1
n13 n22 n32 n4

+
5 aZ4 rZ

n12 n22 n32 n4
, "

5 aP4

n13 n23 n33 n42
"

5 aZ4 cZn1234
n13 n23 n33 n42

"

5 aZ4 cZn3
n12 n22 n33 n4

"
5 aZ4 cZn2

n12 n23 n32 n4
"

5 aZ4 cZn1
n13 n22 n32 n4

+
20 aZ3 rZ

n12 n22 n32 n4
,

"
10 aP3

n13 n23 n33 n42
"
10 aZ3 cZn1234
n13 n23 n33 n42

"
10 aZ3 cZn3
n12 n22 n33 n4

"
10 aZ3 cZn2
n12 n23 n32 n4

"

10 aZ3 cZn1
n13 n22 n32 n4

+
30 aZ2 rZ

n12 n22 n32 n4
, "

10 aP2

n13 n23 n33 n42
"
10 aZ2 cZn1234
n13 n23 n33 n42

"

10 aZ2 cZn3
n12 n22 n33 n4

"
10 aZ2 cZn2
n12 n23 n32 n4

"
10 aZ2 cZn1
n13 n22 n32 n4

+
10 rY2

n1 n2 n3
+

20 aZ rZ
n12 n22 n32 n4

,

"
5 aP

n13 n23 n33 n42
"

5 aZ cZn1234
n13 n23 n33 n42

"
5 aZ cZn3

n12 n22 n33 n4
"

5 aZ cZn2
n12 n23 n32 n4

"

5 aZ cZn1
n13 n22 n32 n4

"
5 (cYn3 n1 n2 + cYn2 n1 n3 + cYn1 n2 n3) rY

n12 n22 n32
+

5 rZ
n12 n22 n32 n4

,

1
n13 n23 n33

cYn32 n12 n22 + cYn2 cYn3 n12 n2 n3 + cYn1 cYn3 n1 n22 n3 +

cYn22 n12 n32 + cYn1 cYn2 n1 n2 n32 + cYn12 n22 n32 "
1

n13 n23 n33 n42
"

cZn1234
n13 n23 n33 n42

"
cZn3

n12 n22 n33 n4
"

cZn2
n12 n23 n32 n4

"
cZn1

n13 n22 n32 n4

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µs1x3YA4 + µs1x3ZA4 + µs1x3PA4

"
aP3 n12 + n22 + n32 + 2 n12 n22 n32 n42

n13 n23 n33 n42
+

1
n13 n23 n33 n42

aZ2 "aZ cZn1234 n12 " aZ cZn1234 n22 " aZ cZn1234 n32 "

aZ cZn3 n13 n2 n4 " aZ cZn3 n1 n23 n4 " aZ cZn2 n13 n3 n4 + aZ cZn1 n12 n2 n3 n4 +
aZ cZn2 n1 n22 n3 n4 " aZ cZn1 n23 n3 n4 + aZ cZn3 n1 n2 n32 n4 " aZ cZn2 n1 n33 n4 "
aZ cZn1 n2 n33 n4 + aZ cZn1234 n12 n22 n32 n42 " aZ cZn3 n13 n23 n32 n43 "
aZ cZn2 n13 n22 n33 n43 " aZ cZn1 n12 n23 n33 n43 + 3 n13 n2 n3 n4 rZ +

3 n1 n23 n3 n4 rZ + 3 n1 n2 n33 n4 rZ + 3 n13 n23 n33 n43 rZ,

"
3 aP2 n12 + n22 + n32 + 2 n12 n22 n32 n42

n13 n23 n33 n42
+
3 n12 + n22 + n32 rY2

n1 n2 n3
+

1
n13 n23 n33 n42

3 aZ

"aZ cZn1234 n12 " aZ cZn1234 n22 " aZ cZn1234 n32 " aZ cZn3 n13 n2 n4 " aZ cZn3 n1 n23 n4 "

aZ cZn2 n13 n3 n4 + aZ cZn1 n12 n2 n3 n4 + aZ cZn2 n1 n22 n3 n4 " aZ cZn1 n23 n3 n4 +
aZ cZn3 n1 n2 n32 n4 " aZ cZn2 n1 n33 n4 " aZ cZn1 n2 n33 n4 + aZ cZn1234 n12 n22 n32 n42 "
aZ cZn3 n13 n23 n32 n43 " aZ cZn2 n13 n22 n33 n43 " aZ cZn1 n12 n23 n33 n43 +
2 n13 n2 n3 n4 rZ + 2 n1 n23 n3 n4 rZ + 2 n1 n2 n33 n4 rZ + 2 n13 n23 n33 n43 rZ,

"
3 aP n12 + n22 + n32 + 2 n12 n22 n32 n42

n13 n23 n33 n42
"

1
n12 n22 n32

3 cYn3 n13 n2 + cYn3 n1 n23 + cYn2 n13 n3 " cYn1 n12 n2 n3 " cYn2 n1 n22 n3 +

cYn1 n23 n3 " cYn3 n1 n2 n32 + cYn2 n1 n33 + cYn1 n2 n33 rY +
1

n13 n23 n33 n42
3 "aZ cZn1234 n12 " aZ cZn1234 n22 " aZ cZn1234 n32 " aZ cZn3 n13 n2 n4 " aZ cZn3 n1 n23 n4 "

aZ cZn2 n13 n3 n4 + aZ cZn1 n12 n2 n3 n4 + aZ cZn2 n1 n22 n3 n4 " aZ cZn1 n23 n3 n4 +
aZ cZn3 n1 n2 n32 n4 " aZ cZn2 n1 n33 n4 " aZ cZn1 n2 n33 n4 + aZ cZn1234 n12 n22 n32 n42 "
aZ cZn3 n13 n23 n32 n43 " aZ cZn2 n13 n22 n33 n43 " aZ cZn1 n12 n23 n33 n43 +
n13 n2 n3 n4 rZ + n1 n23 n3 n4 rZ + n1 n2 n33 n4 rZ + n13 n23 n33 n43 rZ,

"
n12 + n22 + n32 + 2 n12 n22 n32 n42

n13 n23 n33 n42
+

1
n13 n23 n33 n42

"cZn1234 n12 " cZn1234 n22 " cZn1234 n32 " cZn3 n13 n2 n4 " cZn3 n1 n23 n4 "

cZn2 n13 n3 n4 + cZn1 n12 n2 n3 n4 + cZn2 n1 n22 n3 n4 " cZn1 n23 n3 n4 +
cZn3 n1 n2 n32 n4 " cZn2 n1 n33 n4 " cZn1 n2 n33 n4 + cZn1234 n12 n22 n32 n42 "
cZn3 n13 n23 n32 n43 " cZn2 n13 n22 n33 n43 " cZn1 n12 n23 n33 n43 +

1
n13 n23 n33

cYn32 n14 n22 + cYn32 n12 n24 + cYn2 cYn3 n14 n2 n3 " cYn1 cYn3 n13 n22 n3 "

cYn2 cYn3 n12 n23 n3 + cYn1 cYn3 n1 n24 n3 + cYn22 n14 n32 " cYn1 cYn2 n13 n2 n32 "
cYn1 cYn2 n1 n23 n32 + cYn12 n24 n32 " cYn2 cYn3 n12 n2 n33 " cYn1 cYn3 n1 n22 n33 +
cYn22 n12 n34 + cYn1 cYn2 n1 n2 n34 + cYn12 n22 n34 + n12 n22 n32 pY1
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FactorSolve

(""""""""""""""""""""""""""""""
The following equations are given by the above computations of x5 locally
"""""""""""""""""""""""""""""")

d 4 #
aP5

n13 n23 n33 n42
#

aZ5 cZn1234

n13 n23 n33 n42
#

aZ5 cZn3

n12 n22 n33 n4
#

aZ5 cZn2

n12 n23 n32 n4
#

aZ5 cZn1

n13 n22 n32 n4
+

5 aZ4 rZ

n12 n22 n32 n4
,

0 4 #
5 aP4

n13 n23 n33 n42
#

5 aZ4 cZn1234

n13 n23 n33 n42
#

5 aZ4 cZn3

n12 n22 n33 n4
#

5 aZ4 cZn2

n12 n23 n32 n4
#

5 aZ4 cZn1

n13 n22 n32 n4
+

20 aZ3 rZ

n12 n22 n32 n4
,

0 4 #
10 aP3

n13 n23 n33 n42
#
10 aZ3 cZn1234

n13 n23 n33 n42
#

10 aZ3 cZn3

n12 n22 n33 n4
#

10 aZ3 cZn2

n12 n23 n32 n4
#

10 aZ3 cZn1

n13 n22 n32 n4
+

30 aZ2 rZ

n12 n22 n32 n4

,

{d, cZn1, rZ}

d + "
aP3 (aP " aZ)2

n13 n23 n33 n42
,

cZn1 + "
"3 aP4 + 4 aP3 aZ + aZ4 cZn1234 + aZ4 cZn3 n1 n2 n4 + aZ4 cZn2 n1 n3 n4

aZ4 n2 n3 n4
,

rZ + "
aP3 ("aP + aZ)
aZ3 n1 n2 n3 n4


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Solve

(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.11 for N1
"""""""""""""""""""""""""""""")

0 4 #
3 aP2

n13 n22 n32 n42
+
3 rY2

n1
#
3 aZ eZN1 (aZ cZn1234 + aZ cZn1 n2 n3 n4 # 2 n1 n2 n3 n4 rZ)

n13 n22 n32 n42
,

0 4 #
3 aP

n13 n22 n32 n42
#
3 cYn1 rY

n12
#
3 eZN1 (aZ cZn1234 + aZ cZn1 n2 n3 n4 # n1 n2 n3 n4 rZ)

n13 n22 n32 n42
,

0 4
cYn12

n13
#

1

n13 n22 n32 n42
#
eZN1 (cZn1234 + cZn1 n2 n3 n4)

n13 n22 n32 n42
,

0 4

#
1

n1 n22 n32 n42

1 + cZn1234 eZN1 # cZn1 eZN1 n2 n3 n4 + 2 n22 n32 n42 # cZn1234 eZN1 n22 n32 n42 +

cZn1 eZN1 n23 n33 n43 # n22 n32 n42 pY1,
pY1 4 3,
(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.7 for M
"""""""""""""""""""""""""""""")

0 4
2 aP ePM

n12 n22 n32 n42
#
2 eZM (aZ cZn1234 # n1 n2 n3 n4 rZ)

n12 n22 n32 n42
,

0 4
ePM

n12 n22 n32 n42
#

cZn1234 eZM

n12 n22 n32 n42

,

{rY, rZ, pY1, cYn1, cZn1234, cZn1, eZM}

rY +
aP " aZ

n1 n2 n3 n4
, rZ +

aP " aZ
eZN1 n1 n2 n3 n4

,

pY1 + 3, cYn1 + 0, cZn1234 + "
1

eZN1
, cZn1 + 0, eZM + "ePM eZN1,

rY +
"aP + aZ

n1 n2 n3 n4
, rZ +

aP " aZ
eZN1 n1 n2 n3 n4

, pY1 + 3, cYn1 + 0, cZn1234 + "
1

eZN1
,

cZn1 + 0, eZM + "ePM eZN1, rY + "
aP + aZ

n1 n2 n3 n4
, rZ +

"aP + aZ
eZN1 n1 n2 n3 n4

, pY1 + 3,

cYn1 +
2

n2 n3 n4
, cZn1234 +

1
eZN1

, cZn1 +
2

eZN1 n2 n3 n4
, eZM + ePM eZN1,

rY +
aP + aZ

n1 n2 n3 n4
, rZ +

"aP + aZ
eZN1 n1 n2 n3 n4

, pY1 + 3, cYn1 + "
2

n2 n3 n4
,

cZn1234 +
1

eZN1
, cZn1 +

2
eZN1 n2 n3 n4

, eZM + ePM eZN1

(""""""""""""""""""""""""""""""
It is now interesting to compare the values of rZ
"""""""""""""""""""""""""""""")

FactorSolve

#
aP3 (#aP + aZ)

aZ3 n1 n2 n3 n4
4 #

aP # aZ

n1 n2 n3 n4

, {aP}

{aP + "aZ}, {aP + aZ}, aP +
1
2

1 " . 3  aZ, aP +
1
2

1 + . 3  aZ
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(""""""""""""""""""""""""""""""
Since aP is not equal to aZ and needs to be an integer, we have that aP = #aZ

"""""""""""""""""""""""""""""")

FactorSolve

(""""""""""""""""""""""""""""""
The following equations are give by the above computations
"""""""""""""""""""""""""""""")

aP 4 #aZ, d 4 #
aP3 (aP # aZ)2

n13 n23 n33 n42
,

cZn1 4 #
#3 aP4 + 4 aP3 aZ + aZ4 cZn1234 + aZ4 cZn3 n1 n2 n4 + aZ4 cZn2 n1 n3 n4

aZ4 n2 n3 n4
,

rZ 4 #
aP3 (#aP + aZ)

aZ3 n1 n2 n3 n4
,

(""""""""""""""""""""""""""""""
The following equations are given by the above computations of p1(X)x3 locally
"""""""""""""""""""""""""""""")

p d 4 #
aP3 n12 + n22 + n32 + 2 n12 n22 n32 n42

n13 n23 n33 n42
+

1

n13 n23 n33 n42
aZ2

#aZ cZn1234 n12 # aZ cZn1234 n22 # aZ cZn1234 n32 # aZ cZn3 n13 n2 n4 #

aZ cZn3 n1 n23 n4 # aZ cZn2 n13 n3 n4 + aZ cZn1 n12 n2 n3 n4 + aZ cZn2 n1 n22 n3 n4 #

aZ cZn1 n23 n3 n4 + aZ cZn3 n1 n2 n32 n4 # aZ cZn2 n1 n33 n4 # aZ cZn1 n2 n33 n4 +

aZ cZn1234 n12 n22 n32 n42 # aZ cZn3 n13 n23 n32 n43 # aZ cZn2 n13 n22 n33 n43 #
aZ cZn1 n12 n23 n33 n43 + 3 n13 n2 n3 n4 rZ + 3 n1 n23 n3 n4 rZ + 3 n1 n2 n33 n4 rZ +

3 n13 n23 n33 n43 rZ,
(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.11 for N1
"""""""""""""""""""""""""""""")

0 4 #
3 aP2

n13 n22 n32 n42
+
3 rY2

n1
#
3 aZ eZN1 (aZ cZn1234 + aZ cZn1 n2 n3 n4 # 2 n1 n2 n3 n4 rZ)

n13 n22 n32 n42
,

0 4 #
3 aP

n13 n22 n32 n42
#
3 cYn1 rY

n12
#
3 eZN1 (aZ cZn1234 + aZ cZn1 n2 n3 n4 # n1 n2 n3 n4 rZ)

n13 n22 n32 n42
,

0 4
cYn12

n13
#

1

n13 n22 n32 n42
#
eZN1 (cZn1234 + cZn1 n2 n3 n4)

n13 n22 n32 n42
,

0 4 #
1

n1 n22 n32 n42

1 + cZn1234 eZN1 # cZn1 eZN1 n2 n3 n4 + 2 n22 n32 n42 # cZn1234 eZN1 n22 n32 n42 +

cZn1 eZN1 n23 n33 n43 # n22 n32 n42 pY1,

pY1 4 3, eZN12 4 1,
(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.11 for N2
"""""""""""""""""""""""""""""")

0 4 #
3 aP2

n12 n23 n32 n42
+
3 rY2

n2
#
3 aZ eZN2 (aZ cZn1234 + aZ cZn2 n1 n3 n4 # 2 n1 n2 n3 n4 rZ)

n12 n23 n32 n42
,

0 4 #
3 aP

n12 n23 n32 n42
#
3 cYn2 rY

n22
#
3 eZN2 (aZ cZn1234 + aZ cZn2 n1 n3 n4 # n1 n2 n3 n4 rZ)

n12 n23 n32 n42
,

0 4
cYn22

n23
#

1

n12 n23 n32 n42
#
eZN2 (cZn1234 + cZn2 n1 n3 n4)

n12 n23 n32 n42
,

0 4 #
1

n12 n2 n32 n42

1 + cZn1234 eZN2 # cZn2 eZN2 n1 n3 n4 + 2 n12 n32 n42 # cZn1234 eZN2 n12 n32 n42 +

cZn2 eZN2 n13 n33 n43 # n12 n32 n42 pY1,

,
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cZn2 eZN2 n13 n33 n43 # n12 n32 n42 pY1,

eZN22 4 1,
(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.11 for N3
"""""""""""""""""""""""""""""")

0 4 #
3 aP2

n12 n22 n33 n42
+
3 rY2

n3
#
3 aZ eZN3 (aZ cZn1234 + aZ cZn3 n1 n2 n4 # 2 n1 n2 n3 n4 rZ)

n12 n22 n33 n42
,

0 4 #
3 aP

n12 n22 n33 n42
#
3 cYn3 rY

n32
#
3 eZN3 (aZ cZn1234 + aZ cZn3 n1 n2 n4 # n1 n2 n3 n4 rZ)

n12 n22 n33 n42
,

0 4
cYn32

n33
#

1

n12 n22 n33 n42
#
eZN3 (cZn1234 + cZn3 n1 n2 n4)

n12 n22 n33 n42
,

0 4 #
1

n12 n22 n3 n42

1 + cZn1234 eZN3 # cZn3 eZN3 n1 n2 n4 + 2 n12 n22 n42 # cZn1234 eZN3 n12 n22 n42 +

cZn3 eZN3 n13 n23 n43 # n12 n22 n42 pY1,

eZN22 4 1,
(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.7 for M
"""""""""""""""""""""""""""""")

0 4
2 aP ePM

n12 n22 n32 n42
#
2 eZM (aZ cZn1234 # n1 n2 n3 n4 rZ)

n12 n22 n32 n42
,

0 4
ePM

n12 n22 n32 n42
#

cZn1234 eZM

n12 n22 n32 n42
,

eZM2 4 1, ePM2 4 1

,

{p, d, cZn1234, cZn1, cZn2, cZn3, cYn1, cYn2, cYn3, rZ, rY, aP, eZM, ePM,

eZN1, eZN2, eZN3, pY1}

p +
4 n12 + 4 n22 + 4 n32 + 3 n12 n22 n32 n42

4 aZ2
, d +

4 aZ5

n13 n23 n33 n42
,

cZn1234 + 1, cZn1 +
2

n2 n3 n4
, cZn2 +

2
n1 n3 n4

, cZn3 +
2

n1 n2 n4
,

cYn1 + "
2

n2 n3 n4
, cYn2 + "

2
n1 n3 n4

, cYn3 + "
2

n1 n2 n4
, rZ +

2 aZ
n1 n2 n3 n4

,

rY + 0, aP + "aZ, eZM + "1, ePM + "1, eZN1 + 1, eZN2 + 1, eZN3 + 1, pY1 + 3,

p +
4 n12 + 4 n22 + 4 n32 + 3 n12 n22 n32 n42

4 aZ2
, d +

4 aZ5

n13 n23 n33 n42
, cZn1234 + 1,

cZn1 +
2

n2 n3 n4
, cZn2 +

2
n1 n3 n4

, cZn3 +
2

n1 n2 n4
, cYn1 + "

2
n2 n3 n4

,

cYn2 + "
2

n1 n3 n4
, cYn3 + "

2
n1 n2 n4

, rZ +
2 aZ

n1 n2 n3 n4
, rY + 0,

aP + "aZ, eZM + 1, ePM + 1, eZN1 + 1, eZN2 + 1, eZN3 + 1, pY1 + 3,

p +
4 n12 + 4 n22 + 4 n32 + 3 n12 n22 n32 n42

4 aZ2
, d +

4 aZ5

n13 n23 n33 n42
, cZn1234 + 1,

cZn1 +
2

n2 n3 n4
, cZn2 +

2
n1 n3 n4

, cZn3 +
2

n1 n2 n4
, cYn1 + "

2
n2 n3 n4

,

cYn2 + "
2

n1 n3 n4
, cYn3 +

2
n1 n2 n4

, rZ +
2 aZ

n1 n2 n3 n4
, rY + 0,

aP + "aZ, eZM + "1, ePM + "1, eZN1 + 1, eZN2 + 1, eZN3 + 1, pY1 + 3,

p +
4 n12 + 4 n22 + 4 n32 + 3 n12 n22 n32 n42

4 aZ2
, d +

4 aZ5

n13 n23 n33 n42
, cZn1234 + 1,

cZn1 +
2

n2 n3 n4
, cZn2 +

2
n1 n3 n4

, cZn3 +
2

n1 n2 n4
, cYn1 + "

2
n2 n3 n4

,

, , , ,
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cYn2 + "
2

n1 n3 n4
, cYn3 +

2
n1 n2 n4

, rZ +
2 aZ

n1 n2 n3 n4
, rY + 0,

aP + "aZ, eZM + 1, ePM + 1, eZN1 + 1, eZN2 + 1, eZN3 + 1, pY1 + 3,

p +
4 n12 + 4 n22 + 4 n32 + 3 n12 n22 n32 n42

4 aZ2
, d +

4 aZ5

n13 n23 n33 n42
, cZn1234 + 1,

cZn1 +
2

n2 n3 n4
, cZn2 +

2
n1 n3 n4

, cZn3 +
2

n1 n2 n4
, cYn1 + "

2
n2 n3 n4

,

cYn2 +
2

n1 n3 n4
, cYn3 + "

2
n1 n2 n4

, rZ +
2 aZ

n1 n2 n3 n4
, rY + 0,

aP + "aZ, eZM + "1, ePM + "1, eZN1 + 1, eZN2 + 1, eZN3 + 1, pY1 + 3,

p +
4 n12 + 4 n22 + 4 n32 + 3 n12 n22 n32 n42

4 aZ2
, d +

4 aZ5

n13 n23 n33 n42
, cZn1234 + 1,

cZn1 +
2

n2 n3 n4
, cZn2 +

2
n1 n3 n4

, cZn3 +
2

n1 n2 n4
, cYn1 + "

2
n2 n3 n4

,

cYn2 +
2

n1 n3 n4
, cYn3 + "

2
n1 n2 n4

, rZ +
2 aZ

n1 n2 n3 n4
, rY + 0,

aP + "aZ, eZM + 1, ePM + 1, eZN1 + 1, eZN2 + 1, eZN3 + 1, pY1 + 3,

p +
4 n12 + 4 n22 + 4 n32 + 3 n12 n22 n32 n42

4 aZ2
, d +

4 aZ5

n13 n23 n33 n42
, cZn1234 + 1,

cZn1 +
2

n2 n3 n4
, cZn2 +

2
n1 n3 n4

, cZn3 +
2

n1 n2 n4
, cYn1 + "

2
n2 n3 n4

,

cYn2 +
2

n1 n3 n4
, cYn3 +

2
n1 n2 n4

, rZ +
2 aZ

n1 n2 n3 n4
, rY + 0, aP + "aZ,

eZM + "1, ePM + "1, eZN1 + 1, eZN2 + 1, eZN3 + 1, pY1 + 3,

p +
4 n12 + 4 n22 + 4 n32 + 3 n12 n22 n32 n42

4 aZ2
, d +

4 aZ5

n13 n23 n33 n42
, cZn1234 + 1,

cZn1 +
2

n2 n3 n4
, cZn2 +

2
n1 n3 n4

, cZn3 +
2

n1 n2 n4
, cYn1 + "

2
n2 n3 n4

,

cYn2 +
2

n1 n3 n4
, cYn3 +

2
n1 n2 n4

, rZ +
2 aZ

n1 n2 n3 n4
, rY + 0,

aP + "aZ, eZM + 1, ePM + 1, eZN1 + 1, eZN2 + 1, eZN3 + 1, pY1 + 3,

p +
4 n12 + 4 n22 + 4 n32 + 3 n12 n22 n32 n42

4 aZ2
, d +

4 aZ5

n13 n23 n33 n42
, cZn1234 + 1,

cZn1 +
2

n2 n3 n4
, cZn2 +

2
n1 n3 n4

, cZn3 +
2

n1 n2 n4
, cYn1 +

2
n2 n3 n4

,

cYn2 + "
2

n1 n3 n4
, cYn3 + "

2
n1 n2 n4

, rZ +
2 aZ

n1 n2 n3 n4
, rY + 0,

aP + "aZ, eZM + "1, ePM + "1, eZN1 + 1, eZN2 + 1, eZN3 + 1, pY1 + 3,

p +
4 n12 + 4 n22 + 4 n32 + 3 n12 n22 n32 n42

4 aZ2
, d +

4 aZ5

n13 n23 n33 n42
, cZn1234 + 1,

cZn1 +
2

n2 n3 n4
, cZn2 +

2
n1 n3 n4

, cZn3 +
2

n1 n2 n4
, cYn1 +

2
n2 n3 n4

,

cYn2 + "
2

n1 n3 n4
, cYn3 + "

2
n1 n2 n4

, rZ +
2 aZ

n1 n2 n3 n4
, rY + 0,

aP + "aZ, eZM + 1, ePM + 1, eZN1 + 1, eZN2 + 1, eZN3 + 1, pY1 + 3,

p +
4 n12 + 4 n22 + 4 n32 + 3 n12 n22 n32 n42

4 aZ2
, d +

4 aZ5

n13 n23 n33 n42
, cZn1234 + 1,

cZn1 +
2

n2 n3 n4
, cZn2 +

2
n1 n3 n4

, cZn3 +
2

n1 n2 n4
, cYn1 +

2
n2 n3 n4

,

cYn2 + "
2

n1 n3 n4
, cYn3 +

2
n1 n2 n4

, rZ +
2 aZ

n1 n2 n3 n4
, rY + 0,

, , , , , , ,
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aP + "aZ, eZM + "1, ePM + "1, eZN1 + 1, eZN2 + 1, eZN3 + 1, pY1 + 3,

p +
4 n12 + 4 n22 + 4 n32 + 3 n12 n22 n32 n42

4 aZ2
, d +

4 aZ5

n13 n23 n33 n42
, cZn1234 + 1,

cZn1 +
2

n2 n3 n4
, cZn2 +

2
n1 n3 n4

, cZn3 +
2

n1 n2 n4
, cYn1 +

2
n2 n3 n4

,

cYn2 + "
2

n1 n3 n4
, cYn3 +

2
n1 n2 n4

, rZ +
2 aZ

n1 n2 n3 n4
, rY + 0,

aP + "aZ, eZM + 1, ePM + 1, eZN1 + 1, eZN2 + 1, eZN3 + 1, pY1 + 3,

p +
4 n12 + 4 n22 + 4 n32 + 3 n12 n22 n32 n42

4 aZ2
, d +

4 aZ5

n13 n23 n33 n42
, cZn1234 + 1,

cZn1 +
2

n2 n3 n4
, cZn2 +

2
n1 n3 n4

, cZn3 +
2

n1 n2 n4
, cYn1 +

2
n2 n3 n4

,

cYn2 +
2

n1 n3 n4
, cYn3 + "

2
n1 n2 n4

, rZ +
2 aZ

n1 n2 n3 n4
, rY + 0,

aP + "aZ, eZM + "1, ePM + "1, eZN1 + 1, eZN2 + 1, eZN3 + 1, pY1 + 3,

p +
4 n12 + 4 n22 + 4 n32 + 3 n12 n22 n32 n42

4 aZ2
, d +

4 aZ5

n13 n23 n33 n42
, cZn1234 + 1,

cZn1 +
2

n2 n3 n4
, cZn2 +

2
n1 n3 n4

, cZn3 +
2

n1 n2 n4
, cYn1 +

2
n2 n3 n4

,

cYn2 +
2

n1 n3 n4
, cYn3 + "

2
n1 n2 n4

, rZ +
2 aZ

n1 n2 n3 n4
, rY + 0,

aP + "aZ, eZM + 1, ePM + 1, eZN1 + 1, eZN2 + 1, eZN3 + 1, pY1 + 3,

p +
4 n12 + 4 n22 + 4 n32 + 3 n12 n22 n32 n42

4 aZ2
, d +

4 aZ5

n13 n23 n33 n42
, cZn1234 + 1,

cZn1 +
2

n2 n3 n4
, cZn2 +

2
n1 n3 n4

, cZn3 +
2

n1 n2 n4
, cYn1 +

2
n2 n3 n4

,

cYn2 +
2

n1 n3 n4
, cYn3 +

2
n1 n2 n4

, rZ +
2 aZ

n1 n2 n3 n4
, rY + 0, aP + "aZ,

eZM + "1, ePM + "1, eZN1 + 1, eZN2 + 1, eZN3 + 1, pY1 + 3,

p +
4 n12 + 4 n22 + 4 n32 + 3 n12 n22 n32 n42

4 aZ2
, d +

4 aZ5

n13 n23 n33 n42
, cZn1234 + 1,

cZn1 +
2

n2 n3 n4
, cZn2 +

2
n1 n3 n4

, cZn3 +
2

n1 n2 n4
, cYn1 +

2
n2 n3 n4

,

cYn2 +
2

n1 n3 n4
, cYn3 +

2
n1 n2 n4

, rZ +
2 aZ

n1 n2 n3 n4
, rY + 0,

aP + "aZ, eZM + 1, ePM + 1, eZN1 + 1, eZN2 + 1, eZN3 + 1, pY1 + 3

Computations for Lemma 6.14.
The case there exists N6 s.t. Fix (N) = Y4U P0.
Case B.1 where the other normal weights are trivial.
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(""""""""""""""""""""""""""""""
NOTATIONS
rY xY denotes the restriction of x to Y
rZ xZ denotes the restriction of x to Z
aZ denotes the Hopf weight at Z
aP denotes the Hopf weight at P
cYn1 xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cYj xYj denotes the j#th Chern class of the normal bundle of Y in the
remaining directions
cZ1 xZ denotes the first Chern class of the normal bundle of Z
µx5YB1 denotes the local datum of x5 at Y
µx5ZB1 denotes the local datum of x5 at Z
µx5PB1 denotes the local datum of x5 at P

We use the variable t to extract the coefficient of order 2 of xY and
of order 1 of xZ. We then evaluate xY2 and xZ to 1.
The orientation of the point P is #1, this explains the negative sign.
Once evaluated, we extract all the coefficients in l into a list.
"""""""""""""""""""""""""""""")

µx5YB1 =
FactorCoefficientList

CoefficientExpand(rY xY t + l z)5 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

SeriescY2 xY2 t2 + cY1 xY t z + z2#1, {xY, 0, 2}, t, 2, l .. xY2 / 1

0, 0, 0, 10 rY2

n1
, "

5 (cYn1 + cY1 n1) rY
n12

, cYn12 + cY1 cYn1 n1 + cY12 n12 " cY2 n12

n13


µx5ZB1 =
CoefficientList

CoefficientExpand(rZ xZ t + (aZ + l) z)5 Series(cZ1 xZ t + z)#1, {xZ, 0, 1} z#3,

t, 1, l .. xZ / 1

"aZ5 cZ1 + 5 aZ4 rZ, "5 aZ4 cZ1 + 20 aZ3 rZ,
"10 aZ3 cZ1 + 30 aZ2 rZ, "10 aZ2 cZ1 + 20 aZ rZ, "5 aZ cZ1 + 5 rZ, "cZ1

µx5PB1 = CoefficientListExpand#((aP + l) z)5 z#1 z#1 (n1 z)#1 (n1 z)#1 (n1 z)#1, l

"
aP5

n13
, "

5 aP4

n13
, "

10 aP3

n13
, "

10 aP2

n13
, "

5 aP
n13

, "
1
n13



(""""""""""""""""""""""""""""""
NOTATIONS
µs1x3YB1 denotes the local datum of p1(X)x3 at Y
µs1x3ZB1 denotes the local datum of p1(X)x3 at Z
µs1x3PB1 denotes the local datum of p1(X)x3 at P
"""""""""""""""""""""""""""""")

SymmetricReductionExpand(cYn1 xY t + n1 z)2 + (yY2 t + z)2 + (yY3 t + z)2,

{yY2, yY3}, cY1 xY, cY2 xY2

cY12 t2 xY2 " 2 cY2 t2 xY2 + cYn12 t2 xY2 + 2 cY1 t xY z + 2 cYn1 n1 t xY z + 2 z2 + n12 z2, 0
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µs1x3YB1 =
FactorCoefficientList

Coefficient

pY1 t2 + cY12 t2 xY2 # 2 cY2 t2 xY2 + cYn12 t2 xY2 + 2 cY1 t xY z + 2 cYn1 n1 t xY z +

2 z2 + n12 z2 Expand(rY xY t + l z)3 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

SeriescY2 xY2 t2 + cY1 xY t z + z2#1, {xY, 0, 2}, t, 2, l .. xY2 / 1

0,
3 2 + n12 rY2

n1
,
3 "2 cYn1 + cYn1 n12 " cY1 n13 rY

n12
,

2 cYn12 + cY12 n12 " 4 cY2 n12 " cY1 cYn1 n13 + cY12 n14 " cY2 n14 + n12 pY1
n13



µs1x3ZB1 =
CoefficientList

Coefficient(cZ1 xZ t + z)2 + 3 z2 Expand(rZ xZ t + (aZ + l) z)3

Series(cZ1 xZ t + z)#1, {xZ, 0, 1} z#3, t, 1, l .. xZ / 1

"2 aZ3 cZ1 + 12 aZ2 rZ, "6 aZ2 cZ1 + 24 aZ rZ, "6 aZ cZ1 + 12 rZ, "2 cZ1

µs1x3PB1 =

FactorCoefficientListz2 + z2 + (n1 z)2 + (n1 z)2 + (n1 z)2 Expand#((aP + l) z)3

z#1 z#1 (n1 z)#1 (n1 z)#1 (n1 z)#1, l

"
aP3 2 + 3 n12

n13
, "

3 aP2 2 + 3 n12
n13

, "
3 aP 2 + 3 n12

n13
, "

2 + 3 n12

n13


µx5YB1 + µx5ZB1 + µx5PB1

"aZ5 cZ1 "
aP5

n13
+ 5 aZ4 rZ, "5 aZ4 cZ1 "

5 aP4

n13
+ 20 aZ3 rZ, "10 aZ3 cZ1 "

10 aP3

n13
+ 30 aZ2 rZ,

"10 aZ2 cZ1 "
10 aP2

n13
+
10 rY2

n1
+ 20 aZ rZ, "5 aZ cZ1 "

5 aP
n13

"
5 (cYn1 + cY1 n1) rY

n12
+ 5 rZ,

"cZ1 "
1
n13

+
cYn12 + cY1 cYn1 n1 + cY12 n12 " cY2 n12

n13


µs1x3YB1 + µs1x3ZB1 + µs1x3PB1

"2 aZ3 cZ1 "
aP3 2 + 3 n12

n13
+ 12 aZ2 rZ,

"6 aZ2 cZ1 "
3 aP2 2 + 3 n12

n13
+
3 2 + n12 rY2

n1
+ 24 aZ rZ,

"6 aZ cZ1 "
3 aP 2 + 3 n12

n13
+
3 "2 cYn1 + cYn1 n12 " cY1 n13 rY

n12
+ 12 rZ,

"2 cZ1 "
2 + 3 n12

n13
+
2 cYn12 + cY12 n12 " 4 cY2 n12 " cY1 cYn1 n13 + cY12 n14 " cY2 n14 + n12 pY1

n13

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FactorSolve

(""""""""""""""""""""""""""""""
The following equations are given by the above computations of x5 locally
"""""""""""""""""""""""""""""")

d 4 #aZ5 cZ1 #
aP5

n13
+ 5 aZ4 rZ,

0 4 #5 aZ4 cZ1 #
5 aP4

n13
+ 20 aZ3 rZ,

0 4 #10 aZ3 cZ1 #
10 aP3

n13
+ 30 aZ2 rZ,

0 4 #10 aZ2 cZ1 #
10 aP2

n13
+
10 rY2

n1
+ 20 aZ rZ,

(""""""""""""""""""""""""""""""
The following equation is given by the above computations of p1(X)x3 locally
"""""""""""""""""""""""""""""")

p d 4 #2 aZ3 cZ1 #
aP3 2 + 3 n12

n13
+ 12 aZ2 rZ,

(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.13
"""""""""""""""""""""""""""""")

0 4 #
3 aP2

n13
+
3 rY2

n1
,

0 4 #
3 aP

n13
#
3 cYn1 rY

n12
,

0 4 #
1

n13
+
cYn12

n13

, {p, d, cZ1, cYn1, rZ, rY, aP, n1}

{d + 0, cZ1 + 0, cYn1 + "1, rZ + 0, rY + 0, aP + 0},
{d + 0, cZ1 + 0, cYn1 + 1, rZ + 0, rY + 0, aP + 0},

p +
3 "2 + n12

aZ2
, d + "

8 aZ5

n13
, cZ1 +

16
n13

, cYn1 + 1, rZ +
8 aZ
n13

, rY + "
2 aZ
n1

, aP + 2 aZ,

p +
3 "2 + n12

aZ2
, d + "

8 aZ5

n13
, cZ1 +

16
n13

, cYn1 + "1, rZ +
8 aZ
n13

, rY +
2 aZ
n1

, aP + 2 aZ
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Computations for Lemma 6.14.
Case where there exists N6 s.t. Fix (N) = Y4U P0.
Case B.2 where the other normal weights are not trivial.

(""""""""""""""""""""""""""""""
NOTATIONS
rY xY denotes the restriction of x to Y
rZ xZ denotes the restriction of x to Z
aZ denotes the Hopf weight at Z
aP denotes the Hopf weight at P
cYn1 xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cYj xYj denotes the j#th Chern class of the normal bundle of Y in the
remaining directions
cZn2 xZ denotes the first Chern class of the normal bundle of Z in the
direction of M
cZ1 xZ denotes the first Chern class of the normal bundle of Z in the
remaining directions
µx5YB2 denotes the local datum of x5 at Y
µx5ZB2 denotes the local datum of x5 at Z
µx5PB2 denotes the local datum of x5 at P

We use the variable t to extract the coefficient of order 2 of xY and
of order 1 of xZ. We then evaluate xY2 and xZ to 1.
The orientation of the point P is #1, this explains the negative sign.
Once evaluated, we extract all the coefficients in l into a list.
"""""""""""""""""""""""""""""")

µx5YB2 =
FactorCoefficientList

CoefficientExpand(rY xY t + l z)5 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

SeriescY2 xY2 t2 + cY1 xY t z + z2#1, {xY, 0, 2}, t, 2, l .. xY2 / 1

0, 0, 0, 10 rY2

n1
, "

5 (cYn1 + cY1 n1) rY
n12

, cYn12 + cY1 cYn1 n1 + cY12 n12 " cY2 n12

n13


SimplifySeries(cZn2 xZ t + n2 z)#1, {xZ, 0, 1} Series(cZ1 xZ t + z)#1, {xZ, 0, 1} z#2

1
n2 z4

"
(cZn2 + cZ1 n2) t xZ

n22 z5
+ O[xZ]2

µx5ZB2 =
CoefficientList

CoefficientExpand(rZ xZ t + (aZ + l) z)5 Series(cZn2 xZ t + n2 z)#1, {xZ, 0, 1}

Series(cZ1 xZ t + z)#1, {xZ, 0, 1} z#2, t, 1, l .. xZ / 1

"
aZ5 cZn2

n22
"
aZ5 cZ1

n2
+
5 aZ4 rZ

n2
, "

5 aZ4 cZn2
n22

"
5 aZ4 cZ1

n2
+
20 aZ3 rZ

n2
,

"
10 aZ3 cZn2

n22
"
10 aZ3 cZ1

n2
+
30 aZ2 rZ

n2
, "

10 aZ2 cZn2
n22

"
10 aZ2 cZ1

n2
+
20 aZ rZ

n2
,

"
5 aZ cZn2

n22
"
5 aZ cZ1

n2
+
5 rZ
n2

, "
cZn2
n22

"
cZ1
n2



µx5PB2 = CoefficientListExpand#((aP + l) z)5 (n1 z)#1 (n1 z)#1 (n1 z)#1 (n2 z)#1 (n2 z)#1,

l

"
aP5

n13 n22
, "

5 aP4

n13 n22
, "

10 aP3

n13 n22
, "

10 aP2

n13 n22
, "

5 aP
n13 n22

, "
1

n13 n22

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(""""""""""""""""""""""""""""""
NOTATIONS
µs1x3YB2 denotes the local datum of p1(X)x3 at Y
µs1x3ZB2 denotes the local datum of p1(X)x3 at Z
µs1x3PB2 denotes the local datum of p1(X)x3 at P
"""""""""""""""""""""""""""""")

SymmetricReductionExpand(cYn1 xY t + n1 z)2 + (yY2 t + z)2 + (yY3 t + z)2,

{yY2, yY3}, cY1 xY, cY2 xY2

cY12 t2 xY2 " 2 cY2 t2 xY2 + cYn12 t2 xY2 + 2 cY1 t xY z + 2 cYn1 n1 t xY z + 2 z2 + n12 z2, 0

µs1x3YB2 =
FactorCoefficientList

Coefficient

pY1 xY2 t2 + cY12 t2 xY2 # 2 cY2 t2 xY2 + cYn12 t2 xY2 + 2 cY1 t xY z + 2 cYn1 n1 t xY z +

2 z2 + n12 z2 Expand(rY xY t + l z)3 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

SeriescY2 xY2 t2 + cY1 xY t z + z2#1, {xY, 0, 2}, t, 2, l .. xY2 / 1

0,
3 2 + n12 rY2

n1
,
3 "2 cYn1 + cYn1 n12 " cY1 n13 rY

n12
,

2 cYn12 + cY12 n12 " 4 cY2 n12 " cY1 cYn1 n13 + cY12 n14 " cY2 n14 + n12 pY1
n13



µs1x3ZB2 =
CoefficientList

Coefficient(cZn2 xZ t + n2 z)2 + (cZ1 xZ t + z)2 + 2 z2 Expand(rZ xZ t + (aZ + l) z)3

Series(cZn2 xZ t + n2 z)#1, {xZ, 0, 1} Series(cZ1 xZ t + z)#1, {xZ, 0, 1} z#2,

t, 1, l .. xZ / 1

aZ3 cZn2 "
3 aZ3 cZn2

n22
"
aZ3 cZ1

n2
" aZ3 cZ1 n2 +

9 aZ2 rZ
n2

+ 3 aZ2 n2 rZ,

3 aZ2 cZn2 "
9 aZ2 cZn2

n22
"
3 aZ2 cZ1

n2
" 3 aZ2 cZ1 n2 +

18 aZ rZ
n2

+ 6 aZ n2 rZ,

3 aZ cZn2 "
9 aZ cZn2

n22
"
3 aZ cZ1

n2
" 3 aZ cZ1 n2 +

9 rZ
n2

+ 3 n2 rZ, cZn2 "
3 cZn2
n22

"
cZ1
n2

" cZ1 n2

µs1x3PB2 =

FactorCoefficientList(n2 z)2 + (n2 z)2 + (n1 z)2 + (n1 z)2 + (n1 z)2

Expand#((aP + l) z)3 (n2 z)#1 (n2 z)#1 (n1 z)#1 (n1 z)#1 (n1 z)#1, l

"
aP3 3 n12 + 2 n22

n13 n22
, "

3 aP2 3 n12 + 2 n22
n13 n22

, "
3 aP 3 n12 + 2 n22

n13 n22
, "

3 n12 + 2 n22

n13 n22


µx5YB2 + µx5ZB2 + µx5PB2

"
aZ5 cZn2

n22
"

aP5

n13 n22
"
aZ5 cZ1

n2
+
5 aZ4 rZ

n2
,

"
5 aZ4 cZn2

n22
"

5 aP4

n13 n22
"
5 aZ4 cZ1

n2
+
20 aZ3 rZ

n2
, "

10 aZ3 cZn2
n22

"
10 aP3

n13 n22
"
10 aZ3 cZ1

n2
+
30 aZ2 rZ

n2
,

"
10 aZ2 cZn2

n22
"

10 aP2

n13 n22
"
10 aZ2 cZ1

n2
+
10 rY2

n1
+
20 aZ rZ

n2
,

"
5 aZ cZn2

n22
"

5 aP
n13 n22

"
5 aZ cZ1

n2
"
5 (cYn1 + cY1 n1) rY

n12
+
5 rZ
n2

,

cYn12 + cY1 cYn1 n1 + cY12 n12 " cY2 n12

n13
"
cZn2
n22

"
1

n13 n22
"
cZ1
n2


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µs1x3YB2 + µs1x3ZB2 + µs1x3PB2

aZ3 cZn2 "
3 aZ3 cZn2

n22
"
aZ3 cZ1

n2
" aZ3 cZ1 n2 "

aP3 3 n12 + 2 n22
n13 n22

+
9 aZ2 rZ

n2
+ 3 aZ2 n2 rZ,

3 aZ2 cZn2 "
9 aZ2 cZn2

n22
"
3 aZ2 cZ1

n2
" 3 aZ2 cZ1 n2 "

3 aP2 3 n12 + 2 n22
n13 n22

+
3 2 + n12 rY2

n1
+

18 aZ rZ
n2

+ 6 aZ n2 rZ, 3 aZ cZn2 "
9 aZ cZn2

n22
"
3 aZ cZ1

n2
" 3 aZ cZ1 n2 "

3 aP 3 n12 + 2 n22
n13 n22

+

3 "2 cYn1 + cYn1 n12 " cY1 n13 rY
n12

+
9 rZ
n2

+ 3 n2 rZ, cZn2 "
3 cZn2
n22

"
cZ1
n2

" cZ1 n2 "

3 n12 + 2 n22

n13 n22
+
2 cYn12 + cY12 n12 " 4 cY2 n12 " cY1 cYn1 n13 + cY12 n14 " cY2 n14 + n12 pY1

n13


FactorSolve

(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.7
"""""""""""""""""""""""""""""")

0 4
2 (aP ePM # aZ cZn2 eZM + eZM n2 rZ)

n22
,

0 4
ePM # cZn2 eZM

n22
,

(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.13
"""""""""""""""""""""""""""""")

0 4 #
3 aP2

n13
+
3 rY2

n1
,

0 4 #
3 aP

n13
#
3 cYn1 rY

n12
,

0 4 #
1

n13
+
cYn12

n13

, {rY, rZ, cZn2, cYn1}

rY + "
aP
n1

, rZ + "
(aP " aZ) ePM

eZM n2
, cZn2 +

ePM
eZM

, cYn1 + 1,

rY +
aP
n1

, rZ + "
(aP " aZ) ePM

eZM n2
, cZn2 +

ePM
eZM

, cYn1 + "1
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FactorSolve

(""""""""""""""""""""""""""""""
The following equations are given by the above computations of x5 locally
"""""""""""""""""""""""""""""")

d 4 #
aZ5 cZn2

n22
#

aP5

n13 n22
#
aZ5 cZ1

n2
+
5 aZ4 rZ

n2
,

0 4 #
5 aZ4 cZn2

n22
#

5 aP4

n13 n22
#
5 aZ4 cZ1

n2
+
20 aZ3 rZ

n2
,

0 4 #
10 aZ3 cZn2

n22
#

10 aP3

n13 n22
#
10 aZ3 cZ1

n2
+
30 aZ2 rZ

n2
,

0 4 #
10 aZ2 cZn2

n22
#

10 aP2

n13 n22
#
10 aZ2 cZ1

n2
+
10 rY2

n1
+
20 aZ rZ

n2

, {d, cZ1, rY, rZ}

d + "
aP3 (aP " aZ)2

n13 n22
, cZ1 + "

"3 aP4 + 4 aP3 aZ + aZ4 cZn2 n13

aZ4 n13 n2
,

rY + "
aP (aP " aZ)
aZ n1 n2

, rZ +
aP3 (aP " aZ)
aZ3 n13 n2

, d + "
aP3 (aP " aZ)2

n13 n22
,

cZ1 + "
"3 aP4 + 4 aP3 aZ + aZ4 cZn2 n13

aZ4 n13 n2
, rY +

aP (aP " aZ)
aZ n1 n2

, rZ +
aP3 (aP " aZ)
aZ3 n13 n2



(""""""""""""""""""""""""""""""
Comparing the values of rZ and rY allows us to obtain that n1 4

n2#1 or n1 4 n2+1. We write n1 4 n2 + u, where u2 4 1
"""""""""""""""""""""""""""""")
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FactorSolve

n1 4 (n2 + u), u2 4 1,
(""""""""""""""""""""""""""""""
The following equations are given by the above computations of p1(X)x3 locally
"""""""""""""""""""""""""""""")

p d 4 aZ3 cZn2 #
3 aZ3 cZn2

n22
#
aZ3 cZ1

n2
# aZ3 cZ1 n2 #

aP3 3 n12 + 2 n22

n13 n22
+
9 aZ2 rZ

n2
+

3 aZ2 n2 rZ,
(""""""""""""""""""""""""""""""
The following equations are given by the above computations of x5 locally
"""""""""""""""""""""""""""""")

d 4 #
aZ5 cZn2

n22
#

aP5

n13 n22
#
aZ5 cZ1

n2
+
5 aZ4 rZ

n2
,

0 4 #
5 aZ4 cZn2

n22
#

5 aP4

n13 n22
#
5 aZ4 cZ1

n2
+
20 aZ3 rZ

n2
,

0 4 #
10 aZ3 cZn2

n22
#

10 aP3

n13 n22
#
10 aZ3 cZ1

n2
+
30 aZ2 rZ

n2
,

0 4 #
10 aZ2 cZn2

n22
#

10 aP2

n13 n22
#
10 aZ2 cZ1

n2
+
10 rY2

n1
+
20 aZ rZ

n2
,

(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.7
"""""""""""""""""""""""""""""")

0 4
2 (aP ePM # aZ cZn2 eZM + eZM n2 rZ)

n22
,

0 4
ePM # cZn2 eZM

n22
,

ePM2 4 1, eZM2 4 1,
(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.13
"""""""""""""""""""""""""""""")

0 4 #
3 aP2

n13
+
3 rY2

n1
,

0 4 #
3 aP

n13
#
3 cYn1 rY

n12
,

0 4 #
1

n13
+
cYn12

n13

, {p, d, cZ1, cYn1, cZn2, rY, rZ, eZM, ePM, aP, n1, u}
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p +
6
aZ2

, d + aZ5, cZ1 + 3, cYn1 + "1, cZn2 + 1, rY + "aZ,

rZ + aZ, eZM + "1, ePM + "1, aP + "aZ ("1 + n2), n1 + "1 + n2, u + "1,

p +
6
aZ2

, d + aZ5, cZ1 + 3, cYn1 + "1, cZn2 + 1, rY + "aZ, rZ + aZ,

eZM + 1, ePM + 1, aP + "aZ ("1 + n2), n1 + "1 + n2, u + "1,

p +
6
aZ2

, d + aZ5, cZ1 + 3, cYn1 + 1, cZn2 + 1, rY + aZ, rZ + aZ,

eZM + "1, ePM + "1, aP + "aZ ("1 + n2), n1 + "1 + n2, u + "1,

p +
6
aZ2

, d + aZ5, cZ1 + 3, cYn1 + 1, cZn2 + 1, rY + aZ, rZ + aZ,

eZM + 1, ePM + 1, aP + "aZ ("1 + n2), n1 + "1 + n2, u + "1,

p +
6
aZ2

, d + "aZ5, cZ1 + 3, cYn1 + 1, cZn2 + "1, rY + "aZ, rZ + aZ, eZM + "1,

ePM + 1, aP + aZ (1 + n2), n1 + 1 + n2, u + 1, p +
6
aZ2

, d + "aZ5, cZ1 + 3, cYn1 + 1,

cZn2 + "1, rY + "aZ, rZ + aZ, eZM + 1, ePM + "1, aP + aZ (1 + n2), n1 + 1 + n2, u + 1,

p +
6
aZ2

, d + "aZ5, cZ1 + 3, cYn1 + "1, cZn2 + "1, rY + aZ, rZ + aZ, eZM + "1,

ePM + 1, aP + aZ (1 + n2), n1 + 1 + n2, u + 1, p +
6
aZ2

, d + "aZ5, cZ1 + 3, cYn1 + "1,

cZn2 + "1, rY + aZ, rZ + aZ, eZM + 1, ePM + "1, aP + aZ (1 + n2), n1 + 1 + n2, u + 1

Computations for Lemma 6.15.
Case where there exists N4 s.t. Fix(N) = Z2U P0.
Case C where the other normal weights are trivial.

(""""""""""""""""""""""""""""""
NOTATIONS
rY xY denotes the restriction of x to Y
rZ xZ denotes the restriction of x to Z
aZ denotes the Hopf weight at Z
aP denotes the Hopf weight at P
cYj xYj denotes the j#th Chern class of the normal bundle of Y
cZn1 xZ denotes the first Chern class of the normal bundle of Z in the
direction of N
cZ1 xZ denotes the first Chern class of the normal bundle of Z in the
remaining directions
µx5YC denotes the local datum of x5 at Y
µx5ZC denotes the local datum of x5 at Z
µx5PC denotes the local datum of x5 at P

We use the variable t to extract the coefficient of order 2 of xY and
of order 1 of xZ. We then evaluate xY2 and xZ to 1.
The orientation of the point P is #1, this explains the negative sign.
Once evaluated, we extract all the coefficients in l into a list.
"""""""""""""""""""""""""""""")
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µx5YC =
FactorCoefficientList

CoefficientExpand(rY xY t + l z)5

SeriescY2 xY2 t2 z + cY1 xY t z2 + z3#1, {xY, 0, 2}, t, 2, l .. xY2 / 1

0, 0, 0, 10 rY2, "5 cY1 rY, cY12 " cY2

µx5ZC =
CoefficientList

CoefficientExpand(rZ xZ t + (aZ + l) z)5 Series(cZn1 xZ t + n1 z)#1, {xZ, 0, 1}

Series(cZ1 xZ t + z)#1, {xZ, 0, 1} z#2, t, 1, l .. xZ / 1

"
aZ5 cZn1

n12
"
aZ5 cZ1

n1
+
5 aZ4 rZ

n1
, "

5 aZ4 cZn1
n12

"
5 aZ4 cZ1

n1
+
20 aZ3 rZ

n1
,

"
10 aZ3 cZn1

n12
"
10 aZ3 cZ1

n1
+
30 aZ2 rZ

n1
, "

10 aZ2 cZn1
n12

"
10 aZ2 cZ1

n1
+
20 aZ rZ

n1
,

"
5 aZ cZn1

n12
"
5 aZ cZ1

n1
+
5 rZ
n1

, "
cZn1
n12

"
cZ1
n1



µx5PC = CoefficientListExpand#((aP + l) z)5 z#1 z#1 z#1 (n1 z)#1 (n1 z)#1, l

"
aP5

n12
, "

5 aP4

n12
, "

10 aP3

n12
, "

10 aP2

n12
, "

5 aP
n12

, "
1
n12



(""""""""""""""""""""""""""""""
NOTATIONS
µs1x3YC denotes the local datum of p1(X)x3 at Y
µs1x3ZC denotes the local datum of p1(X)x3 at Z
µs1x3PC denotes the local datum of p1(X)x3 at P
"""""""""""""""""""""""""""""")

SymmetricReductionExpand(yY1 t + z)2 + (yY2 t + z)2 + (yY3 t + z)2,

{yY1, yY2, yY3}, cY1 xY, cY2 xY2, cY3 xY3

cY12 t2 xY2 " 2 cY2 t2 xY2 + 2 cY1 t xY z + 3 z2, 0

µs1x3YC =
FactorCoefficientList

CoefficientpY1 xY2 t2 + cY12 t2 xY2 # 2 cY2 t2 xY2 + 2 cY1 t xY z + 3 z2

Expand(rY xY t + l z)3 SeriescY2 xY2 t2 z + cY1 xY t z2 + z3#1, {xY, 0, 2}, t, 2,

l .. xY2 / 1

0, 9 rY2, "3 cY1 rY, 2 cY12 " 5 cY2 + pY1

µs1x3ZC =
CoefficientList

Coefficient(cZn1 xZ t + n1 z)2 + (cZ1 xZ t + z)2 + 2 z2 Expand(rZ xZ t + (aZ + l) z)3

Series(cZn1 xZ t + n1 z)#1, {xZ, 0, 1} Series(cZ1 xZ t + z)#1, {xZ, 0, 1} z#2,

t, 1, l .. xZ / 1

aZ3 cZn1 "
3 aZ3 cZn1

n12
"
aZ3 cZ1

n1
" aZ3 cZ1 n1 +

9 aZ2 rZ
n1

+ 3 aZ2 n1 rZ,

3 aZ2 cZn1 "
9 aZ2 cZn1

n12
"
3 aZ2 cZ1

n1
" 3 aZ2 cZ1 n1 +

18 aZ rZ
n1

+ 6 aZ n1 rZ,

3 aZ cZn1 "
9 aZ cZn1

n12
"
3 aZ cZ1

n1
" 3 aZ cZ1 n1 +

9 rZ
n1

+ 3 n1 rZ, cZn1 "
3 cZn1
n12

"
cZ1
n1

" cZ1 n1
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µs1x3PC =

FactorCoefficientListz2 + z2 + z2 + (n1 z)2 + (n1 z)2 Expand#((aP + l) z)3

z#1 z#1 z#1 (n1 z)#1 (n1 z)#1, l

"
aP3 3 + 2 n12

n12
, "

3 aP2 3 + 2 n12
n12

, "
3 aP 3 + 2 n12

n12
, "

3 + 2 n12

n12


µx5YC + µx5ZC + µx5PC

"
aP5

n12
"
aZ5 cZn1

n12
"
aZ5 cZ1

n1
+
5 aZ4 rZ

n1
, "

5 aP4

n12
"
5 aZ4 cZn1

n12
"
5 aZ4 cZ1

n1
+
20 aZ3 rZ

n1
,

"
10 aP3

n12
"
10 aZ3 cZn1

n12
"
10 aZ3 cZ1

n1
+
30 aZ2 rZ

n1
,

"
10 aP2

n12
"
10 aZ2 cZn1

n12
"
10 aZ2 cZ1

n1
+ 10 rY2 + 20 aZ rZ

n1
,

"
5 aP
n12

"
5 aZ cZn1

n12
"
5 aZ cZ1

n1
" 5 cY1 rY +

5 rZ
n1

, cY12 " cY2 "
1
n12

"
cZn1
n12

"
cZ1
n1



µs1x3YC + µs1x3ZC + µs1x3PC

aZ3 cZn1 "
3 aZ3 cZn1

n12
"
aZ3 cZ1

n1
" aZ3 cZ1 n1 "

aP3 3 + 2 n12
n12

+
9 aZ2 rZ

n1
+ 3 aZ2 n1 rZ,

3 aZ2 cZn1 "
9 aZ2 cZn1

n12
"
3 aZ2 cZ1

n1
" 3 aZ2 cZ1 n1 "

3 aP2 3 + 2 n12
n12

+ 9 rY2 + 18 aZ rZ
n1

+ 6 aZ n1 rZ,

3 aZ cZn1 "
9 aZ cZn1

n12
"
3 aZ cZ1

n1
" 3 aZ cZ1 n1 "

3 aP 3 + 2 n12
n12

" 3 cY1 rY +
9 rZ
n1

+ 3 n1 rZ,

2 cY12 " 5 cY2 + cZn1 "
3 cZn1
n12

"
cZ1
n1

" cZ1 n1 "
3 + 2 n12

n12
+ pY1

FactorSolve

(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.7
"""""""""""""""""""""""""""""")

0 4
2 (aP ePN # aZ cZn1 eZN + eZN n1 rZ)

n12
,

0 4
ePN # cZn1 eZN

n12

,

{cZn1, rZ}

cZn1 +
ePN
eZN

, rZ + "
(aP " aZ) ePN

eZN n1

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FactorSolve

(""""""""""""""""""""""""""""""
The following equations are given by the above computations of x5 locally
"""""""""""""""""""""""""""""")

d 4 #
aP5

n12
#
aZ5 cZn1

n12
#
aZ5 cZ1

n1
+
5 aZ4 rZ

n1
,

0 4 #
5 aP4

n12
#
5 aZ4 cZn1

n12
#
5 aZ4 cZ1

n1
+
20 aZ3 rZ

n1
,

0 4 #
10 aP3

n12
#
10 aZ3 cZn1

n12
#
10 aZ3 cZ1

n1
+
30 aZ2 rZ

n1
,

(""""""""""""""""""""""""""""""
The following equations are given by the above computations of p1(X)x3 locally
"""""""""""""""""""""""""""""")

p d 4 aZ3 cZn1 #
3 aZ3 cZn1

n12
#
aZ3 cZ1

n1
# aZ3 cZ1 n1 #

aP3 3 + 2 n12

n12
+
9 aZ2 rZ

n1
+ 3 aZ2 n1 rZ,

(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.7
"""""""""""""""""""""""""""""")

0 4
2 (aP ePN # aZ cZn1 eZN + eZN n1 rZ)

n12
,

0 4
ePN # cZn1 eZN

n12
,

ePN2 4 1, eZN2 4 1

,

{p, d, cZ1, cZn1, rZ, aP, ePN, eZN}
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p +
3 4 + n12

4 aZ2
, d +

4 aZ5

n12
, cZ1 +

6
n1

, cZn1 + 1, rZ +
2 aZ
n1

, aP + "aZ, ePN + "1, eZN + "1,

p +
3 4 + n12

4 aZ2
, d +

4 aZ5

n12
, cZ1 +

6
n1

, cZn1 + 1, rZ +
2 aZ
n1

, aP + "aZ, ePN + 1, eZN + 1,

p +
3 4 + 4 ("1)113 + 4 ("1)213 " n12 + ("1)113 n12 + 3 ("1)213 n12

4 aZ2
,

d +
"1 + ("1)1132 aZ5

n12
, cZ1 + "

3 "1 + ("1)113
n1

, cZn1 + 1,

rZ + "
"1 + ("1)113 aZ

n1
, aP + ("1)113 aZ, ePN + "1, eZN + "1,

p +
3 4 + 4 ("1)113 + 4 ("1)213 " n12 + ("1)113 n12 + 3 ("1)213 n12

4 aZ2
, d +

"1 + ("1)1132 aZ5

n12
,

cZ1 + "
3 "1 + ("1)113

n1
, cZn1 + 1, rZ + "

"1 + ("1)113 aZ
n1

, aP + ("1)113 aZ, ePN + 1,

eZN + 1, p + "
3 "4 + 4 ("1)113 + 4 ("1)213 + n12 + 3 ("1)113 n12 + ("1)213 n12

4 aZ2
,

d +
1 " ("1)113 + 2 ("1)213 aZ5

n12
, cZ1 +

3 1 + ("1)213
n1

, cZn1 + 1,

rZ +
1 + ("1)213 aZ

n1
, aP + "("1)213 aZ, ePN + "1, eZN + "1,

p + "
3 "4 + 4 ("1)113 + 4 ("1)213 + n12 + 3 ("1)113 n12 + ("1)213 n12

4 aZ2
,

d +
1 " ("1)113 + 2 ("1)213 aZ5

n12
, cZ1 +

3 1 + ("1)213
n1

, cZn1 + 1,

rZ +
1 + ("1)213 aZ

n1
, aP + "("1)213 aZ, ePN + 1, eZN + 1,

p +
6 " 2 . 3 + n12 " . 3 n12

2 aZ2
, d + "

3 . ". + 3  aZ5

2 n12
, cZ1 + "

3 . "3 . + 3 

2 n1
,

cZn1 + "1, rZ + "
. "3 . + 3  aZ

2 n1
, aP + "

1
2

. ". + 3  aZ, ePN + 1, eZN + "1,

p +
6 " 2 . 3 + n12 " . 3 n12

2 aZ2
, d + "

3 . ". + 3  aZ5

2 n12
, cZ1 + "

3 . "3 . + 3 

2 n1
,

cZn1 + "1, rZ + "
. "3 . + 3  aZ

2 n1
, aP + "

1
2

. ". + 3  aZ, ePN + "1, eZN + 1,

p +
6 + 2 . 3 + n12 + . 3 n12

2 aZ2
, d +

3 . . + 3  aZ5

2 n12
, cZ1 +

3 . 3 . + 3 

2 n1
,

cZn1 + "1, rZ +
. 3 . + 3  aZ

2 n1
, aP +

1
2

. . + 3  aZ, ePN + 1, eZN + "1,

p +
6 + 2 . 3 + n12 + . 3 n12

2 aZ2
, d +

3 . . + 3  aZ5

2 n12
, cZ1 +

3 . 3 . + 3 

2 n1
,

cZn1 + "1, rZ +
. 3 . + 3  aZ

2 n1
, aP +

1
2

. . + 3  aZ, ePN + "1, eZN + 1
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Computations for TheoremD.
The casewhere the fixed points are Y4UP0UP1UP2.

Computations for Lemma 6.16.
The case where the action is semi-free.

(""""""""""""""""""""""""""""""
NOTATIONS
rY xY denotes the restriction of x to Y
ai denotes the Hopf weight at Pi
cYj xYj denotes the j#th Chern class of the normal bundle of Y
µx5Y denotes the local datum of x5 at Y
µx5Pi denotes the local datum of x5 at Pi

We use the variable t to extract the coefficient of order 2 of xY. We
then evaluate xY2 to 1.
The orientation of the point P0 is 1 while those from P1 and P2 are #

1. This explains the signs at their local datum
Once evaluated, we extract all the coefficients in l into a list.
"""""""""""""""""""""""""""""")

µx5Y =
FactorCoefficientList

CoefficientExpand(rY xY t + l z)5

SeriescY2 xY2 t2 z + cY1 xY t z2 + z3#1, {xY, 0, 2}, t, 2, l .. xY2 / 1

0, 0, 0, 10 rY2, "5 cY1 rY, cY12 " cY2

µx5P0 = CoefficientListExpand((a0 + l) z)5 z#5, l

a05, 5 a04, 10 a03, 10 a02, 5 a0, 1

µx5P1 = CoefficientListExpand#((a1 + l) z)5 z#5, l

"a15, "5 a14, "10 a13, "10 a12, "5 a1, "1

µx5P2 = CoefficientListExpand#((a2 + l) z)5 z#5, l

"a25, "5 a24, "10 a23, "10 a22, "5 a2, "1

(""""""""""""""""""""""""""""""
NOTATIONS
µs1x3Y denotes the local datum of p1(X)x3 at Y
µs1x3Pi denotes the local datum of p1(X)x3 at Pi
"""""""""""""""""""""""""""""")

SymmetricReduction(yY1 t + z)2 + (yY2 t + z)2 + (yY3 t + z)2 , {yY1, yY2, yY3},

cY1 xY , cY2 xY2, cy3 xY3

cY12 t2 xY2 " 2 cY2 t2 xY2 + 2 cY1 t xY z + 3 z2, 0



µs1x3Y =
FactorCoefficientList

CoefficientpY1 t2 + cY12 t2 xY2 # 2 cY2 t2 xY2 + 2 cY1 t xY z + 3 z2

Expand(rY xY t + l z)3 SeriescY2 xY2 t2 z + cY1 xY t z2 + z3#1, {xY, 0, 2}, t, 2,

l .. xY2 / 1

0, 9 rY2, "3 cY1 rY, 2 cY12 " 5 cY2 + pY1

µs1x3P0 = CoefficientList(z)2 + (z)2 + (z)2 + (z)2 + (z)2 Expand((a0 + l) z)3 z#5, l

5 a03, 15 a02, 15 a0, 5

µs1x3P1 = CoefficientList(z)2 + (z)2 + (z)2 + (z)2 + (z)2 Expand#((a1 + l) z)3 z#5, l

"5 a13, "15 a12, "15 a1, "5

µs1x3P2 = CoefficientList(z)2 + (z)2 + (z)2 + (z)2 + (z)2 Expand#((a2 + l) z)3 z#5, l

"5 a23, "15 a22, "15 a2, "5

(""""""""""""""""""""""""""""""
NOTATIONS
µs2xY denotes the local datum of s2(X)x at Y
µs2xPi denotes the local datum of s2(X)x at Pi
"""""""""""""""""""""""""""""")

SymmetricReduction(yY1 t + z)4 + (yY2 t + z)4 + (yY3 t + z)4 , {yY1, yY2, yY3},

cY1 xY , cY2 xY2, cy3 xY3

cY14 t4 xY4 " 4 cY12 cY2 t4 xY4 + 2 cY22 t4 xY4 + 4 cY1 cy3 t4 xY4 + 4 cY13 t3 xY3 z "

12 cY1 cY2 t3 xY3 z + 12 cy3 t3 xY3 z + 6 cY12 t2 xY2 z2 " 12 cY2 t2 xY2 z2 + 4 cY1 t xY z3 + 3 z4, 0

µs2xY =
FactorCoefficientList

Coefficient6 cY12 t2 xY2 z2 # 12 cY2 t2 xY2 z2 + 4 cY1 t xY z3 + 3 z4 (rY xY t + l z)

SeriescY2 xY2 t2 z + cY1 xY t z2 + z3#1, {xY, 0, 2}, t, 2, l .. xY^2 / 1

cY1 rY, 5 cY12 " 3 cY2

µs2xP0 = CoefficientList(z)4 + (z)4 + (z)4 + (z)4 + (z)4 Expand[((a0 + l) z)] z#5, l

{5 a0, 5}

µs2xP1 = CoefficientList(z)4 + (z)4 + (z)4 + (z)4 + (z)4 Expand[#((a1 + l) z)] z#5, l

{"5 a1, "5}

µs2xP2 = CoefficientList(z)4 + (z)4 + (z)4 + (z)4 + (z)4 Expand[#((a2 + l) z)] z#5, l

{"5 a2, "5}

Factor[µx5Y + µx5P0 + µx5P1 + µx5P2]

a05 " a15 " a25, 5 a04 " a14 " a24, 10 a03 " a13 " a23,

10 a02 " a12 " a22 + rY2, 5 (a0 " a1 " a2 " cY1 rY), "1 + cY12 " cY2

Factor[µs1x3Y + µs1x3P0 + µs1x3P1 + µs1x3P2]

5 a03 " a13 " a23, 3 5 a02 " 5 a12 " 5 a22 + 3 rY2,

3 (5 a0 " 5 a1 " 5 a2 " cY1 rY), "5 + 2 cY12 " 5 cY2 + pY1
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Factor[µs2xY + µs2xP0 + µs2xP1 + µs2xP2]

5 a0 " 5 a1 " 5 a2 + cY1 rY, 5 "1 + cY12 " 3 cY2

(""""""""""""""""""""""""""""""
One way to get a contradiction
"""""""""""""""""""""""""""""")

Solve
(""""""""""""""""""""""""""""""
The following equations are given by the above computations of x5 locally
"""""""""""""""""""""""""""""")

("d4 a05#a15#a25,
045 a04#a14#a24,

0410 a03#a13#a23,")

0 4 10 a02 # a12 # a22 + rY2,
0 4 5 (a0 # a1 # a2 # cY1 rY),
0 4 #1 + cY12 # cY2,
(""""""""""""""""""""""""""""""
The following equations are given by the above computations of p1(X)x3 locally
"""""""""""""""""""""""""""""")

("p d 4 5 a03#a13#a23,

04 3 3+5 a02#5 a12#5 a22,")
0 4 3 (5 a0 # 5 a1 # 5 a2 # cY1),
0 4 #5 + 2 cY12 # 5 cY2 + pY1,
(""""""""""""""""""""""""""""""
The following equation is given by the above computations of s2(X)x locally
"""""""""""""""""""""""""""""")

0 4 5 #1 + cY12 # 3 cY2

,

{cY1, cY2, rY, pY1, a0, a1}

cY1 , "1, cY2 , 0, rY ,
1

5
, pY1 , 3, a0 , a2, a1 ,

1

5
,

cY1 , 1, cY2 , 0, rY ,
1

5
, pY1 , 3, a0 , a2, a1 , "

1

5


(""""""""""""""""""""""""""""""
Another way to get a contradiction
"""""""""""""""""""""""""""""")
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Solve
(""""""""""""""""""""""""""""""
The following equations are given by the above computations of x5 locally
"""""""""""""""""""""""""""""")

d 4 a05 # a15 # a25,
0 4 5 a04 # a14 # a24,

0 4 10 a03 # a13 # a23,

0 4 10 a02 # a12 # a22 + rY2,
0 4 5 (a0 # a1 # a2 # cY1 rY),
0 4 #1 + cY12 # cY2,
(""""""""""""""""""""""""""""""
The following equations are given by the above computations of p1(X)x3 locally
"""""""""""""""""""""""""""""")

("p d 4 5 a03#a13#a23,

04 3 3+5 a02#5 a12#5 a22,
04 3 (5 a0#5 a1#5 a2#cY1),
04 #5+2 cY12#5 cY2+pY1,")
(""""""""""""""""""""""""""""""
The following equation is given by the above computations of s2(X)x locally
"""""""""""""""""""""""""""""")

0 4 5 #1 + cY12 # 3 cY2

,

{d, cY1, cY2, rY, a1, a2}

{{d , 0, cY1 , "1, cY2 , 0, rY , 0, a1 , 0, a2 , a0},
{d , 0, cY1 , 1, cY2 , 0, rY , 0, a1 , 0, a2 , a0},
{d , 0, cY1 , "1, cY2 , 0, rY , 0, a1 , a0, a2 , 0},
{d , 0, cY1 , 1, cY2 , 0, rY , 0, a1 , a0, a2 , 0}}

Computations for Lemma 6.19.
Case A.1 where there exists N6 s.t. Fix(N) = Y4 ⋃ P0 ⋃ P1 ⋃ 
P2.

(""""""""""""""""""""""""""""""
NOTATIONS
rY xY denotes the restriction of x to Y
ai denotes the Hopf weight at Pi
Nij denotes the product of the normal weights shared between Pi and Pj
Sni is the sum of the square of the normal weights at Pi
cYn1 xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cYj xYj denotes the j#th Chern class of the normal bundle of Y in the
remaining directions
µx5YA denotes the local datum of x5 at Y
µx5PiA denotes the local datum of x5 at Pi

We use the variable t to extract the coefficient of order 2 of xY. We
then evaluate xY2 to 1.
The orientation of the point P0 is 1 while those from P1 and P2 are #

1. This explains the signs at their local datum
Once evaluated, we extract all the coefficients in l into a list.
"""""""""""""""""""""""""""""")
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µx5YA1 =
FactorCoefficientList

CoefficientExpand(rY xY t + l z)5

SeriescY2 xY2 t2 + cY1 xY t z + z2#1, {xY, 0, 2}

Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}, t, 2, l .. xY2 / 1

0, 0, 0,
10 rY2

n1
, "

5 (cYn1 + cY1 n1) rY

n12
,
cYn12 + cY1 cYn1 n1 + cY12 n12 " cY2 n12

n13


µx5P0A1 = CoefficientListExpand((a0 + l) z)5 n1#3 N01#1 N02#1 z#5, l


a05

N01 N02 n13
,

5 a04

N01 N02 n13
,

10 a03

N01 N02 n13
,

10 a02

N01 N02 n13
,

5 a0

N01 N02 n13
,

1

N01 N02 n13


µx5P1A1 = CoefficientListExpand#((a1 + l) z)5 n1#3 N01#1 N12#1 z#5, l

"
a15

N01 n13 N12
, "

5 a14

N01 n13 N12
, "

10 a13

N01 n13 N12
, "

10 a12

N01 n13 N12
, "

5 a1

N01 n13 N12
, "

1

N01 n13 N12


µx5P2A1 = CoefficientListExpand#((a2 + l) z)5 n1#3 N02#1 N12#1 z#5, l

"
a25

N02 n13 N12
, "

5 a24

N02 n13 N12
, "

10 a23

N02 n13 N12
, "

10 a22

N02 n13 N12
, "

5 a2

N02 n13 N12
, "

1

N02 n13 N12


(""""""""""""""""""""""""""""""
NOTATIONS
µs1x3YA denotes the local datum of p1(X)x3 at Y
µs1x3PiA denotes the local datum of p1(X)x3 at Pi
"""""""""""""""""""""""""""""")

SymmetricReductionExpand(yY2 t + z)2 + (yY3 t + z)2, {yY2, yY3}, cY1 xY, cY2 xY2

cY12 t2 xY2 " 2 cY2 t2 xY2 + 2 cY1 t xY z + 2 z2, 0

µs1x3YA1 =
FactorCoefficientList

Coefficient

ExpandpY1 t2 + (cYn1 xY t + n1 z)2 + cY12 t2 xY2 # 2 cY2 t2 xY2 + 2 cY1 t xY z + 2 z2

(rY xY t + l z)3 SeriescY2 xY2 t2 + cY1 xY t z + z2#1, {xY, 0, 2}

Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}, t, 2, l .. xY2 / 1

0,
3 2 + n12 rY2

n1
,
3 "2 cYn1 + cYn1 n12 " cY1 n13 rY

n12
,

2 cYn12 + cY12 n12 " 4 cY2 n12 " cY1 cYn1 n13 + cY12 n14 " cY2 n14 + n12 pY1

n13


µs1x3P0A1 = FactorCoefficientListSn0 z2 ((a0 + l) z)3 n1#3 N01#1 N02#1 z#5, l


a03 Sn0

N01 N02 n13
,

3 a02 Sn0

N01 N02 n13
,

3 a0 Sn0

N01 N02 n13
,

Sn0

N01 N02 n13


µs1x3P1A1 = FactorCoefficientList# Sn1 z2 ((a1 + l) z)3 n1#3 N01#1 N12#1 z#5, l

"
a13 Sn1

N01 n13 N12
, "

3 a12 Sn1

N01 n13 N12
, "

3 a1 Sn1

N01 n13 N12
, "

Sn1

N01 n13 N12

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µs1x3P2A1 = FactorCoefficientList# Sn2 z2 ((a2 + l) z)3 n1#3 N02#1 N12#1 z#5, l

"
a23 Sn2

N02 n13 N12
, "

3 a22 Sn2

N02 n13 N12
, "

3 a2 Sn2

N02 n13 N12
, "

Sn2

N02 n13 N12


µx5YA1 + µx5P0A1 + µx5P1A1 + µx5P2A1


a05

N01 N02 n13
"

a15

N01 n13 N12
"

a25

N02 n13 N12
,

5 a04

N01 N02 n13
"

5 a14

N01 n13 N12
"

5 a24

N02 n13 N12
,

10 a03

N01 N02 n13
"

10 a13

N01 n13 N12
"

10 a23

N02 n13 N12
,

10 a02

N01 N02 n13
"

10 a12

N01 n13 N12
"

10 a22

N02 n13 N12
+
10 rY2

n1
,

5 a0

N01 N02 n13
"

5 a1

N01 n13 N12
"

5 a2

N02 n13 N12
"
5 (cYn1 + cY1 n1) rY

n12
,

1

N01 N02 n13
+
cYn12 + cY1 cYn1 n1 + cY12 n12 " cY2 n12

n13
"

1

N01 n13 N12
"

1

N02 n13 N12


Factor[µs1x3YA1 + µs1x3P0A1 + µs1x3P1A1 + µs1x3P2A1]


a03 N12 Sn0 " a13 N02 Sn1 " a23 N01 Sn2

N01 N02 n13 N12
,

3 2 N01 N02 n12 N12 rY2 + N01 N02 n14 N12 rY2 + a02 N12 Sn0 " a12 N02 Sn1 " a22 N01 Sn2

N01 N02 n13 N12
,

"
1

N01 N02 n13 N12
3 2 cYn1 N01 N02 n1 N12 rY " cYn1 N01 N02 n13 N12 rY +

cY1 N01 N02 n14 N12 rY " a0 N12 Sn0 + a1 N02 Sn1 + a2 N01 Sn2,

1

N01 N02 n13 N12
2 cYn12 N01 N02 N12 + cY12 N01 N02 n12 N12 " 4 cY2 N01 N02 n12 N12 "

cY1 cYn1 N01 N02 n13 N12 + cY12 N01 N02 n14 N12 " cY2 N01 N02 n14 N12 +

N01 N02 n12 N12 pY1 + N12 Sn0 " N02 Sn1 " N01 Sn2
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FactorSolve

d 4
a05

N01 N02 n13
#

a15

N01 n13 N12
#

a25

N02 n13 N12
,

0 4
5 a04

N01 N02 n13
#

5 a14

N01 n13 N12
#

5 a24

N02 n13 N12
,

0 4
10 a03

N01 N02 n13
#

10 a13

N01 n13 N12
#

10 a23

N02 n13 N12
,

0 4
10 a02

N01 N02 n13
#

10 a12

N01 n13 N12
#

10 a22

N02 n13 N12
+
10 rY2

n1
,

0 ==
5 a0

N01 N02 n13
#

5 a1

N01 n13 N12
#

5 a2

N02 n13 N12
#
5 (cYn1 + cY1 n1) rY

n12
,

0 4
1

N01 N02 n13
+
cYn12 + cY1 cYn1 n1 + cY12 n12 # cY2 n12

n13
#

1

N01 n13 N12
#

1

N02 n13 N12
,

p d 4
a03 N12 Sn0 # a13 N02 Sn1 # a23 N01 Sn2

N01 N02 n13 N12
,

0 4

3 2 N01 N02 n12 N12 rY2 + N01 N02 n14 N12 rY2 + a02 N12 Sn0 # a12 N02 Sn1 # a22 N01 Sn2

N01 N02 n13 N12
,

0 4 #
1

N01 N02 n13 N12
3

2 cYn1 N01 N02 n1 N12 rY # cYn1 N01 N02 n13 N12 rY + cY1 N01 N02 n14 N12 rY #

a0 N12 Sn0 + a1 N02 Sn1 + a2 N01 Sn2,

0 4
1

N01 N02 n13 N12
2 cYn12 N01 N02 N12 + cY12 N01 N02 n12 N12 # 4 cY2 N01 N02 n12 N12 #

cY1 cYn1 N01 N02 n13 N12 + cY12 N01 N02 n14 N12 # cY2 N01 N02 n14 N12 +

N01 N02 n12 N12 pY1 + N12 Sn0 # N02 Sn1 # N01 Sn2,
pY1 4 3

, {p, d, N01, N02, N12, Sn0, Sn1, Sn2, pY1, cY1, cY2}
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p ,
1

a02 a12 a22 n12 rY2
"a02 a12 a22 cYn12 + 3 a02 a12 a22 n12 + a02 a12 a22 cYn12 n12 +

a02 a12 n12 rY2 + a02 a22 n12 rY2 + a12 a22 n12 rY2, d , "
a0 a1 a2 rY2

n1
,

N01 , "
a0 (a0 " a1) a1

a22 n1 rY
, N02 ,

a0 (a0 " a2) a2

a12 n1 rY
, N12 ,

a1 (a1 " a2) a2

a02 n1 rY
,

Sn0 ,
1

a12 a22 n12 rY2
"a02 a12 a22 cYn12 + 3 a02 a12 a22 n12 + a02 a12 a22 cYn12 n12 "

2 a0 a12 a22 cYn1 n1 rY + 2 a0 a12 a22 cYn1 n13 rY + a02 a12 n12 rY2 " 2 a0 a12 a2 n12 rY2 +

a02 a22 n12 rY2 " 2 a0 a1 a22 n12 rY2 + a12 a22 n12 rY2 + a12 a22 n14 rY2,

Sn1 ,
1

a02 a22 n12 rY2
"a02 a12 a22 cYn12 + 3 a02 a12 a22 n12 + a02 a12 a22 cYn12 n12 "

2 a02 a1 a22 cYn1 n1 rY + 2 a02 a1 a22 cYn1 n13 rY + a02 a12 n12 rY2 " 2 a02 a1 a2 n12 rY2 +

a02 a22 n12 rY2 " 2 a0 a1 a22 n12 rY2 + a12 a22 n12 rY2 + a02 a22 n14 rY2,

Sn2 ,
1

a02 a12 n12 rY2
"a02 a12 a22 cYn12 + 3 a02 a12 a22 n12 + a02 a12 a22 cYn12 n12 "

2 a02 a12 a2 cYn1 n1 rY + 2 a02 a12 a2 cYn1 n13 rY + a02 a12 n12 rY2 " 2 a02 a1 a2 n12 rY2 "

2 a0 a12 a2 n12 rY2 + a02 a22 n12 rY2 + a12 a22 n12 rY2 + a02 a12 n14 rY2,

pY1 , 3, cY1 , "
a0 a1 a2 cYn1 + a0 a1 n1 rY + a0 a2 n1 rY + a1 a2 n1 rY

a0 a1 a2 n1
,

cY2 ,
1

a0 a1 a2 n12
a0 a1 a2 cYn12 + a0 a1 cYn1 n1 rY +

a0 a2 cYn1 n1 rY + a1 a2 cYn1 n1 rY + a0 n12 rY2 + a1 n12 rY2 + a2 n12 rY2,

p ,
1

a02 a12 a22 n12 rY2
"a02 a12 a22 cYn12 + 3 a02 a12 a22 n12 + a02 a12 a22 cYn12 n12 +

a02 a12 n12 rY2 + a02 a22 n12 rY2 + a12 a22 n12 rY2,

d , "
a0 a1 a2 rY2

n1
, N01 ,

a0 (a0 " a1) a1

a22 n1 rY
, N02 , "

a0 (a0 " a2) a2

a12 n1 rY
,

N12 , "
a1 (a1 " a2) a2

a02 n1 rY
,

Sn0 ,
1

a12 a22 n12 rY2
"a02 a12 a22 cYn12 + 3 a02 a12 a22 n12 + a02 a12 a22 cYn12 n12 "

2 a0 a12 a22 cYn1 n1 rY + 2 a0 a12 a22 cYn1 n13 rY + a02 a12 n12 rY2 " 2 a0 a12 a2 n12 rY2 +

a02 a22 n12 rY2 " 2 a0 a1 a22 n12 rY2 + a12 a22 n12 rY2 + a12 a22 n14 rY2,

Sn1 ,
1

a02 a22 n12 rY2
"a02 a12 a22 cYn12 + 3 a02 a12 a22 n12 + a02 a12 a22 cYn12 n12 "

2 a02 a1 a22 cYn1 n1 rY + 2 a02 a1 a22 cYn1 n13 rY + a02 a12 n12 rY2 " 2 a02 a1 a2 n12 rY2 +

a02 a22 n12 rY2 " 2 a0 a1 a22 n12 rY2 + a12 a22 n12 rY2 + a02 a22 n14 rY2,

Sn2 ,
1

a02 a12 n12 rY2
"a02 a12 a22 cYn12 + 3 a02 a12 a22 n12 + a02 a12 a22 cYn12 n12 "

2 a02 a12 a2 cYn1 n1 rY + 2 a02 a12 a2 cYn1 n13 rY + a02 a12 n12 rY2 " 2 a02 a1 a2 n12 rY2 "

2 a0 a12 a2 n12 rY2 + a02 a22 n12 rY2 + a12 a22 n12 rY2 + a02 a12 n14 rY2,

pY1 , 3, cY1 , "
a0 a1 a2 cYn1 + a0 a1 n1 rY + a0 a2 n1 rY + a1 a2 n1 rY

a0 a1 a2 n1
,

cY2 ,
1

a0 a1 a2 n12
a0 a1 a2 cYn12 + a0 a1 cYn1 n1 rY +

a0 a2 cYn1 n1 rY + a1 a2 cYn1 n1 rY + a0 n12 rY2 + a1 n12 rY2 + a2 n12 rY2

Computations for Lemma 6.19.
Case A.2 where there exists Ni6 s.t. Fix(Ni) = Y4 ⋃ P0 ⋃ P1 ⋃ 
P2.
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Computations for Lemma 6.19.
Case A.2 where there exists Ni6 s.t. Fix(Ni) = Y4 ⋃ P0 ⋃ P1 ⋃ 
P2.

(""""""""""""""""""""""""""""""
NOTATIONS
rY xY denotes the restriction of x to Y
ai denotes the Hopf weight at Pi
Nij denotes the product of the normal weights shared between Pi and Pj
Sni is the sum of the square of the normal weights at Pi
cYn1 xY denotes the first Chern class of the normal bundle of Y in the
direction of N1
cYn2 xY denotes the first Chern class of the normal bundle of Y in the
direction of N2
cY1 xY denotes the first Chern class of the normal bundle of Y in the
remaining directions
µx5YA denotes the local datum of x5 at Y
µx5PiA denotes the local datum of x5 at Pi

We use the variable t to extract the coefficient of order 2 of xY. We
then evaluate xY2 to 1.
The orientation of the point P0 is 1 while those from P1 and P2 are #

1. This explains the signs at their local datum
Once evaluated, we extract all the coefficients in l into a list.
"""""""""""""""""""""""""""""")

µx5YA2 =
FactorCoefficientList

CoefficientExpand(rY xY t + l z)5 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

Series(cYn2 xY t + n2 z)#1, {xY, 0, 2} Series(cY1 xY t + z)#1, {xY, 0, 2}, t, 2,

l .. xY2 / 1

0, 0, 0,
10 rY2

n1 n2
, "

5 (cYn2 n1 + cYn1 n2 + cY1 n1 n2) rY

n12 n22
,

cYn22 n12 + cYn1 cYn2 n1 n2 + cY1 cYn2 n12 n2 + cYn12 n22 + cY1 cYn1 n1 n22 + cY12 n12 n22

n13 n23


µx5P0A2 = CoefficientListExpand((a0 + l) z)5 n2#3 n1#3 N01#1 N02#1 z#5, l


a05

N01 N02 n13 n23
,

5 a04

N01 N02 n13 n23
,

10 a03

N01 N02 n13 n23
,

10 a02

N01 N02 n13 n23
,

5 a0

N01 N02 n13 n23
,

1

N01 N02 n13 n23


µx5P1A2 = CoefficientListExpand#((a1 + l) z)5 n1#3 n2#3 N01#1 N12#1 z#5, l

"
a15

N01 n13 N12 n23
, "

5 a14

N01 n13 N12 n23
, "

10 a13

N01 n13 N12 n23
,

"
10 a12

N01 n13 N12 n23
, "

5 a1

N01 n13 N12 n23
, "

1

N01 n13 N12 n23


µx5P2A2 = CoefficientListExpand#((a2 + l) z)5 n1#3 n2#3 N02#1 N12#1 z#5, l

"
a25

N02 n13 N12 n23
, "

5 a24

N02 n13 N12 n23
, "

10 a23

N02 n13 N12 n23
,

"
10 a22

N02 n13 N12 n23
, "

5 a2

N02 n13 N12 n23
, "

1

N02 n13 N12 n23

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(""""""""""""""""""""""""""""""
NOTATIONS
µs1x3YA2 denotes the local datum of p1(X)x3 at Y
µs1x3PiA2 denotes the local datum of p1(X)x3 at Pi
"""""""""""""""""""""""""""""")

SymmetricReductionExpand(yY3 t + z)2, {yY3}, {cY1 xY}

cY12 t2 xY2 + 2 cY1 t xY z + z2, 0

µs1x3YA2 =
FactorCoefficientList

Coefficient

ExpandpY1 t2 + (cYn1 xY t + n1 z)2 + (cYn2 xY t + n2 z)2 + cY12 t2 xY2 + 2 cY1 t xY z + z2

(rY xY t + l z)3 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

Series(cYn2 xY t + n2 z)#1, {xY, 0, 2} Series(cY1 xY t + z)#1, {xY, 0, 2}, t, 2,

l .. xY2 / 1

0,
3 1 + n12 + n22 rY2

n1 n2
,

"
1

n12 n22
3 cYn2 n1 + cYn2 n13 + cYn1 n2 " cY1 n1 n2 " cYn1 n12 n2 + cY1 n13 n2 "

cYn2 n1 n22 + cYn1 n23 + cY1 n1 n23 rY,

1

n13 n23
cYn22 n12 + cYn22 n14 + cYn1 cYn2 n1 n2 " cY1 cYn2 n12 n2 " cYn1 cYn2 n13 n2 +

cY1 cYn2 n14 n2 + cYn12 n22 " cY1 cYn1 n1 n22 " cY1 cYn1 n13 n22 + cY12 n14 n22 "

cYn1 cYn2 n1 n23 " cY1 cYn2 n12 n23 + cYn12 n24 + cY1 cYn1 n1 n24 + cY12 n12 n24 + n12 n22 pY1

µs1x3P0A2 = FactorCoefficientListSn0 z2 ((a0 + l) z)3 n1#3 n2#3 N01#1 N02#1 z#5, l


a03 Sn0

N01 N02 n13 n23
,

3 a02 Sn0

N01 N02 n13 n23
,

3 a0 Sn0

N01 N02 n13 n23
,

Sn0

N01 N02 n13 n23


µs1x3P1A2 = FactorCoefficientList# Sn1 z2 ((a1 + l) z)3 n1#3 n2#3 N01#1 N12#1 z#5, l

"
a13 Sn1

N01 n13 N12 n23
, "

3 a12 Sn1

N01 n13 N12 n23
, "

3 a1 Sn1

N01 n13 N12 n23
, "

Sn1

N01 n13 N12 n23


µs1x3P2A2 = FactorCoefficientList# Sn2 z2 ((a2 + l) z)3 n1#3 n2#3 N02#1 N12#1 z#5, l

"
a23 Sn2

N02 n13 N12 n23
, "

3 a22 Sn2

N02 n13 N12 n23
, "

3 a2 Sn2

N02 n13 N12 n23
, "

Sn2

N02 n13 N12 n23

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µx5YA2 + µx5P0A2 + µx5P1A2 + µx5P2A2


a05

N01 N02 n13 n23
"

a15

N01 n13 N12 n23
"

a25

N02 n13 N12 n23
,

5 a04

N01 N02 n13 n23
"

5 a14

N01 n13 N12 n23
"

5 a24

N02 n13 N12 n23
,

10 a03

N01 N02 n13 n23
"

10 a13

N01 n13 N12 n23
"

10 a23

N02 n13 N12 n23
,

10 a02

N01 N02 n13 n23
"

10 a12

N01 n13 N12 n23
"

10 a22

N02 n13 N12 n23
+
10 rY2

n1 n2
,

5 a0

N01 N02 n13 n23
"

5 a1

N01 n13 N12 n23
"

5 a2

N02 n13 N12 n23
"
5 (cYn2 n1 + cYn1 n2 + cY1 n1 n2) rY

n12 n22
,

1

N01 N02 n13 n23
"

1

N01 n13 N12 n23
"

1

N02 n13 N12 n23
+

cYn22 n12 + cYn1 cYn2 n1 n2 + cY1 cYn2 n12 n2 + cYn12 n22 + cY1 cYn1 n1 n22 + cY12 n12 n22

n13 n23


Factor[µs1x3YA2 + µs1x3P0A2 + µs1x3P1A2 + µs1x3P2A2]


a03 N12 Sn0 " a13 N02 Sn1 " a23 N01 Sn2

N01 N02 n13 N12 n23
,

1

N01 N02 n13 N12 n23
3 N01 N02 n12 N12 n22 rY2 + N01 N02 n14 N12 n22 rY2 +

N01 N02 n12 N12 n24 rY2 + a02 N12 Sn0 " a12 N02 Sn1 " a22 N01 Sn2,

"
1

N01 N02 n13 N12 n23
3 cYn2 N01 N02 n12 N12 n2 rY + cYn2 N01 N02 n14 N12 n2 rY +

cYn1 N01 N02 n1 N12 n22 rY " cY1 N01 N02 n12 N12 n22 rY " cYn1 N01 N02 n13 N12 n22 rY +
cY1 N01 N02 n14 N12 n22 rY " cYn2 N01 N02 n12 N12 n23 rY + cYn1 N01 N02 n1 N12 n24 rY +

cY1 N01 N02 n12 N12 n24 rY " a0 N12 Sn0 + a1 N02 Sn1 + a2 N01 Sn2,

1

N01 N02 n13 N12 n23
cYn22 N01 N02 n12 N12 + cYn22 N01 N02 n14 N12 +

cYn1 cYn2 N01 N02 n1 N12 n2 " cY1 cYn2 N01 N02 n12 N12 n2 " cYn1 cYn2 N01 N02 n13 N12 n2 +
cY1 cYn2 N01 N02 n14 N12 n2 + cYn12 N01 N02 N12 n22 " cY1 cYn1 N01 N02 n1 N12 n22 "
cY1 cYn1 N01 N02 n13 N12 n22 + cY12 N01 N02 n14 N12 n22 " cYn1 cYn2 N01 N02 n1 N12 n23 "
cY1 cYn2 N01 N02 n12 N12 n23 + cYn12 N01 N02 N12 n24 + cY1 cYn1 N01 N02 n1 N12 n24 +

cY12 N01 N02 n12 N12 n24 + N01 N02 n12 N12 n22 pY1 + N12 Sn0 " N02 Sn1 " N01 Sn2
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FactorSolve

d 4
a05

N01 N02 n13 n23
#

a15

N01 n13 N12 n23
#

a25

N02 n13 N12 n23
,

0 4
5 a04

N01 N02 n13 n23
#

5 a14

N01 n13 N12 n23
#

5 a24

N02 n13 N12 n23
,

0 4
10 a03

N01 N02 n13 n23
#

10 a13

N01 n13 N12 n23
#

10 a23

N02 n13 N12 n23
,

0 4
10 a02

N01 N02 n13 n23
#

10 a12

N01 n13 N12 n23
#

10 a22

N02 n13 N12 n23
+
10 rY2

n1 n2
,

0 ==
5 a0

N01 N02 n13 n23
#

5 a1

N01 n13 N12 n23
#

5 a2

N02 n13 N12 n23
#

5 (cYn2 n1 + cYn1 n2 + cY1 n1 n2) rY

n12 n22
,

0 4
1

N01 N02 n13 n23
#

1

N01 n13 N12 n23
#

1

N02 n13 N12 n23
+

cYn22 n12 + cYn1 cYn2 n1 n2 + cY1 cYn2 n12 n2 + cYn12 n22 + cY1 cYn1 n1 n22 + cY12 n12 n22

n13 n23
,

p d 4
a03 N12 Sn0 # a13 N02 Sn1 # a23 N01 Sn2

N01 N02 n13 N12 n23
,

0 4
1

N01 N02 n13 N12 n23

3 N01 N02 n12 N12 n22 rY2 + N01 N02 n14 N12 n22 rY2 + N01 N02 n12 N12 n24 rY2 +

a02 N12 Sn0 # a12 N02 Sn1 # a22 N01 Sn2,

0 4 #
1

N01 N02 n13 N12 n23
3

cYn2 N01 N02 n12 N12 n2 rY + cYn2 N01 N02 n14 N12 n2 rY + cYn1 N01 N02 n1 N12 n22 rY #

cY1 N01 N02 n12 N12 n22 rY # cYn1 N01 N02 n13 N12 n22 rY + cY1 N01 N02 n14 N12 n22 rY #

cYn2 N01 N02 n12 N12 n23 rY + cYn1 N01 N02 n1 N12 n24 rY + cY1 N01 N02 n12 N12 n24 rY #

a0 N12 Sn0 + a1 N02 Sn1 + a2 N01 Sn2,

0 4
1

N01 N02 n13 N12 n23

cYn22 N01 N02 n12 N12 + cYn22 N01 N02 n14 N12 + cYn1 cYn2 N01 N02 n1 N12 n2 #

cY1 cYn2 N01 N02 n12 N12 n2 # cYn1 cYn2 N01 N02 n13 N12 n2 + cY1 cYn2 N01 N02 n14 N12 n2 +

cYn12 N01 N02 N12 n22 # cY1 cYn1 N01 N02 n1 N12 n22 # cY1 cYn1 N01 N02 n13 N12 n22 +
cY12 N01 N02 n14 N12 n22 # cYn1 cYn2 N01 N02 n1 N12 n23 # cY1 cYn2 N01 N02 n12 N12 n23 +
cYn12 N01 N02 N12 n24 + cY1 cYn1 N01 N02 n1 N12 n24 + cY12 N01 N02 n12 N12 n24 +
N01 N02 n12 N12 n22 pY1 + N12 Sn0 # N02 Sn1 # N01 Sn2,

pY1 4 3

, {p, d, N01, N02, N12, Sn0, Sn1, Sn2, pY1, n1, n2}

p ,
3 + cY12 + cYn12 + cYn22

rY2
,

d , "
rY2 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

cYn1 cYn2
,

N01 ,

"
(a0 " a1) a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

a23 cYn1 cYn2 rY

,

N02 ,

(a0 " a2) a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

a13 cYn1 cYn2 rY
,

N12 ,

,
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(a1 " a2) a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

a03 cYn1 cYn2 rY
,

Sn0 , 6 a04 a12 a22 cY14 cYn1 + 2 a04 a12 a22 cY16 cYn1 + 2 a04 a12 a22 cY14 cYn13 +

2 a04 a12 a22 cY14 cYn1 cYn22 + 12 a04 a12 a2 cY13 cYn1 rY + 12 a04 a1 a22 cY13 cYn1 rY +
12 a03 a12 a22 cY13 cYn1 rY + 4 a04 a12 a2 cY15 cYn1 rY + 4 a04 a1 a22 cY15 cYn1 rY +
8 a03 a12 a22 cY15 cYn1 rY + 4 a04 a12 a2 cY13 cYn13 rY + 4 a04 a1 a22 cY13 cYn13 rY +
2 a03 a12 a22 cY13 cYn13 rY + 4 a04 a12 a2 cY13 cYn1 cYn22 rY +
4 a04 a1 a22 cY13 cYn1 cYn22 rY + 2 a03 a12 a22 cY13 cYn1 cYn22 rY + 6 a04 a12 cY12 cYn1 rY2 +
24 a04 a1 a2 cY12 cYn1 rY2 + 24 a03 a12 a2 cY12 cYn1 rY2 + 6 a04 a22 cY12 cYn1 rY2 +
24 a03 a1 a22 cY12 cYn1 rY2 + 6 a02 a12 a22 cY12 cYn1 rY2 + 2 a04 a12 cY14 cYn1 rY2 +
8 a04 a1 a2 cY14 cYn1 rY2 + 16 a03 a12 a2 cY14 cYn1 rY2 + 2 a04 a22 cY14 cYn1 rY2 +
16 a03 a1 a22 cY14 cYn1 rY2 + 12 a02 a12 a22 cY14 cYn1 rY2 + 2 a04 a12 cY12 cYn13 rY2 +
8 a04 a1 a2 cY12 cYn13 rY2 + 4 a03 a12 a2 cY12 cYn13 rY2 + 2 a04 a22 cY12 cYn13 rY2 +
4 a03 a1 a22 cY12 cYn13 rY2 " 3 a02 a12 a22 cY12 cYn13 rY2 + 2 a04 a12 cY12 cYn1 cYn22 rY2 +
8 a04 a1 a2 cY12 cYn1 cYn22 rY2 + 4 a03 a12 a2 cY12 cYn1 cYn22 rY2 +
2 a04 a22 cY12 cYn1 cYn22 rY2 + 4 a03 a1 a22 cY12 cYn1 cYn22 rY2 "
3 a02 a12 a22 cY12 cYn1 cYn22 rY2 + 12 a04 a1 cY1 cYn1 rY3 + 12 a03 a12 cY1 cYn1 rY3 +
12 a04 a2 cY1 cYn1 rY3 + 36 a03 a1 a2 cY1 cYn1 rY3 + 12 a02 a12 a2 cY1 cYn1 rY3 +
12 a03 a22 cY1 cYn1 rY3 + 12 a02 a1 a22 cY1 cYn1 rY3 + 4 a04 a1 cY13 cYn1 rY3 +
8 a03 a12 cY13 cYn1 rY3 + 4 a04 a2 cY13 cYn1 rY3 + 28 a03 a1 a2 cY13 cYn1 rY3 +
24 a02 a12 a2 cY13 cYn1 rY3 + 8 a03 a22 cY13 cYn1 rY3 + 24 a02 a1 a22 cY13 cYn1 rY3 +
8 a0 a12 a22 cY13 cYn1 rY3 + 4 a04 a1 cY1 cYn13 rY3 + 2 a03 a12 cY1 cYn13 rY3 +
4 a04 a2 cY1 cYn13 rY3 + 6 a03 a1 a2 cY1 cYn13 rY3 " 2 a02 a12 a2 cY1 cYn13 rY3 +
2 a03 a22 cY1 cYn13 rY3 " 2 a02 a1 a22 cY1 cYn13 rY3 " 2 a0 a12 a22 cY1 cYn13 rY3 +
4 a04 a1 cY1 cYn1 cYn22 rY3 + 2 a03 a12 cY1 cYn1 cYn22 rY3 + 4 a04 a2 cY1 cYn1 cYn22 rY3 +
6 a03 a1 a2 cY1 cYn1 cYn22 rY3 " 2 a02 a12 a2 cY1 cYn1 cYn22 rY3 +
2 a03 a22 cY1 cYn1 cYn22 rY3 " 2 a02 a1 a22 cY1 cYn1 cYn22 rY3 "
2 a0 a12 a22 cY1 cYn1 cYn22 rY3 + 6 a04 cYn1 rY4 + 12 a03 a1 cYn1 rY4 + 6 a02 a12 cYn1 rY4 +
12 a03 a2 cYn1 rY4 + 12 a02 a1 a2 cYn1 rY4 + 6 a02 a22 cYn1 rY4 + 2 a04 cY12 cYn1 rY4 +
12 a03 a1 cY12 cYn1 rY4 + 12 a02 a12 cY12 cYn1 rY4 + 12 a03 a2 cY12 cYn1 rY4 +
36 a02 a1 a2 cY12 cYn1 rY4 + 16 a0 a12 a2 cY12 cYn1 rY4 + 12 a02 a22 cY12 cYn1 rY4 +
16 a0 a1 a22 cY12 cYn1 rY4 + 2 a12 a22 cY12 cYn1 rY4 + 2 a04 cYn13 rY4 + 2 a03 a1 cYn13 rY4 +
a02 a12 cYn13 rY4 + 2 a03 a2 cYn13 rY4 " 2 a02 a1 a2 cYn13 rY4 " 2 a0 a12 a2 cYn13 rY4 +
a02 a22 cYn13 rY4 " 2 a0 a1 a22 cYn13 rY4 + a12 a22 cYn13 rY4 + 2 a04 cYn1 cYn22 rY4 +
2 a03 a1 cYn1 cYn22 rY4 + a02 a12 cYn1 cYn22 rY4 + 2 a03 a2 cYn1 cYn22 rY4 "
2 a02 a1 a2 cYn1 cYn22 rY4 " 2 a0 a12 a2 cYn1 cYn22 rY4 + a02 a22 cYn1 cYn22 rY4 "
2 a0 a1 a22 cYn1 cYn22 rY4 + a12 a22 cYn1 cYn22 rY4 + 4 a03 cY1 cYn1 rY5 +
12 a02 a1 cY1 cYn1 rY5 + 8 a0 a12 cY1 cYn1 rY5 + 12 a02 a2 cY1 cYn1 rY5 +
20 a0 a1 a2 cY1 cYn1 rY5 + 4 a12 a2 cY1 cYn1 rY5 + 8 a0 a22 cY1 cYn1 rY5 +
4 a1 a22 cY1 cYn1 rY5 + 2 a02 cYn1 rY6 + 4 a0 a1 cYn1 rY6 + 2 a12 cYn1 rY6 +
4 a0 a2 cYn1 rY6 + 4 a1 a2 cYn1 rY6 + 2 a22 cYn1 rY6 " 2 a02 a1 a2 cY12 cYn12

rY √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a02 a1 a2 cY12 cYn22

rY √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a02 a1 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a02 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " a0 a1 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

+ + +  +
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a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a02 a1 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a02 a2 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + a0 a1 a2 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

2 a02 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a1 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a1 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

2 a02 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a1 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a1 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22 cYn1 rY2

a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22,

Sn1 , 6 a02 a14 a22 cY14 cYn1 + 2 a02 a14 a22 cY16 cYn1 + 2 a02 a14 a22 cY14 cYn13 +

2 a02 a14 a22 cY14 cYn1 cYn22 + 12 a02 a14 a2 cY13 cYn1 rY +
12 a02 a13 a22 cY13 cYn1 rY + 12 a0 a14 a22 cY13 cYn1 rY +
4 a02 a14 a2 cY15 cYn1 rY + 8 a02 a13 a22 cY15 cYn1 rY +
4 a0 a14 a22 cY15 cYn1 rY + 4 a02 a14 a2 cY13 cYn13 rY +
2 a02 a13 a22 cY13 cYn13 rY + 4 a0 a14 a22 cY13 cYn13 rY +
4 a02 a14 a2 cY13 cYn1 cYn22 rY + 2 a02 a13 a22 cY13 cYn1 cYn22 rY +
4 a0 a14 a22 cY13 cYn1 cYn22 rY + 6 a02 a14 cY12 cYn1 rY2 +
24 a02 a13 a2 cY12 cYn1 rY2 + 24 a0 a14 a2 cY12 cYn1 rY2 +
6 a02 a12 a22 cY12 cYn1 rY2 + 24 a0 a13 a22 cY12 cYn1 rY2 +
6 a14 a22 cY12 cYn1 rY2 + 2 a02 a14 cY14 cYn1 rY2 +
16 a02 a13 a2 cY14 cYn1 rY2 + 8 a0 a14 a2 cY14 cYn1 rY2 +
12 a02 a12 a22 cY14 cYn1 rY2 + 16 a0 a13 a22 cY14 cYn1 rY2 +
2 a14 a22 cY14 cYn1 rY2 + 2 a02 a14 cY12 cYn13 rY2 +
4 a02 a13 a2 cY12 cYn13 rY2 + 8 a0 a14 a2 cY12 cYn13 rY2 "
3 a02 a12 a22 cY12 cYn13 rY2 + 4 a0 a13 a22 cY12 cYn13 rY2 +
2 a14 a22 cY12 cYn13 rY2 + 2 a02 a14 cY12 cYn1 cYn22 rY2 +

+ "
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2 a14 a22 cY12 cYn13 rY2 + 2 a02 a14 cY12 cYn1 cYn22 rY2 +
4 a02 a13 a2 cY12 cYn1 cYn22 rY2 + 8 a0 a14 a2 cY12 cYn1 cYn22 rY2 "
3 a02 a12 a22 cY12 cYn1 cYn22 rY2 + 4 a0 a13 a22 cY12 cYn1 cYn22 rY2 +
2 a14 a22 cY12 cYn1 cYn22 rY2 + 12 a02 a13 cY1 cYn1 rY3 +
12 a0 a14 cY1 cYn1 rY3 + 12 a02 a12 a2 cY1 cYn1 rY3 +
36 a0 a13 a2 cY1 cYn1 rY3 + 12 a14 a2 cY1 cYn1 rY3 +
12 a0 a12 a22 cY1 cYn1 rY3 + 12 a13 a22 cY1 cYn1 rY3 +
8 a02 a13 cY13 cYn1 rY3 + 4 a0 a14 cY13 cYn1 rY3 +
24 a02 a12 a2 cY13 cYn1 rY3 + 28 a0 a13 a2 cY13 cYn1 rY3 +
4 a14 a2 cY13 cYn1 rY3 + 8 a02 a1 a22 cY13 cYn1 rY3 +
24 a0 a12 a22 cY13 cYn1 rY3 + 8 a13 a22 cY13 cYn1 rY3 +
2 a02 a13 cY1 cYn13 rY3 + 4 a0 a14 cY1 cYn13 rY3 "
2 a02 a12 a2 cY1 cYn13 rY3 + 6 a0 a13 a2 cY1 cYn13 rY3 +
4 a14 a2 cY1 cYn13 rY3 " 2 a02 a1 a22 cY1 cYn13 rY3 "
2 a0 a12 a22 cY1 cYn13 rY3 + 2 a13 a22 cY1 cYn13 rY3 +
2 a02 a13 cY1 cYn1 cYn22 rY3 + 4 a0 a14 cY1 cYn1 cYn22 rY3 "
2 a02 a12 a2 cY1 cYn1 cYn22 rY3 + 6 a0 a13 a2 cY1 cYn1 cYn22 rY3 +
4 a14 a2 cY1 cYn1 cYn22 rY3 " 2 a02 a1 a22 cY1 cYn1 cYn22 rY3 "
2 a0 a12 a22 cY1 cYn1 cYn22 rY3 + 2 a13 a22 cY1 cYn1 cYn22 rY3 +
6 a02 a12 cYn1 rY4 + 12 a0 a13 cYn1 rY4 + 6 a14 cYn1 rY4 +
12 a0 a12 a2 cYn1 rY4 + 12 a13 a2 cYn1 rY4 + 6 a12 a22 cYn1 rY4 +
12 a02 a12 cY12 cYn1 rY4 + 12 a0 a13 cY12 cYn1 rY4 + 2 a14 cY12 cYn1 rY4 +
16 a02 a1 a2 cY12 cYn1 rY4 + 36 a0 a12 a2 cY12 cYn1 rY4 +
12 a13 a2 cY12 cYn1 rY4 + 2 a02 a22 cY12 cYn1 rY4 +
16 a0 a1 a22 cY12 cYn1 rY4 + 12 a12 a22 cY12 cYn1 rY4 +
a02 a12 cYn13 rY4 + 2 a0 a13 cYn13 rY4 + 2 a14 cYn13 rY4 "
2 a02 a1 a2 cYn13 rY4 " 2 a0 a12 a2 cYn13 rY4 + 2 a13 a2 cYn13 rY4 +
a02 a22 cYn13 rY4 " 2 a0 a1 a22 cYn13 rY4 + a12 a22 cYn13 rY4 +
a02 a12 cYn1 cYn22 rY4 + 2 a0 a13 cYn1 cYn22 rY4 + 2 a14 cYn1 cYn22 rY4 "
2 a02 a1 a2 cYn1 cYn22 rY4 " 2 a0 a12 a2 cYn1 cYn22 rY4 +
2 a13 a2 cYn1 cYn22 rY4 + a02 a22 cYn1 cYn22 rY4 " 2 a0 a1 a22 cYn1 cYn22 rY4 +
a12 a22 cYn1 cYn22 rY4 + 8 a02 a1 cY1 cYn1 rY5 + 12 a0 a12 cY1 cYn1 rY5 +
4 a13 cY1 cYn1 rY5 + 4 a02 a2 cY1 cYn1 rY5 + 20 a0 a1 a2 cY1 cYn1 rY5 +
12 a12 a2 cY1 cYn1 rY5 + 4 a0 a22 cY1 cYn1 rY5 + 8 a1 a22 cY1 cYn1 rY5 +
2 a02 cYn1 rY6 + 4 a0 a1 cYn1 rY6 + 2 a12 cYn1 rY6 + 4 a0 a2 cYn1 rY6 +
4 a1 a2 cYn1 rY6 + 2 a22 cYn1 rY6 " 2 a0 a12 a2 cY12 cYn12 rY
√(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a0 a12 a2 cY12 cYn22

rY √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a0 a12 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " a0 a1 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a12 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a0 a12 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + a0 a1 a2 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "
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4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a12 a2 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a1 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

2 a12 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a1 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a1 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

2 a12 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a1 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22 cYn1 rY2

a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22,

Sn2 , 6 a02 a12 a24 cY14 cYn1 + 2 a02 a12 a24 cY16 cYn1 + 2 a02 a12 a24 cY14 cYn13 +

2 a02 a12 a24 cY14 cYn1 cYn22 + 12 a02 a12 a23 cY13 cYn1 rY +
12 a02 a1 a24 cY13 cYn1 rY + 12 a0 a12 a24 cY13 cYn1 rY +
8 a02 a12 a23 cY15 cYn1 rY + 4 a02 a1 a24 cY15 cYn1 rY +
4 a0 a12 a24 cY15 cYn1 rY + 2 a02 a12 a23 cY13 cYn13 rY +
4 a02 a1 a24 cY13 cYn13 rY + 4 a0 a12 a24 cY13 cYn13 rY +
2 a02 a12 a23 cY13 cYn1 cYn22 rY + 4 a02 a1 a24 cY13 cYn1 cYn22 rY +
4 a0 a12 a24 cY13 cYn1 cYn22 rY + 6 a02 a12 a22 cY12 cYn1 rY2 +
24 a02 a1 a23 cY12 cYn1 rY2 + 24 a0 a12 a23 cY12 cYn1 rY2 +
6 a02 a24 cY12 cYn1 rY2 + 24 a0 a1 a24 cY12 cYn1 rY2 +
6 a12 a24 cY12 cYn1 rY2 + 12 a02 a12 a22 cY14 cYn1 rY2 +
16 a02 a1 a23 cY14 cYn1 rY2 + 16 a0 a12 a23 cY14 cYn1 rY2 +
2 a02 a24 cY14 cYn1 rY2 + 8 a0 a1 a24 cY14 cYn1 rY2 +
2 a12 a24 cY14 cYn1 rY2 " 3 a02 a12 a22 cY12 cYn13 rY2 +
4 a02 a1 a23 cY12 cYn13 rY2 + 4 a0 a12 a23 cY12 cYn13 rY2 +
2 a02 a24 cY12 cYn13 rY2 + 8 a0 a1 a24 cY12 cYn13 rY2 +
2 a12 a24 cY12 cYn13 rY2 " 3 a02 a12 a22 cY12 cYn1 cYn22 rY2 +
4 a02 a1 a23 cY12 cYn1 cYn22 rY2 + 4 a0 a12 a23 cY12 cYn1 cYn22 rY2 +
2 a02 a24 cY12 cYn1 cYn22 rY2 + 8 a0 a1 a24 cY12 cYn1 cYn22 rY2 +
2 a12 a24 cY12 cYn1 cYn22 rY2 + 12 a02 a1 a22 cY1 cYn1 rY3 +
12 a0 a12 a22 cY1 cYn1 rY3 + 12 a02 a23 cY1 cYn1 rY3 +
36 a0 a1 a23 cY1 cYn1 rY3 + 12 a12 a23 cY1 cYn1 rY3 +
12 a0 a24 cY1 cYn1 rY3 + 12 a1 a24 cY1 cYn1 rY3 +

+ +
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12 a0 a24 cY1 cYn1 rY3 + 12 a1 a24 cY1 cYn1 rY3 +
8 a02 a12 a2 cY13 cYn1 rY3 + 24 a02 a1 a22 cY13 cYn1 rY3 +
24 a0 a12 a22 cY13 cYn1 rY3 + 8 a02 a23 cY13 cYn1 rY3 +
28 a0 a1 a23 cY13 cYn1 rY3 + 8 a12 a23 cY13 cYn1 rY3 +
4 a0 a24 cY13 cYn1 rY3 + 4 a1 a24 cY13 cYn1 rY3 "
2 a02 a12 a2 cY1 cYn13 rY3 " 2 a02 a1 a22 cY1 cYn13 rY3 "
2 a0 a12 a22 cY1 cYn13 rY3 + 2 a02 a23 cY1 cYn13 rY3 +
6 a0 a1 a23 cY1 cYn13 rY3 + 2 a12 a23 cY1 cYn13 rY3 +
4 a0 a24 cY1 cYn13 rY3 + 4 a1 a24 cY1 cYn13 rY3 "
2 a02 a12 a2 cY1 cYn1 cYn22 rY3 " 2 a02 a1 a22 cY1 cYn1 cYn22 rY3 "
2 a0 a12 a22 cY1 cYn1 cYn22 rY3 + 2 a02 a23 cY1 cYn1 cYn22 rY3 +
6 a0 a1 a23 cY1 cYn1 cYn22 rY3 + 2 a12 a23 cY1 cYn1 cYn22 rY3 +
4 a0 a24 cY1 cYn1 cYn22 rY3 + 4 a1 a24 cY1 cYn1 cYn22 rY3 +
6 a02 a22 cYn1 rY4 + 12 a0 a1 a22 cYn1 rY4 + 6 a12 a22 cYn1 rY4 +
12 a0 a23 cYn1 rY4 + 12 a1 a23 cYn1 rY4 + 6 a24 cYn1 rY4 +
2 a02 a12 cY12 cYn1 rY4 + 16 a02 a1 a2 cY12 cYn1 rY4 +
16 a0 a12 a2 cY12 cYn1 rY4 + 12 a02 a22 cY12 cYn1 rY4 +
36 a0 a1 a22 cY12 cYn1 rY4 + 12 a12 a22 cY12 cYn1 rY4 +
12 a0 a23 cY12 cYn1 rY4 + 12 a1 a23 cY12 cYn1 rY4 +
2 a24 cY12 cYn1 rY4 + a02 a12 cYn13 rY4 " 2 a02 a1 a2 cYn13 rY4 "
2 a0 a12 a2 cYn13 rY4 + a02 a22 cYn13 rY4 " 2 a0 a1 a22 cYn13 rY4 +
a12 a22 cYn13 rY4 + 2 a0 a23 cYn13 rY4 + 2 a1 a23 cYn13 rY4 +
2 a24 cYn13 rY4 + a02 a12 cYn1 cYn22 rY4 " 2 a02 a1 a2 cYn1 cYn22 rY4 "
2 a0 a12 a2 cYn1 cYn22 rY4 + a02 a22 cYn1 cYn22 rY4 "
2 a0 a1 a22 cYn1 cYn22 rY4 + a12 a22 cYn1 cYn22 rY4 +
2 a0 a23 cYn1 cYn22 rY4 + 2 a1 a23 cYn1 cYn22 rY4 +
2 a24 cYn1 cYn22 rY4 + 4 a02 a1 cY1 cYn1 rY5 + 4 a0 a12 cY1 cYn1 rY5 +
8 a02 a2 cY1 cYn1 rY5 + 20 a0 a1 a2 cY1 cYn1 rY5 +
8 a12 a2 cY1 cYn1 rY5 + 12 a0 a22 cY1 cYn1 rY5 +
12 a1 a22 cY1 cYn1 rY5 + 4 a23 cY1 cYn1 rY5 + 2 a02 cYn1 rY6 +
4 a0 a1 cYn1 rY6 + 2 a12 cYn1 rY6 + 4 a0 a2 cYn1 rY6 +
4 a1 a2 cYn1 rY6 + 2 a22 cYn1 rY6 " 2 a0 a1 a22 cY12 cYn12 rY
√(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a0 a1 a22 cY12 cYn22

rY √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " a0 a1 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a0 a22 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a1 a22 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + a0 a1 a2 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a0 a22 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a1 a22 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

+ + + +  +
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a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a1 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a1 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

2 a22 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a1 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a1 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

2 a22 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22 cYn1 rY2

a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22,

pY1 , 3, n1 , "a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY +
√(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

2 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2,

n2 , "cYn2 a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY "
√(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

2 cYn1 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 +

a1 rY2 + a2 rY2, p ,
3 + cY12 + cYn12 + cYn22

rY2
,

d , "
rY2 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

cYn1 cYn2
,

N01 ,

(a0 " a1) a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

a23 cYn1 cYn2 rY
,

N02 ,

"
(a0 " a2) a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

a13 cYn1 cYn2 rY

,

N12 ,

"
(a1 " a2) a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

a03 cYn1 cYn2 rY

,
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, Sn0 , 6 a04 a12 a22 cY14 cYn1 + 2 a04 a12 a22 cY16 cYn1 +

2 a04 a12 a22 cY14 cYn13 + 2 a04 a12 a22 cY14 cYn1 cYn22 + 12 a04 a12 a2 cY13 cYn1 rY +
12 a04 a1 a22 cY13 cYn1 rY + 12 a03 a12 a22 cY13 cYn1 rY + 4 a04 a12 a2 cY15 cYn1 rY +
4 a04 a1 a22 cY15 cYn1 rY + 8 a03 a12 a22 cY15 cYn1 rY + 4 a04 a12 a2 cY13 cYn13 rY +
4 a04 a1 a22 cY13 cYn13 rY + 2 a03 a12 a22 cY13 cYn13 rY + 4 a04 a12 a2 cY13 cYn1 cYn22 rY +
4 a04 a1 a22 cY13 cYn1 cYn22 rY + 2 a03 a12 a22 cY13 cYn1 cYn22 rY + 6 a04 a12 cY12 cYn1 rY2 +
24 a04 a1 a2 cY12 cYn1 rY2 + 24 a03 a12 a2 cY12 cYn1 rY2 + 6 a04 a22 cY12 cYn1 rY2 +
24 a03 a1 a22 cY12 cYn1 rY2 + 6 a02 a12 a22 cY12 cYn1 rY2 + 2 a04 a12 cY14 cYn1 rY2 +
8 a04 a1 a2 cY14 cYn1 rY2 + 16 a03 a12 a2 cY14 cYn1 rY2 + 2 a04 a22 cY14 cYn1 rY2 +
16 a03 a1 a22 cY14 cYn1 rY2 + 12 a02 a12 a22 cY14 cYn1 rY2 + 2 a04 a12 cY12 cYn13 rY2 +
8 a04 a1 a2 cY12 cYn13 rY2 + 4 a03 a12 a2 cY12 cYn13 rY2 + 2 a04 a22 cY12 cYn13 rY2 +
4 a03 a1 a22 cY12 cYn13 rY2 " 3 a02 a12 a22 cY12 cYn13 rY2 + 2 a04 a12 cY12 cYn1 cYn22 rY2 +
8 a04 a1 a2 cY12 cYn1 cYn22 rY2 + 4 a03 a12 a2 cY12 cYn1 cYn22 rY2 +
2 a04 a22 cY12 cYn1 cYn22 rY2 + 4 a03 a1 a22 cY12 cYn1 cYn22 rY2 "
3 a02 a12 a22 cY12 cYn1 cYn22 rY2 + 12 a04 a1 cY1 cYn1 rY3 + 12 a03 a12 cY1 cYn1 rY3 +
12 a04 a2 cY1 cYn1 rY3 + 36 a03 a1 a2 cY1 cYn1 rY3 + 12 a02 a12 a2 cY1 cYn1 rY3 +
12 a03 a22 cY1 cYn1 rY3 + 12 a02 a1 a22 cY1 cYn1 rY3 + 4 a04 a1 cY13 cYn1 rY3 +
8 a03 a12 cY13 cYn1 rY3 + 4 a04 a2 cY13 cYn1 rY3 + 28 a03 a1 a2 cY13 cYn1 rY3 +
24 a02 a12 a2 cY13 cYn1 rY3 + 8 a03 a22 cY13 cYn1 rY3 + 24 a02 a1 a22 cY13 cYn1 rY3 +
8 a0 a12 a22 cY13 cYn1 rY3 + 4 a04 a1 cY1 cYn13 rY3 + 2 a03 a12 cY1 cYn13 rY3 +
4 a04 a2 cY1 cYn13 rY3 + 6 a03 a1 a2 cY1 cYn13 rY3 " 2 a02 a12 a2 cY1 cYn13 rY3 +
2 a03 a22 cY1 cYn13 rY3 " 2 a02 a1 a22 cY1 cYn13 rY3 " 2 a0 a12 a22 cY1 cYn13 rY3 +
4 a04 a1 cY1 cYn1 cYn22 rY3 + 2 a03 a12 cY1 cYn1 cYn22 rY3 + 4 a04 a2 cY1 cYn1 cYn22 rY3 +
6 a03 a1 a2 cY1 cYn1 cYn22 rY3 " 2 a02 a12 a2 cY1 cYn1 cYn22 rY3 +
2 a03 a22 cY1 cYn1 cYn22 rY3 " 2 a02 a1 a22 cY1 cYn1 cYn22 rY3 "
2 a0 a12 a22 cY1 cYn1 cYn22 rY3 + 6 a04 cYn1 rY4 + 12 a03 a1 cYn1 rY4 + 6 a02 a12 cYn1 rY4 +
12 a03 a2 cYn1 rY4 + 12 a02 a1 a2 cYn1 rY4 + 6 a02 a22 cYn1 rY4 + 2 a04 cY12 cYn1 rY4 +
12 a03 a1 cY12 cYn1 rY4 + 12 a02 a12 cY12 cYn1 rY4 + 12 a03 a2 cY12 cYn1 rY4 +
36 a02 a1 a2 cY12 cYn1 rY4 + 16 a0 a12 a2 cY12 cYn1 rY4 + 12 a02 a22 cY12 cYn1 rY4 +
16 a0 a1 a22 cY12 cYn1 rY4 + 2 a12 a22 cY12 cYn1 rY4 + 2 a04 cYn13 rY4 + 2 a03 a1 cYn13 rY4 +
a02 a12 cYn13 rY4 + 2 a03 a2 cYn13 rY4 " 2 a02 a1 a2 cYn13 rY4 " 2 a0 a12 a2 cYn13 rY4 +
a02 a22 cYn13 rY4 " 2 a0 a1 a22 cYn13 rY4 + a12 a22 cYn13 rY4 + 2 a04 cYn1 cYn22 rY4 +
2 a03 a1 cYn1 cYn22 rY4 + a02 a12 cYn1 cYn22 rY4 + 2 a03 a2 cYn1 cYn22 rY4 "
2 a02 a1 a2 cYn1 cYn22 rY4 " 2 a0 a12 a2 cYn1 cYn22 rY4 + a02 a22 cYn1 cYn22 rY4 "
2 a0 a1 a22 cYn1 cYn22 rY4 + a12 a22 cYn1 cYn22 rY4 + 4 a03 cY1 cYn1 rY5 +
12 a02 a1 cY1 cYn1 rY5 + 8 a0 a12 cY1 cYn1 rY5 + 12 a02 a2 cY1 cYn1 rY5 +
20 a0 a1 a2 cY1 cYn1 rY5 + 4 a12 a2 cY1 cYn1 rY5 + 8 a0 a22 cY1 cYn1 rY5 +
4 a1 a22 cY1 cYn1 rY5 + 2 a02 cYn1 rY6 + 4 a0 a1 cYn1 rY6 + 2 a12 cYn1 rY6 +
4 a0 a2 cYn1 rY6 + 4 a1 a2 cYn1 rY6 + 2 a22 cYn1 rY6 " 2 a02 a1 a2 cY12 cYn12

rY √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a02 a1 a2 cY12 cYn22

rY √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a02 a1 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a02 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " a0 a1 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a02 a1 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "
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4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a02 a2 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + a0 a1 a2 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

2 a02 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a1 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a1 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

2 a02 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a1 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a1 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22 cYn1 rY2

a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22,

Sn1 , 6 a02 a14 a22 cY14 cYn1 + 2 a02 a14 a22 cY16 cYn1 + 2 a02 a14 a22 cY14 cYn13 +

2 a02 a14 a22 cY14 cYn1 cYn22 + 12 a02 a14 a2 cY13 cYn1 rY +
12 a02 a13 a22 cY13 cYn1 rY + 12 a0 a14 a22 cY13 cYn1 rY +
4 a02 a14 a2 cY15 cYn1 rY + 8 a02 a13 a22 cY15 cYn1 rY +
4 a0 a14 a22 cY15 cYn1 rY + 4 a02 a14 a2 cY13 cYn13 rY +
2 a02 a13 a22 cY13 cYn13 rY + 4 a0 a14 a22 cY13 cYn13 rY +
4 a02 a14 a2 cY13 cYn1 cYn22 rY + 2 a02 a13 a22 cY13 cYn1 cYn22 rY +
4 a0 a14 a22 cY13 cYn1 cYn22 rY + 6 a02 a14 cY12 cYn1 rY2 +
24 a02 a13 a2 cY12 cYn1 rY2 + 24 a0 a14 a2 cY12 cYn1 rY2 +
6 a02 a12 a22 cY12 cYn1 rY2 + 24 a0 a13 a22 cY12 cYn1 rY2 +
6 a14 a22 cY12 cYn1 rY2 + 2 a02 a14 cY14 cYn1 rY2 +
16 a02 a13 a2 cY14 cYn1 rY2 + 8 a0 a14 a2 cY14 cYn1 rY2 +
12 a02 a12 a22 cY14 cYn1 rY2 + 16 a0 a13 a22 cY14 cYn1 rY2 +
2 a14 a22 cY14 cYn1 rY2 + 2 a02 a14 cY12 cYn13 rY2 +
4 a02 a13 a2 cY12 cYn13 rY2 + 8 a0 a14 a2 cY12 cYn13 rY2 "
3 a02 a12 a22 cY12 cYn13 rY2 + 4 a0 a13 a22 cY12 cYn13 rY2 +
2 a14 a22 cY12 cYn13 rY2 + 2 a02 a14 cY12 cYn1 cYn22 rY2 +
4 a02 a13 a2 cY12 cYn1 cYn22 rY2 + 8 a0 a14 a2 cY12 cYn1 cYn22 rY2 "
3 a02 a12 a22 cY12 cYn1 cYn22 rY2 + 4 a0 a13 a22 cY12 cYn1 cYn22 rY2 +

+ +

20     Complex 5-dimensional complete intersection. Case 3.nb



3 a02 a12 a22 cY12 cYn1 cYn22 rY2 + 4 a0 a13 a22 cY12 cYn1 cYn22 rY2 +
2 a14 a22 cY12 cYn1 cYn22 rY2 + 12 a02 a13 cY1 cYn1 rY3 +
12 a0 a14 cY1 cYn1 rY3 + 12 a02 a12 a2 cY1 cYn1 rY3 +
36 a0 a13 a2 cY1 cYn1 rY3 + 12 a14 a2 cY1 cYn1 rY3 +
12 a0 a12 a22 cY1 cYn1 rY3 + 12 a13 a22 cY1 cYn1 rY3 +
8 a02 a13 cY13 cYn1 rY3 + 4 a0 a14 cY13 cYn1 rY3 +
24 a02 a12 a2 cY13 cYn1 rY3 + 28 a0 a13 a2 cY13 cYn1 rY3 +
4 a14 a2 cY13 cYn1 rY3 + 8 a02 a1 a22 cY13 cYn1 rY3 +
24 a0 a12 a22 cY13 cYn1 rY3 + 8 a13 a22 cY13 cYn1 rY3 +
2 a02 a13 cY1 cYn13 rY3 + 4 a0 a14 cY1 cYn13 rY3 "
2 a02 a12 a2 cY1 cYn13 rY3 + 6 a0 a13 a2 cY1 cYn13 rY3 +
4 a14 a2 cY1 cYn13 rY3 " 2 a02 a1 a22 cY1 cYn13 rY3 "
2 a0 a12 a22 cY1 cYn13 rY3 + 2 a13 a22 cY1 cYn13 rY3 +
2 a02 a13 cY1 cYn1 cYn22 rY3 + 4 a0 a14 cY1 cYn1 cYn22 rY3 "
2 a02 a12 a2 cY1 cYn1 cYn22 rY3 + 6 a0 a13 a2 cY1 cYn1 cYn22 rY3 +
4 a14 a2 cY1 cYn1 cYn22 rY3 " 2 a02 a1 a22 cY1 cYn1 cYn22 rY3 "
2 a0 a12 a22 cY1 cYn1 cYn22 rY3 + 2 a13 a22 cY1 cYn1 cYn22 rY3 +
6 a02 a12 cYn1 rY4 + 12 a0 a13 cYn1 rY4 + 6 a14 cYn1 rY4 +
12 a0 a12 a2 cYn1 rY4 + 12 a13 a2 cYn1 rY4 + 6 a12 a22 cYn1 rY4 +
12 a02 a12 cY12 cYn1 rY4 + 12 a0 a13 cY12 cYn1 rY4 + 2 a14 cY12 cYn1 rY4 +
16 a02 a1 a2 cY12 cYn1 rY4 + 36 a0 a12 a2 cY12 cYn1 rY4 +
12 a13 a2 cY12 cYn1 rY4 + 2 a02 a22 cY12 cYn1 rY4 +
16 a0 a1 a22 cY12 cYn1 rY4 + 12 a12 a22 cY12 cYn1 rY4 +
a02 a12 cYn13 rY4 + 2 a0 a13 cYn13 rY4 + 2 a14 cYn13 rY4 "
2 a02 a1 a2 cYn13 rY4 " 2 a0 a12 a2 cYn13 rY4 + 2 a13 a2 cYn13 rY4 +
a02 a22 cYn13 rY4 " 2 a0 a1 a22 cYn13 rY4 + a12 a22 cYn13 rY4 +
a02 a12 cYn1 cYn22 rY4 + 2 a0 a13 cYn1 cYn22 rY4 + 2 a14 cYn1 cYn22 rY4 "
2 a02 a1 a2 cYn1 cYn22 rY4 " 2 a0 a12 a2 cYn1 cYn22 rY4 +
2 a13 a2 cYn1 cYn22 rY4 + a02 a22 cYn1 cYn22 rY4 "
2 a0 a1 a22 cYn1 cYn22 rY4 + a12 a22 cYn1 cYn22 rY4 +
8 a02 a1 cY1 cYn1 rY5 + 12 a0 a12 cY1 cYn1 rY5 + 4 a13 cY1 cYn1 rY5 +
4 a02 a2 cY1 cYn1 rY5 + 20 a0 a1 a2 cY1 cYn1 rY5 + 12 a12 a2 cY1 cYn1 rY5 +
4 a0 a22 cY1 cYn1 rY5 + 8 a1 a22 cY1 cYn1 rY5 + 2 a02 cYn1 rY6 +
4 a0 a1 cYn1 rY6 + 2 a12 cYn1 rY6 + 4 a0 a2 cYn1 rY6 +
4 a1 a2 cYn1 rY6 + 2 a22 cYn1 rY6 " 2 a0 a12 a2 cY12 cYn12 rY
√(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a0 a12 a2 cY12 cYn22

rY √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a0 a12 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " a0 a1 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a12 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a0 a12 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + a0 a1 a2 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

+ + +  +
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a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a12 a2 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a1 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

2 a12 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a1 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a1 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

2 a12 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a1 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22 cYn1 rY2

a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22,

Sn2 , 6 a02 a12 a24 cY14 cYn1 + 2 a02 a12 a24 cY16 cYn1 + 2 a02 a12 a24 cY14 cYn13 +

2 a02 a12 a24 cY14 cYn1 cYn22 + 12 a02 a12 a23 cY13 cYn1 rY +
12 a02 a1 a24 cY13 cYn1 rY + 12 a0 a12 a24 cY13 cYn1 rY +
8 a02 a12 a23 cY15 cYn1 rY + 4 a02 a1 a24 cY15 cYn1 rY +
4 a0 a12 a24 cY15 cYn1 rY + 2 a02 a12 a23 cY13 cYn13 rY +
4 a02 a1 a24 cY13 cYn13 rY + 4 a0 a12 a24 cY13 cYn13 rY +
2 a02 a12 a23 cY13 cYn1 cYn22 rY + 4 a02 a1 a24 cY13 cYn1 cYn22 rY +
4 a0 a12 a24 cY13 cYn1 cYn22 rY + 6 a02 a12 a22 cY12 cYn1 rY2 +
24 a02 a1 a23 cY12 cYn1 rY2 + 24 a0 a12 a23 cY12 cYn1 rY2 +
6 a02 a24 cY12 cYn1 rY2 + 24 a0 a1 a24 cY12 cYn1 rY2 +
6 a12 a24 cY12 cYn1 rY2 + 12 a02 a12 a22 cY14 cYn1 rY2 +
16 a02 a1 a23 cY14 cYn1 rY2 + 16 a0 a12 a23 cY14 cYn1 rY2 +
2 a02 a24 cY14 cYn1 rY2 + 8 a0 a1 a24 cY14 cYn1 rY2 +
2 a12 a24 cY14 cYn1 rY2 " 3 a02 a12 a22 cY12 cYn13 rY2 +
4 a02 a1 a23 cY12 cYn13 rY2 + 4 a0 a12 a23 cY12 cYn13 rY2 +
2 a02 a24 cY12 cYn13 rY2 + 8 a0 a1 a24 cY12 cYn13 rY2 +
2 a12 a24 cY12 cYn13 rY2 " 3 a02 a12 a22 cY12 cYn1 cYn22 rY2 +
4 a02 a1 a23 cY12 cYn1 cYn22 rY2 + 4 a0 a12 a23 cY12 cYn1 cYn22 rY2 +
2 a02 a24 cY12 cYn1 cYn22 rY2 + 8 a0 a1 a24 cY12 cYn1 cYn22 rY2 +
2 a12 a24 cY12 cYn1 cYn22 rY2 + 12 a02 a1 a22 cY1 cYn1 rY3 +
12 a0 a12 a22 cY1 cYn1 rY3 + 12 a02 a23 cY1 cYn1 rY3 +
36 a0 a1 a23 cY1 cYn1 rY3 + 12 a12 a23 cY1 cYn1 rY3 +
12 a0 a24 cY1 cYn1 rY3 + 12 a1 a24 cY1 cYn1 rY3 +
8 a02 a12 a2 cY13 cYn1 rY3 + 24 a02 a1 a22 cY13 cYn1 rY3 +

+ +

22     Complex 5-dimensional complete intersection. Case 3.nb



8 a02 a12 a2 cY13 cYn1 rY3 + 24 a02 a1 a22 cY13 cYn1 rY3 +
24 a0 a12 a22 cY13 cYn1 rY3 + 8 a02 a23 cY13 cYn1 rY3 +
28 a0 a1 a23 cY13 cYn1 rY3 + 8 a12 a23 cY13 cYn1 rY3 +
4 a0 a24 cY13 cYn1 rY3 + 4 a1 a24 cY13 cYn1 rY3 "
2 a02 a12 a2 cY1 cYn13 rY3 " 2 a02 a1 a22 cY1 cYn13 rY3 "
2 a0 a12 a22 cY1 cYn13 rY3 + 2 a02 a23 cY1 cYn13 rY3 +
6 a0 a1 a23 cY1 cYn13 rY3 + 2 a12 a23 cY1 cYn13 rY3 +
4 a0 a24 cY1 cYn13 rY3 + 4 a1 a24 cY1 cYn13 rY3 "
2 a02 a12 a2 cY1 cYn1 cYn22 rY3 " 2 a02 a1 a22 cY1 cYn1 cYn22 rY3 "
2 a0 a12 a22 cY1 cYn1 cYn22 rY3 + 2 a02 a23 cY1 cYn1 cYn22 rY3 +
6 a0 a1 a23 cY1 cYn1 cYn22 rY3 + 2 a12 a23 cY1 cYn1 cYn22 rY3 +
4 a0 a24 cY1 cYn1 cYn22 rY3 + 4 a1 a24 cY1 cYn1 cYn22 rY3 +
6 a02 a22 cYn1 rY4 + 12 a0 a1 a22 cYn1 rY4 + 6 a12 a22 cYn1 rY4 +
12 a0 a23 cYn1 rY4 + 12 a1 a23 cYn1 rY4 + 6 a24 cYn1 rY4 +
2 a02 a12 cY12 cYn1 rY4 + 16 a02 a1 a2 cY12 cYn1 rY4 +
16 a0 a12 a2 cY12 cYn1 rY4 + 12 a02 a22 cY12 cYn1 rY4 +
36 a0 a1 a22 cY12 cYn1 rY4 + 12 a12 a22 cY12 cYn1 rY4 +
12 a0 a23 cY12 cYn1 rY4 + 12 a1 a23 cY12 cYn1 rY4 +
2 a24 cY12 cYn1 rY4 + a02 a12 cYn13 rY4 " 2 a02 a1 a2 cYn13 rY4 "
2 a0 a12 a2 cYn13 rY4 + a02 a22 cYn13 rY4 "
2 a0 a1 a22 cYn13 rY4 + a12 a22 cYn13 rY4 + 2 a0 a23 cYn13 rY4 +
2 a1 a23 cYn13 rY4 + 2 a24 cYn13 rY4 + a02 a12 cYn1 cYn22 rY4 "
2 a02 a1 a2 cYn1 cYn22 rY4 " 2 a0 a12 a2 cYn1 cYn22 rY4 +
a02 a22 cYn1 cYn22 rY4 " 2 a0 a1 a22 cYn1 cYn22 rY4 +
a12 a22 cYn1 cYn22 rY4 + 2 a0 a23 cYn1 cYn22 rY4 +
2 a1 a23 cYn1 cYn22 rY4 + 2 a24 cYn1 cYn22 rY4 +
4 a02 a1 cY1 cYn1 rY5 + 4 a0 a12 cY1 cYn1 rY5 +
8 a02 a2 cY1 cYn1 rY5 + 20 a0 a1 a2 cY1 cYn1 rY5 +
8 a12 a2 cY1 cYn1 rY5 + 12 a0 a22 cY1 cYn1 rY5 +
12 a1 a22 cY1 cYn1 rY5 + 4 a23 cY1 cYn1 rY5 + 2 a02 cYn1 rY6 +
4 a0 a1 cYn1 rY6 + 2 a12 cYn1 rY6 + 4 a0 a2 cYn1 rY6 +
4 a1 a2 cYn1 rY6 + 2 a22 cYn1 rY6 " 2 a0 a1 a22 cY12 cYn12 rY
√(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a0 a1 a22 cY12 cYn22

rY √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " a0 a1 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a0 a22 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a1 a22 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + a0 a1 a2 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a0 a22 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a1 a22 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

+ + + +  +
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a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a1 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a1 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

2 a22 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a1 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a1 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

2 a22 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22 cYn1 rY2

a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22,

pY1 , 3, n1 , "a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY +
√(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

2 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2,

n2 , "cYn2 a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY "
√(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

2 cYn1 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 +

a1 rY2 + a2 rY2, p ,
3 + cY12 + cYn12 + cYn22

rY2
,

d , "
rY2 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

cYn1 cYn2
,

N01 ,

"
(a0 " a1) a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

a23 cYn1 cYn2 rY

,

N02 ,

(a0 " a2) a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

a13 cYn1 cYn2 rY
,

N12 ,

(a1 " a2) a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

a03 cYn1 cYn2 rY
,
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Sn0 , 6 a04 a12 a22 cY14 cYn1 + 2 a04 a12 a22 cY16 cYn1 + 2 a04 a12 a22 cY14 cYn13 +

2 a04 a12 a22 cY14 cYn1 cYn22 + 12 a04 a12 a2 cY13 cYn1 rY + 12 a04 a1 a22 cY13 cYn1 rY +
12 a03 a12 a22 cY13 cYn1 rY + 4 a04 a12 a2 cY15 cYn1 rY + 4 a04 a1 a22 cY15 cYn1 rY +
8 a03 a12 a22 cY15 cYn1 rY + 4 a04 a12 a2 cY13 cYn13 rY + 4 a04 a1 a22 cY13 cYn13 rY +
2 a03 a12 a22 cY13 cYn13 rY + 4 a04 a12 a2 cY13 cYn1 cYn22 rY +
4 a04 a1 a22 cY13 cYn1 cYn22 rY + 2 a03 a12 a22 cY13 cYn1 cYn22 rY + 6 a04 a12 cY12 cYn1 rY2 +
24 a04 a1 a2 cY12 cYn1 rY2 + 24 a03 a12 a2 cY12 cYn1 rY2 + 6 a04 a22 cY12 cYn1 rY2 +
24 a03 a1 a22 cY12 cYn1 rY2 + 6 a02 a12 a22 cY12 cYn1 rY2 + 2 a04 a12 cY14 cYn1 rY2 +
8 a04 a1 a2 cY14 cYn1 rY2 + 16 a03 a12 a2 cY14 cYn1 rY2 + 2 a04 a22 cY14 cYn1 rY2 +
16 a03 a1 a22 cY14 cYn1 rY2 + 12 a02 a12 a22 cY14 cYn1 rY2 + 2 a04 a12 cY12 cYn13 rY2 +
8 a04 a1 a2 cY12 cYn13 rY2 + 4 a03 a12 a2 cY12 cYn13 rY2 + 2 a04 a22 cY12 cYn13 rY2 +
4 a03 a1 a22 cY12 cYn13 rY2 " 3 a02 a12 a22 cY12 cYn13 rY2 + 2 a04 a12 cY12 cYn1 cYn22 rY2 +
8 a04 a1 a2 cY12 cYn1 cYn22 rY2 + 4 a03 a12 a2 cY12 cYn1 cYn22 rY2 +
2 a04 a22 cY12 cYn1 cYn22 rY2 + 4 a03 a1 a22 cY12 cYn1 cYn22 rY2 "
3 a02 a12 a22 cY12 cYn1 cYn22 rY2 + 12 a04 a1 cY1 cYn1 rY3 + 12 a03 a12 cY1 cYn1 rY3 +
12 a04 a2 cY1 cYn1 rY3 + 36 a03 a1 a2 cY1 cYn1 rY3 + 12 a02 a12 a2 cY1 cYn1 rY3 +
12 a03 a22 cY1 cYn1 rY3 + 12 a02 a1 a22 cY1 cYn1 rY3 + 4 a04 a1 cY13 cYn1 rY3 +
8 a03 a12 cY13 cYn1 rY3 + 4 a04 a2 cY13 cYn1 rY3 + 28 a03 a1 a2 cY13 cYn1 rY3 +
24 a02 a12 a2 cY13 cYn1 rY3 + 8 a03 a22 cY13 cYn1 rY3 + 24 a02 a1 a22 cY13 cYn1 rY3 +
8 a0 a12 a22 cY13 cYn1 rY3 + 4 a04 a1 cY1 cYn13 rY3 + 2 a03 a12 cY1 cYn13 rY3 +
4 a04 a2 cY1 cYn13 rY3 + 6 a03 a1 a2 cY1 cYn13 rY3 " 2 a02 a12 a2 cY1 cYn13 rY3 +
2 a03 a22 cY1 cYn13 rY3 " 2 a02 a1 a22 cY1 cYn13 rY3 " 2 a0 a12 a22 cY1 cYn13 rY3 +
4 a04 a1 cY1 cYn1 cYn22 rY3 + 2 a03 a12 cY1 cYn1 cYn22 rY3 + 4 a04 a2 cY1 cYn1 cYn22 rY3 +
6 a03 a1 a2 cY1 cYn1 cYn22 rY3 " 2 a02 a12 a2 cY1 cYn1 cYn22 rY3 +
2 a03 a22 cY1 cYn1 cYn22 rY3 " 2 a02 a1 a22 cY1 cYn1 cYn22 rY3 "
2 a0 a12 a22 cY1 cYn1 cYn22 rY3 + 6 a04 cYn1 rY4 + 12 a03 a1 cYn1 rY4 + 6 a02 a12 cYn1 rY4 +
12 a03 a2 cYn1 rY4 + 12 a02 a1 a2 cYn1 rY4 + 6 a02 a22 cYn1 rY4 + 2 a04 cY12 cYn1 rY4 +
12 a03 a1 cY12 cYn1 rY4 + 12 a02 a12 cY12 cYn1 rY4 + 12 a03 a2 cY12 cYn1 rY4 +
36 a02 a1 a2 cY12 cYn1 rY4 + 16 a0 a12 a2 cY12 cYn1 rY4 + 12 a02 a22 cY12 cYn1 rY4 +
16 a0 a1 a22 cY12 cYn1 rY4 + 2 a12 a22 cY12 cYn1 rY4 + 2 a04 cYn13 rY4 + 2 a03 a1 cYn13 rY4 +
a02 a12 cYn13 rY4 + 2 a03 a2 cYn13 rY4 " 2 a02 a1 a2 cYn13 rY4 " 2 a0 a12 a2 cYn13 rY4 +
a02 a22 cYn13 rY4 " 2 a0 a1 a22 cYn13 rY4 + a12 a22 cYn13 rY4 + 2 a04 cYn1 cYn22 rY4 +
2 a03 a1 cYn1 cYn22 rY4 + a02 a12 cYn1 cYn22 rY4 + 2 a03 a2 cYn1 cYn22 rY4 "
2 a02 a1 a2 cYn1 cYn22 rY4 " 2 a0 a12 a2 cYn1 cYn22 rY4 + a02 a22 cYn1 cYn22 rY4 "
2 a0 a1 a22 cYn1 cYn22 rY4 + a12 a22 cYn1 cYn22 rY4 + 4 a03 cY1 cYn1 rY5 +
12 a02 a1 cY1 cYn1 rY5 + 8 a0 a12 cY1 cYn1 rY5 + 12 a02 a2 cY1 cYn1 rY5 +
20 a0 a1 a2 cY1 cYn1 rY5 + 4 a12 a2 cY1 cYn1 rY5 + 8 a0 a22 cY1 cYn1 rY5 +
4 a1 a22 cY1 cYn1 rY5 + 2 a02 cYn1 rY6 + 4 a0 a1 cYn1 rY6 + 2 a12 cYn1 rY6 +
4 a0 a2 cYn1 rY6 + 4 a1 a2 cYn1 rY6 + 2 a22 cYn1 rY6 + 2 a02 a1 a2 cY12 cYn12

rY √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a02 a1 a2 cY12 cYn22

rY √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a02 a1 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a02 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + a0 a1 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a02 a1 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "
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4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a02 a2 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " a0 a1 a2 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

2 a02 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a1 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a1 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

2 a02 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a1 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a1 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22 cYn1 rY2

a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22,

Sn1 , 6 a02 a14 a22 cY14 cYn1 + 2 a02 a14 a22 cY16 cYn1 + 2 a02 a14 a22 cY14 cYn13 +

2 a02 a14 a22 cY14 cYn1 cYn22 + 12 a02 a14 a2 cY13 cYn1 rY +
12 a02 a13 a22 cY13 cYn1 rY + 12 a0 a14 a22 cY13 cYn1 rY +
4 a02 a14 a2 cY15 cYn1 rY + 8 a02 a13 a22 cY15 cYn1 rY +
4 a0 a14 a22 cY15 cYn1 rY + 4 a02 a14 a2 cY13 cYn13 rY +
2 a02 a13 a22 cY13 cYn13 rY + 4 a0 a14 a22 cY13 cYn13 rY +
4 a02 a14 a2 cY13 cYn1 cYn22 rY + 2 a02 a13 a22 cY13 cYn1 cYn22 rY +
4 a0 a14 a22 cY13 cYn1 cYn22 rY + 6 a02 a14 cY12 cYn1 rY2 +
24 a02 a13 a2 cY12 cYn1 rY2 + 24 a0 a14 a2 cY12 cYn1 rY2 +
6 a02 a12 a22 cY12 cYn1 rY2 + 24 a0 a13 a22 cY12 cYn1 rY2 +
6 a14 a22 cY12 cYn1 rY2 + 2 a02 a14 cY14 cYn1 rY2 +
16 a02 a13 a2 cY14 cYn1 rY2 + 8 a0 a14 a2 cY14 cYn1 rY2 +
12 a02 a12 a22 cY14 cYn1 rY2 + 16 a0 a13 a22 cY14 cYn1 rY2 +
2 a14 a22 cY14 cYn1 rY2 + 2 a02 a14 cY12 cYn13 rY2 +
4 a02 a13 a2 cY12 cYn13 rY2 + 8 a0 a14 a2 cY12 cYn13 rY2 "
3 a02 a12 a22 cY12 cYn13 rY2 + 4 a0 a13 a22 cY12 cYn13 rY2 +
2 a14 a22 cY12 cYn13 rY2 + 2 a02 a14 cY12 cYn1 cYn22 rY2 +
4 a02 a13 a2 cY12 cYn1 cYn22 rY2 + 8 a0 a14 a2 cY12 cYn1 cYn22 rY2 "
3 a02 a12 a22 cY12 cYn1 cYn22 rY2 + 4 a0 a13 a22 cY12 cYn1 cYn22 rY2 +

+ +
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3 a02 a12 a22 cY12 cYn1 cYn22 rY2 + 4 a0 a13 a22 cY12 cYn1 cYn22 rY2 +
2 a14 a22 cY12 cYn1 cYn22 rY2 + 12 a02 a13 cY1 cYn1 rY3 +
12 a0 a14 cY1 cYn1 rY3 + 12 a02 a12 a2 cY1 cYn1 rY3 +
36 a0 a13 a2 cY1 cYn1 rY3 + 12 a14 a2 cY1 cYn1 rY3 +
12 a0 a12 a22 cY1 cYn1 rY3 + 12 a13 a22 cY1 cYn1 rY3 +
8 a02 a13 cY13 cYn1 rY3 + 4 a0 a14 cY13 cYn1 rY3 +
24 a02 a12 a2 cY13 cYn1 rY3 + 28 a0 a13 a2 cY13 cYn1 rY3 +
4 a14 a2 cY13 cYn1 rY3 + 8 a02 a1 a22 cY13 cYn1 rY3 +
24 a0 a12 a22 cY13 cYn1 rY3 + 8 a13 a22 cY13 cYn1 rY3 +
2 a02 a13 cY1 cYn13 rY3 + 4 a0 a14 cY1 cYn13 rY3 "
2 a02 a12 a2 cY1 cYn13 rY3 + 6 a0 a13 a2 cY1 cYn13 rY3 +
4 a14 a2 cY1 cYn13 rY3 " 2 a02 a1 a22 cY1 cYn13 rY3 "
2 a0 a12 a22 cY1 cYn13 rY3 + 2 a13 a22 cY1 cYn13 rY3 +
2 a02 a13 cY1 cYn1 cYn22 rY3 + 4 a0 a14 cY1 cYn1 cYn22 rY3 "
2 a02 a12 a2 cY1 cYn1 cYn22 rY3 + 6 a0 a13 a2 cY1 cYn1 cYn22 rY3 +
4 a14 a2 cY1 cYn1 cYn22 rY3 " 2 a02 a1 a22 cY1 cYn1 cYn22 rY3 "
2 a0 a12 a22 cY1 cYn1 cYn22 rY3 + 2 a13 a22 cY1 cYn1 cYn22 rY3 +
6 a02 a12 cYn1 rY4 + 12 a0 a13 cYn1 rY4 + 6 a14 cYn1 rY4 +
12 a0 a12 a2 cYn1 rY4 + 12 a13 a2 cYn1 rY4 + 6 a12 a22 cYn1 rY4 +
12 a02 a12 cY12 cYn1 rY4 + 12 a0 a13 cY12 cYn1 rY4 + 2 a14 cY12 cYn1 rY4 +
16 a02 a1 a2 cY12 cYn1 rY4 + 36 a0 a12 a2 cY12 cYn1 rY4 +
12 a13 a2 cY12 cYn1 rY4 + 2 a02 a22 cY12 cYn1 rY4 +
16 a0 a1 a22 cY12 cYn1 rY4 + 12 a12 a22 cY12 cYn1 rY4 +
a02 a12 cYn13 rY4 + 2 a0 a13 cYn13 rY4 + 2 a14 cYn13 rY4 "
2 a02 a1 a2 cYn13 rY4 " 2 a0 a12 a2 cYn13 rY4 + 2 a13 a2 cYn13 rY4 +
a02 a22 cYn13 rY4 " 2 a0 a1 a22 cYn13 rY4 + a12 a22 cYn13 rY4 +
a02 a12 cYn1 cYn22 rY4 + 2 a0 a13 cYn1 cYn22 rY4 + 2 a14 cYn1 cYn22 rY4 "
2 a02 a1 a2 cYn1 cYn22 rY4 " 2 a0 a12 a2 cYn1 cYn22 rY4 +
2 a13 a2 cYn1 cYn22 rY4 + a02 a22 cYn1 cYn22 rY4 " 2 a0 a1 a22 cYn1 cYn22 rY4 +
a12 a22 cYn1 cYn22 rY4 + 8 a02 a1 cY1 cYn1 rY5 + 12 a0 a12 cY1 cYn1 rY5 +
4 a13 cY1 cYn1 rY5 + 4 a02 a2 cY1 cYn1 rY5 + 20 a0 a1 a2 cY1 cYn1 rY5 +
12 a12 a2 cY1 cYn1 rY5 + 4 a0 a22 cY1 cYn1 rY5 + 8 a1 a22 cY1 cYn1 rY5 +
2 a02 cYn1 rY6 + 4 a0 a1 cYn1 rY6 + 2 a12 cYn1 rY6 + 4 a0 a2 cYn1 rY6 +
4 a1 a2 cYn1 rY6 + 2 a22 cYn1 rY6 + 2 a0 a12 a2 cY12 cYn12 rY
√(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a0 a12 a2 cY12 cYn22

rY √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a0 a12 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + a0 a1 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a12 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a0 a12 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " a0 a1 a2 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a12 a2 cY1 cYn22

rY2
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rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a1 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

2 a12 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a1 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a1 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

2 a12 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a1 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22 cYn1 rY2

a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22,

Sn2 , 6 a02 a12 a24 cY14 cYn1 + 2 a02 a12 a24 cY16 cYn1 + 2 a02 a12 a24 cY14 cYn13 +

2 a02 a12 a24 cY14 cYn1 cYn22 + 12 a02 a12 a23 cY13 cYn1 rY +
12 a02 a1 a24 cY13 cYn1 rY + 12 a0 a12 a24 cY13 cYn1 rY +
8 a02 a12 a23 cY15 cYn1 rY + 4 a02 a1 a24 cY15 cYn1 rY +
4 a0 a12 a24 cY15 cYn1 rY + 2 a02 a12 a23 cY13 cYn13 rY +
4 a02 a1 a24 cY13 cYn13 rY + 4 a0 a12 a24 cY13 cYn13 rY +
2 a02 a12 a23 cY13 cYn1 cYn22 rY + 4 a02 a1 a24 cY13 cYn1 cYn22 rY +
4 a0 a12 a24 cY13 cYn1 cYn22 rY + 6 a02 a12 a22 cY12 cYn1 rY2 +
24 a02 a1 a23 cY12 cYn1 rY2 + 24 a0 a12 a23 cY12 cYn1 rY2 +
6 a02 a24 cY12 cYn1 rY2 + 24 a0 a1 a24 cY12 cYn1 rY2 +
6 a12 a24 cY12 cYn1 rY2 + 12 a02 a12 a22 cY14 cYn1 rY2 +
16 a02 a1 a23 cY14 cYn1 rY2 + 16 a0 a12 a23 cY14 cYn1 rY2 +
2 a02 a24 cY14 cYn1 rY2 + 8 a0 a1 a24 cY14 cYn1 rY2 +
2 a12 a24 cY14 cYn1 rY2 " 3 a02 a12 a22 cY12 cYn13 rY2 +
4 a02 a1 a23 cY12 cYn13 rY2 + 4 a0 a12 a23 cY12 cYn13 rY2 +
2 a02 a24 cY12 cYn13 rY2 + 8 a0 a1 a24 cY12 cYn13 rY2 +
2 a12 a24 cY12 cYn13 rY2 " 3 a02 a12 a22 cY12 cYn1 cYn22 rY2 +
4 a02 a1 a23 cY12 cYn1 cYn22 rY2 + 4 a0 a12 a23 cY12 cYn1 cYn22 rY2 +
2 a02 a24 cY12 cYn1 cYn22 rY2 + 8 a0 a1 a24 cY12 cYn1 cYn22 rY2 +
2 a12 a24 cY12 cYn1 cYn22 rY2 + 12 a02 a1 a22 cY1 cYn1 rY3 +
12 a0 a12 a22 cY1 cYn1 rY3 + 12 a02 a23 cY1 cYn1 rY3 +
36 a0 a1 a23 cY1 cYn1 rY3 + 12 a12 a23 cY1 cYn1 rY3 +
12 a0 a24 cY1 cYn1 rY3 + 12 a1 a24 cY1 cYn1 rY3 +
8 a02 a12 a2 cY13 cYn1 rY3 + 24 a02 a1 a22 cY13 cYn1 rY3 +
24 a0 a12 a22 cY13 cYn1 rY3 + 8 a02 a23 cY13 cYn1 rY3 +

+ +
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24 a0 a12 a22 cY13 cYn1 rY3 + 8 a02 a23 cY13 cYn1 rY3 +
28 a0 a1 a23 cY13 cYn1 rY3 + 8 a12 a23 cY13 cYn1 rY3 +
4 a0 a24 cY13 cYn1 rY3 + 4 a1 a24 cY13 cYn1 rY3 "
2 a02 a12 a2 cY1 cYn13 rY3 " 2 a02 a1 a22 cY1 cYn13 rY3 "
2 a0 a12 a22 cY1 cYn13 rY3 + 2 a02 a23 cY1 cYn13 rY3 +
6 a0 a1 a23 cY1 cYn13 rY3 + 2 a12 a23 cY1 cYn13 rY3 +
4 a0 a24 cY1 cYn13 rY3 + 4 a1 a24 cY1 cYn13 rY3 "
2 a02 a12 a2 cY1 cYn1 cYn22 rY3 " 2 a02 a1 a22 cY1 cYn1 cYn22 rY3 "
2 a0 a12 a22 cY1 cYn1 cYn22 rY3 + 2 a02 a23 cY1 cYn1 cYn22 rY3 +
6 a0 a1 a23 cY1 cYn1 cYn22 rY3 + 2 a12 a23 cY1 cYn1 cYn22 rY3 +
4 a0 a24 cY1 cYn1 cYn22 rY3 + 4 a1 a24 cY1 cYn1 cYn22 rY3 +
6 a02 a22 cYn1 rY4 + 12 a0 a1 a22 cYn1 rY4 + 6 a12 a22 cYn1 rY4 +
12 a0 a23 cYn1 rY4 + 12 a1 a23 cYn1 rY4 + 6 a24 cYn1 rY4 +
2 a02 a12 cY12 cYn1 rY4 + 16 a02 a1 a2 cY12 cYn1 rY4 +
16 a0 a12 a2 cY12 cYn1 rY4 + 12 a02 a22 cY12 cYn1 rY4 +
36 a0 a1 a22 cY12 cYn1 rY4 + 12 a12 a22 cY12 cYn1 rY4 +
12 a0 a23 cY12 cYn1 rY4 + 12 a1 a23 cY12 cYn1 rY4 +
2 a24 cY12 cYn1 rY4 + a02 a12 cYn13 rY4 " 2 a02 a1 a2 cYn13 rY4 "
2 a0 a12 a2 cYn13 rY4 + a02 a22 cYn13 rY4 " 2 a0 a1 a22 cYn13 rY4 +
a12 a22 cYn13 rY4 + 2 a0 a23 cYn13 rY4 + 2 a1 a23 cYn13 rY4 +
2 a24 cYn13 rY4 + a02 a12 cYn1 cYn22 rY4 " 2 a02 a1 a2 cYn1 cYn22 rY4 "
2 a0 a12 a2 cYn1 cYn22 rY4 + a02 a22 cYn1 cYn22 rY4 "
2 a0 a1 a22 cYn1 cYn22 rY4 + a12 a22 cYn1 cYn22 rY4 +
2 a0 a23 cYn1 cYn22 rY4 + 2 a1 a23 cYn1 cYn22 rY4 +
2 a24 cYn1 cYn22 rY4 + 4 a02 a1 cY1 cYn1 rY5 + 4 a0 a12 cY1 cYn1 rY5 +
8 a02 a2 cY1 cYn1 rY5 + 20 a0 a1 a2 cY1 cYn1 rY5 +
8 a12 a2 cY1 cYn1 rY5 + 12 a0 a22 cY1 cYn1 rY5 +
12 a1 a22 cY1 cYn1 rY5 + 4 a23 cY1 cYn1 rY5 + 2 a02 cYn1 rY6 +
4 a0 a1 cYn1 rY6 + 2 a12 cYn1 rY6 + 4 a0 a2 cYn1 rY6 +
4 a1 a2 cYn1 rY6 + 2 a22 cYn1 rY6 + 2 a0 a1 a22 cY12 cYn12 rY
√(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a0 a1 a22 cY12 cYn22

rY √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + a0 a1 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a0 a22 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a1 a22 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " a0 a1 a2 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a0 a22 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a1 a22 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a1 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "
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4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a1 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

2 a22 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a1 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a1 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

2 a22 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22 cYn1 rY2

a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22,

pY1 , 3, n1 , "a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY "
√(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

2 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2,

n2 , "cYn2 a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY +
√(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

2 cYn1 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 +

a1 rY2 + a2 rY2, p ,
3 + cY12 + cYn12 + cYn22

rY2
,

d , "
rY2 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

cYn1 cYn2
,

N01 ,

(a0 " a1) a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

a23 cYn1 cYn2 rY
,

N02 ,

"
(a0 " a2) a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

a13 cYn1 cYn2 rY

,

N12 ,

"
(a1 " a2) a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

a03 cYn1 cYn2 rY

, Sn0 , 6 a04 a12 a22 cY14 cYn1 + 2 a04 a12 a22 cY16 cYn1 +

2 a04 a12 a22 cY14 cYn13 + 2 a04 a12 a22 cY14 cYn1 cYn22 + 12 a04 a12 a2 cY13 cYn1 rY +
12 a04 a1 a22 cY13 cYn1 rY + 12 a03 a12 a22 cY13 cYn1 rY + 4 a04 a12 a2 cY15 cYn1 rY +

+ + +
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12 a04 a1 a22 cY13 cYn1 rY + 12 a03 a12 a22 cY13 cYn1 rY + 4 a04 a12 a2 cY15 cYn1 rY +
4 a04 a1 a22 cY15 cYn1 rY + 8 a03 a12 a22 cY15 cYn1 rY + 4 a04 a12 a2 cY13 cYn13 rY +
4 a04 a1 a22 cY13 cYn13 rY + 2 a03 a12 a22 cY13 cYn13 rY + 4 a04 a12 a2 cY13 cYn1 cYn22 rY +
4 a04 a1 a22 cY13 cYn1 cYn22 rY + 2 a03 a12 a22 cY13 cYn1 cYn22 rY + 6 a04 a12 cY12 cYn1 rY2 +
24 a04 a1 a2 cY12 cYn1 rY2 + 24 a03 a12 a2 cY12 cYn1 rY2 + 6 a04 a22 cY12 cYn1 rY2 +
24 a03 a1 a22 cY12 cYn1 rY2 + 6 a02 a12 a22 cY12 cYn1 rY2 + 2 a04 a12 cY14 cYn1 rY2 +
8 a04 a1 a2 cY14 cYn1 rY2 + 16 a03 a12 a2 cY14 cYn1 rY2 + 2 a04 a22 cY14 cYn1 rY2 +
16 a03 a1 a22 cY14 cYn1 rY2 + 12 a02 a12 a22 cY14 cYn1 rY2 + 2 a04 a12 cY12 cYn13 rY2 +
8 a04 a1 a2 cY12 cYn13 rY2 + 4 a03 a12 a2 cY12 cYn13 rY2 + 2 a04 a22 cY12 cYn13 rY2 +
4 a03 a1 a22 cY12 cYn13 rY2 " 3 a02 a12 a22 cY12 cYn13 rY2 + 2 a04 a12 cY12 cYn1 cYn22 rY2 +
8 a04 a1 a2 cY12 cYn1 cYn22 rY2 + 4 a03 a12 a2 cY12 cYn1 cYn22 rY2 +
2 a04 a22 cY12 cYn1 cYn22 rY2 + 4 a03 a1 a22 cY12 cYn1 cYn22 rY2 "
3 a02 a12 a22 cY12 cYn1 cYn22 rY2 + 12 a04 a1 cY1 cYn1 rY3 + 12 a03 a12 cY1 cYn1 rY3 +
12 a04 a2 cY1 cYn1 rY3 + 36 a03 a1 a2 cY1 cYn1 rY3 + 12 a02 a12 a2 cY1 cYn1 rY3 +
12 a03 a22 cY1 cYn1 rY3 + 12 a02 a1 a22 cY1 cYn1 rY3 + 4 a04 a1 cY13 cYn1 rY3 +
8 a03 a12 cY13 cYn1 rY3 + 4 a04 a2 cY13 cYn1 rY3 + 28 a03 a1 a2 cY13 cYn1 rY3 +
24 a02 a12 a2 cY13 cYn1 rY3 + 8 a03 a22 cY13 cYn1 rY3 + 24 a02 a1 a22 cY13 cYn1 rY3 +
8 a0 a12 a22 cY13 cYn1 rY3 + 4 a04 a1 cY1 cYn13 rY3 + 2 a03 a12 cY1 cYn13 rY3 +
4 a04 a2 cY1 cYn13 rY3 + 6 a03 a1 a2 cY1 cYn13 rY3 " 2 a02 a12 a2 cY1 cYn13 rY3 +
2 a03 a22 cY1 cYn13 rY3 " 2 a02 a1 a22 cY1 cYn13 rY3 " 2 a0 a12 a22 cY1 cYn13 rY3 +
4 a04 a1 cY1 cYn1 cYn22 rY3 + 2 a03 a12 cY1 cYn1 cYn22 rY3 + 4 a04 a2 cY1 cYn1 cYn22 rY3 +
6 a03 a1 a2 cY1 cYn1 cYn22 rY3 " 2 a02 a12 a2 cY1 cYn1 cYn22 rY3 +
2 a03 a22 cY1 cYn1 cYn22 rY3 " 2 a02 a1 a22 cY1 cYn1 cYn22 rY3 "
2 a0 a12 a22 cY1 cYn1 cYn22 rY3 + 6 a04 cYn1 rY4 + 12 a03 a1 cYn1 rY4 + 6 a02 a12 cYn1 rY4 +
12 a03 a2 cYn1 rY4 + 12 a02 a1 a2 cYn1 rY4 + 6 a02 a22 cYn1 rY4 + 2 a04 cY12 cYn1 rY4 +
12 a03 a1 cY12 cYn1 rY4 + 12 a02 a12 cY12 cYn1 rY4 + 12 a03 a2 cY12 cYn1 rY4 +
36 a02 a1 a2 cY12 cYn1 rY4 + 16 a0 a12 a2 cY12 cYn1 rY4 + 12 a02 a22 cY12 cYn1 rY4 +
16 a0 a1 a22 cY12 cYn1 rY4 + 2 a12 a22 cY12 cYn1 rY4 + 2 a04 cYn13 rY4 + 2 a03 a1 cYn13 rY4 +
a02 a12 cYn13 rY4 + 2 a03 a2 cYn13 rY4 " 2 a02 a1 a2 cYn13 rY4 " 2 a0 a12 a2 cYn13 rY4 +
a02 a22 cYn13 rY4 " 2 a0 a1 a22 cYn13 rY4 + a12 a22 cYn13 rY4 + 2 a04 cYn1 cYn22 rY4 +
2 a03 a1 cYn1 cYn22 rY4 + a02 a12 cYn1 cYn22 rY4 + 2 a03 a2 cYn1 cYn22 rY4 "
2 a02 a1 a2 cYn1 cYn22 rY4 " 2 a0 a12 a2 cYn1 cYn22 rY4 + a02 a22 cYn1 cYn22 rY4 "
2 a0 a1 a22 cYn1 cYn22 rY4 + a12 a22 cYn1 cYn22 rY4 + 4 a03 cY1 cYn1 rY5 +
12 a02 a1 cY1 cYn1 rY5 + 8 a0 a12 cY1 cYn1 rY5 + 12 a02 a2 cY1 cYn1 rY5 +
20 a0 a1 a2 cY1 cYn1 rY5 + 4 a12 a2 cY1 cYn1 rY5 + 8 a0 a22 cY1 cYn1 rY5 +
4 a1 a22 cY1 cYn1 rY5 + 2 a02 cYn1 rY6 + 4 a0 a1 cYn1 rY6 + 2 a12 cYn1 rY6 +
4 a0 a2 cYn1 rY6 + 4 a1 a2 cYn1 rY6 + 2 a22 cYn1 rY6 + 2 a02 a1 a2 cY12 cYn12

rY √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a02 a1 a2 cY12 cYn22

rY √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a02 a1 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a02 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + a0 a1 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a02 a1 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a02 a2 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "
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4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " a0 a1 a2 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

2 a02 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a1 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a1 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

2 a02 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a1 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a1 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22 cYn1 rY2

a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22,

Sn1 , 6 a02 a14 a22 cY14 cYn1 + 2 a02 a14 a22 cY16 cYn1 + 2 a02 a14 a22 cY14 cYn13 +

2 a02 a14 a22 cY14 cYn1 cYn22 + 12 a02 a14 a2 cY13 cYn1 rY +
12 a02 a13 a22 cY13 cYn1 rY + 12 a0 a14 a22 cY13 cYn1 rY +
4 a02 a14 a2 cY15 cYn1 rY + 8 a02 a13 a22 cY15 cYn1 rY +
4 a0 a14 a22 cY15 cYn1 rY + 4 a02 a14 a2 cY13 cYn13 rY +
2 a02 a13 a22 cY13 cYn13 rY + 4 a0 a14 a22 cY13 cYn13 rY +
4 a02 a14 a2 cY13 cYn1 cYn22 rY + 2 a02 a13 a22 cY13 cYn1 cYn22 rY +
4 a0 a14 a22 cY13 cYn1 cYn22 rY + 6 a02 a14 cY12 cYn1 rY2 +
24 a02 a13 a2 cY12 cYn1 rY2 + 24 a0 a14 a2 cY12 cYn1 rY2 +
6 a02 a12 a22 cY12 cYn1 rY2 + 24 a0 a13 a22 cY12 cYn1 rY2 +
6 a14 a22 cY12 cYn1 rY2 + 2 a02 a14 cY14 cYn1 rY2 +
16 a02 a13 a2 cY14 cYn1 rY2 + 8 a0 a14 a2 cY14 cYn1 rY2 +
12 a02 a12 a22 cY14 cYn1 rY2 + 16 a0 a13 a22 cY14 cYn1 rY2 +
2 a14 a22 cY14 cYn1 rY2 + 2 a02 a14 cY12 cYn13 rY2 +
4 a02 a13 a2 cY12 cYn13 rY2 + 8 a0 a14 a2 cY12 cYn13 rY2 "
3 a02 a12 a22 cY12 cYn13 rY2 + 4 a0 a13 a22 cY12 cYn13 rY2 +
2 a14 a22 cY12 cYn13 rY2 + 2 a02 a14 cY12 cYn1 cYn22 rY2 +
4 a02 a13 a2 cY12 cYn1 cYn22 rY2 + 8 a0 a14 a2 cY12 cYn1 cYn22 rY2 "
3 a02 a12 a22 cY12 cYn1 cYn22 rY2 + 4 a0 a13 a22 cY12 cYn1 cYn22 rY2 +
2 a14 a22 cY12 cYn1 cYn22 rY2 + 12 a02 a13 cY1 cYn1 rY3 +
12 a0 a14 cY1 cYn1 rY3 + 12 a02 a12 a2 cY1 cYn1 rY3 +
36 a0 a13 a2 cY1 cYn1 rY3 + 12 a14 a2 cY1 cYn1 rY3 +
12 a0 a12 a22 cY1 cYn1 rY3 + 12 a13 a22 cY1 cYn1 rY3 +

+ +
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12 a0 a12 a22 cY1 cYn1 rY3 + 12 a13 a22 cY1 cYn1 rY3 +
8 a02 a13 cY13 cYn1 rY3 + 4 a0 a14 cY13 cYn1 rY3 +
24 a02 a12 a2 cY13 cYn1 rY3 + 28 a0 a13 a2 cY13 cYn1 rY3 +
4 a14 a2 cY13 cYn1 rY3 + 8 a02 a1 a22 cY13 cYn1 rY3 +
24 a0 a12 a22 cY13 cYn1 rY3 + 8 a13 a22 cY13 cYn1 rY3 +
2 a02 a13 cY1 cYn13 rY3 + 4 a0 a14 cY1 cYn13 rY3 "
2 a02 a12 a2 cY1 cYn13 rY3 + 6 a0 a13 a2 cY1 cYn13 rY3 +
4 a14 a2 cY1 cYn13 rY3 " 2 a02 a1 a22 cY1 cYn13 rY3 "
2 a0 a12 a22 cY1 cYn13 rY3 + 2 a13 a22 cY1 cYn13 rY3 +
2 a02 a13 cY1 cYn1 cYn22 rY3 + 4 a0 a14 cY1 cYn1 cYn22 rY3 "
2 a02 a12 a2 cY1 cYn1 cYn22 rY3 + 6 a0 a13 a2 cY1 cYn1 cYn22 rY3 +
4 a14 a2 cY1 cYn1 cYn22 rY3 " 2 a02 a1 a22 cY1 cYn1 cYn22 rY3 "
2 a0 a12 a22 cY1 cYn1 cYn22 rY3 + 2 a13 a22 cY1 cYn1 cYn22 rY3 +
6 a02 a12 cYn1 rY4 + 12 a0 a13 cYn1 rY4 + 6 a14 cYn1 rY4 +
12 a0 a12 a2 cYn1 rY4 + 12 a13 a2 cYn1 rY4 + 6 a12 a22 cYn1 rY4 +
12 a02 a12 cY12 cYn1 rY4 + 12 a0 a13 cY12 cYn1 rY4 + 2 a14 cY12 cYn1 rY4 +
16 a02 a1 a2 cY12 cYn1 rY4 + 36 a0 a12 a2 cY12 cYn1 rY4 +
12 a13 a2 cY12 cYn1 rY4 + 2 a02 a22 cY12 cYn1 rY4 +
16 a0 a1 a22 cY12 cYn1 rY4 + 12 a12 a22 cY12 cYn1 rY4 +
a02 a12 cYn13 rY4 + 2 a0 a13 cYn13 rY4 + 2 a14 cYn13 rY4 "
2 a02 a1 a2 cYn13 rY4 " 2 a0 a12 a2 cYn13 rY4 + 2 a13 a2 cYn13 rY4 +
a02 a22 cYn13 rY4 " 2 a0 a1 a22 cYn13 rY4 + a12 a22 cYn13 rY4 +
a02 a12 cYn1 cYn22 rY4 + 2 a0 a13 cYn1 cYn22 rY4 + 2 a14 cYn1 cYn22 rY4 "
2 a02 a1 a2 cYn1 cYn22 rY4 " 2 a0 a12 a2 cYn1 cYn22 rY4 +
2 a13 a2 cYn1 cYn22 rY4 + a02 a22 cYn1 cYn22 rY4 "
2 a0 a1 a22 cYn1 cYn22 rY4 + a12 a22 cYn1 cYn22 rY4 +
8 a02 a1 cY1 cYn1 rY5 + 12 a0 a12 cY1 cYn1 rY5 + 4 a13 cY1 cYn1 rY5 +
4 a02 a2 cY1 cYn1 rY5 + 20 a0 a1 a2 cY1 cYn1 rY5 + 12 a12 a2 cY1 cYn1 rY5 +
4 a0 a22 cY1 cYn1 rY5 + 8 a1 a22 cY1 cYn1 rY5 + 2 a02 cYn1 rY6 +
4 a0 a1 cYn1 rY6 + 2 a12 cYn1 rY6 + 4 a0 a2 cYn1 rY6 +
4 a1 a2 cYn1 rY6 + 2 a22 cYn1 rY6 + 2 a0 a12 a2 cY12 cYn12 rY
√(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a0 a12 a2 cY12 cYn22

rY √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a0 a12 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + a0 a1 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a12 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a0 a12 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " a0 a1 a2 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a12 a2 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +
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a0 a1 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

2 a12 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a1 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a1 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

2 a12 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a1 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22 cYn1 rY2

a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22,

Sn2 , 6 a02 a12 a24 cY14 cYn1 + 2 a02 a12 a24 cY16 cYn1 + 2 a02 a12 a24 cY14 cYn13 +

2 a02 a12 a24 cY14 cYn1 cYn22 + 12 a02 a12 a23 cY13 cYn1 rY +
12 a02 a1 a24 cY13 cYn1 rY + 12 a0 a12 a24 cY13 cYn1 rY +
8 a02 a12 a23 cY15 cYn1 rY + 4 a02 a1 a24 cY15 cYn1 rY +
4 a0 a12 a24 cY15 cYn1 rY + 2 a02 a12 a23 cY13 cYn13 rY +
4 a02 a1 a24 cY13 cYn13 rY + 4 a0 a12 a24 cY13 cYn13 rY +
2 a02 a12 a23 cY13 cYn1 cYn22 rY + 4 a02 a1 a24 cY13 cYn1 cYn22 rY +
4 a0 a12 a24 cY13 cYn1 cYn22 rY + 6 a02 a12 a22 cY12 cYn1 rY2 +
24 a02 a1 a23 cY12 cYn1 rY2 + 24 a0 a12 a23 cY12 cYn1 rY2 +
6 a02 a24 cY12 cYn1 rY2 + 24 a0 a1 a24 cY12 cYn1 rY2 +
6 a12 a24 cY12 cYn1 rY2 + 12 a02 a12 a22 cY14 cYn1 rY2 +
16 a02 a1 a23 cY14 cYn1 rY2 + 16 a0 a12 a23 cY14 cYn1 rY2 +
2 a02 a24 cY14 cYn1 rY2 + 8 a0 a1 a24 cY14 cYn1 rY2 +
2 a12 a24 cY14 cYn1 rY2 " 3 a02 a12 a22 cY12 cYn13 rY2 +
4 a02 a1 a23 cY12 cYn13 rY2 + 4 a0 a12 a23 cY12 cYn13 rY2 +
2 a02 a24 cY12 cYn13 rY2 + 8 a0 a1 a24 cY12 cYn13 rY2 +
2 a12 a24 cY12 cYn13 rY2 " 3 a02 a12 a22 cY12 cYn1 cYn22 rY2 +
4 a02 a1 a23 cY12 cYn1 cYn22 rY2 + 4 a0 a12 a23 cY12 cYn1 cYn22 rY2 +
2 a02 a24 cY12 cYn1 cYn22 rY2 + 8 a0 a1 a24 cY12 cYn1 cYn22 rY2 +
2 a12 a24 cY12 cYn1 cYn22 rY2 + 12 a02 a1 a22 cY1 cYn1 rY3 +
12 a0 a12 a22 cY1 cYn1 rY3 + 12 a02 a23 cY1 cYn1 rY3 +
36 a0 a1 a23 cY1 cYn1 rY3 + 12 a12 a23 cY1 cYn1 rY3 +
12 a0 a24 cY1 cYn1 rY3 + 12 a1 a24 cY1 cYn1 rY3 +
8 a02 a12 a2 cY13 cYn1 rY3 + 24 a02 a1 a22 cY13 cYn1 rY3 +
24 a0 a12 a22 cY13 cYn1 rY3 + 8 a02 a23 cY13 cYn1 rY3 +
28 a0 a1 a23 cY13 cYn1 rY3 + 8 a12 a23 cY13 cYn1 rY3 +
4 a0 a24 cY13 cYn1 rY3 + 4 a1 a24 cY13 cYn1 rY3 "
2 a02 a12 a2 cY1 cYn13 rY3 " 2 a02 a1 a22 cY1 cYn13 rY3 "

+ +
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2 a02 a12 a2 cY1 cYn13 rY3 " 2 a02 a1 a22 cY1 cYn13 rY3 "
2 a0 a12 a22 cY1 cYn13 rY3 + 2 a02 a23 cY1 cYn13 rY3 +
6 a0 a1 a23 cY1 cYn13 rY3 + 2 a12 a23 cY1 cYn13 rY3 +
4 a0 a24 cY1 cYn13 rY3 + 4 a1 a24 cY1 cYn13 rY3 "
2 a02 a12 a2 cY1 cYn1 cYn22 rY3 " 2 a02 a1 a22 cY1 cYn1 cYn22 rY3 "
2 a0 a12 a22 cY1 cYn1 cYn22 rY3 + 2 a02 a23 cY1 cYn1 cYn22 rY3 +
6 a0 a1 a23 cY1 cYn1 cYn22 rY3 + 2 a12 a23 cY1 cYn1 cYn22 rY3 +
4 a0 a24 cY1 cYn1 cYn22 rY3 + 4 a1 a24 cY1 cYn1 cYn22 rY3 +
6 a02 a22 cYn1 rY4 + 12 a0 a1 a22 cYn1 rY4 + 6 a12 a22 cYn1 rY4 +
12 a0 a23 cYn1 rY4 + 12 a1 a23 cYn1 rY4 + 6 a24 cYn1 rY4 +
2 a02 a12 cY12 cYn1 rY4 + 16 a02 a1 a2 cY12 cYn1 rY4 +
16 a0 a12 a2 cY12 cYn1 rY4 + 12 a02 a22 cY12 cYn1 rY4 +
36 a0 a1 a22 cY12 cYn1 rY4 + 12 a12 a22 cY12 cYn1 rY4 +
12 a0 a23 cY12 cYn1 rY4 + 12 a1 a23 cY12 cYn1 rY4 +
2 a24 cY12 cYn1 rY4 + a02 a12 cYn13 rY4 " 2 a02 a1 a2 cYn13 rY4 "
2 a0 a12 a2 cYn13 rY4 + a02 a22 cYn13 rY4 "
2 a0 a1 a22 cYn13 rY4 + a12 a22 cYn13 rY4 + 2 a0 a23 cYn13 rY4 +
2 a1 a23 cYn13 rY4 + 2 a24 cYn13 rY4 + a02 a12 cYn1 cYn22 rY4 "
2 a02 a1 a2 cYn1 cYn22 rY4 " 2 a0 a12 a2 cYn1 cYn22 rY4 +
a02 a22 cYn1 cYn22 rY4 " 2 a0 a1 a22 cYn1 cYn22 rY4 +
a12 a22 cYn1 cYn22 rY4 + 2 a0 a23 cYn1 cYn22 rY4 +
2 a1 a23 cYn1 cYn22 rY4 + 2 a24 cYn1 cYn22 rY4 +
4 a02 a1 cY1 cYn1 rY5 + 4 a0 a12 cY1 cYn1 rY5 +
8 a02 a2 cY1 cYn1 rY5 + 20 a0 a1 a2 cY1 cYn1 rY5 +
8 a12 a2 cY1 cYn1 rY5 + 12 a0 a22 cY1 cYn1 rY5 +
12 a1 a22 cY1 cYn1 rY5 + 4 a23 cY1 cYn1 rY5 + 2 a02 cYn1 rY6 +
4 a0 a1 cYn1 rY6 + 2 a12 cYn1 rY6 + 4 a0 a2 cYn1 rY6 +
4 a1 a2 cYn1 rY6 + 2 a22 cYn1 rY6 + 2 a0 a1 a22 cY12 cYn12 rY
√(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a0 a1 a22 cY12 cYn22

rY √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + a0 a1 a2 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a0 a22 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 + 2 a1 a22 cY1 cYn12

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " a0 a1 a2 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a0 a22 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 " 2 a1 a22 cY1 cYn22

rY2 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a1 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

+ + + +  +
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a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a1 a2 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

2 a22 cYn12 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 +

a0 a1 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a0 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

a1 a2 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2 "

2 a22 cYn22 rY3 √(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22 cYn1 rY2

a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22,

pY1 , 3, n1 , "a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY "
√(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY +

a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

2 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2,

n2 , "cYn2 a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY +
√(a0 a1 a2 cY1 cYn1 + a0 a1 cYn1 rY + a0 a2 cYn1 rY + a1 a2 cYn1 rY)2 "

4 a0 a1 a2 cYn12 a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY +

a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY22 cYn1

a0 a1 a2 cY12 + a0 a1 cY1 rY + a0 a2 cY1 rY + a1 a2 cY1 rY + a0 rY2 + a1 rY2 + a2 rY2

Computations for Lemma 6.19.
Case A.3 where there exists Ni6 s.t. Fix(Ni) = Y4 ⋃ P0 ⋃ P1 ⋃ 
P2.
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(""""""""""""""""""""""""""""""
NOTATIONS
rY xY denotes the restriction of x to Y
ai denotes the Hopf weight at Pi
Nij denotes the product of the normal weights shared between Pi and Pj
Sni is the sum of the square of the normal weights at Pi
cYni xY denotes the first Chern class of the normal bundle of Y in the
direction of Ni
µx5YA denotes the local datum of x5 at Y
µx5PiA denotes the local datum of x5 at Pi

We use the variable t to extract the coefficient of order 2 of xY. We
then evaluate xY2 to 1.
The orientation of the point P0 is 1 while those from P1 and P2 are #

1. This explains the signs at their local datum
Once evaluated, we extract all the coefficients in l into a list.
"""""""""""""""""""""""""""""")

µx5YA3 =
FactorCoefficientList

CoefficientExpand(rY xY t + l z)5 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

Series(cYn2 xY t + n2 z)#1, {xY, 0, 2} Series(cYn3 xY t + n3 z)#1, {xY, 0, 2},

t, 2, l .. xY2 / 1

0, 0, 0,
10 rY2

n1 n2 n3
, "

5 (cYn3 n1 n2 + cYn2 n1 n3 + cYn1 n2 n3) rY

n12 n22 n32
,

1

n13 n23 n33
cYn32 n12 n22 + cYn2 cYn3 n12 n2 n3 +

cYn1 cYn3 n1 n22 n3 + cYn22 n12 n32 + cYn1 cYn2 n1 n2 n32 + cYn12 n22 n32

µx5P0A3 = CoefficientListExpand((a0 + l) z)5 n1#3 n2#3 n3#3 N01#1 N02#1 z#5, l


a05

N01 N02 n13 n23 n33
,

5 a04

N01 N02 n13 n23 n33
,

10 a03

N01 N02 n13 n23 n33
,

10 a02

N01 N02 n13 n23 n33
,

5 a0

N01 N02 n13 n23 n33
,

1

N01 N02 n13 n23 n33


µx5P1A3 = CoefficientListExpand#((a1 + l) z)5 n1#3 n2#3 n3#3 N01#1 N12#1 z#5, l

"
a15

N01 n13 N12 n23 n33
, "

5 a14

N01 n13 N12 n23 n33
, "

10 a13

N01 n13 N12 n23 n33
,

"
10 a12

N01 n13 N12 n23 n33
, "

5 a1

N01 n13 N12 n23 n33
, "

1

N01 n13 N12 n23 n33


µx5P2A3 = CoefficientListExpand#((a2 + l) z)5 n1#3 n2#3 n3#3 N02#1 N12#1 z#5, l

"
a25

N02 n13 N12 n23 n33
, "

5 a24

N02 n13 N12 n23 n33
, "

10 a23

N02 n13 N12 n23 n33
,

"
10 a22

N02 n13 N12 n23 n33
, "

5 a2

N02 n13 N12 n23 n33
, "

1

N02 n13 N12 n23 n33


(""""""""""""""""""""""""""""""
NOTATIONS
µs1x3YA3 denotes the local datum of p1(X)x3 at Y
µs1x3PiA3 denotes the local datum of p1(X)x3 at Pi
"""""""""""""""""""""""""""""")
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µs1x3YA3 =
FactorCoefficientList

Coefficient

ExpandpY1 t2 + (cYn1 xY t + n1 z)2 + (cYn2 xY t + n2 z)2 + (cYn3 xY t + n3 z)2

(rY xY t + l z)3 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

Series(cYn2 xY t + n2 z)#1, {xY, 0, 2} Series(cYn3 xY t + n3 z)#1, {xY, 0, 2},

t, 2, l .. xY2 / 1

0,
3 n12 + n22 + n32 rY2

n1 n2 n3
,

"
1

n12 n22 n32
3 cYn3 n13 n2 + cYn3 n1 n23 + cYn2 n13 n3 " cYn1 n12 n2 n3 "

cYn2 n1 n22 n3 + cYn1 n23 n3 " cYn3 n1 n2 n32 + cYn2 n1 n33 + cYn1 n2 n33 rY,

1

n13 n23 n33
cYn32 n14 n22 + cYn32 n12 n24 + cYn2 cYn3 n14 n2 n3 " cYn1 cYn3 n13 n22 n3 "

cYn2 cYn3 n12 n23 n3 + cYn1 cYn3 n1 n24 n3 + cYn22 n14 n32 " cYn1 cYn2 n13 n2 n32 "
cYn1 cYn2 n1 n23 n32 + cYn12 n24 n32 " cYn2 cYn3 n12 n2 n33 " cYn1 cYn3 n1 n22 n33 +

cYn22 n12 n34 + cYn1 cYn2 n1 n2 n34 + cYn12 n22 n34 + n12 n22 n32 pY1

µs1x3P0A3 = FactorCoefficientListSn0 z2 ((a0 + l) z)3 n1#3 n2#3 n3#3 N01#1 N02#1 z#5, l


a03 Sn0

N01 N02 n13 n23 n33
,

3 a02 Sn0

N01 N02 n13 n23 n33
,

3 a0 Sn0

N01 N02 n13 n23 n33
,

Sn0

N01 N02 n13 n23 n33


µs1x3P1A3 = FactorCoefficientList# Sn1 z2 ((a1 + l) z)3 n1#3 n2#3 n3#3 N01#1 N12#1 z#5, l

"
a13 Sn1

N01 n13 N12 n23 n33
, "

3 a12 Sn1

N01 n13 N12 n23 n33
, "

3 a1 Sn1

N01 n13 N12 n23 n33
, "

Sn1

N01 n13 N12 n23 n33


µs1x3P2A3 = FactorCoefficientList# Sn2 z2 ((a2 + l) z)3 n1#3 n2#3 n3#3 N02#1 N12#1 z#5, l

"
a23 Sn2

N02 n13 N12 n23 n33
, "

3 a22 Sn2

N02 n13 N12 n23 n33
, "

3 a2 Sn2

N02 n13 N12 n23 n33
, "

Sn2

N02 n13 N12 n23 n33


µx5YA3 + µx5P0A3 + µx5P1A3 + µx5P2A3


a05

N01 N02 n13 n23 n33
"

a15

N01 n13 N12 n23 n33
"

a25

N02 n13 N12 n23 n33
,

5 a04

N01 N02 n13 n23 n33
"

5 a14

N01 n13 N12 n23 n33
"

5 a24

N02 n13 N12 n23 n33
,

10 a03

N01 N02 n13 n23 n33
"

10 a13

N01 n13 N12 n23 n33
"

10 a23

N02 n13 N12 n23 n33
,

10 a02

N01 N02 n13 n23 n33
"

10 a12

N01 n13 N12 n23 n33
"

10 a22

N02 n13 N12 n23 n33
+

10 rY2

n1 n2 n3
,

5 a0

N01 N02 n13 n23 n33
"

5 a1

N01 n13 N12 n23 n33
"

5 a2

N02 n13 N12 n23 n33
"

5 (cYn3 n1 n2 + cYn2 n1 n3 + cYn1 n2 n3) rY

n12 n22 n32
,

1

N01 N02 n13 n23 n33
"

1

N01 n13 N12 n23 n33
"

1

N02 n13 N12 n23 n33
+

1

n13 n23 n33
cYn32 n12 n22 + cYn2 cYn3 n12 n2 n3 +

cYn1 cYn3 n1 n22 n3 + cYn22 n12 n32 + cYn1 cYn2 n1 n2 n32 + cYn12 n22 n32
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Factor[µs1x3YA3 + µs1x3P0A3 + µs1x3P1A3 + µs1x3P2A3]


a03 N12 Sn0 " a13 N02 Sn1 " a23 N01 Sn2

N01 N02 n13 N12 n23 n33
,

1

N01 N02 n13 N12 n23 n33
3 N01 N02 n14 N12 n22 n32 rY2 + N01 N02 n12 N12 n24 n32 rY2 +

N01 N02 n12 N12 n22 n34 rY2 + a02 N12 Sn0 " a12 N02 Sn1 " a22 N01 Sn2,

"
1

N01 N02 n13 N12 n23 n33
3 cYn3 N01 N02 n14 N12 n22 n3 rY + cYn3 N01 N02 n12 N12 n24 n3 rY +

cYn2 N01 N02 n14 N12 n2 n32 rY " cYn1 N01 N02 n13 N12 n22 n32 rY "
cYn2 N01 N02 n12 N12 n23 n32 rY + cYn1 N01 N02 n1 N12 n24 n32 rY "
cYn3 N01 N02 n12 N12 n22 n33 rY + cYn2 N01 N02 n12 N12 n2 n34 rY +

cYn1 N01 N02 n1 N12 n22 n34 rY " a0 N12 Sn0 + a1 N02 Sn1 + a2 N01 Sn2,

1

N01 N02 n13 N12 n23 n33
cYn32 N01 N02 n14 N12 n22 + cYn32 N01 N02 n12 N12 n24 +

cYn2 cYn3 N01 N02 n14 N12 n2 n3 " cYn1 cYn3 N01 N02 n13 N12 n22 n3 "
cYn2 cYn3 N01 N02 n12 N12 n23 n3 + cYn1 cYn3 N01 N02 n1 N12 n24 n3 +
cYn22 N01 N02 n14 N12 n32 " cYn1 cYn2 N01 N02 n13 N12 n2 n32 "
cYn1 cYn2 N01 N02 n1 N12 n23 n32 + cYn12 N01 N02 N12 n24 n32 "
cYn2 cYn3 N01 N02 n12 N12 n2 n33 " cYn1 cYn3 N01 N02 n1 N12 n22 n33 +
cYn22 N01 N02 n12 N12 n34 + cYn1 cYn2 N01 N02 n1 N12 n2 n34 +

cYn12 N01 N02 N12 n22 n34 + N01 N02 n12 N12 n22 n32 pY1 + N12 Sn0 " N02 Sn1 " N01 Sn2
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FactorSolve

d 4
a05

N01 N02 n13 n23 n33
#

a15

N01 n13 N12 n23 n33
#

a25

N02 n13 N12 n23 n33
,

0 4
5 a04

N01 N02 n13 n23 n33
#

5 a14

N01 n13 N12 n23 n33
#

5 a24

N02 n13 N12 n23 n33
,

0 4
10 a03

N01 N02 n13 n23 n33
#

10 a13

N01 n13 N12 n23 n33
#

10 a23

N02 n13 N12 n23 n33
,

0 4
10 a02

N01 N02 n13 n23 n33
#

10 a12

N01 n13 N12 n23 n33
#

10 a22

N02 n13 N12 n23 n33
+

10 rY2

n1 n2 n3
,

0 ==
5 a0

N01 N02 n13 n23 n33
#

5 a1

N01 n13 N12 n23 n33
#

5 a2

N02 n13 N12 n23 n33
#

5 (cYn3 n1 n2 + cYn2 n1 n3 + cYn1 n2 n3) rY

n12 n22 n32
,

0 4
1

N01 N02 n13 n23 n33
#

1

N01 n13 N12 n23 n33
#

1

N02 n13 N12 n23 n33
+

1

n13 n23 n33
cYn32 n12 n22 + cYn2 cYn3 n12 n2 n3 + cYn1 cYn3 n1 n22 n3 +

cYn22 n12 n32 + cYn1 cYn2 n1 n2 n32 + cYn12 n22 n32,

p d 4
a03 N12 Sn0 # a13 N02 Sn1 # a23 N01 Sn2

N01 N02 n13 N12 n23 n33
,

0 4
1

N01 N02 n13 N12 n23 n33

3 N01 N02 n14 N12 n22 n32 rY2 + N01 N02 n12 N12 n24 n32 rY2 + N01 N02 n12 N12 n22 n34 rY2 +

a02 N12 Sn0 # a12 N02 Sn1 # a22 N01 Sn2,

0 4 #
1

N01 N02 n13 N12 n23 n33
3

cYn3 N01 N02 n14 N12 n22 n3 rY + cYn3 N01 N02 n12 N12 n24 n3 rY +

cYn2 N01 N02 n14 N12 n2 n32 rY # cYn1 N01 N02 n13 N12 n22 n32 rY #

cYn2 N01 N02 n12 N12 n23 n32 rY + cYn1 N01 N02 n1 N12 n24 n32 rY #

cYn3 N01 N02 n12 N12 n22 n33 rY + cYn2 N01 N02 n12 N12 n2 n34 rY +

cYn1 N01 N02 n1 N12 n22 n34 rY # a0 N12 Sn0 + a1 N02 Sn1 + a2 N01 Sn2,

0 4
1

N01 N02 n13 N12 n23 n33

cYn32 N01 N02 n14 N12 n22 + cYn32 N01 N02 n12 N12 n24 + cYn2 cYn3 N01 N02 n14 N12 n2 n3 #

cYn1 cYn3 N01 N02 n13 N12 n22 n3 # cYn2 cYn3 N01 N02 n12 N12 n23 n3 +

cYn1 cYn3 N01 N02 n1 N12 n24 n3 + cYn22 N01 N02 n14 N12 n32 #
cYn1 cYn2 N01 N02 n13 N12 n2 n32 # cYn1 cYn2 N01 N02 n1 N12 n23 n32 +
cYn12 N01 N02 N12 n24 n32 # cYn2 cYn3 N01 N02 n12 N12 n2 n33 #
cYn1 cYn3 N01 N02 n1 N12 n22 n33 + cYn22 N01 N02 n12 N12 n34 +
cYn1 cYn2 N01 N02 n1 N12 n2 n34 + cYn12 N01 N02 N12 n22 n34 +
N01 N02 n12 N12 n22 n32 pY1 + N12 Sn0 # N02 Sn1 # N01 Sn2,

pY1 4 3

, {p, d, N01, N02, N12, Sn0, Sn1, Sn2, pY1, n1, n2}

p ,
3 + cYn12 + cYn22 + cYn32

rY2
,

d , "
1

cYn1 cYn2 n33
rY2 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

N01 , "
1

a23 cYn1 cYn2 n33 rY
(a0 " a1) a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY +

a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,
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N02 ,
1

a13 cYn1 cYn2 n33 rY
(a0 " a2) a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY +

a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

N12 ,
1

a03 cYn1 cYn2 n33 rY
(a1 " a2) a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY +

a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

Sn0 , 6 a04 a12 a22 cYn1 cYn34 + 2 a04 a12 a22 cYn13 cYn34 + 2 a04 a12 a22 cYn1 cYn22 cYn34 +

2 a04 a12 a22 cYn1 cYn36 + 12 a04 a12 a2 cYn1 cYn33 n3 rY + 12 a04 a1 a22 cYn1 cYn33 n3 rY +
12 a03 a12 a22 cYn1 cYn33 n3 rY + 4 a04 a12 a2 cYn13 cYn33 n3 rY +
4 a04 a1 a22 cYn13 cYn33 n3 rY + 2 a03 a12 a22 cYn13 cYn33 n3 rY +
4 a04 a12 a2 cYn1 cYn22 cYn33 n3 rY + 4 a04 a1 a22 cYn1 cYn22 cYn33 n3 rY +
2 a03 a12 a22 cYn1 cYn22 cYn33 n3 rY + 4 a04 a12 a2 cYn1 cYn35 n3 rY +
4 a04 a1 a22 cYn1 cYn35 n3 rY + 8 a03 a12 a22 cYn1 cYn35 n3 rY +
6 a04 a12 cYn1 cYn32 n32 rY2 + 24 a04 a1 a2 cYn1 cYn32 n32 rY2 +
24 a03 a12 a2 cYn1 cYn32 n32 rY2 + 6 a04 a22 cYn1 cYn32 n32 rY2 +
24 a03 a1 a22 cYn1 cYn32 n32 rY2 + 6 a02 a12 a22 cYn1 cYn32 n32 rY2 +
2 a04 a12 cYn13 cYn32 n32 rY2 + 8 a04 a1 a2 cYn13 cYn32 n32 rY2 +
4 a03 a12 a2 cYn13 cYn32 n32 rY2 + 2 a04 a22 cYn13 cYn32 n32 rY2 +
4 a03 a1 a22 cYn13 cYn32 n32 rY2 " 3 a02 a12 a22 cYn13 cYn32 n32 rY2 +
2 a04 a12 cYn1 cYn22 cYn32 n32 rY2 + 8 a04 a1 a2 cYn1 cYn22 cYn32 n32 rY2 +
4 a03 a12 a2 cYn1 cYn22 cYn32 n32 rY2 + 2 a04 a22 cYn1 cYn22 cYn32 n32 rY2 +
4 a03 a1 a22 cYn1 cYn22 cYn32 n32 rY2 " 3 a02 a12 a22 cYn1 cYn22 cYn32 n32 rY2 +
2 a04 a12 cYn1 cYn34 n32 rY2 + 8 a04 a1 a2 cYn1 cYn34 n32 rY2 +
16 a03 a12 a2 cYn1 cYn34 n32 rY2 + 2 a04 a22 cYn1 cYn34 n32 rY2 +
16 a03 a1 a22 cYn1 cYn34 n32 rY2 + 12 a02 a12 a22 cYn1 cYn34 n32 rY2 +
12 a04 a1 cYn1 cYn3 n33 rY3 + 12 a03 a12 cYn1 cYn3 n33 rY3 + 12 a04 a2 cYn1 cYn3 n33 rY3 +
36 a03 a1 a2 cYn1 cYn3 n33 rY3 + 12 a02 a12 a2 cYn1 cYn3 n33 rY3 +
12 a03 a22 cYn1 cYn3 n33 rY3 + 12 a02 a1 a22 cYn1 cYn3 n33 rY3 +
4 a04 a1 cYn13 cYn3 n33 rY3 + 2 a03 a12 cYn13 cYn3 n33 rY3 + 4 a04 a2 cYn13 cYn3 n33 rY3 +
6 a03 a1 a2 cYn13 cYn3 n33 rY3 " 2 a02 a12 a2 cYn13 cYn3 n33 rY3 +
2 a03 a22 cYn13 cYn3 n33 rY3 " 2 a02 a1 a22 cYn13 cYn3 n33 rY3 "
2 a0 a12 a22 cYn13 cYn3 n33 rY3 + 4 a04 a1 cYn1 cYn22 cYn3 n33 rY3 +
2 a03 a12 cYn1 cYn22 cYn3 n33 rY3 + 4 a04 a2 cYn1 cYn22 cYn3 n33 rY3 +
6 a03 a1 a2 cYn1 cYn22 cYn3 n33 rY3 " 2 a02 a12 a2 cYn1 cYn22 cYn3 n33 rY3 +
2 a03 a22 cYn1 cYn22 cYn3 n33 rY3 " 2 a02 a1 a22 cYn1 cYn22 cYn3 n33 rY3 "
2 a0 a12 a22 cYn1 cYn22 cYn3 n33 rY3 + 4 a04 a1 cYn1 cYn33 n33 rY3 +
8 a03 a12 cYn1 cYn33 n33 rY3 + 4 a04 a2 cYn1 cYn33 n33 rY3 + 28 a03 a1 a2 cYn1 cYn33 n33 rY3 +
24 a02 a12 a2 cYn1 cYn33 n33 rY3 + 8 a03 a22 cYn1 cYn33 n33 rY3 +
24 a02 a1 a22 cYn1 cYn33 n33 rY3 + 8 a0 a12 a22 cYn1 cYn33 n33 rY3 + 6 a04 cYn1 n34 rY4 +
12 a03 a1 cYn1 n34 rY4 + 6 a02 a12 cYn1 n34 rY4 + 12 a03 a2 cYn1 n34 rY4 +
12 a02 a1 a2 cYn1 n34 rY4 + 6 a02 a22 cYn1 n34 rY4 + 2 a04 cYn13 n34 rY4 +
2 a03 a1 cYn13 n34 rY4 + a02 a12 cYn13 n34 rY4 + 2 a03 a2 cYn13 n34 rY4 "
2 a02 a1 a2 cYn13 n34 rY4 " 2 a0 a12 a2 cYn13 n34 rY4 + a02 a22 cYn13 n34 rY4 "
2 a0 a1 a22 cYn13 n34 rY4 + a12 a22 cYn13 n34 rY4 + 2 a04 cYn1 cYn22 n34 rY4 +
2 a03 a1 cYn1 cYn22 n34 rY4 + a02 a12 cYn1 cYn22 n34 rY4 + 2 a03 a2 cYn1 cYn22 n34 rY4 "
2 a02 a1 a2 cYn1 cYn22 n34 rY4 " 2 a0 a12 a2 cYn1 cYn22 n34 rY4 + a02 a22 cYn1 cYn22 n34 rY4 "
2 a0 a1 a22 cYn1 cYn22 n34 rY4 + a12 a22 cYn1 cYn22 n34 rY4 + 2 a04 cYn1 cYn32 n34 rY4 +
12 a03 a1 cYn1 cYn32 n34 rY4 + 12 a02 a12 cYn1 cYn32 n34 rY4 + 12 a03 a2 cYn1 cYn32 n34 rY4 +
36 a02 a1 a2 cYn1 cYn32 n34 rY4 + 16 a0 a12 a2 cYn1 cYn32 n34 rY4 +
12 a02 a22 cYn1 cYn32 n34 rY4 + 16 a0 a1 a22 cYn1 cYn32 n34 rY4 +
2 a12 a22 cYn1 cYn32 n34 rY4 + 4 a03 cYn1 cYn3 n35 rY5 + 12 a02 a1 cYn1 cYn3 n35 rY5 +
8 a0 a12 cYn1 cYn3 n35 rY5 + 12 a02 a2 cYn1 cYn3 n35 rY5 + 20 a0 a1 a2 cYn1 cYn3 n35 rY5 +
4 a12 a2 cYn1 cYn3 n35 rY5 + 8 a0 a22 cYn1 cYn3 n35 rY5 + 4 a1 a22 cYn1 cYn3 n35 rY5 +
2 a02 cYn1 n36 rY6 + 4 a0 a1 cYn1 n36 rY6 + 2 a12 cYn1 n36 rY6 + 4 a0 a2 cYn1 n36 rY6 +
4 a1 a2 cYn1 n36 rY6 + 2 a22 cYn1 n36 rY6 " 2 a02 a1 a2 cYn12 cYn32 rY
√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "
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4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a02 a1 a2 cYn22 cYn32

rY √a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a02 a1 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a02 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a02 a1 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a02 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a02 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a1 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a02 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a1 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

2 cYn1 rY2 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY22,
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Sn1 , 6 a02 a14 a22 cYn1 cYn34 + 2 a02 a14 a22 cYn13 cYn34 + 2 a02 a14 a22 cYn1 cYn22 cYn34 +

2 a02 a14 a22 cYn1 cYn36 + 12 a02 a14 a2 cYn1 cYn33 n3 rY +
12 a02 a13 a22 cYn1 cYn33 n3 rY + 12 a0 a14 a22 cYn1 cYn33 n3 rY +
4 a02 a14 a2 cYn13 cYn33 n3 rY + 2 a02 a13 a22 cYn13 cYn33 n3 rY +
4 a0 a14 a22 cYn13 cYn33 n3 rY + 4 a02 a14 a2 cYn1 cYn22 cYn33 n3 rY +
2 a02 a13 a22 cYn1 cYn22 cYn33 n3 rY + 4 a0 a14 a22 cYn1 cYn22 cYn33 n3 rY +
4 a02 a14 a2 cYn1 cYn35 n3 rY + 8 a02 a13 a22 cYn1 cYn35 n3 rY +
4 a0 a14 a22 cYn1 cYn35 n3 rY + 6 a02 a14 cYn1 cYn32 n32 rY2 +
24 a02 a13 a2 cYn1 cYn32 n32 rY2 + 24 a0 a14 a2 cYn1 cYn32 n32 rY2 +
6 a02 a12 a22 cYn1 cYn32 n32 rY2 + 24 a0 a13 a22 cYn1 cYn32 n32 rY2 +
6 a14 a22 cYn1 cYn32 n32 rY2 + 2 a02 a14 cYn13 cYn32 n32 rY2 +
4 a02 a13 a2 cYn13 cYn32 n32 rY2 + 8 a0 a14 a2 cYn13 cYn32 n32 rY2 "
3 a02 a12 a22 cYn13 cYn32 n32 rY2 + 4 a0 a13 a22 cYn13 cYn32 n32 rY2 +
2 a14 a22 cYn13 cYn32 n32 rY2 + 2 a02 a14 cYn1 cYn22 cYn32 n32 rY2 +
4 a02 a13 a2 cYn1 cYn22 cYn32 n32 rY2 + 8 a0 a14 a2 cYn1 cYn22 cYn32 n32 rY2 "
3 a02 a12 a22 cYn1 cYn22 cYn32 n32 rY2 + 4 a0 a13 a22 cYn1 cYn22 cYn32 n32 rY2 +
2 a14 a22 cYn1 cYn22 cYn32 n32 rY2 + 2 a02 a14 cYn1 cYn34 n32 rY2 +
16 a02 a13 a2 cYn1 cYn34 n32 rY2 + 8 a0 a14 a2 cYn1 cYn34 n32 rY2 +
12 a02 a12 a22 cYn1 cYn34 n32 rY2 + 16 a0 a13 a22 cYn1 cYn34 n32 rY2 +
2 a14 a22 cYn1 cYn34 n32 rY2 + 12 a02 a13 cYn1 cYn3 n33 rY3 +
12 a0 a14 cYn1 cYn3 n33 rY3 + 12 a02 a12 a2 cYn1 cYn3 n33 rY3 +
36 a0 a13 a2 cYn1 cYn3 n33 rY3 + 12 a14 a2 cYn1 cYn3 n33 rY3 +
12 a0 a12 a22 cYn1 cYn3 n33 rY3 + 12 a13 a22 cYn1 cYn3 n33 rY3 +
2 a02 a13 cYn13 cYn3 n33 rY3 + 4 a0 a14 cYn13 cYn3 n33 rY3 "
2 a02 a12 a2 cYn13 cYn3 n33 rY3 + 6 a0 a13 a2 cYn13 cYn3 n33 rY3 +
4 a14 a2 cYn13 cYn3 n33 rY3 " 2 a02 a1 a22 cYn13 cYn3 n33 rY3 "
2 a0 a12 a22 cYn13 cYn3 n33 rY3 + 2 a13 a22 cYn13 cYn3 n33 rY3 +
2 a02 a13 cYn1 cYn22 cYn3 n33 rY3 + 4 a0 a14 cYn1 cYn22 cYn3 n33 rY3 "
2 a02 a12 a2 cYn1 cYn22 cYn3 n33 rY3 + 6 a0 a13 a2 cYn1 cYn22 cYn3 n33 rY3 +
4 a14 a2 cYn1 cYn22 cYn3 n33 rY3 " 2 a02 a1 a22 cYn1 cYn22 cYn3 n33 rY3 "
2 a0 a12 a22 cYn1 cYn22 cYn3 n33 rY3 + 2 a13 a22 cYn1 cYn22 cYn3 n33 rY3 +
8 a02 a13 cYn1 cYn33 n33 rY3 + 4 a0 a14 cYn1 cYn33 n33 rY3 +
24 a02 a12 a2 cYn1 cYn33 n33 rY3 + 28 a0 a13 a2 cYn1 cYn33 n33 rY3 +
4 a14 a2 cYn1 cYn33 n33 rY3 + 8 a02 a1 a22 cYn1 cYn33 n33 rY3 +
24 a0 a12 a22 cYn1 cYn33 n33 rY3 + 8 a13 a22 cYn1 cYn33 n33 rY3 +
6 a02 a12 cYn1 n34 rY4 + 12 a0 a13 cYn1 n34 rY4 + 6 a14 cYn1 n34 rY4 +
12 a0 a12 a2 cYn1 n34 rY4 + 12 a13 a2 cYn1 n34 rY4 + 6 a12 a22 cYn1 n34 rY4 +
a02 a12 cYn13 n34 rY4 + 2 a0 a13 cYn13 n34 rY4 + 2 a14 cYn13 n34 rY4 "
2 a02 a1 a2 cYn13 n34 rY4 " 2 a0 a12 a2 cYn13 n34 rY4 + 2 a13 a2 cYn13 n34 rY4 +
a02 a22 cYn13 n34 rY4 " 2 a0 a1 a22 cYn13 n34 rY4 + a12 a22 cYn13 n34 rY4 +
a02 a12 cYn1 cYn22 n34 rY4 + 2 a0 a13 cYn1 cYn22 n34 rY4 +
2 a14 cYn1 cYn22 n34 rY4 " 2 a02 a1 a2 cYn1 cYn22 n34 rY4 "
2 a0 a12 a2 cYn1 cYn22 n34 rY4 + 2 a13 a2 cYn1 cYn22 n34 rY4 +
a02 a22 cYn1 cYn22 n34 rY4 " 2 a0 a1 a22 cYn1 cYn22 n34 rY4 +
a12 a22 cYn1 cYn22 n34 rY4 + 12 a02 a12 cYn1 cYn32 n34 rY4 +
12 a0 a13 cYn1 cYn32 n34 rY4 + 2 a14 cYn1 cYn32 n34 rY4 +
16 a02 a1 a2 cYn1 cYn32 n34 rY4 + 36 a0 a12 a2 cYn1 cYn32 n34 rY4 +
12 a13 a2 cYn1 cYn32 n34 rY4 + 2 a02 a22 cYn1 cYn32 n34 rY4 +
16 a0 a1 a22 cYn1 cYn32 n34 rY4 + 12 a12 a22 cYn1 cYn32 n34 rY4 +
8 a02 a1 cYn1 cYn3 n35 rY5 + 12 a0 a12 cYn1 cYn3 n35 rY5 +
4 a13 cYn1 cYn3 n35 rY5 + 4 a02 a2 cYn1 cYn3 n35 rY5 +
20 a0 a1 a2 cYn1 cYn3 n35 rY5 + 12 a12 a2 cYn1 cYn3 n35 rY5 +
4 a0 a22 cYn1 cYn3 n35 rY5 + 8 a1 a22 cYn1 cYn3 n35 rY5 + 2 a02 cYn1 n36 rY6 +
4 a0 a1 cYn1 n36 rY6 + 2 a12 cYn1 n36 rY6 + 4 a0 a2 cYn1 n36 rY6 +
4 a1 a2 cYn1 n36 rY6 + 2 a22 cYn1 n36 rY6 " 2 a0 a12 a2 cYn12 cYn32 rY
√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

+ + +  +
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a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a0 a12 a2 cYn22 cYn32

rY √a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a0 a12 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a12 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a0 a12 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a12 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a12 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a1 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a12 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a1 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

2 cYn1 rY2 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY22,

Sn2 , 6 a02 a12 a24 cYn1 cYn34 + 2 a02 a12 a24 cYn13 cYn34 + 2 a02 a12 a24 cYn1 cYn22 cYn34 +

+ +
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Sn2 , 6 a02 a12 a24 cYn1 cYn34 + 2 a02 a12 a24 cYn13 cYn34 + 2 a02 a12 a24 cYn1 cYn22 cYn34 +

2 a02 a12 a24 cYn1 cYn36 + 12 a02 a12 a23 cYn1 cYn33 n3 rY +
12 a02 a1 a24 cYn1 cYn33 n3 rY + 12 a0 a12 a24 cYn1 cYn33 n3 rY +
2 a02 a12 a23 cYn13 cYn33 n3 rY + 4 a02 a1 a24 cYn13 cYn33 n3 rY +
4 a0 a12 a24 cYn13 cYn33 n3 rY + 2 a02 a12 a23 cYn1 cYn22 cYn33 n3 rY +
4 a02 a1 a24 cYn1 cYn22 cYn33 n3 rY +
4 a0 a12 a24 cYn1 cYn22 cYn33 n3 rY + 8 a02 a12 a23 cYn1 cYn35 n3 rY +
4 a02 a1 a24 cYn1 cYn35 n3 rY + 4 a0 a12 a24 cYn1 cYn35 n3 rY +
6 a02 a12 a22 cYn1 cYn32 n32 rY2 + 24 a02 a1 a23 cYn1 cYn32 n32 rY2 +
24 a0 a12 a23 cYn1 cYn32 n32 rY2 + 6 a02 a24 cYn1 cYn32 n32 rY2 +
24 a0 a1 a24 cYn1 cYn32 n32 rY2 + 6 a12 a24 cYn1 cYn32 n32 rY2 "
3 a02 a12 a22 cYn13 cYn32 n32 rY2 + 4 a02 a1 a23 cYn13 cYn32 n32 rY2 +
4 a0 a12 a23 cYn13 cYn32 n32 rY2 + 2 a02 a24 cYn13 cYn32 n32 rY2 +
8 a0 a1 a24 cYn13 cYn32 n32 rY2 + 2 a12 a24 cYn13 cYn32 n32 rY2 "
3 a02 a12 a22 cYn1 cYn22 cYn32 n32 rY2 +
4 a02 a1 a23 cYn1 cYn22 cYn32 n32 rY2 +
4 a0 a12 a23 cYn1 cYn22 cYn32 n32 rY2 + 2 a02 a24 cYn1 cYn22 cYn32 n32 rY2 +
8 a0 a1 a24 cYn1 cYn22 cYn32 n32 rY2 + 2 a12 a24 cYn1 cYn22 cYn32 n32 rY2 +
12 a02 a12 a22 cYn1 cYn34 n32 rY2 + 16 a02 a1 a23 cYn1 cYn34 n32 rY2 +
16 a0 a12 a23 cYn1 cYn34 n32 rY2 + 2 a02 a24 cYn1 cYn34 n32 rY2 +
8 a0 a1 a24 cYn1 cYn34 n32 rY2 + 2 a12 a24 cYn1 cYn34 n32 rY2 +
12 a02 a1 a22 cYn1 cYn3 n33 rY3 + 12 a0 a12 a22 cYn1 cYn3 n33 rY3 +
12 a02 a23 cYn1 cYn3 n33 rY3 + 36 a0 a1 a23 cYn1 cYn3 n33 rY3 +
12 a12 a23 cYn1 cYn3 n33 rY3 + 12 a0 a24 cYn1 cYn3 n33 rY3 +
12 a1 a24 cYn1 cYn3 n33 rY3 " 2 a02 a12 a2 cYn13 cYn3 n33 rY3 "
2 a02 a1 a22 cYn13 cYn3 n33 rY3 " 2 a0 a12 a22 cYn13 cYn3 n33 rY3 +
2 a02 a23 cYn13 cYn3 n33 rY3 + 6 a0 a1 a23 cYn13 cYn3 n33 rY3 +
2 a12 a23 cYn13 cYn3 n33 rY3 + 4 a0 a24 cYn13 cYn3 n33 rY3 +
4 a1 a24 cYn13 cYn3 n33 rY3 " 2 a02 a12 a2 cYn1 cYn22 cYn3 n33 rY3 "
2 a02 a1 a22 cYn1 cYn22 cYn3 n33 rY3 " 2 a0 a12 a22 cYn1 cYn22 cYn3 n33 rY3 +
2 a02 a23 cYn1 cYn22 cYn3 n33 rY3 + 6 a0 a1 a23 cYn1 cYn22 cYn3 n33 rY3 +
2 a12 a23 cYn1 cYn22 cYn3 n33 rY3 + 4 a0 a24 cYn1 cYn22 cYn3 n33 rY3 +
4 a1 a24 cYn1 cYn22 cYn3 n33 rY3 + 8 a02 a12 a2 cYn1 cYn33 n33 rY3 +
24 a02 a1 a22 cYn1 cYn33 n33 rY3 + 24 a0 a12 a22 cYn1 cYn33 n33 rY3 +
8 a02 a23 cYn1 cYn33 n33 rY3 + 28 a0 a1 a23 cYn1 cYn33 n33 rY3 +
8 a12 a23 cYn1 cYn33 n33 rY3 + 4 a0 a24 cYn1 cYn33 n33 rY3 +
4 a1 a24 cYn1 cYn33 n33 rY3 + 6 a02 a22 cYn1 n34 rY4 +
12 a0 a1 a22 cYn1 n34 rY4 + 6 a12 a22 cYn1 n34 rY4 +
12 a0 a23 cYn1 n34 rY4 + 12 a1 a23 cYn1 n34 rY4 + 6 a24 cYn1 n34 rY4 +
a02 a12 cYn13 n34 rY4 " 2 a02 a1 a2 cYn13 n34 rY4 "
2 a0 a12 a2 cYn13 n34 rY4 + a02 a22 cYn13 n34 rY4 "
2 a0 a1 a22 cYn13 n34 rY4 + a12 a22 cYn13 n34 rY4 +
2 a0 a23 cYn13 n34 rY4 + 2 a1 a23 cYn13 n34 rY4 + 2 a24 cYn13 n34 rY4 +
a02 a12 cYn1 cYn22 n34 rY4 " 2 a02 a1 a2 cYn1 cYn22 n34 rY4 "
2 a0 a12 a2 cYn1 cYn22 n34 rY4 + a02 a22 cYn1 cYn22 n34 rY4 "
2 a0 a1 a22 cYn1 cYn22 n34 rY4 + a12 a22 cYn1 cYn22 n34 rY4 +
2 a0 a23 cYn1 cYn22 n34 rY4 + 2 a1 a23 cYn1 cYn22 n34 rY4 +
2 a24 cYn1 cYn22 n34 rY4 + 2 a02 a12 cYn1 cYn32 n34 rY4 +
16 a02 a1 a2 cYn1 cYn32 n34 rY4 + 16 a0 a12 a2 cYn1 cYn32 n34 rY4 +
12 a02 a22 cYn1 cYn32 n34 rY4 + 36 a0 a1 a22 cYn1 cYn32 n34 rY4 +
12 a12 a22 cYn1 cYn32 n34 rY4 + 12 a0 a23 cYn1 cYn32 n34 rY4 +
12 a1 a23 cYn1 cYn32 n34 rY4 + 2 a24 cYn1 cYn32 n34 rY4 +
4 a02 a1 cYn1 cYn3 n35 rY5 + 4 a0 a12 cYn1 cYn3 n35 rY5 +
8 a02 a2 cYn1 cYn3 n35 rY5 + 20 a0 a1 a2 cYn1 cYn3 n35 rY5 +
8 a12 a2 cYn1 cYn3 n35 rY5 + 12 a0 a22 cYn1 cYn3 n35 rY5 +
12 a1 a22 cYn1 cYn3 n35 rY5 + 4 a23 cYn1 cYn3 n35 rY5 +
2 a02 cYn1 n36 rY6 + 4 a0 a1 cYn1 n36 rY6 + 2 a12 cYn1 n36 rY6 +
4 a0 a2 cYn1 n36 rY6 + 4 a1 a2 cYn1 n36 rY6 +

"
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4 a0 a2 cYn1 n36 rY6 + 4 a1 a2 cYn1 n36 rY6 +
2 a22 cYn1 n36 rY6 " 2 a0 a1 a22 cYn12 cYn32 rY
√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a0 a1 a22 cYn22 cYn32

rY √a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a0 a22 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a1 a22 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a0 a22 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a1 a22 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a1 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a22 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a1 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a22 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

, ,
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2 cYn1 rY2 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY22, pY1 , 3,

n1 , "a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY +
√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

2 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

n2 , "cYn2 a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY +

a1 a2 cYn1 n32 rY " √a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY +

a1 a2 cYn1 n32 rY2 " 4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY +

a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

2 cYn1 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

p ,
3 + cYn12 + cYn22 + cYn32

rY2
, d , "

1

cYn1 cYn2 n33

rY2

a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

N01 ,
1

a23 cYn1 cYn2 n33 rY
(a0 " a1) a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY +

a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

N02 , "
1

a13 cYn1 cYn2 n33 rY
(a0 " a2) a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY +

a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

N12 , "
1

a03 cYn1 cYn2 n33 rY
(a1 " a2) a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY +

a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

Sn0 , 6 a04 a12 a22 cYn1 cYn34 + 2 a04 a12 a22 cYn13 cYn34 +

2 a04 a12 a22 cYn1 cYn22 cYn34 + 2 a04 a12 a22 cYn1 cYn36 +
12 a04 a12 a2 cYn1 cYn33 n3 rY + 12 a04 a1 a22 cYn1 cYn33 n3 rY +
12 a03 a12 a22 cYn1 cYn33 n3 rY + 4 a04 a12 a2 cYn13 cYn33 n3 rY +
4 a04 a1 a22 cYn13 cYn33 n3 rY + 2 a03 a12 a22 cYn13 cYn33 n3 rY +
4 a04 a12 a2 cYn1 cYn22 cYn33 n3 rY +
4 a04 a1 a22 cYn1 cYn22 cYn33 n3 rY +
2 a03 a12 a22 cYn1 cYn22 cYn33 n3 rY +
4 a04 a12 a2 cYn1 cYn35 n3 rY + 4 a04 a1 a22 cYn1 cYn35 n3 rY +
8 a03 a12 a22 cYn1 cYn35 n3 rY + 6 a04 a12 cYn1 cYn32 n32 rY2 +
24 a04 a1 a2 cYn1 cYn32 n32 rY2 + 24 a03 a12 a2 cYn1 cYn32 n32 rY2 +
6 a04 a22 cYn1 cYn32 n32 rY2 + 24 a03 a1 a22 cYn1 cYn32 n32 rY2 +
6 a02 a12 a22 cYn1 cYn32 n32 rY2 + 2 a04 a12 cYn13 cYn32 n32 rY2 +
8 a04 a1 a2 cYn13 cYn32 n32 rY2 + 4 a03 a12 a2 cYn13 cYn32 n32 rY2 +
2 a04 a22 cYn13 cYn32 n32 rY2 + 4 a03 a1 a22 cYn13 cYn32 n32 rY2 "
3 a02 a12 a22 cYn13 cYn32 n32 rY2 + 2 a04 a12 cYn1 cYn22 cYn32 n32 rY2 +
8 a04 a1 a2 cYn1 cYn22 cYn32 n32 rY2 +
4 a03 a12 a2 cYn1 cYn22 cYn32 n32 rY2 +
2 a04 a22 cYn1 cYn22 cYn32 n32 rY2 +
4 a03 a1 a22 cYn1 cYn22 cYn32 n32 rY2 "
3 a02 a12 a22 cYn1 cYn22 cYn32 n32 rY2 +
2 a04 a12 cYn1 cYn34 n32 rY2 + 8 a04 a1 a2 cYn1 cYn34 n32 rY2 +
16 a03 a12 a2 cYn1 cYn34 n32 rY2 + 2 a04 a22 cYn1 cYn34 n32 rY2 +
16 a03 a1 a22 cYn1 cYn34 n32 rY2 + 12 a02 a12 a22 cYn1 cYn34 n32 rY2 +

+ +
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16 a03 a1 a22 cYn1 cYn34 n32 rY2 + 12 a02 a12 a22 cYn1 cYn34 n32 rY2 +
12 a04 a1 cYn1 cYn3 n33 rY3 + 12 a03 a12 cYn1 cYn3 n33 rY3 +
12 a04 a2 cYn1 cYn3 n33 rY3 + 36 a03 a1 a2 cYn1 cYn3 n33 rY3 +
12 a02 a12 a2 cYn1 cYn3 n33 rY3 + 12 a03 a22 cYn1 cYn3 n33 rY3 +
12 a02 a1 a22 cYn1 cYn3 n33 rY3 + 4 a04 a1 cYn13 cYn3 n33 rY3 +
2 a03 a12 cYn13 cYn3 n33 rY3 + 4 a04 a2 cYn13 cYn3 n33 rY3 +
6 a03 a1 a2 cYn13 cYn3 n33 rY3 " 2 a02 a12 a2 cYn13 cYn3 n33 rY3 +
2 a03 a22 cYn13 cYn3 n33 rY3 " 2 a02 a1 a22 cYn13 cYn3 n33 rY3 "
2 a0 a12 a22 cYn13 cYn3 n33 rY3 + 4 a04 a1 cYn1 cYn22 cYn3 n33 rY3 +
2 a03 a12 cYn1 cYn22 cYn3 n33 rY3 + 4 a04 a2 cYn1 cYn22 cYn3 n33 rY3 +
6 a03 a1 a2 cYn1 cYn22 cYn3 n33 rY3 " 2 a02 a12 a2 cYn1 cYn22 cYn3 n33 rY3 +
2 a03 a22 cYn1 cYn22 cYn3 n33 rY3 " 2 a02 a1 a22 cYn1 cYn22 cYn3 n33 rY3 "
2 a0 a12 a22 cYn1 cYn22 cYn3 n33 rY3 + 4 a04 a1 cYn1 cYn33 n33 rY3 +
8 a03 a12 cYn1 cYn33 n33 rY3 + 4 a04 a2 cYn1 cYn33 n33 rY3 +
28 a03 a1 a2 cYn1 cYn33 n33 rY3 + 24 a02 a12 a2 cYn1 cYn33 n33 rY3 +
8 a03 a22 cYn1 cYn33 n33 rY3 + 24 a02 a1 a22 cYn1 cYn33 n33 rY3 +
8 a0 a12 a22 cYn1 cYn33 n33 rY3 + 6 a04 cYn1 n34 rY4 +
12 a03 a1 cYn1 n34 rY4 + 6 a02 a12 cYn1 n34 rY4 +
12 a03 a2 cYn1 n34 rY4 + 12 a02 a1 a2 cYn1 n34 rY4 +
6 a02 a22 cYn1 n34 rY4 + 2 a04 cYn13 n34 rY4 +
2 a03 a1 cYn13 n34 rY4 + a02 a12 cYn13 n34 rY4 +
2 a03 a2 cYn13 n34 rY4 " 2 a02 a1 a2 cYn13 n34 rY4 "
2 a0 a12 a2 cYn13 n34 rY4 + a02 a22 cYn13 n34 rY4 "
2 a0 a1 a22 cYn13 n34 rY4 + a12 a22 cYn13 n34 rY4 +
2 a04 cYn1 cYn22 n34 rY4 + 2 a03 a1 cYn1 cYn22 n34 rY4 +
a02 a12 cYn1 cYn22 n34 rY4 + 2 a03 a2 cYn1 cYn22 n34 rY4 "
2 a02 a1 a2 cYn1 cYn22 n34 rY4 " 2 a0 a12 a2 cYn1 cYn22 n34 rY4 +
a02 a22 cYn1 cYn22 n34 rY4 " 2 a0 a1 a22 cYn1 cYn22 n34 rY4 +
a12 a22 cYn1 cYn22 n34 rY4 + 2 a04 cYn1 cYn32 n34 rY4 +
12 a03 a1 cYn1 cYn32 n34 rY4 + 12 a02 a12 cYn1 cYn32 n34 rY4 +
12 a03 a2 cYn1 cYn32 n34 rY4 + 36 a02 a1 a2 cYn1 cYn32 n34 rY4 +
16 a0 a12 a2 cYn1 cYn32 n34 rY4 + 12 a02 a22 cYn1 cYn32 n34 rY4 +
16 a0 a1 a22 cYn1 cYn32 n34 rY4 + 2 a12 a22 cYn1 cYn32 n34 rY4 +
4 a03 cYn1 cYn3 n35 rY5 + 12 a02 a1 cYn1 cYn3 n35 rY5 +
8 a0 a12 cYn1 cYn3 n35 rY5 + 12 a02 a2 cYn1 cYn3 n35 rY5 +
20 a0 a1 a2 cYn1 cYn3 n35 rY5 + 4 a12 a2 cYn1 cYn3 n35 rY5 +
8 a0 a22 cYn1 cYn3 n35 rY5 + 4 a1 a22 cYn1 cYn3 n35 rY5 +
2 a02 cYn1 n36 rY6 + 4 a0 a1 cYn1 n36 rY6 + 2 a12 cYn1 n36 rY6 +
4 a0 a2 cYn1 n36 rY6 + 4 a1 a2 cYn1 n36 rY6 +
2 a22 cYn1 n36 rY6 " 2 a02 a1 a2 cYn12 cYn32 rY
√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a02 a1 a2 cYn22 cYn32

rY √a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a02 a1 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a02 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a02 a1 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "
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4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a02 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a02 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a1 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a02 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a1 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

2 cYn1 rY2 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY22,

Sn1 , 6 a02 a14 a22 cYn1 cYn34 + 2 a02 a14 a22 cYn13 cYn34 + 2 a02 a14 a22 cYn1 cYn22 cYn34 +

2 a02 a14 a22 cYn1 cYn36 + 12 a02 a14 a2 cYn1 cYn33 n3 rY +
12 a02 a13 a22 cYn1 cYn33 n3 rY + 12 a0 a14 a22 cYn1 cYn33 n3 rY +
4 a02 a14 a2 cYn13 cYn33 n3 rY + 2 a02 a13 a22 cYn13 cYn33 n3 rY +
4 a0 a14 a22 cYn13 cYn33 n3 rY + 4 a02 a14 a2 cYn1 cYn22 cYn33 n3 rY +
2 a02 a13 a22 cYn1 cYn22 cYn33 n3 rY +
4 a0 a14 a22 cYn1 cYn22 cYn33 n3 rY +
4 a02 a14 a2 cYn1 cYn35 n3 rY + 8 a02 a13 a22 cYn1 cYn35 n3 rY +
4 a0 a14 a22 cYn1 cYn35 n3 rY + 6 a02 a14 cYn1 cYn32 n32 rY2 +
24 a02 a13 a2 cYn1 cYn32 n32 rY2 + 24 a0 a14 a2 cYn1 cYn32 n32 rY2 +
6 a02 a12 a22 cYn1 cYn32 n32 rY2 + 24 a0 a13 a22 cYn1 cYn32 n32 rY2 +
6 a14 a22 cYn1 cYn32 n32 rY2 + 2 a02 a14 cYn13 cYn32 n32 rY2 +
4 a02 a13 a2 cYn13 cYn32 n32 rY2 + 8 a0 a14 a2 cYn13 cYn32 n32 rY2 "
3 a02 a12 a22 cYn13 cYn32 n32 rY2 + 4 a0 a13 a22 cYn13 cYn32 n32 rY2 +
2 a14 a22 cYn13 cYn32 n32 rY2 + 2 a02 a14 cYn1 cYn22 cYn32 n32 rY2 +
4 a02 a13 a2 cYn1 cYn22 cYn32 n32 rY2 +
8 a0 a14 a2 cYn1 cYn22 cYn32 n32 rY2 "
3 a02 a12 a22 cYn1 cYn22 cYn32 n32 rY2 +

+

Complex 5-dimensional complete intersection. Case 3.nb     49



3 a02 a12 a22 cYn1 cYn22 cYn32 n32 rY2 +
4 a0 a13 a22 cYn1 cYn22 cYn32 n32 rY2 +
2 a14 a22 cYn1 cYn22 cYn32 n32 rY2 + 2 a02 a14 cYn1 cYn34 n32 rY2 +
16 a02 a13 a2 cYn1 cYn34 n32 rY2 + 8 a0 a14 a2 cYn1 cYn34 n32 rY2 +
12 a02 a12 a22 cYn1 cYn34 n32 rY2 + 16 a0 a13 a22 cYn1 cYn34 n32 rY2 +
2 a14 a22 cYn1 cYn34 n32 rY2 + 12 a02 a13 cYn1 cYn3 n33 rY3 +
12 a0 a14 cYn1 cYn3 n33 rY3 + 12 a02 a12 a2 cYn1 cYn3 n33 rY3 +
36 a0 a13 a2 cYn1 cYn3 n33 rY3 + 12 a14 a2 cYn1 cYn3 n33 rY3 +
12 a0 a12 a22 cYn1 cYn3 n33 rY3 + 12 a13 a22 cYn1 cYn3 n33 rY3 +
2 a02 a13 cYn13 cYn3 n33 rY3 + 4 a0 a14 cYn13 cYn3 n33 rY3 "
2 a02 a12 a2 cYn13 cYn3 n33 rY3 + 6 a0 a13 a2 cYn13 cYn3 n33 rY3 +
4 a14 a2 cYn13 cYn3 n33 rY3 " 2 a02 a1 a22 cYn13 cYn3 n33 rY3 "
2 a0 a12 a22 cYn13 cYn3 n33 rY3 + 2 a13 a22 cYn13 cYn3 n33 rY3 +
2 a02 a13 cYn1 cYn22 cYn3 n33 rY3 + 4 a0 a14 cYn1 cYn22 cYn3 n33 rY3 "
2 a02 a12 a2 cYn1 cYn22 cYn3 n33 rY3 +
6 a0 a13 a2 cYn1 cYn22 cYn3 n33 rY3 + 4 a14 a2 cYn1 cYn22 cYn3 n33 rY3 "
2 a02 a1 a22 cYn1 cYn22 cYn3 n33 rY3 "
2 a0 a12 a22 cYn1 cYn22 cYn3 n33 rY3 +
2 a13 a22 cYn1 cYn22 cYn3 n33 rY3 + 8 a02 a13 cYn1 cYn33 n33 rY3 +
4 a0 a14 cYn1 cYn33 n33 rY3 + 24 a02 a12 a2 cYn1 cYn33 n33 rY3 +
28 a0 a13 a2 cYn1 cYn33 n33 rY3 + 4 a14 a2 cYn1 cYn33 n33 rY3 +
8 a02 a1 a22 cYn1 cYn33 n33 rY3 + 24 a0 a12 a22 cYn1 cYn33 n33 rY3 +
8 a13 a22 cYn1 cYn33 n33 rY3 + 6 a02 a12 cYn1 n34 rY4 +
12 a0 a13 cYn1 n34 rY4 + 6 a14 cYn1 n34 rY4 +
12 a0 a12 a2 cYn1 n34 rY4 + 12 a13 a2 cYn1 n34 rY4 +
6 a12 a22 cYn1 n34 rY4 + a02 a12 cYn13 n34 rY4 +
2 a0 a13 cYn13 n34 rY4 + 2 a14 cYn13 n34 rY4 "
2 a02 a1 a2 cYn13 n34 rY4 " 2 a0 a12 a2 cYn13 n34 rY4 +
2 a13 a2 cYn13 n34 rY4 + a02 a22 cYn13 n34 rY4 "
2 a0 a1 a22 cYn13 n34 rY4 + a12 a22 cYn13 n34 rY4 +
a02 a12 cYn1 cYn22 n34 rY4 + 2 a0 a13 cYn1 cYn22 n34 rY4 +
2 a14 cYn1 cYn22 n34 rY4 " 2 a02 a1 a2 cYn1 cYn22 n34 rY4 "
2 a0 a12 a2 cYn1 cYn22 n34 rY4 + 2 a13 a2 cYn1 cYn22 n34 rY4 +
a02 a22 cYn1 cYn22 n34 rY4 " 2 a0 a1 a22 cYn1 cYn22 n34 rY4 +
a12 a22 cYn1 cYn22 n34 rY4 + 12 a02 a12 cYn1 cYn32 n34 rY4 +
12 a0 a13 cYn1 cYn32 n34 rY4 + 2 a14 cYn1 cYn32 n34 rY4 +
16 a02 a1 a2 cYn1 cYn32 n34 rY4 + 36 a0 a12 a2 cYn1 cYn32 n34 rY4 +
12 a13 a2 cYn1 cYn32 n34 rY4 + 2 a02 a22 cYn1 cYn32 n34 rY4 +
16 a0 a1 a22 cYn1 cYn32 n34 rY4 + 12 a12 a22 cYn1 cYn32 n34 rY4 +
8 a02 a1 cYn1 cYn3 n35 rY5 + 12 a0 a12 cYn1 cYn3 n35 rY5 +
4 a13 cYn1 cYn3 n35 rY5 + 4 a02 a2 cYn1 cYn3 n35 rY5 +
20 a0 a1 a2 cYn1 cYn3 n35 rY5 + 12 a12 a2 cYn1 cYn3 n35 rY5 +
4 a0 a22 cYn1 cYn3 n35 rY5 + 8 a1 a22 cYn1 cYn3 n35 rY5 +
2 a02 cYn1 n36 rY6 + 4 a0 a1 cYn1 n36 rY6 + 2 a12 cYn1 n36 rY6 +
4 a0 a2 cYn1 n36 rY6 + 4 a1 a2 cYn1 n36 rY6 +
2 a22 cYn1 n36 rY6 " 2 a0 a12 a2 cYn12 cYn32 rY
√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a0 a12 a2 cYn22 cYn32

rY √a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a0 a12 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + + +  "
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cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a12 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a0 a12 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a12 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a12 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a1 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a12 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a1 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

2 cYn1 rY2 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY22,

Sn2 , 6 a02 a12 a24 cYn1 cYn34 + 2 a02 a12 a24 cYn13 cYn34 + 2 a02 a12 a24 cYn1 cYn22 cYn34 +

2 a02 a12 a24 cYn1 cYn36 + 12 a02 a12 a23 cYn1 cYn33 n3 rY +
12 a02 a1 a24 cYn1 cYn33 n3 rY + 12 a0 a12 a24 cYn1 cYn33 n3 rY +
2 a02 a12 a23 cYn13 cYn33 n3 rY +
4 a02 a1 a24 cYn13 cYn33 n3 rY + 4 a0 a12 a24 cYn13 cYn33 n3 rY +
2 a02 a12 a23 cYn1 cYn22 cYn33 n3 rY +
4 a02 a1 a24 cYn1 cYn22 cYn33 n3 rY +
4 a0 a12 a24 cYn1 cYn22 cYn33 n3 rY +
8 a02 a12 a23 cYn1 cYn35 n3 rY + 4 a02 a1 a24 cYn1 cYn35 n3 rY +
4 a0 a12 a24 cYn1 cYn35 n3 rY + 6 a02 a12 a22 cYn1 cYn32 n32 rY2 +
24 a02 a1 a23 cYn1 cYn32 n32 rY2 +
24 a0 a12 a23 cYn1 cYn32 n32 rY2 + 6 a02 a24 cYn1 cYn32 n32 rY2 +

+ "
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24 a0 a12 a23 cYn1 cYn32 n32 rY2 + 6 a02 a24 cYn1 cYn32 n32 rY2 +
24 a0 a1 a24 cYn1 cYn32 n32 rY2 + 6 a12 a24 cYn1 cYn32 n32 rY2 "
3 a02 a12 a22 cYn13 cYn32 n32 rY2 + 4 a02 a1 a23 cYn13 cYn32 n32 rY2 +
4 a0 a12 a23 cYn13 cYn32 n32 rY2 + 2 a02 a24 cYn13 cYn32 n32 rY2 +
8 a0 a1 a24 cYn13 cYn32 n32 rY2 + 2 a12 a24 cYn13 cYn32 n32 rY2 "
3 a02 a12 a22 cYn1 cYn22 cYn32 n32 rY2 +
4 a02 a1 a23 cYn1 cYn22 cYn32 n32 rY2 +
4 a0 a12 a23 cYn1 cYn22 cYn32 n32 rY2 +
2 a02 a24 cYn1 cYn22 cYn32 n32 rY2 +
8 a0 a1 a24 cYn1 cYn22 cYn32 n32 rY2 +
2 a12 a24 cYn1 cYn22 cYn32 n32 rY2 +
12 a02 a12 a22 cYn1 cYn34 n32 rY2 +
16 a02 a1 a23 cYn1 cYn34 n32 rY2 + 16 a0 a12 a23 cYn1 cYn34 n32 rY2 +
2 a02 a24 cYn1 cYn34 n32 rY2 + 8 a0 a1 a24 cYn1 cYn34 n32 rY2 +
2 a12 a24 cYn1 cYn34 n32 rY2 + 12 a02 a1 a22 cYn1 cYn3 n33 rY3 +
12 a0 a12 a22 cYn1 cYn3 n33 rY3 + 12 a02 a23 cYn1 cYn3 n33 rY3 +
36 a0 a1 a23 cYn1 cYn3 n33 rY3 + 12 a12 a23 cYn1 cYn3 n33 rY3 +
12 a0 a24 cYn1 cYn3 n33 rY3 + 12 a1 a24 cYn1 cYn3 n33 rY3 "
2 a02 a12 a2 cYn13 cYn3 n33 rY3 " 2 a02 a1 a22 cYn13 cYn3 n33 rY3 "
2 a0 a12 a22 cYn13 cYn3 n33 rY3 + 2 a02 a23 cYn13 cYn3 n33 rY3 +
6 a0 a1 a23 cYn13 cYn3 n33 rY3 + 2 a12 a23 cYn13 cYn3 n33 rY3 +
4 a0 a24 cYn13 cYn3 n33 rY3 + 4 a1 a24 cYn13 cYn3 n33 rY3 "
2 a02 a12 a2 cYn1 cYn22 cYn3 n33 rY3 "
2 a02 a1 a22 cYn1 cYn22 cYn3 n33 rY3 "
2 a0 a12 a22 cYn1 cYn22 cYn3 n33 rY3 +
2 a02 a23 cYn1 cYn22 cYn3 n33 rY3 +
6 a0 a1 a23 cYn1 cYn22 cYn3 n33 rY3 +
2 a12 a23 cYn1 cYn22 cYn3 n33 rY3 + 4 a0 a24 cYn1 cYn22 cYn3 n33 rY3 +
4 a1 a24 cYn1 cYn22 cYn3 n33 rY3 + 8 a02 a12 a2 cYn1 cYn33 n33 rY3 +
24 a02 a1 a22 cYn1 cYn33 n33 rY3 + 24 a0 a12 a22 cYn1 cYn33 n33 rY3 +
8 a02 a23 cYn1 cYn33 n33 rY3 + 28 a0 a1 a23 cYn1 cYn33 n33 rY3 +
8 a12 a23 cYn1 cYn33 n33 rY3 + 4 a0 a24 cYn1 cYn33 n33 rY3 +
4 a1 a24 cYn1 cYn33 n33 rY3 + 6 a02 a22 cYn1 n34 rY4 +
12 a0 a1 a22 cYn1 n34 rY4 + 6 a12 a22 cYn1 n34 rY4 +
12 a0 a23 cYn1 n34 rY4 + 12 a1 a23 cYn1 n34 rY4 +
6 a24 cYn1 n34 rY4 + a02 a12 cYn13 n34 rY4 "
2 a02 a1 a2 cYn13 n34 rY4 " 2 a0 a12 a2 cYn13 n34 rY4 +
a02 a22 cYn13 n34 rY4 " 2 a0 a1 a22 cYn13 n34 rY4 +
a12 a22 cYn13 n34 rY4 + 2 a0 a23 cYn13 n34 rY4 +
2 a1 a23 cYn13 n34 rY4 + 2 a24 cYn13 n34 rY4 +
a02 a12 cYn1 cYn22 n34 rY4 " 2 a02 a1 a2 cYn1 cYn22 n34 rY4 "
2 a0 a12 a2 cYn1 cYn22 n34 rY4 + a02 a22 cYn1 cYn22 n34 rY4 "
2 a0 a1 a22 cYn1 cYn22 n34 rY4 + a12 a22 cYn1 cYn22 n34 rY4 +
2 a0 a23 cYn1 cYn22 n34 rY4 + 2 a1 a23 cYn1 cYn22 n34 rY4 +
2 a24 cYn1 cYn22 n34 rY4 + 2 a02 a12 cYn1 cYn32 n34 rY4 +
16 a02 a1 a2 cYn1 cYn32 n34 rY4 + 16 a0 a12 a2 cYn1 cYn32 n34 rY4 +
12 a02 a22 cYn1 cYn32 n34 rY4 + 36 a0 a1 a22 cYn1 cYn32 n34 rY4 +
12 a12 a22 cYn1 cYn32 n34 rY4 + 12 a0 a23 cYn1 cYn32 n34 rY4 +
12 a1 a23 cYn1 cYn32 n34 rY4 + 2 a24 cYn1 cYn32 n34 rY4 +
4 a02 a1 cYn1 cYn3 n35 rY5 + 4 a0 a12 cYn1 cYn3 n35 rY5 +
8 a02 a2 cYn1 cYn3 n35 rY5 + 20 a0 a1 a2 cYn1 cYn3 n35 rY5 +
8 a12 a2 cYn1 cYn3 n35 rY5 + 12 a0 a22 cYn1 cYn3 n35 rY5 +
12 a1 a22 cYn1 cYn3 n35 rY5 + 4 a23 cYn1 cYn3 n35 rY5 +
2 a02 cYn1 n36 rY6 + 4 a0 a1 cYn1 n36 rY6 + 2 a12 cYn1 n36 rY6 +
4 a0 a2 cYn1 n36 rY6 + 4 a1 a2 cYn1 n36 rY6 +
2 a22 cYn1 n36 rY6 " 2 a0 a1 a22 cYn12 cYn32 rY
√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

+ + +  +
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a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a0 a1 a22 cYn22 cYn32

rY √a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a0 a22 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a1 a22 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a0 a22 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a1 a22 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a1 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a22 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a1 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a22 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

2 cYn1 rY2 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY22, pY1 , 3,

n1 , "a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY +
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√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

2 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

n2 , "cYn2 a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY +

a1 a2 cYn1 n32 rY " √a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY +

a1 a2 cYn1 n32 rY2 " 4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY +

a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

2 cYn1 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

p ,
3 + cYn12 + cYn22 + cYn32

rY2
, d , "

1

cYn1 cYn2 n33

rY2

a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

N01 , "
1

a23 cYn1 cYn2 n33 rY
(a0 " a1) a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY +

a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

N02 ,
1

a13 cYn1 cYn2 n33 rY
(a0 " a2) a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY +

a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

N12 ,
1

a03 cYn1 cYn2 n33 rY
(a1 " a2) a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY +

a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

Sn0 , 6 a04 a12 a22 cYn1 cYn34 + 2 a04 a12 a22 cYn13 cYn34 +

2 a04 a12 a22 cYn1 cYn22 cYn34 + 2 a04 a12 a22 cYn1 cYn36 +
12 a04 a12 a2 cYn1 cYn33 n3 rY + 12 a04 a1 a22 cYn1 cYn33 n3 rY +
12 a03 a12 a22 cYn1 cYn33 n3 rY + 4 a04 a12 a2 cYn13 cYn33 n3 rY +
4 a04 a1 a22 cYn13 cYn33 n3 rY + 2 a03 a12 a22 cYn13 cYn33 n3 rY +
4 a04 a12 a2 cYn1 cYn22 cYn33 n3 rY +
4 a04 a1 a22 cYn1 cYn22 cYn33 n3 rY +
2 a03 a12 a22 cYn1 cYn22 cYn33 n3 rY +
4 a04 a12 a2 cYn1 cYn35 n3 rY + 4 a04 a1 a22 cYn1 cYn35 n3 rY +
8 a03 a12 a22 cYn1 cYn35 n3 rY + 6 a04 a12 cYn1 cYn32 n32 rY2 +
24 a04 a1 a2 cYn1 cYn32 n32 rY2 + 24 a03 a12 a2 cYn1 cYn32 n32 rY2 +
6 a04 a22 cYn1 cYn32 n32 rY2 + 24 a03 a1 a22 cYn1 cYn32 n32 rY2 +
6 a02 a12 a22 cYn1 cYn32 n32 rY2 + 2 a04 a12 cYn13 cYn32 n32 rY2 +
8 a04 a1 a2 cYn13 cYn32 n32 rY2 + 4 a03 a12 a2 cYn13 cYn32 n32 rY2 +
2 a04 a22 cYn13 cYn32 n32 rY2 + 4 a03 a1 a22 cYn13 cYn32 n32 rY2 "
3 a02 a12 a22 cYn13 cYn32 n32 rY2 +
2 a04 a12 cYn1 cYn22 cYn32 n32 rY2 +
8 a04 a1 a2 cYn1 cYn22 cYn32 n32 rY2 +
4 a03 a12 a2 cYn1 cYn22 cYn32 n32 rY2 +
2 a04 a22 cYn1 cYn22 cYn32 n32 rY2 +
4 a03 a1 a22 cYn1 cYn22 cYn32 n32 rY2 "
3 a02 a12 a22 cYn1 cYn22 cYn32 n32 rY2 +
2 a04 a12 cYn1 cYn34 n32 rY2 + 8 a04 a1 a2 cYn1 cYn34 n32 rY2 +
16 a03 a12 a2 cYn1 cYn34 n32 rY2 + 2 a04 a22 cYn1 cYn34 n32 rY2 +
16 a03 a1 a22 cYn1 cYn34 n32 rY2 + 12 a02 a12 a22 cYn1 cYn34 n32 rY2 +
12 a04 a1 cYn1 cYn3 n33 rY3 + 12 a03 a12 cYn1 cYn3 n33 rY3 +
12 a04 a2 cYn1 cYn3 n33 rY3 + 36 a03 a1 a2 cYn1 cYn3 n33 rY3 +

+ +
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12 a04 a2 cYn1 cYn3 n33 rY3 + 36 a03 a1 a2 cYn1 cYn3 n33 rY3 +
12 a02 a12 a2 cYn1 cYn3 n33 rY3 + 12 a03 a22 cYn1 cYn3 n33 rY3 +
12 a02 a1 a22 cYn1 cYn3 n33 rY3 + 4 a04 a1 cYn13 cYn3 n33 rY3 +
2 a03 a12 cYn13 cYn3 n33 rY3 + 4 a04 a2 cYn13 cYn3 n33 rY3 +
6 a03 a1 a2 cYn13 cYn3 n33 rY3 " 2 a02 a12 a2 cYn13 cYn3 n33 rY3 +
2 a03 a22 cYn13 cYn3 n33 rY3 " 2 a02 a1 a22 cYn13 cYn3 n33 rY3 "
2 a0 a12 a22 cYn13 cYn3 n33 rY3 + 4 a04 a1 cYn1 cYn22 cYn3 n33 rY3 +
2 a03 a12 cYn1 cYn22 cYn3 n33 rY3 + 4 a04 a2 cYn1 cYn22 cYn3 n33 rY3 +
6 a03 a1 a2 cYn1 cYn22 cYn3 n33 rY3 "
2 a02 a12 a2 cYn1 cYn22 cYn3 n33 rY3 +
2 a03 a22 cYn1 cYn22 cYn3 n33 rY3 "
2 a02 a1 a22 cYn1 cYn22 cYn3 n33 rY3 "
2 a0 a12 a22 cYn1 cYn22 cYn3 n33 rY3 + 4 a04 a1 cYn1 cYn33 n33 rY3 +
8 a03 a12 cYn1 cYn33 n33 rY3 + 4 a04 a2 cYn1 cYn33 n33 rY3 +
28 a03 a1 a2 cYn1 cYn33 n33 rY3 + 24 a02 a12 a2 cYn1 cYn33 n33 rY3 +
8 a03 a22 cYn1 cYn33 n33 rY3 + 24 a02 a1 a22 cYn1 cYn33 n33 rY3 +
8 a0 a12 a22 cYn1 cYn33 n33 rY3 + 6 a04 cYn1 n34 rY4 +
12 a03 a1 cYn1 n34 rY4 + 6 a02 a12 cYn1 n34 rY4 +
12 a03 a2 cYn1 n34 rY4 + 12 a02 a1 a2 cYn1 n34 rY4 +
6 a02 a22 cYn1 n34 rY4 + 2 a04 cYn13 n34 rY4 +
2 a03 a1 cYn13 n34 rY4 + a02 a12 cYn13 n34 rY4 +
2 a03 a2 cYn13 n34 rY4 " 2 a02 a1 a2 cYn13 n34 rY4 "
2 a0 a12 a2 cYn13 n34 rY4 + a02 a22 cYn13 n34 rY4 "
2 a0 a1 a22 cYn13 n34 rY4 + a12 a22 cYn13 n34 rY4 +
2 a04 cYn1 cYn22 n34 rY4 + 2 a03 a1 cYn1 cYn22 n34 rY4 +
a02 a12 cYn1 cYn22 n34 rY4 + 2 a03 a2 cYn1 cYn22 n34 rY4 "
2 a02 a1 a2 cYn1 cYn22 n34 rY4 " 2 a0 a12 a2 cYn1 cYn22 n34 rY4 +
a02 a22 cYn1 cYn22 n34 rY4 " 2 a0 a1 a22 cYn1 cYn22 n34 rY4 +
a12 a22 cYn1 cYn22 n34 rY4 + 2 a04 cYn1 cYn32 n34 rY4 +
12 a03 a1 cYn1 cYn32 n34 rY4 + 12 a02 a12 cYn1 cYn32 n34 rY4 +
12 a03 a2 cYn1 cYn32 n34 rY4 + 36 a02 a1 a2 cYn1 cYn32 n34 rY4 +
16 a0 a12 a2 cYn1 cYn32 n34 rY4 + 12 a02 a22 cYn1 cYn32 n34 rY4 +
16 a0 a1 a22 cYn1 cYn32 n34 rY4 + 2 a12 a22 cYn1 cYn32 n34 rY4 +
4 a03 cYn1 cYn3 n35 rY5 + 12 a02 a1 cYn1 cYn3 n35 rY5 +
8 a0 a12 cYn1 cYn3 n35 rY5 + 12 a02 a2 cYn1 cYn3 n35 rY5 +
20 a0 a1 a2 cYn1 cYn3 n35 rY5 + 4 a12 a2 cYn1 cYn3 n35 rY5 +
8 a0 a22 cYn1 cYn3 n35 rY5 + 4 a1 a22 cYn1 cYn3 n35 rY5 +
2 a02 cYn1 n36 rY6 + 4 a0 a1 cYn1 n36 rY6 + 2 a12 cYn1 n36 rY6 +
4 a0 a2 cYn1 n36 rY6 + 4 a1 a2 cYn1 n36 rY6 +
2 a22 cYn1 n36 rY6 + 2 a02 a1 a2 cYn12 cYn32 rY
√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a02 a1 a2 cYn22 cYn32

rY √a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a02 a1 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a02 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a02 a1 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "
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4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a02 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a02 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a1 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a02 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a1 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

2 cYn1 rY2 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY22,

Sn1 , 6 a02 a14 a22 cYn1 cYn34 + 2 a02 a14 a22 cYn13 cYn34 + 2 a02 a14 a22 cYn1 cYn22 cYn34 +

2 a02 a14 a22 cYn1 cYn36 + 12 a02 a14 a2 cYn1 cYn33 n3 rY +
12 a02 a13 a22 cYn1 cYn33 n3 rY +
12 a0 a14 a22 cYn1 cYn33 n3 rY + 4 a02 a14 a2 cYn13 cYn33 n3 rY +
2 a02 a13 a22 cYn13 cYn33 n3 rY + 4 a0 a14 a22 cYn13 cYn33 n3 rY +
4 a02 a14 a2 cYn1 cYn22 cYn33 n3 rY +
2 a02 a13 a22 cYn1 cYn22 cYn33 n3 rY +
4 a0 a14 a22 cYn1 cYn22 cYn33 n3 rY +
4 a02 a14 a2 cYn1 cYn35 n3 rY + 8 a02 a13 a22 cYn1 cYn35 n3 rY +
4 a0 a14 a22 cYn1 cYn35 n3 rY + 6 a02 a14 cYn1 cYn32 n32 rY2 +
24 a02 a13 a2 cYn1 cYn32 n32 rY2 + 24 a0 a14 a2 cYn1 cYn32 n32 rY2 +
6 a02 a12 a22 cYn1 cYn32 n32 rY2 + 24 a0 a13 a22 cYn1 cYn32 n32 rY2 +
6 a14 a22 cYn1 cYn32 n32 rY2 + 2 a02 a14 cYn13 cYn32 n32 rY2 +
4 a02 a13 a2 cYn13 cYn32 n32 rY2 + 8 a0 a14 a2 cYn13 cYn32 n32 rY2 "
3 a02 a12 a22 cYn13 cYn32 n32 rY2 +
4 a0 a13 a22 cYn13 cYn32 n32 rY2 + 2 a14 a22 cYn13 cYn32 n32 rY2 +
2 a02 a14 cYn1 cYn22 cYn32 n32 rY2 +
4 a02 a13 a2 cYn1 cYn22 cYn32 n32 rY2 +

"
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4 a02 a13 a2 cYn1 cYn22 cYn32 n32 rY2 +
8 a0 a14 a2 cYn1 cYn22 cYn32 n32 rY2 "
3 a02 a12 a22 cYn1 cYn22 cYn32 n32 rY2 +
4 a0 a13 a22 cYn1 cYn22 cYn32 n32 rY2 +
2 a14 a22 cYn1 cYn22 cYn32 n32 rY2 +
2 a02 a14 cYn1 cYn34 n32 rY2 + 16 a02 a13 a2 cYn1 cYn34 n32 rY2 +
8 a0 a14 a2 cYn1 cYn34 n32 rY2 + 12 a02 a12 a22 cYn1 cYn34 n32 rY2 +
16 a0 a13 a22 cYn1 cYn34 n32 rY2 + 2 a14 a22 cYn1 cYn34 n32 rY2 +
12 a02 a13 cYn1 cYn3 n33 rY3 + 12 a0 a14 cYn1 cYn3 n33 rY3 +
12 a02 a12 a2 cYn1 cYn3 n33 rY3 + 36 a0 a13 a2 cYn1 cYn3 n33 rY3 +
12 a14 a2 cYn1 cYn3 n33 rY3 + 12 a0 a12 a22 cYn1 cYn3 n33 rY3 +
12 a13 a22 cYn1 cYn3 n33 rY3 + 2 a02 a13 cYn13 cYn3 n33 rY3 +
4 a0 a14 cYn13 cYn3 n33 rY3 " 2 a02 a12 a2 cYn13 cYn3 n33 rY3 +
6 a0 a13 a2 cYn13 cYn3 n33 rY3 + 4 a14 a2 cYn13 cYn3 n33 rY3 "
2 a02 a1 a22 cYn13 cYn3 n33 rY3 " 2 a0 a12 a22 cYn13 cYn3 n33 rY3 +
2 a13 a22 cYn13 cYn3 n33 rY3 + 2 a02 a13 cYn1 cYn22 cYn3 n33 rY3 +
4 a0 a14 cYn1 cYn22 cYn3 n33 rY3 "
2 a02 a12 a2 cYn1 cYn22 cYn3 n33 rY3 +
6 a0 a13 a2 cYn1 cYn22 cYn3 n33 rY3 +
4 a14 a2 cYn1 cYn22 cYn3 n33 rY3 "
2 a02 a1 a22 cYn1 cYn22 cYn3 n33 rY3 "
2 a0 a12 a22 cYn1 cYn22 cYn3 n33 rY3 +
2 a13 a22 cYn1 cYn22 cYn3 n33 rY3 +
8 a02 a13 cYn1 cYn33 n33 rY3 + 4 a0 a14 cYn1 cYn33 n33 rY3 +
24 a02 a12 a2 cYn1 cYn33 n33 rY3 + 28 a0 a13 a2 cYn1 cYn33 n33 rY3 +
4 a14 a2 cYn1 cYn33 n33 rY3 + 8 a02 a1 a22 cYn1 cYn33 n33 rY3 +
24 a0 a12 a22 cYn1 cYn33 n33 rY3 + 8 a13 a22 cYn1 cYn33 n33 rY3 +
6 a02 a12 cYn1 n34 rY4 + 12 a0 a13 cYn1 n34 rY4 +
6 a14 cYn1 n34 rY4 + 12 a0 a12 a2 cYn1 n34 rY4 +
12 a13 a2 cYn1 n34 rY4 + 6 a12 a22 cYn1 n34 rY4 +
a02 a12 cYn13 n34 rY4 + 2 a0 a13 cYn13 n34 rY4 +
2 a14 cYn13 n34 rY4 " 2 a02 a1 a2 cYn13 n34 rY4 "
2 a0 a12 a2 cYn13 n34 rY4 + 2 a13 a2 cYn13 n34 rY4 +
a02 a22 cYn13 n34 rY4 " 2 a0 a1 a22 cYn13 n34 rY4 +
a12 a22 cYn13 n34 rY4 + a02 a12 cYn1 cYn22 n34 rY4 +
2 a0 a13 cYn1 cYn22 n34 rY4 + 2 a14 cYn1 cYn22 n34 rY4 "
2 a02 a1 a2 cYn1 cYn22 n34 rY4 " 2 a0 a12 a2 cYn1 cYn22 n34 rY4 +
2 a13 a2 cYn1 cYn22 n34 rY4 + a02 a22 cYn1 cYn22 n34 rY4 "
2 a0 a1 a22 cYn1 cYn22 n34 rY4 + a12 a22 cYn1 cYn22 n34 rY4 +
12 a02 a12 cYn1 cYn32 n34 rY4 + 12 a0 a13 cYn1 cYn32 n34 rY4 +
2 a14 cYn1 cYn32 n34 rY4 + 16 a02 a1 a2 cYn1 cYn32 n34 rY4 +
36 a0 a12 a2 cYn1 cYn32 n34 rY4 + 12 a13 a2 cYn1 cYn32 n34 rY4 +
2 a02 a22 cYn1 cYn32 n34 rY4 + 16 a0 a1 a22 cYn1 cYn32 n34 rY4 +
12 a12 a22 cYn1 cYn32 n34 rY4 + 8 a02 a1 cYn1 cYn3 n35 rY5 +
12 a0 a12 cYn1 cYn3 n35 rY5 + 4 a13 cYn1 cYn3 n35 rY5 +
4 a02 a2 cYn1 cYn3 n35 rY5 + 20 a0 a1 a2 cYn1 cYn3 n35 rY5 +
12 a12 a2 cYn1 cYn3 n35 rY5 + 4 a0 a22 cYn1 cYn3 n35 rY5 +
8 a1 a22 cYn1 cYn3 n35 rY5 + 2 a02 cYn1 n36 rY6 +
4 a0 a1 cYn1 n36 rY6 + 2 a12 cYn1 n36 rY6 +
4 a0 a2 cYn1 n36 rY6 + 4 a1 a2 cYn1 n36 rY6 +
2 a22 cYn1 n36 rY6 + 2 a0 a12 a2 cYn12 cYn32 rY
√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a0 a12 a2 cYn22 cYn32

rY √a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a0 a12 cYn12 cYn3 n3 rY2
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√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a12 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a0 a12 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a12 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a12 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a1 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a12 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a1 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

2 cYn1 rY2 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY22,

Sn2 , 6 a02 a12 a24 cYn1 cYn34 + 2 a02 a12 a24 cYn13 cYn34 + 2 a02 a12 a24 cYn1 cYn22 cYn34 +

2 a02 a12 a24 cYn1 cYn36 + 12 a02 a12 a23 cYn1 cYn33 n3 rY +
12 a02 a1 a24 cYn1 cYn33 n3 rY + 12 a0 a12 a24 cYn1 cYn33 n3 rY +
2 a02 a12 a23 cYn13 cYn33 n3 rY +
4 a02 a1 a24 cYn13 cYn33 n3 rY + 4 a0 a12 a24 cYn13 cYn33 n3 rY +
2 a02 a12 a23 cYn1 cYn22 cYn33 n3 rY +

+
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2 a02 a12 a23 cYn1 cYn22 cYn33 n3 rY +
4 a02 a1 a24 cYn1 cYn22 cYn33 n3 rY +
4 a0 a12 a24 cYn1 cYn22 cYn33 n3 rY +
8 a02 a12 a23 cYn1 cYn35 n3 rY + 4 a02 a1 a24 cYn1 cYn35 n3 rY +
4 a0 a12 a24 cYn1 cYn35 n3 rY + 6 a02 a12 a22 cYn1 cYn32 n32 rY2 +
24 a02 a1 a23 cYn1 cYn32 n32 rY2 +
24 a0 a12 a23 cYn1 cYn32 n32 rY2 + 6 a02 a24 cYn1 cYn32 n32 rY2 +
24 a0 a1 a24 cYn1 cYn32 n32 rY2 + 6 a12 a24 cYn1 cYn32 n32 rY2 "
3 a02 a12 a22 cYn13 cYn32 n32 rY2 + 4 a02 a1 a23 cYn13 cYn32 n32 rY2 +
4 a0 a12 a23 cYn13 cYn32 n32 rY2 + 2 a02 a24 cYn13 cYn32 n32 rY2 +
8 a0 a1 a24 cYn13 cYn32 n32 rY2 + 2 a12 a24 cYn13 cYn32 n32 rY2 "
3 a02 a12 a22 cYn1 cYn22 cYn32 n32 rY2 +
4 a02 a1 a23 cYn1 cYn22 cYn32 n32 rY2 +
4 a0 a12 a23 cYn1 cYn22 cYn32 n32 rY2 +
2 a02 a24 cYn1 cYn22 cYn32 n32 rY2 +
8 a0 a1 a24 cYn1 cYn22 cYn32 n32 rY2 +
2 a12 a24 cYn1 cYn22 cYn32 n32 rY2 +
12 a02 a12 a22 cYn1 cYn34 n32 rY2 +
16 a02 a1 a23 cYn1 cYn34 n32 rY2 + 16 a0 a12 a23 cYn1 cYn34 n32 rY2 +
2 a02 a24 cYn1 cYn34 n32 rY2 + 8 a0 a1 a24 cYn1 cYn34 n32 rY2 +
2 a12 a24 cYn1 cYn34 n32 rY2 + 12 a02 a1 a22 cYn1 cYn3 n33 rY3 +
12 a0 a12 a22 cYn1 cYn3 n33 rY3 + 12 a02 a23 cYn1 cYn3 n33 rY3 +
36 a0 a1 a23 cYn1 cYn3 n33 rY3 + 12 a12 a23 cYn1 cYn3 n33 rY3 +
12 a0 a24 cYn1 cYn3 n33 rY3 + 12 a1 a24 cYn1 cYn3 n33 rY3 "
2 a02 a12 a2 cYn13 cYn3 n33 rY3 " 2 a02 a1 a22 cYn13 cYn3 n33 rY3 "
2 a0 a12 a22 cYn13 cYn3 n33 rY3 + 2 a02 a23 cYn13 cYn3 n33 rY3 +
6 a0 a1 a23 cYn13 cYn3 n33 rY3 + 2 a12 a23 cYn13 cYn3 n33 rY3 +
4 a0 a24 cYn13 cYn3 n33 rY3 + 4 a1 a24 cYn13 cYn3 n33 rY3 "
2 a02 a12 a2 cYn1 cYn22 cYn3 n33 rY3 "
2 a02 a1 a22 cYn1 cYn22 cYn3 n33 rY3 "
2 a0 a12 a22 cYn1 cYn22 cYn3 n33 rY3 +
2 a02 a23 cYn1 cYn22 cYn3 n33 rY3 +
6 a0 a1 a23 cYn1 cYn22 cYn3 n33 rY3 +
2 a12 a23 cYn1 cYn22 cYn3 n33 rY3 +
4 a0 a24 cYn1 cYn22 cYn3 n33 rY3 + 4 a1 a24 cYn1 cYn22 cYn3 n33 rY3 +
8 a02 a12 a2 cYn1 cYn33 n33 rY3 + 24 a02 a1 a22 cYn1 cYn33 n33 rY3 +
24 a0 a12 a22 cYn1 cYn33 n33 rY3 + 8 a02 a23 cYn1 cYn33 n33 rY3 +
28 a0 a1 a23 cYn1 cYn33 n33 rY3 + 8 a12 a23 cYn1 cYn33 n33 rY3 +
4 a0 a24 cYn1 cYn33 n33 rY3 + 4 a1 a24 cYn1 cYn33 n33 rY3 +
6 a02 a22 cYn1 n34 rY4 + 12 a0 a1 a22 cYn1 n34 rY4 +
6 a12 a22 cYn1 n34 rY4 + 12 a0 a23 cYn1 n34 rY4 +
12 a1 a23 cYn1 n34 rY4 + 6 a24 cYn1 n34 rY4 +
a02 a12 cYn13 n34 rY4 " 2 a02 a1 a2 cYn13 n34 rY4 "
2 a0 a12 a2 cYn13 n34 rY4 + a02 a22 cYn13 n34 rY4 "
2 a0 a1 a22 cYn13 n34 rY4 + a12 a22 cYn13 n34 rY4 +
2 a0 a23 cYn13 n34 rY4 + 2 a1 a23 cYn13 n34 rY4 +
2 a24 cYn13 n34 rY4 + a02 a12 cYn1 cYn22 n34 rY4 "
2 a02 a1 a2 cYn1 cYn22 n34 rY4 " 2 a0 a12 a2 cYn1 cYn22 n34 rY4 +
a02 a22 cYn1 cYn22 n34 rY4 " 2 a0 a1 a22 cYn1 cYn22 n34 rY4 +
a12 a22 cYn1 cYn22 n34 rY4 + 2 a0 a23 cYn1 cYn22 n34 rY4 +
2 a1 a23 cYn1 cYn22 n34 rY4 + 2 a24 cYn1 cYn22 n34 rY4 +
2 a02 a12 cYn1 cYn32 n34 rY4 + 16 a02 a1 a2 cYn1 cYn32 n34 rY4 +
16 a0 a12 a2 cYn1 cYn32 n34 rY4 + 12 a02 a22 cYn1 cYn32 n34 rY4 +
36 a0 a1 a22 cYn1 cYn32 n34 rY4 + 12 a12 a22 cYn1 cYn32 n34 rY4 +
12 a0 a23 cYn1 cYn32 n34 rY4 + 12 a1 a23 cYn1 cYn32 n34 rY4 +
2 a24 cYn1 cYn32 n34 rY4 + 4 a02 a1 cYn1 cYn3 n35 rY5 +
4 a0 a12 cYn1 cYn3 n35 rY5 + 8 a02 a2 cYn1 cYn3 n35 rY5 +
20 a0 a1 a2 cYn1 cYn3 n35 rY5 + 8 a12 a2 cYn1 cYn3 n35 rY5 +

+ +
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20 a0 a1 a2 cYn1 cYn3 n35 rY5 + 8 a12 a2 cYn1 cYn3 n35 rY5 +
12 a0 a22 cYn1 cYn3 n35 rY5 + 12 a1 a22 cYn1 cYn3 n35 rY5 +
4 a23 cYn1 cYn3 n35 rY5 + 2 a02 cYn1 n36 rY6 +
4 a0 a1 cYn1 n36 rY6 + 2 a12 cYn1 n36 rY6 +
4 a0 a2 cYn1 n36 rY6 + 4 a1 a2 cYn1 n36 rY6 +
2 a22 cYn1 n36 rY6 + 2 a0 a1 a22 cYn12 cYn32 rY
√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a0 a1 a22 cYn22 cYn32

rY √a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a0 a22 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a1 a22 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a0 a22 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a1 a22 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a1 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a22 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a1 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a22 cYn22 n32 rY3
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√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

2 cYn1 rY2 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY22, pY1 , 3,

n1 , "a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY "
√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

2 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

n2 , "cYn2 a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY +

a1 a2 cYn1 n32 rY + √a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY +

a1 a2 cYn1 n32 rY2 " 4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY +

a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

2 cYn1 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

p ,
3 + cYn12 + cYn22 + cYn32

rY2
, d , "

1

cYn1 cYn2 n33

rY2

a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

N01 ,
1

a23 cYn1 cYn2 n33 rY
(a0 " a1) a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY +

a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

N02 , "
1

a13 cYn1 cYn2 n33 rY
(a0 " a2) a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY +

a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

N12 , "
1

a03 cYn1 cYn2 n33 rY
(a1 " a2) a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY +

a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

Sn0 , 6 a04 a12 a22 cYn1 cYn34 + 2 a04 a12 a22 cYn13 cYn34 +

2 a04 a12 a22 cYn1 cYn22 cYn34 + 2 a04 a12 a22 cYn1 cYn36 +
12 a04 a12 a2 cYn1 cYn33 n3 rY + 12 a04 a1 a22 cYn1 cYn33 n3 rY +
12 a03 a12 a22 cYn1 cYn33 n3 rY + 4 a04 a12 a2 cYn13 cYn33 n3 rY +
4 a04 a1 a22 cYn13 cYn33 n3 rY + 2 a03 a12 a22 cYn13 cYn33 n3 rY +
4 a04 a12 a2 cYn1 cYn22 cYn33 n3 rY +
4 a04 a1 a22 cYn1 cYn22 cYn33 n3 rY +
2 a03 a12 a22 cYn1 cYn22 cYn33 n3 rY +
4 a04 a12 a2 cYn1 cYn35 n3 rY + 4 a04 a1 a22 cYn1 cYn35 n3 rY +
8 a03 a12 a22 cYn1 cYn35 n3 rY + 6 a04 a12 cYn1 cYn32 n32 rY2 +
24 a04 a1 a2 cYn1 cYn32 n32 rY2 + 24 a03 a12 a2 cYn1 cYn32 n32 rY2 +
6 a04 a22 cYn1 cYn32 n32 rY2 + 24 a03 a1 a22 cYn1 cYn32 n32 rY2 +
6 a02 a12 a22 cYn1 cYn32 n32 rY2 + 2 a04 a12 cYn13 cYn32 n32 rY2 +
8 a04 a1 a2 cYn13 cYn32 n32 rY2 + 4 a03 a12 a2 cYn13 cYn32 n32 rY2 +
2 a04 a22 cYn13 cYn32 n32 rY2 + 4 a03 a1 a22 cYn13 cYn32 n32 rY2 "
3 a02 a12 a22 cYn13 cYn32 n32 rY2 +
2 a04 a12 cYn1 cYn22 cYn32 n32 rY2 +
8 a04 a1 a2 cYn1 cYn22 cYn32 n32 rY2 +
4 a03 a12 a2 cYn1 cYn22 cYn32 n32 rY2 +
2 a04 a22 cYn1 cYn22 cYn32 n32 rY2 +
4 a03 a1 a22 cYn1 cYn22 cYn32 n32 rY2 "

+
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4 a03 a1 a22 cYn1 cYn22 cYn32 n32 rY2 "
3 a02 a12 a22 cYn1 cYn22 cYn32 n32 rY2 +
2 a04 a12 cYn1 cYn34 n32 rY2 + 8 a04 a1 a2 cYn1 cYn34 n32 rY2 +
16 a03 a12 a2 cYn1 cYn34 n32 rY2 +
2 a04 a22 cYn1 cYn34 n32 rY2 + 16 a03 a1 a22 cYn1 cYn34 n32 rY2 +
12 a02 a12 a22 cYn1 cYn34 n32 rY2 +
12 a04 a1 cYn1 cYn3 n33 rY3 + 12 a03 a12 cYn1 cYn3 n33 rY3 +
12 a04 a2 cYn1 cYn3 n33 rY3 + 36 a03 a1 a2 cYn1 cYn3 n33 rY3 +
12 a02 a12 a2 cYn1 cYn3 n33 rY3 + 12 a03 a22 cYn1 cYn3 n33 rY3 +
12 a02 a1 a22 cYn1 cYn3 n33 rY3 + 4 a04 a1 cYn13 cYn3 n33 rY3 +
2 a03 a12 cYn13 cYn3 n33 rY3 + 4 a04 a2 cYn13 cYn3 n33 rY3 +
6 a03 a1 a2 cYn13 cYn3 n33 rY3 " 2 a02 a12 a2 cYn13 cYn3 n33 rY3 +
2 a03 a22 cYn13 cYn3 n33 rY3 " 2 a02 a1 a22 cYn13 cYn3 n33 rY3 "
2 a0 a12 a22 cYn13 cYn3 n33 rY3 + 4 a04 a1 cYn1 cYn22 cYn3 n33 rY3 +
2 a03 a12 cYn1 cYn22 cYn3 n33 rY3 +
4 a04 a2 cYn1 cYn22 cYn3 n33 rY3 +
6 a03 a1 a2 cYn1 cYn22 cYn3 n33 rY3 "
2 a02 a12 a2 cYn1 cYn22 cYn3 n33 rY3 +
2 a03 a22 cYn1 cYn22 cYn3 n33 rY3 "
2 a02 a1 a22 cYn1 cYn22 cYn3 n33 rY3 "
2 a0 a12 a22 cYn1 cYn22 cYn3 n33 rY3 +
4 a04 a1 cYn1 cYn33 n33 rY3 + 8 a03 a12 cYn1 cYn33 n33 rY3 +
4 a04 a2 cYn1 cYn33 n33 rY3 + 28 a03 a1 a2 cYn1 cYn33 n33 rY3 +
24 a02 a12 a2 cYn1 cYn33 n33 rY3 + 8 a03 a22 cYn1 cYn33 n33 rY3 +
24 a02 a1 a22 cYn1 cYn33 n33 rY3 + 8 a0 a12 a22 cYn1 cYn33 n33 rY3 +
6 a04 cYn1 n34 rY4 + 12 a03 a1 cYn1 n34 rY4 +
6 a02 a12 cYn1 n34 rY4 + 12 a03 a2 cYn1 n34 rY4 +
12 a02 a1 a2 cYn1 n34 rY4 + 6 a02 a22 cYn1 n34 rY4 +
2 a04 cYn13 n34 rY4 + 2 a03 a1 cYn13 n34 rY4 +
a02 a12 cYn13 n34 rY4 + 2 a03 a2 cYn13 n34 rY4 "
2 a02 a1 a2 cYn13 n34 rY4 " 2 a0 a12 a2 cYn13 n34 rY4 +
a02 a22 cYn13 n34 rY4 " 2 a0 a1 a22 cYn13 n34 rY4 +
a12 a22 cYn13 n34 rY4 + 2 a04 cYn1 cYn22 n34 rY4 +
2 a03 a1 cYn1 cYn22 n34 rY4 + a02 a12 cYn1 cYn22 n34 rY4 +
2 a03 a2 cYn1 cYn22 n34 rY4 " 2 a02 a1 a2 cYn1 cYn22 n34 rY4 "
2 a0 a12 a2 cYn1 cYn22 n34 rY4 + a02 a22 cYn1 cYn22 n34 rY4 "
2 a0 a1 a22 cYn1 cYn22 n34 rY4 + a12 a22 cYn1 cYn22 n34 rY4 +
2 a04 cYn1 cYn32 n34 rY4 + 12 a03 a1 cYn1 cYn32 n34 rY4 +
12 a02 a12 cYn1 cYn32 n34 rY4 + 12 a03 a2 cYn1 cYn32 n34 rY4 +
36 a02 a1 a2 cYn1 cYn32 n34 rY4 + 16 a0 a12 a2 cYn1 cYn32 n34 rY4 +
12 a02 a22 cYn1 cYn32 n34 rY4 + 16 a0 a1 a22 cYn1 cYn32 n34 rY4 +
2 a12 a22 cYn1 cYn32 n34 rY4 + 4 a03 cYn1 cYn3 n35 rY5 +
12 a02 a1 cYn1 cYn3 n35 rY5 + 8 a0 a12 cYn1 cYn3 n35 rY5 +
12 a02 a2 cYn1 cYn3 n35 rY5 + 20 a0 a1 a2 cYn1 cYn3 n35 rY5 +
4 a12 a2 cYn1 cYn3 n35 rY5 + 8 a0 a22 cYn1 cYn3 n35 rY5 +
4 a1 a22 cYn1 cYn3 n35 rY5 + 2 a02 cYn1 n36 rY6 +
4 a0 a1 cYn1 n36 rY6 + 2 a12 cYn1 n36 rY6 +
4 a0 a2 cYn1 n36 rY6 + 4 a1 a2 cYn1 n36 rY6 +
2 a22 cYn1 n36 rY6 + 2 a02 a1 a2 cYn12 cYn32 rY
√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a02 a1 a2 cYn22 cYn32

rY √a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a02 a1 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + + +  +
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cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a02 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a02 a1 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a02 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a02 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a1 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a02 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a1 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

2 cYn1 rY2 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY22,

Sn1 , 6 a02 a14 a22 cYn1 cYn34 + 2 a02 a14 a22 cYn13 cYn34 + 2 a02 a14 a22 cYn1 cYn22 cYn34 +

2 a02 a14 a22 cYn1 cYn36 + 12 a02 a14 a2 cYn1 cYn33 n3 rY +
12 a02 a13 a22 cYn1 cYn33 n3 rY +
12 a0 a14 a22 cYn1 cYn33 n3 rY + 4 a02 a14 a2 cYn13 cYn33 n3 rY +
2 a02 a13 a22 cYn13 cYn33 n3 rY + 4 a0 a14 a22 cYn13 cYn33 n3 rY +
4 a02 a14 a2 cYn1 cYn22 cYn33 n3 rY +
2 a02 a13 a22 cYn1 cYn22 cYn33 n3 rY +
4 a0 a14 a22 cYn1 cYn22 cYn33 n3 rY +

+ +
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4 a0 a14 a22 cYn1 cYn22 cYn33 n3 rY +
4 a02 a14 a2 cYn1 cYn35 n3 rY + 8 a02 a13 a22 cYn1 cYn35 n3 rY +
4 a0 a14 a22 cYn1 cYn35 n3 rY + 6 a02 a14 cYn1 cYn32 n32 rY2 +
24 a02 a13 a2 cYn1 cYn32 n32 rY2 +
24 a0 a14 a2 cYn1 cYn32 n32 rY2 + 6 a02 a12 a22 cYn1 cYn32 n32 rY2 +
24 a0 a13 a22 cYn1 cYn32 n32 rY2 +
6 a14 a22 cYn1 cYn32 n32 rY2 + 2 a02 a14 cYn13 cYn32 n32 rY2 +
4 a02 a13 a2 cYn13 cYn32 n32 rY2 + 8 a0 a14 a2 cYn13 cYn32 n32 rY2 "
3 a02 a12 a22 cYn13 cYn32 n32 rY2 +
4 a0 a13 a22 cYn13 cYn32 n32 rY2 + 2 a14 a22 cYn13 cYn32 n32 rY2 +
2 a02 a14 cYn1 cYn22 cYn32 n32 rY2 +
4 a02 a13 a2 cYn1 cYn22 cYn32 n32 rY2 +
8 a0 a14 a2 cYn1 cYn22 cYn32 n32 rY2 "
3 a02 a12 a22 cYn1 cYn22 cYn32 n32 rY2 +
4 a0 a13 a22 cYn1 cYn22 cYn32 n32 rY2 +
2 a14 a22 cYn1 cYn22 cYn32 n32 rY2 +
2 a02 a14 cYn1 cYn34 n32 rY2 + 16 a02 a13 a2 cYn1 cYn34 n32 rY2 +
8 a0 a14 a2 cYn1 cYn34 n32 rY2 + 12 a02 a12 a22 cYn1 cYn34 n32 rY2 +
16 a0 a13 a22 cYn1 cYn34 n32 rY2 +
2 a14 a22 cYn1 cYn34 n32 rY2 + 12 a02 a13 cYn1 cYn3 n33 rY3 +
12 a0 a14 cYn1 cYn3 n33 rY3 + 12 a02 a12 a2 cYn1 cYn3 n33 rY3 +
36 a0 a13 a2 cYn1 cYn3 n33 rY3 + 12 a14 a2 cYn1 cYn3 n33 rY3 +
12 a0 a12 a22 cYn1 cYn3 n33 rY3 + 12 a13 a22 cYn1 cYn3 n33 rY3 +
2 a02 a13 cYn13 cYn3 n33 rY3 + 4 a0 a14 cYn13 cYn3 n33 rY3 "
2 a02 a12 a2 cYn13 cYn3 n33 rY3 + 6 a0 a13 a2 cYn13 cYn3 n33 rY3 +
4 a14 a2 cYn13 cYn3 n33 rY3 " 2 a02 a1 a22 cYn13 cYn3 n33 rY3 "
2 a0 a12 a22 cYn13 cYn3 n33 rY3 + 2 a13 a22 cYn13 cYn3 n33 rY3 +
2 a02 a13 cYn1 cYn22 cYn3 n33 rY3 +
4 a0 a14 cYn1 cYn22 cYn3 n33 rY3 "
2 a02 a12 a2 cYn1 cYn22 cYn3 n33 rY3 +
6 a0 a13 a2 cYn1 cYn22 cYn3 n33 rY3 +
4 a14 a2 cYn1 cYn22 cYn3 n33 rY3 "
2 a02 a1 a22 cYn1 cYn22 cYn3 n33 rY3 "
2 a0 a12 a22 cYn1 cYn22 cYn3 n33 rY3 +
2 a13 a22 cYn1 cYn22 cYn3 n33 rY3 +
8 a02 a13 cYn1 cYn33 n33 rY3 + 4 a0 a14 cYn1 cYn33 n33 rY3 +
24 a02 a12 a2 cYn1 cYn33 n33 rY3 + 28 a0 a13 a2 cYn1 cYn33 n33 rY3 +
4 a14 a2 cYn1 cYn33 n33 rY3 + 8 a02 a1 a22 cYn1 cYn33 n33 rY3 +
24 a0 a12 a22 cYn1 cYn33 n33 rY3 + 8 a13 a22 cYn1 cYn33 n33 rY3 +
6 a02 a12 cYn1 n34 rY4 + 12 a0 a13 cYn1 n34 rY4 +
6 a14 cYn1 n34 rY4 + 12 a0 a12 a2 cYn1 n34 rY4 +
12 a13 a2 cYn1 n34 rY4 + 6 a12 a22 cYn1 n34 rY4 +
a02 a12 cYn13 n34 rY4 + 2 a0 a13 cYn13 n34 rY4 +
2 a14 cYn13 n34 rY4 " 2 a02 a1 a2 cYn13 n34 rY4 "
2 a0 a12 a2 cYn13 n34 rY4 + 2 a13 a2 cYn13 n34 rY4 +
a02 a22 cYn13 n34 rY4 " 2 a0 a1 a22 cYn13 n34 rY4 +
a12 a22 cYn13 n34 rY4 + a02 a12 cYn1 cYn22 n34 rY4 +
2 a0 a13 cYn1 cYn22 n34 rY4 + 2 a14 cYn1 cYn22 n34 rY4 "
2 a02 a1 a2 cYn1 cYn22 n34 rY4 " 2 a0 a12 a2 cYn1 cYn22 n34 rY4 +
2 a13 a2 cYn1 cYn22 n34 rY4 + a02 a22 cYn1 cYn22 n34 rY4 "
2 a0 a1 a22 cYn1 cYn22 n34 rY4 + a12 a22 cYn1 cYn22 n34 rY4 +
12 a02 a12 cYn1 cYn32 n34 rY4 + 12 a0 a13 cYn1 cYn32 n34 rY4 +
2 a14 cYn1 cYn32 n34 rY4 + 16 a02 a1 a2 cYn1 cYn32 n34 rY4 +
36 a0 a12 a2 cYn1 cYn32 n34 rY4 + 12 a13 a2 cYn1 cYn32 n34 rY4 +
2 a02 a22 cYn1 cYn32 n34 rY4 + 16 a0 a1 a22 cYn1 cYn32 n34 rY4 +
12 a12 a22 cYn1 cYn32 n34 rY4 + 8 a02 a1 cYn1 cYn3 n35 rY5 +
12 a0 a12 cYn1 cYn3 n35 rY5 + 4 a13 cYn1 cYn3 n35 rY5 +
4 a02 a2 cYn1 cYn3 n35 rY5 + 20 a0 a1 a2 cYn1 cYn3 n35 rY5 +

+ +
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4 a02 a2 cYn1 cYn3 n35 rY5 + 20 a0 a1 a2 cYn1 cYn3 n35 rY5 +
12 a12 a2 cYn1 cYn3 n35 rY5 + 4 a0 a22 cYn1 cYn3 n35 rY5 +
8 a1 a22 cYn1 cYn3 n35 rY5 + 2 a02 cYn1 n36 rY6 +
4 a0 a1 cYn1 n36 rY6 + 2 a12 cYn1 n36 rY6 +
4 a0 a2 cYn1 n36 rY6 + 4 a1 a2 cYn1 n36 rY6 +
2 a22 cYn1 n36 rY6 + 2 a0 a12 a2 cYn12 cYn32 rY
√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a0 a12 a2 cYn22 cYn32

rY √a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a0 a12 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a12 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a0 a12 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a12 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a12 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a1 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a12 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a1 a2 cYn22 n32 rY3
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√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

2 cYn1 rY2 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY22,

Sn2 , 6 a02 a12 a24 cYn1 cYn34 + 2 a02 a12 a24 cYn13 cYn34 + 2 a02 a12 a24 cYn1 cYn22 cYn34 +

2 a02 a12 a24 cYn1 cYn36 + 12 a02 a12 a23 cYn1 cYn33 n3 rY +
12 a02 a1 a24 cYn1 cYn33 n3 rY + 12 a0 a12 a24 cYn1 cYn33 n3 rY +
2 a02 a12 a23 cYn13 cYn33 n3 rY +
4 a02 a1 a24 cYn13 cYn33 n3 rY + 4 a0 a12 a24 cYn13 cYn33 n3 rY +
2 a02 a12 a23 cYn1 cYn22 cYn33 n3 rY +
4 a02 a1 a24 cYn1 cYn22 cYn33 n3 rY +
4 a0 a12 a24 cYn1 cYn22 cYn33 n3 rY +
8 a02 a12 a23 cYn1 cYn35 n3 rY + 4 a02 a1 a24 cYn1 cYn35 n3 rY +
4 a0 a12 a24 cYn1 cYn35 n3 rY + 6 a02 a12 a22 cYn1 cYn32 n32 rY2 +
24 a02 a1 a23 cYn1 cYn32 n32 rY2 +
24 a0 a12 a23 cYn1 cYn32 n32 rY2 + 6 a02 a24 cYn1 cYn32 n32 rY2 +
24 a0 a1 a24 cYn1 cYn32 n32 rY2 + 6 a12 a24 cYn1 cYn32 n32 rY2 "
3 a02 a12 a22 cYn13 cYn32 n32 rY2 +
4 a02 a1 a23 cYn13 cYn32 n32 rY2 +
4 a0 a12 a23 cYn13 cYn32 n32 rY2 + 2 a02 a24 cYn13 cYn32 n32 rY2 +
8 a0 a1 a24 cYn13 cYn32 n32 rY2 + 2 a12 a24 cYn13 cYn32 n32 rY2 "
3 a02 a12 a22 cYn1 cYn22 cYn32 n32 rY2 +
4 a02 a1 a23 cYn1 cYn22 cYn32 n32 rY2 +
4 a0 a12 a23 cYn1 cYn22 cYn32 n32 rY2 +
2 a02 a24 cYn1 cYn22 cYn32 n32 rY2 +
8 a0 a1 a24 cYn1 cYn22 cYn32 n32 rY2 +
2 a12 a24 cYn1 cYn22 cYn32 n32 rY2 +
12 a02 a12 a22 cYn1 cYn34 n32 rY2 +
16 a02 a1 a23 cYn1 cYn34 n32 rY2 +
16 a0 a12 a23 cYn1 cYn34 n32 rY2 +
2 a02 a24 cYn1 cYn34 n32 rY2 + 8 a0 a1 a24 cYn1 cYn34 n32 rY2 +
2 a12 a24 cYn1 cYn34 n32 rY2 + 12 a02 a1 a22 cYn1 cYn3 n33 rY3 +
12 a0 a12 a22 cYn1 cYn3 n33 rY3 + 12 a02 a23 cYn1 cYn3 n33 rY3 +
36 a0 a1 a23 cYn1 cYn3 n33 rY3 + 12 a12 a23 cYn1 cYn3 n33 rY3 +
12 a0 a24 cYn1 cYn3 n33 rY3 + 12 a1 a24 cYn1 cYn3 n33 rY3 "
2 a02 a12 a2 cYn13 cYn3 n33 rY3 " 2 a02 a1 a22 cYn13 cYn3 n33 rY3 "
2 a0 a12 a22 cYn13 cYn3 n33 rY3 + 2 a02 a23 cYn13 cYn3 n33 rY3 +
6 a0 a1 a23 cYn13 cYn3 n33 rY3 + 2 a12 a23 cYn13 cYn3 n33 rY3 +
4 a0 a24 cYn13 cYn3 n33 rY3 + 4 a1 a24 cYn13 cYn3 n33 rY3 "
2 a02 a12 a2 cYn1 cYn22 cYn3 n33 rY3 "
2 a02 a1 a22 cYn1 cYn22 cYn3 n33 rY3 "
2 a0 a12 a22 cYn1 cYn22 cYn3 n33 rY3 +
2 a02 a23 cYn1 cYn22 cYn3 n33 rY3 +
6 a0 a1 a23 cYn1 cYn22 cYn3 n33 rY3 +
2 a12 a23 cYn1 cYn22 cYn3 n33 rY3 +
4 a0 a24 cYn1 cYn22 cYn3 n33 rY3 +
4 a1 a24 cYn1 cYn22 cYn3 n33 rY3 +
8 a02 a12 a2 cYn1 cYn33 n33 rY3 + 24 a02 a1 a22 cYn1 cYn33 n33 rY3 +
24 a0 a12 a22 cYn1 cYn33 n33 rY3 + 8 a02 a23 cYn1 cYn33 n33 rY3 +
28 a0 a1 a23 cYn1 cYn33 n33 rY3 + 8 a12 a23 cYn1 cYn33 n33 rY3 +
4 a0 a24 cYn1 cYn33 n33 rY3 + 4 a1 a24 cYn1 cYn33 n33 rY3 +
6 a02 a22 cYn1 n34 rY4 + 12 a0 a1 a22 cYn1 n34 rY4 +
6 a12 a22 cYn1 n34 rY4 + 12 a0 a23 cYn1 n34 rY4 +
12 a1 a23 cYn1 n34 rY4 + 6 a24 cYn1 n34 rY4 +
a02 a12 cYn13 n34 rY4 " 2 a02 a1 a2 cYn13 n34 rY4 "

+ "
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a02 a12 cYn13 n34 rY4 " 2 a02 a1 a2 cYn13 n34 rY4 "
2 a0 a12 a2 cYn13 n34 rY4 + a02 a22 cYn13 n34 rY4 "
2 a0 a1 a22 cYn13 n34 rY4 + a12 a22 cYn13 n34 rY4 +
2 a0 a23 cYn13 n34 rY4 + 2 a1 a23 cYn13 n34 rY4 +
2 a24 cYn13 n34 rY4 + a02 a12 cYn1 cYn22 n34 rY4 "
2 a02 a1 a2 cYn1 cYn22 n34 rY4 " 2 a0 a12 a2 cYn1 cYn22 n34 rY4 +
a02 a22 cYn1 cYn22 n34 rY4 " 2 a0 a1 a22 cYn1 cYn22 n34 rY4 +
a12 a22 cYn1 cYn22 n34 rY4 + 2 a0 a23 cYn1 cYn22 n34 rY4 +
2 a1 a23 cYn1 cYn22 n34 rY4 + 2 a24 cYn1 cYn22 n34 rY4 +
2 a02 a12 cYn1 cYn32 n34 rY4 + 16 a02 a1 a2 cYn1 cYn32 n34 rY4 +
16 a0 a12 a2 cYn1 cYn32 n34 rY4 + 12 a02 a22 cYn1 cYn32 n34 rY4 +
36 a0 a1 a22 cYn1 cYn32 n34 rY4 + 12 a12 a22 cYn1 cYn32 n34 rY4 +
12 a0 a23 cYn1 cYn32 n34 rY4 + 12 a1 a23 cYn1 cYn32 n34 rY4 +
2 a24 cYn1 cYn32 n34 rY4 + 4 a02 a1 cYn1 cYn3 n35 rY5 +
4 a0 a12 cYn1 cYn3 n35 rY5 + 8 a02 a2 cYn1 cYn3 n35 rY5 +
20 a0 a1 a2 cYn1 cYn3 n35 rY5 + 8 a12 a2 cYn1 cYn3 n35 rY5 +
12 a0 a22 cYn1 cYn3 n35 rY5 + 12 a1 a22 cYn1 cYn3 n35 rY5 +
4 a23 cYn1 cYn3 n35 rY5 + 2 a02 cYn1 n36 rY6 +
4 a0 a1 cYn1 n36 rY6 + 2 a12 cYn1 n36 rY6 +
4 a0 a2 cYn1 n36 rY6 + 4 a1 a2 cYn1 n36 rY6 +
2 a22 cYn1 n36 rY6 + 2 a0 a1 a22 cYn12 cYn32 rY
√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a0 a1 a22 cYn22 cYn32

rY √a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 a2 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a0 a22 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a1 a22 cYn12 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 a2 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a0 a22 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2

cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a1 a22 cYn22 cYn3 n3 rY2

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a1 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a1 a2 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

+ + +  +
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a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + 2 a22 cYn12 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 + a0 a1 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a0 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " a1 a2 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2 " 2 a22 cYn22 n32 rY3

√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

2 cYn1 rY2 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY22, pY1 , 3,

n1 , "a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY "
√a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY + a1 a2 cYn1 n32 rY2 "

4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY +

a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

2 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2,

n2 , "cYn2 a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY +

a1 a2 cYn1 n32 rY + √a0 a1 a2 cYn1 cYn3 n3 + a0 a1 cYn1 n32 rY + a0 a2 cYn1 n32 rY +

a1 a2 cYn1 n32 rY2 " 4 a0 a1 a2 cYn12 n32 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY +

a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY + a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

2 cYn1 a0 a1 a2 cYn32 + a0 a1 cYn3 n3 rY + a0 a2 cYn3 n3 rY + a1 a2 cYn3 n3 rY +

a0 n32 rY2 + a1 n32 rY2 + a2 n32 rY2

Computations for Lemma 6.20.
Case B.1 where there exists N6 s.t. Fix(N) = Y4 ⋃ P0.
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(""""""""""""""""""""""""""""""
NOTATIONS
rY xY denotes the restriction of x to Y
ai denotes the Hopf weight at Pi
Nij denotes the product of the normal weights shared between Pi and Pj
Sni is the sum of the square of the normal weights at Pi
cYn0 xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cYj xYj denotes the j#th Chern class of the normal bundle of Y in the
remaining directions
µx5YB1 denotes the local datum of x5 at Y
µx5PiB1 denotes the local datum of x5 at Pi
µs1x3YB1 denotes the local datum of p1(X)x3 at Y
µs1x3PiB1 denotes the local datum of p1(X)x3 at Pi

We use the variable t to extract the coefficient of order 2 of xY. We
then evaluate xY2 to 1.
The orientation of the point P0 is 1 while those from P1 and P2 are #

1. This explains the signs at their local datum
Once evaluated, we extract all the coefficients in l into a list.
"""""""""""""""""""""""""""""")

µx5YB1 =
FactorCoefficientList

CoefficientExpand(rY xY t + l z)5 Series(cYn0 xY t + n0 z)#1, {xY, 0, 2}

SeriescY2 xY2 t2 + cY1 xY t z + z2#1, {xY, 0, 2}, t, 2, l .. xY^2 / 1

0, 0, 0,
10 rY2

n0
, "

5 (cYn0 + cY1 n0) rY

n02
,
cYn02 + cY1 cYn0 n0 + cY12 n02 " cY2 n02

n03


µx5P0B1 = CoefficientListExpand((a0 + l) z)5 (n0 z)#1 (n0 z)#1 (n0 z)#1 (N01 z)#1 (N02 z)#1,

l


a05

n03 N01 N02
,

5 a04

n03 N01 N02
,

10 a03

n03 N01 N02
,

10 a02

n03 N01 N02
,

5 a0

n03 N01 N02
,

1

n03 N01 N02


µx5P1B1 = CoefficientList#Expand((a1 + l) z)5 N01#1 N12#1 z#5, l

"
a15

N01 N12
, "

5 a14

N01 N12
, "

10 a13

N01 N12
, "

10 a12

N01 N12
, "

5 a1

N01 N12
, "

1

N01 N12


µx5P2B1 = CoefficientList#Expand((a2 + l) z)5 N02#1 N12#1 z#5, l

"
a25

N02 N12
, "

5 a24

N02 N12
, "

10 a23

N02 N12
, "

10 a22

N02 N12
, "

5 a2

N02 N12
, "

1

N02 N12


SymmetricReductionExpand(yY1 t + z)2 + (yY2 t + z)2, {yY1, yY2}, cY1 xY, cY2 xY2

cY12 t2 xY2 " 2 cY2 t2 xY2 + 2 cY1 t xY z + 2 z2, 0

µs1x3YB1 =
FactorCoefficientList

CoefficientpY1 t2 + (cYn0 xY t + n0 z)2 + cY12 t2 xY2 # 2 cY2 t2 xY2 + 2 cY1 t xY z + 2 z2

Expand(rY xY t + l z)3 Series(cYn0 xY t + n0 z)#1, {xY, 0, 2}

SeriescY2 xY2 t2 + cY1 xY t z + z2#1, {xY, 0, 2}, t, 2, l .. xY^2 / 1

0,
3 2 + n02 rY2

n0
,
3 "2 cYn0 + cYn0 n02 " cY1 n03 rY

n02
,

2 cYn02 + cY12 n02 " 4 cY2 n02 " cY1 cYn0 n03 + cY12 n04 " cY2 n04 + n02 pY1

n03

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µs1x3P0B1 =

CoefficientListSn0 z2 Expand((a0 + l) z)3 (n0 z)#1 (n0 z)#1 (n0 z)#1 (N01 z)#1 (N02 z)#1,

l


a03 Sn0

n03 N01 N02
,

3 a02 Sn0

n03 N01 N02
,

3 a0 Sn0

n03 N01 N02
,

Sn0

n03 N01 N02


µs1x3P1B1 = CoefficientList#Sn1 z2 Expand((a1 + l) z)3 N01#1 N12#1 z#5, l

"
a13 Sn1

N01 N12
, "

3 a12 Sn1

N01 N12
, "

3 a1 Sn1

N01 N12
, "

Sn1

N01 N12


µs1x3P2B1 = CoefficientList#Sn2 z2 Expand((a2 + l) z)3 N02#1 N12#1 z#5, l

"
a23 Sn2

N02 N12
, "

3 a22 Sn2

N02 N12
, "

3 a2 Sn2

N02 N12
, "

Sn2

N02 N12


µx5YB1 + µx5P0B1 + µx5P1B1 + µx5P2B1


a05

n03 N01 N02
"

a15

N01 N12
"

a25

N02 N12
,

5 a04

n03 N01 N02
"

5 a14

N01 N12
"

5 a24

N02 N12
,

10 a03

n03 N01 N02
"

10 a13

N01 N12
"

10 a23

N02 N12
,

10 a02

n03 N01 N02
"

10 a12

N01 N12
"

10 a22

N02 N12
+
10 rY2

n0
,

5 a0

n03 N01 N02
"

5 a1

N01 N12
"

5 a2

N02 N12
"
5 (cYn0 + cY1 n0) rY

n02
,

cYn02 + cY1 cYn0 n0 + cY12 n02 " cY2 n02

n03
+

1

n03 N01 N02
"

1

N01 N12
"

1

N02 N12


µs1x3YB1 + µs1x3P0B1 + µs1x3P1B1 + µs1x3P2B1


a03 Sn0

n03 N01 N02
"
a13 Sn1

N01 N12
"
a23 Sn2

N02 N12
,
3 2 + n02 rY2

n0
+

3 a02 Sn0

n03 N01 N02
"
3 a12 Sn1

N01 N12
"
3 a22 Sn2

N02 N12
,

3 "2 cYn0 + cYn0 n02 " cY1 n03 rY

n02
+

3 a0 Sn0

n03 N01 N02
"
3 a1 Sn1

N01 N12
"
3 a2 Sn2

N02 N12
,

2 cYn02 + cY12 n02 " 4 cY2 n02 " cY1 cYn0 n03 + cY12 n04 " cY2 n04 + n02 pY1

n03
+

Sn0

n03 N01 N02
"

Sn1

N01 N12
"

Sn2

N02 N12


Solve

(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.13
"""""""""""""""""""""""""""""")

0 4 #
3 a02

n03
+
3 rY2

n0
, 0 4 #

3 a0

n03
#
3 cYn0 rY

n02
, 0 4 #

1

n03
+
cYn02

n03

, {rY, cYn0}

rY , "
a0

n0
, cYn0 , 1, rY ,

a0

n0
, cYn0 , "1
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FactorSolve

d 4
a05

n03 N01 N02
#

a15

N01 N12
#

a25

N02 N12
,

0 4
5 a04

n03 N01 N02
#

5 a14

N01 N12
#

5 a24

N02 N12
,

0 4
10 a03

n03 N01 N02
#

10 a13

N01 N12
#

10 a23

N02 N12
,

0 4
10 a02

n03 N01 N02
#

10 a12

N01 N12
#

10 a22

N02 N12
+
10 rY2

n0
,

0 4
5 a0

n03 N01 N02
#

5 a1

N01 N12
#

5 a2

N02 N12
#
5 (cYn0 + cY1 n0) rY

n02
,

0 4
cYn02 + cY1 cYn0 n0 + cY12 n02 # cY2 n02

n03
+

1

n03 N01 N02
#

1

N01 N12
#

1

N02 N12
,

p d 4
a03 Sn0

n03 N01 N02
#
a13 Sn1

N01 N12
#
a23 Sn2

N02 N12
,

0 4
3 2 + n02 rY2

n0
+

3 a02 Sn0

n03 N01 N02
#
3 a12 Sn1

N01 N12
#
3 a22 Sn2

N02 N12
,

0 4
3 #2 cYn0 + cYn0 n02 # cY1 n03 rY

n02
+

3 a0 Sn0

n03 N01 N02
#
3 a1 Sn1

N01 N12
#
3 a2 Sn2

N02 N12
,

0 4
2 cYn02 + cY12 n02 # 4 cY2 n02 # cY1 cYn0 n03 + cY12 n04 # cY2 n04 + n02 pY1

n03
+

Sn0

n03 N01 N02
#

Sn1

N01 N12
#

Sn2

N02 N12
,

pY1 4 3,
(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.13
"""""""""""""""""""""""""""""")

0 4 #
3 a02

n03
+
3 rY2

n0
, 0 4 #

3 a0

n03
#
3 cYn0 rY

n02
, 0 4 #

1

n03
+
cYn02

n03

, {p, d, n0, N01, N02, N12, Sn0, Sn1, Sn2, pY1, cY1, cY2, cYn0}
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p ,
4 a12 a22 + a12 rY2 + a22 rY2

a12 a22 rY2
, d , a1 a2 rY3, n0 , "

a0

rY
,

N01 , "
(a0 " a1) a1

a22
, N02 ,

(a0 " a2) a2

a12
, N12 , "

a1 (a1 " a2) a2

rY3
,

Sn0 ,
3 a02 a12 a22 + a02 a12 rY2 " 2 a0 a12 a2 rY2 + a02 a22 rY2 " 2 a0 a1 a22 rY2 + 2 a12 a22 rY2

a12 a22 rY2
,

Sn1 ,
a02 a22 " 2 a0 a1 a22 + 4 a12 a22 + a12 rY2 " 2 a1 a2 rY2 + a22 rY2

a22 rY2
,

Sn2 ,
a02 a12 " 2 a0 a12 a2 + 4 a12 a22 + a12 rY2 " 2 a1 a2 rY2 + a22 rY2

a12 rY2
,

pY1 , 3, cY1 , "
(a1 + a2) rY

a1 a2
, cY2 ,

rY2

a1 a2
, cYn0 , 1,

p ,
4 a12 a22 + a12 rY2 + a22 rY2

a12 a22 rY2
, d , a1 a2 rY3, n0 , "

a0

rY
,

N01 ,
(a0 " a1) a1

a22
, N02 , "

(a0 " a2) a2

a12
, N12 ,

a1 (a1 " a2) a2

rY3
,

Sn0 ,
3 a02 a12 a22 + a02 a12 rY2 " 2 a0 a12 a2 rY2 + a02 a22 rY2 " 2 a0 a1 a22 rY2 + 2 a12 a22 rY2

a12 a22 rY2
,

Sn1 ,
a02 a22 " 2 a0 a1 a22 + 4 a12 a22 + a12 rY2 " 2 a1 a2 rY2 + a22 rY2

a22 rY2
,

Sn2 ,
a02 a12 " 2 a0 a12 a2 + 4 a12 a22 + a12 rY2 " 2 a1 a2 rY2 + a22 rY2

a12 rY2
,

pY1 , 3, cY1 , "
(a1 + a2) rY

a1 a2
, cY2 ,

rY2

a1 a2
, cYn0 , 1,

p ,
4 a12 a22 + a12 rY2 + a22 rY2

a12 a22 rY2
, d , "a1 a2 rY3, n0 ,

a0

rY
,

N01 , "
(a0 " a1) a1

a22
, N02 ,

(a0 " a2) a2

a12
, N12 ,

a1 (a1 " a2) a2

rY3
,

Sn0 ,
3 a02 a12 a22 + a02 a12 rY2 " 2 a0 a12 a2 rY2 + a02 a22 rY2 " 2 a0 a1 a22 rY2 + 2 a12 a22 rY2

a12 a22 rY2
,

Sn1 ,
a02 a22 " 2 a0 a1 a22 + 4 a12 a22 + a12 rY2 " 2 a1 a2 rY2 + a22 rY2

a22 rY2
,

Sn2 ,
a02 a12 " 2 a0 a12 a2 + 4 a12 a22 + a12 rY2 " 2 a1 a2 rY2 + a22 rY2

a12 rY2
,

pY1 , 3, cY1 , "
(a1 + a2) rY

a1 a2
, cY2 ,

rY2

a1 a2
, cYn0 , "1,

p ,
4 a12 a22 + a12 rY2 + a22 rY2

a12 a22 rY2
, d , "a1 a2 rY3, n0 ,

a0

rY
,

N01 ,
(a0 " a1) a1

a22
, N02 , "

(a0 " a2) a2

a12
, N12 , "

a1 (a1 " a2) a2

rY3
,

Sn0 ,
3 a02 a12 a22 + a02 a12 rY2 " 2 a0 a12 a2 rY2 + a02 a22 rY2 " 2 a0 a1 a22 rY2 + 2 a12 a22 rY2

a12 a22 rY2
,

Sn1 ,
a02 a22 " 2 a0 a1 a22 + 4 a12 a22 + a12 rY2 " 2 a1 a2 rY2 + a22 rY2

a22 rY2
,

Sn2 ,
a02 a12 " 2 a0 a12 a2 + 4 a12 a22 + a12 rY2 " 2 a1 a2 rY2 + a22 rY2

a12 rY2
,

pY1 , 3, cY1 , "
(a1 + a2) rY

a1 a2
, cY2 ,

rY2

a1 a2
, cYn0 , "1

Computations for Lemma 6.20.
Case B.2 where there exists N6 s.t. Fix(N) = Y4 ⋃ P1.
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Computations for Lemma 6.20.
Case B.2 where there exists N6 s.t. Fix(N) = Y4 ⋃ P1.

(""""""""""""""""""""""""""""""
NOTATIONS
rY xY denotes the restriction of x to Y
ai denotes the Hopf weight at Pi
Nij denotes the product of the normal weights shared between Pi and Pj
Sni is the sum of the square of the normal weights at Pi
cYn1 xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cYj xYj denotes the j#th Chern class of the normal bundle of Y in the
remaining directions
µx5YB2 denotes the local datum of x5 at Y
µx5PiB2 denotes the local datum of x5 at Pi
µs1x3YB2 denotes the local datum of p1(X)x3 at Y
µs1x3PiB2 denotes the local datum of p1(X)x3 at Pi

We use the variable t to extract the coefficient of order 2 of xY. We
then evaluate xY2 to 1.
The orientation of the point P0 is 1 while those from P1 and P2 are #

1. This explains the signs at their local datum
Once evaluated, we extract all the coefficients in l into a list.
"""""""""""""""""""""""""""""")

µx5YB2 =
FactorCoefficientList

CoefficientExpand(rY xY t + l z)5 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

SeriescY2 xY2 t2 + cY1 xY t z + z2#1, {xY, 0, 2}, t, 2, l .. xY^2 / 1

0, 0, 0,
10 rY2

n1
, "

5 (cYn1 + cY1 n1) rY

n12
,
cYn12 + cY1 cYn1 n1 + cY12 n12 " cY2 n12

n13


µx5P0B2 = CoefficientListExpand((a0 + l) z)5 N01#1 N02#1 z#5, l


a05

N01 N02
,

5 a04

N01 N02
,

10 a03

N01 N02
,

10 a02

N01 N02
,

5 a0

N01 N02
,

1

N01 N02


µx5P1B2 =

CoefficientList#Expand((a1 + l) z)5 (n1 z)#1 (n1 z)#1 (n1 z)#1 (N01 z)#1 (N12 z)#1, l

"
a15

N01 n13 N12
, "

5 a14

N01 n13 N12
, "

10 a13

N01 n13 N12
, "

10 a12

N01 n13 N12
, "

5 a1

N01 n13 N12
, "

1

N01 n13 N12


µx5P2B2 = CoefficientList#Expand((a2 + l) z)5 N02#1 N12#1 z#5, l

"
a25

N02 N12
, "

5 a24

N02 N12
, "

10 a23

N02 N12
, "

10 a22

N02 N12
, "

5 a2

N02 N12
, "

1

N02 N12


SymmetricReductionExpand(yY1 t + z)2 + (yY2 t + z)2, {yY1, yY2}, cY1 xY, cY2 xY2

cY12 t2 xY2 " 2 cY2 t2 xY2 + 2 cY1 t xY z + 2 z2, 0
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µs1x3YB2 =
FactorCoefficientList

CoefficientpY1 t2 + (cYn1 xY t + n1 z)2 + cY12 t2 xY2 # 2 cY2 t2 xY2 + 2 cY1 t xY z + 2 z2

Expand(rY xY t + l z)3 Series(cYn1 xY t + n1 z)#1, {xY, 0, 2}

SeriescY2 xY2 t2 + cY1 xY t z + z2#1, {xY, 0, 2}, t, 2, l .. xY^2 / 1

0,
3 2 + n12 rY2

n1
,
3 "2 cYn1 + cYn1 n12 " cY1 n13 rY

n12
,

2 cYn12 + cY12 n12 " 4 cY2 n12 " cY1 cYn1 n13 + cY12 n14 " cY2 n14 + n12 pY1

n13


µs1x3P0B2 = CoefficientListSn0 z2 Expand((a0 + l) z)3 N01#1 N02#1 z#5, l


a03 Sn0

N01 N02
,
3 a02 Sn0

N01 N02
,
3 a0 Sn0

N01 N02
,

Sn0

N01 N02


µs1x3P1B2 =

CoefficientList#Sn1 z2 Expand((a1 + l) z)3 (n1 z)#1 (n1 z)#1 (n1 z)#1 (N01 z)#1 (N12 z)#1,

l

"
a13 Sn1

N01 n13 N12
, "

3 a12 Sn1

N01 n13 N12
, "

3 a1 Sn1

N01 n13 N12
, "

Sn1

N01 n13 N12


µs1x3P2B2 = CoefficientList#Sn2 z2 Expand((a2 + l) z)3 N02#1 N12#1 z#5, l

"
a23 Sn2

N02 N12
, "

3 a22 Sn2

N02 N12
, "

3 a2 Sn2

N02 N12
, "

Sn2

N02 N12


µx5YB2 + µx5P0B2 + µx5P1B2 + µx5P2B2


a05

N01 N02
"

a25

N02 N12
"

a15

N01 n13 N12
,

5 a04

N01 N02
"

5 a24

N02 N12
"

5 a14

N01 n13 N12
,

10 a03

N01 N02
"

10 a23

N02 N12
"

10 a13

N01 n13 N12
,

10 a02

N01 N02
"

10 a22

N02 N12
"

10 a12

N01 n13 N12
+
10 rY2

n1
,

5 a0

N01 N02
"

5 a2

N02 N12
"

5 a1

N01 n13 N12
"
5 (cYn1 + cY1 n1) rY

n12
,

1

N01 N02
+
cYn12 + cY1 cYn1 n1 + cY12 n12 " cY2 n12

n13
"

1

N02 N12
"

1

N01 n13 N12


µs1x3YB2 + µs1x3P0B2 + µs1x3P1B2 + µs1x3P2B2


a03 Sn0

N01 N02
"

a13 Sn1

N01 n13 N12
"
a23 Sn2

N02 N12
,
3 2 + n12 rY2

n1
+
3 a02 Sn0

N01 N02
"

3 a12 Sn1

N01 n13 N12
"
3 a22 Sn2

N02 N12
,

3 "2 cYn1 + cYn1 n12 " cY1 n13 rY

n12
+
3 a0 Sn0

N01 N02
"

3 a1 Sn1

N01 n13 N12
"
3 a2 Sn2

N02 N12
,

2 cYn12 + cY12 n12 " 4 cY2 n12 " cY1 cYn1 n13 + cY12 n14 " cY2 n14 + n12 pY1

n13
+

Sn0

N01 N02
"

Sn1

N01 n13 N12
"

Sn2

N02 N12

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FactorSolve

d 4
a05

N01 N02
#

a25

N02 N12
#

a15

N01 n13 N12
,

0 4
5 a04

N01 N02
#

5 a24

N02 N12
#

5 a14

N01 n13 N12
,

0 4
10 a03

N01 N02
#

10 a23

N02 N12
#

10 a13

N01 n13 N12
,

0 4
10 a02

N01 N02
#

10 a22

N02 N12
#

10 a12

N01 n13 N12
+
10 rY2

n1
,

0 4
5 a0

N01 N02
#

5 a2

N02 N12
#

5 a1

N01 n13 N12
#
5 (cYn1 + cY1 n1) rY

n12
,

0 4
1

N01 N02
+
cYn12 + cY1 cYn1 n1 + cY12 n12 # cY2 n12

n13
#

1

N02 N12
#

1

N01 n13 N12
,

p d 4
a03 Sn0

N01 N02
#

a13 Sn1

N01 n13 N12
#
a23 Sn2

N02 N12
,

0 4
3 2 + n12 rY2

n1
+
3 a02 Sn0

N01 N02
#

3 a12 Sn1

N01 n13 N12
#
3 a22 Sn2

N02 N12
,

0 4
3 #2 cYn1 + cYn1 n12 # cY1 n13 rY

n12
+
3 a0 Sn0

N01 N02
#

3 a1 Sn1

N01 n13 N12
#
3 a2 Sn2

N02 N12
,

0 4
2 cYn12 + cY12 n12 # 4 cY2 n12 # cY1 cYn1 n13 + cY12 n14 # cY2 n14 + n12 pY1

n13
+

Sn0

N01 N02
#

Sn1

N01 n13 N12
#

Sn2

N02 N12
,

pY1 4 3,
(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.13
"""""""""""""""""""""""""""""")

0 4 #
3 a12

n13
+
3 rY2

n1
, 0 4 #

3 a1

n13
#
3 cYn1 rY

n12
, 0 4 #

1

n13
+
cYn12

n13

, {p, d, n1, N01, N02, N12, Sn0, Sn1, Sn2, cY1, cY2, pY1, cYn1}
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p ,
4 a02 a22 + a02 rY2 + a22 rY2

a02 a22 rY2
, d , a0 a2 rY3, n1 , "

a1

rY
,

N01 , "
a0 (a0 " a1)

a22
, N02 , "

a0 (a0 " a2) a2

rY3
, N12 ,

(a1 " a2) a2

a02
,

Sn0 ,
4 a02 a22 " 2 a0 a1 a22 + a12 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a22 rY2
,

Sn1 ,
3 a02 a12 a22 + a02 a12 rY2 " 2 a02 a1 a2 rY2 + 2 a02 a22 rY2 " 2 a0 a1 a22 rY2 + a12 a22 rY2

a02 a22 rY2
,

Sn2 ,
a02 a12 " 2 a02 a1 a2 + 4 a02 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a02 rY2
,

cY1 , "
(a0 + a2) rY

a0 a2
, cY2 ,

rY2

a0 a2
, pY1 , 3, cYn1 , 1,

p ,
4 a02 a22 + a02 rY2 + a22 rY2

a02 a22 rY2
, d , a0 a2 rY3, n1 , "

a1

rY
,

N01 ,
a0 (a0 " a1)

a22
, N02 ,

a0 (a0 " a2) a2

rY3
, N12 , "

(a1 " a2) a2

a02
,

Sn0 ,
4 a02 a22 " 2 a0 a1 a22 + a12 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a22 rY2
,

Sn1 ,
3 a02 a12 a22 + a02 a12 rY2 " 2 a02 a1 a2 rY2 + 2 a02 a22 rY2 " 2 a0 a1 a22 rY2 + a12 a22 rY2

a02 a22 rY2
,

Sn2 ,
a02 a12 " 2 a02 a1 a2 + 4 a02 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a02 rY2
,

cY1 , "
(a0 + a2) rY

a0 a2
, cY2 ,

rY2

a0 a2
, pY1 , 3, cYn1 , 1,

p ,
4 a02 a22 + a02 rY2 + a22 rY2

a02 a22 rY2
, d , "a0 a2 rY3, n1 ,

a1

rY
,

N01 , "
a0 (a0 " a1)

a22
, N02 ,

a0 (a0 " a2) a2

rY3
, N12 ,

(a1 " a2) a2

a02
,

Sn0 ,
4 a02 a22 " 2 a0 a1 a22 + a12 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a22 rY2
,

Sn1 ,
3 a02 a12 a22 + a02 a12 rY2 " 2 a02 a1 a2 rY2 + 2 a02 a22 rY2 " 2 a0 a1 a22 rY2 + a12 a22 rY2

a02 a22 rY2
,

Sn2 ,
a02 a12 " 2 a02 a1 a2 + 4 a02 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a02 rY2
,

cY1 , "
(a0 + a2) rY

a0 a2
, cY2 ,

rY2

a0 a2
, pY1 , 3, cYn1 , "1,

p ,
4 a02 a22 + a02 rY2 + a22 rY2

a02 a22 rY2
, d , "a0 a2 rY3, n1 ,

a1

rY
,

N01 ,
a0 (a0 " a1)

a22
, N02 , "

a0 (a0 " a2) a2

rY3
, N12 , "

(a1 " a2) a2

a02
,

Sn0 ,
4 a02 a22 " 2 a0 a1 a22 + a12 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a22 rY2
,

Sn1 ,
3 a02 a12 a22 + a02 a12 rY2 " 2 a02 a1 a2 rY2 + 2 a02 a22 rY2 " 2 a0 a1 a22 rY2 + a12 a22 rY2

a02 a22 rY2
,

Sn2 ,
a02 a12 " 2 a02 a1 a2 + 4 a02 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a02 rY2
,

cY1 , "
(a0 + a2) rY

a0 a2
, cY2 ,

rY2

a0 a2
, pY1 , 3, cYn1 , "1

Computations for Lemma 6.20.
Case B.3 where there exists N6 s.t. Fix(N) = Y4 ⋃ P0 and M6 
Fix(M) = Y4 ⋃ P1.
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Computations for Lemma 6.20.
Case B.3 where there exists N6 s.t. Fix(N) = Y4 ⋃ P0 and M6 
Fix(M) = Y4 ⋃ P1.

(""""""""""""""""""""""""""""""
NOTATIONS
rY xY denotes the restriction of x to Y
ai denotes the Hopf weight at Pi
Nij denotes the product of the normal weights shared between Pi and Pj
Sni is the sum of the square of the normal weights at Pi
cYn0 xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cYn1 xY denotes the first Chern class of the normal bundle of Y in the
direction of M
cYj xYj denotes the j#th Chern class of the normal bundle of Y in the
remaining directions
µx5YB3 denotes the local datum of x5 at Y
µx5PiB3 denotes the local datum of x5 at Pi
µs1x3YB3 denotes the local datum of p1(X)x3 at Y
µs1x3PiB3 denotes the local datum of p1(X)x3 at Pi

We use the variable t to extract the coefficient of order 2 of xY. We
then evaluate xY2 to 1.
The orientation of the point P0 is 1 while those from P1 and P2 are #

1. This explains the signs at their local datum
Once evaluated, we extract all the coefficients in l into a list.
"""""""""""""""""""""""""""""")

µx5YB3 =
FactorCoefficientList

CoefficientExpand(rY xY t + l z)5 Series(cYn0 xY t + n0 z)#1, {xY, 0, 2}

Series(cYn1 xY t + n1 z)#1, {xY, 0, 2} Series(cY1 xY t + z)#1, {xY, 0, 2}, t, 2,

l .. xY^2 / 1

0, 0, 0,
10 rY2

n0 n1
, "

5 (cYn1 n0 + cYn0 n1 + cY1 n0 n1) rY

n02 n12
,

cYn12 n02 + cYn0 cYn1 n0 n1 + cY1 cYn1 n02 n1 + cYn02 n12 + cY1 cYn0 n0 n12 + cY12 n02 n12

n03 n13


µx5P0B3 = CoefficientListExpand((a0 + l) z)5 (n0 z)#1 (n0 z)#1 (n0 z)#1 (N01 z)#1 (N02 z)#1,

l


a05

n03 N01 N02
,

5 a04

n03 N01 N02
,

10 a03

n03 N01 N02
,

10 a02

n03 N01 N02
,

5 a0

n03 N01 N02
,

1

n03 N01 N02


µx5P1B3 =

CoefficientList#Expand((a1 + l) z)5 (n1 z)#1 (n1 z)#1 (n1 z)#1 (N01 z)#1 (N12 z)#1, l

"
a15

N01 n13 N12
, "

5 a14

N01 n13 N12
, "

10 a13

N01 n13 N12
, "

10 a12

N01 n13 N12
, "

5 a1

N01 n13 N12
, "

1

N01 n13 N12


µx5P2B3 = CoefficientList#Expand((a2 + l) z)5 N02#1 N12#1 z#5, l

"
a25

N02 N12
, "

5 a24

N02 N12
, "

10 a23

N02 N12
, "

10 a22

N02 N12
, "

5 a2

N02 N12
, "

1

N02 N12

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µs1x3YB3 =
FactorCoefficientList

CoefficientpY1 t2 + (cYn0 xY t + n0 z)2 + (cYn1 xY t + n1 z)2 + (cY1 xY t + z)2

Expand(rY xY t + l z)3 Series(cYn0 xY t + n0 z)#1, {xY, 0, 2}

Series(cYn1 xY t + n1 z)#1, {xY, 0, 2} Series(cY1 xY t + z)#1, {xY, 0, 2}, t, 2,

l .. xY^2 / 1

0,
3 1 + n02 + n12 rY2

n0 n1
,

"
1

n02 n12
3 cYn1 n0 + cYn1 n03 + cYn0 n1 " cY1 n0 n1 " cYn0 n02 n1 + cY1 n03 n1 "

cYn1 n0 n12 + cYn0 n13 + cY1 n0 n13 rY,

1

n03 n13
cYn12 n02 + cYn12 n04 + cYn0 cYn1 n0 n1 " cY1 cYn1 n02 n1 " cYn0 cYn1 n03 n1 +

cY1 cYn1 n04 n1 + cYn02 n12 " cY1 cYn0 n0 n12 " cY1 cYn0 n03 n12 + cY12 n04 n12 "

cYn0 cYn1 n0 n13 " cY1 cYn1 n02 n13 + cYn02 n14 + cY1 cYn0 n0 n14 + cY12 n02 n14 + n02 n12 pY1

µs1x3P0B3 =

CoefficientListSn0 z2 Expand((a0 + l) z)3 (n0 z)#1 (n0 z)#1 (n0 z)#1 (N01 z)#1 (N02 z)#1,

l


a03 Sn0

n03 N01 N02
,

3 a02 Sn0

n03 N01 N02
,

3 a0 Sn0

n03 N01 N02
,

Sn0

n03 N01 N02


µs1x3P1B3 =

CoefficientList#Sn1 z2 Expand((a1 + l) z)3 (n1 z)#1 (n1 z)#1 (n1 z)#1 (N01 z)#1 (N12 z)#1,

l

"
a13 Sn1

N01 n13 N12
, "

3 a12 Sn1

N01 n13 N12
, "

3 a1 Sn1

N01 n13 N12
, "

Sn1

N01 n13 N12


µs1x3P2B3 = CoefficientList#Sn2 z2 Expand((a2 + l) z)3 N02#1 N12#1 z#5, l

"
a23 Sn2

N02 N12
, "

3 a22 Sn2

N02 N12
, "

3 a2 Sn2

N02 N12
, "

Sn2

N02 N12


µx5YB3 + µx5P0B3 + µx5P1B3 + µx5P2B3


a05

n03 N01 N02
"

a25

N02 N12
"

a15

N01 n13 N12
,

5 a04

n03 N01 N02
"

5 a24

N02 N12
"

5 a14

N01 n13 N12
,

10 a03

n03 N01 N02
"

10 a23

N02 N12
"

10 a13

N01 n13 N12
,

10 a02

n03 N01 N02
"

10 a22

N02 N12
"

10 a12

N01 n13 N12
+
10 rY2

n0 n1
,

5 a0

n03 N01 N02
"

5 a2

N02 N12
"

5 a1

N01 n13 N12
"
5 (cYn1 n0 + cYn0 n1 + cY1 n0 n1) rY

n02 n12
,

1

n03 N01 N02
+

cYn12 n02 + cYn0 cYn1 n0 n1 + cY1 cYn1 n02 n1 + cYn02 n12 + cY1 cYn0 n0 n12 + cY12 n02 n12

n03 n13
"

1

N02 N12
"

1

N01 n13 N12

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µs1x3YB3 + µs1x3P0B3 + µs1x3P1B3 + µs1x3P2B3


a03 Sn0

n03 N01 N02
"

a13 Sn1

N01 n13 N12
"
a23 Sn2

N02 N12
,

3 1 + n02 + n12 rY2

n0 n1
+

3 a02 Sn0

n03 N01 N02
"

3 a12 Sn1

N01 n13 N12
"
3 a22 Sn2

N02 N12
,

"
1

n02 n12
3 cYn1 n0 + cYn1 n03 + cYn0 n1 " cY1 n0 n1 " cYn0 n02 n1 + cY1 n03 n1 "

cYn1 n0 n12 + cYn0 n13 + cY1 n0 n13 rY +
3 a0 Sn0

n03 N01 N02
"

3 a1 Sn1

N01 n13 N12
"
3 a2 Sn2

N02 N12
,

1

n03 n13
cYn12 n02 + cYn12 n04 + cYn0 cYn1 n0 n1 " cY1 cYn1 n02 n1 " cYn0 cYn1 n03 n1 +

cY1 cYn1 n04 n1 + cYn02 n12 " cY1 cYn0 n0 n12 " cY1 cYn0 n03 n12 + cY12 n04 n12 "
cYn0 cYn1 n0 n13 " cY1 cYn1 n02 n13 + cYn02 n14 + cY1 cYn0 n0 n14 +

cY12 n02 n14 + n02 n12 pY1 +
Sn0

n03 N01 N02
"

Sn1

N01 n13 N12
"

Sn2

N02 N12

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FactorSolve

d 4
a05

n03 N01 N02
#

a25

N02 N12
#

a15

N01 n13 N12
,

0 4
5 a04

n03 N01 N02
#

5 a24

N02 N12
#

5 a14

N01 n13 N12
,

0 4
10 a03

n03 N01 N02
#

10 a23

N02 N12
#

10 a13

N01 n13 N12
,

0 4
10 a02

n03 N01 N02
#

10 a22

N02 N12
#

10 a12

N01 n13 N12
+
10 rY2

n0 n1
,

0 4
5 a0

n03 N01 N02
#

5 a2

N02 N12
#

5 a1

N01 n13 N12
#
5 (cYn1 n0 + cYn0 n1 + cY1 n0 n1) rY

n02 n12
,

0 4
1

n03 N01 N02
+

cYn12 n02 + cYn0 cYn1 n0 n1 + cY1 cYn1 n02 n1 + cYn02 n12 + cY1 cYn0 n0 n12 + cY12 n02 n12

n03 n13
#

1

N02 N12
#

1

N01 n13 N12
,

p d 4
a03 Sn0

n03 N01 N02
#

a13 Sn1

N01 n13 N12
#
a23 Sn2

N02 N12
,

0 4
3 1 + n02 + n12 rY2

n0 n1
+

3 a02 Sn0

n03 N01 N02
#

3 a12 Sn1

N01 n13 N12
#
3 a22 Sn2

N02 N12
,

0 4

#
1

n02 n12

3 cYn1 n0 + cYn1 n03 + cYn0 n1 # cY1 n0 n1 # cYn0 n02 n1 + cY1 n03 n1 # cYn1 n0 n12 +

cYn0 n13 + cY1 n0 n13 rY +
3 a0 Sn0

n03 N01 N02
#

3 a1 Sn1

N01 n13 N12
#
3 a2 Sn2

N02 N12
,

0 4
1

n03 n13
cYn12 n02 + cYn12 n04 + cYn0 cYn1 n0 n1 # cY1 cYn1 n02 n1 # cYn0 cYn1 n03 n1 +

cY1 cYn1 n04 n1 + cYn02 n12 # cY1 cYn0 n0 n12 # cY1 cYn0 n03 n12 + cY12 n04 n12 #
cYn0 cYn1 n0 n13 # cY1 cYn1 n02 n13 + cYn02 n14 + cY1 cYn0 n0 n14 + cY12 n02 n14 +

n02 n12 pY1 +
Sn0

n03 N01 N02
#

Sn1

N01 n13 N12
#

Sn2

N02 N12
,

pY1 4 3,
(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.13
"""""""""""""""""""""""""""""")

0 4 #
3 a02

n03
+
3 rY2

n0
, 0 4 #

3 a0

n03
#
3 cYn0 rY

n02
, 0 4 #

1

n03
+
cYn02

n03
,

0 4 #
3 a12

n13
+
3 rY2

n1
, 0 4 #

3 a1

n13
#
3 cYn1 rY

n12
, 0 4 #

1

n13
+
cYn12

n13

, {p, d, n0, n1, N01, N02, N12, pY1, cY1, cYn0, cYn1, Sn0, Sn1, Sn2}

p ,
5 a22 + rY2

a22 rY2
, d , "a2 rY4, n0 , "

a0

rY
, n1 , "

a1

rY
, N01 , "

(a0 " a1) rY

a22
,

N02 , "
(a0 " a2) a2

rY2
, N12 , "

(a1 " a2) a2

rY2
, pY1 , 3, cY1 , "

rY

a2
, cYn0 , 1,

cYn1 , 1, Sn0 ,
4 a02 a22 " 2 a0 a1 a22 + a12 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a22 rY2
,

,
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Sn1 ,
a02 a22 " 2 a0 a1 a22 + 4 a12 a22 + a12 rY2 " 2 a1 a2 rY2 + a22 rY2

a22 rY2
,

Sn2 ,
a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
,

p ,
5 a22 + rY2

a22 rY2
, d , "a2 rY4, n0 , "

a0

rY
, n1 , "

a1

rY
, N01 ,

(a0 " a1) rY

a22
,

N02 ,
(a0 " a2) a2

rY2
, N12 ,

(a1 " a2) a2

rY2
, pY1 , 3, cY1 , "

rY

a2
, cYn0 , 1,

cYn1 , 1, Sn0 ,
4 a02 a22 " 2 a0 a1 a22 + a12 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a22 rY2
,

Sn1 ,
a02 a22 " 2 a0 a1 a22 + 4 a12 a22 + a12 rY2 " 2 a1 a2 rY2 + a22 rY2

a22 rY2
,

Sn2 ,
a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
,

p ,
5 a22 + rY2

a22 rY2
, d , a2 rY4, n0 , "

a0

rY
, n1 ,

a1

rY
, N01 , "

(a0 " a1) rY

a22
,

N02 ,
(a0 " a2) a2

rY2
, N12 , "

(a1 " a2) a2

rY2
, pY1 , 3, cY1 , "

rY

a2
, cYn0 , 1,

cYn1 , "1, Sn0 ,
4 a02 a22 " 2 a0 a1 a22 + a12 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a22 rY2
,

Sn1 ,
a02 a22 " 2 a0 a1 a22 + 4 a12 a22 + a12 rY2 " 2 a1 a2 rY2 + a22 rY2

a22 rY2
,

Sn2 ,
a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
,

p ,
5 a22 + rY2

a22 rY2
, d , a2 rY4, n0 , "

a0

rY
, n1 ,

a1

rY
, N01 ,

(a0 " a1) rY

a22
,

N02 , "
(a0 " a2) a2

rY2
, N12 ,

(a1 " a2) a2

rY2
, pY1 , 3, cY1 , "

rY

a2
, cYn0 , 1,

cYn1 , "1, Sn0 ,
4 a02 a22 " 2 a0 a1 a22 + a12 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a22 rY2
,

Sn1 ,
a02 a22 " 2 a0 a1 a22 + 4 a12 a22 + a12 rY2 " 2 a1 a2 rY2 + a22 rY2

a22 rY2
,

Sn2 ,
a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
,

p ,
5 a22 + rY2

a22 rY2
, d , a2 rY4, n0 ,

a0

rY
, n1 , "

a1

rY
, N01 , "

(a0 " a1) rY

a22
,

N02 , "
(a0 " a2) a2

rY2
, N12 ,

(a1 " a2) a2

rY2
, pY1 , 3, cY1 , "

rY

a2
, cYn0 , "1,

cYn1 , 1, Sn0 ,
4 a02 a22 " 2 a0 a1 a22 + a12 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a22 rY2
,

Sn1 ,
a02 a22 " 2 a0 a1 a22 + 4 a12 a22 + a12 rY2 " 2 a1 a2 rY2 + a22 rY2

a22 rY2
,

Sn2 ,
a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
,

p ,
5 a22 + rY2

a22 rY2
, d , a2 rY4, n0 ,

a0

rY
, n1 , "

a1

rY
, N01 ,

(a0 " a1) rY

a22
,

N02 ,
(a0 " a2) a2

rY2
, N12 , "

(a1 " a2) a2

rY2
, pY1 , 3, cY1 , "

rY

a2
, cYn0 , "1,

cYn1 , 1, Sn0 ,
4 a02 a22 " 2 a0 a1 a22 + a12 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a22 rY2
,

Sn1 ,
a02 a22 " 2 a0 a1 a22 + 4 a12 a22 + a12 rY2 " 2 a1 a2 rY2 + a22 rY2

a22 rY2
,

,
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Sn2 ,
a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
,

p ,
5 a22 + rY2

a22 rY2
, d , "a2 rY4, n0 ,

a0

rY
, n1 ,

a1

rY
, N01 , "

(a0 " a1) rY

a22
,

N02 ,
(a0 " a2) a2

rY2
, N12 ,

(a1 " a2) a2

rY2
, pY1 , 3, cY1 , "

rY

a2
, cYn0 , "1,

cYn1 , "1, Sn0 ,
4 a02 a22 " 2 a0 a1 a22 + a12 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a22 rY2
,

Sn1 ,
a02 a22 " 2 a0 a1 a22 + 4 a12 a22 + a12 rY2 " 2 a1 a2 rY2 + a22 rY2

a22 rY2
,

Sn2 ,
a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
,

p ,
5 a22 + rY2

a22 rY2
, d , "a2 rY4, n0 ,

a0

rY
, n1 ,

a1

rY
, N01 ,

(a0 " a1) rY

a22
,

N02 , "
(a0 " a2) a2

rY2
, N12 , "

(a1 " a2) a2

rY2
, pY1 , 3, cY1 , "

rY

a2
, cYn0 , "1,

cYn1 , "1, Sn0 ,
4 a02 a22 " 2 a0 a1 a22 + a12 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a22 rY2
,

Sn1 ,
a02 a22 " 2 a0 a1 a22 + 4 a12 a22 + a12 rY2 " 2 a1 a2 rY2 + a22 rY2

a22 rY2
,

Sn2 ,
a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2


Computations for Lemma 6.20.
Case B.4 where there exists N6 s.t. Fix(N) = Y4 ⋃ P1 and M6 
Fix(M) = Y4 ⋃ P2.

(""""""""""""""""""""""""""""""
NOTATIONS
rY xY denotes the restriction of x to Y
ai denotes the Hopf weight at Pi
Nij denotes the product of the normal weights shared between Pi and Pj
Sni is the sum of the square of the normal weights at Pi
cYn1 xY denotes the first Chern class of the normal bundle of Y in the
direction of N
cYn2 xY denotes the first Chern class of the normal bundle of Y in the
direction of M
cYj xYj denotes the j#th Chern class of the normal bundle of Y in the
remaining directions
µx5YB4 denotes the local datum of x5 at Y
µx5PiB4 denotes the local datum of x5 at Pi
µs1x3YB4 denotes the local datum of p1(X)x3 at Y
µs1x3PiB4 denotes the local datum of p1(X)x3 at Pi

We use the variable t to extract the coefficient of order 2 of xY. We
then evaluate xY2 to 1.
The orientation of the point P0 is 1 while those from P1 and P2 are #

1. This explains the signs at their local datum
Once evaluated, we extract all the coefficients in l into a list.
"""""""""""""""""""""""""""""")
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µx5YB4 =
FactorCoefficientList

CoefficientExpand(rY xY t + l z)5 Series(cY1 xY t + z)#1, {xY, 0, 2}

Series(cYn1 xY t + n1 z)#1, {xY, 0, 2} Series(cYn2 xY t + n2 z)#1, {xY, 0, 2},

t, 2, l .. xY^2 / 1

0, 0, 0,
10 rY2

n1 n2
, "

5 (cYn2 n1 + cYn1 n2 + cY1 n1 n2) rY

n12 n22
,

cYn22 n12 + cYn1 cYn2 n1 n2 + cY1 cYn2 n12 n2 + cYn12 n22 + cY1 cYn1 n1 n22 + cY12 n12 n22

n13 n23


µx5P0B4 = CoefficientListExpand((a0 + l) z)5 N01#1 N02#1 z#5, l


a05

N01 N02
,

5 a04

N01 N02
,

10 a03

N01 N02
,

10 a02

N01 N02
,

5 a0

N01 N02
,

1

N01 N02


µx5P1B4 =

CoefficientList#Expand((a1 + l) z)5 (n1 z)#1 (n1 z)#1 (n1 z)#1 (N01 z)#1 (N12 z)#1, l

"
a15

N01 n13 N12
, "

5 a14

N01 n13 N12
, "

10 a13

N01 n13 N12
, "

10 a12

N01 n13 N12
, "

5 a1

N01 n13 N12
, "

1

N01 n13 N12


µx5P2B4 =

CoefficientList#Expand((a2 + l) z)5 (n2 z)#1 (n2 z)#1 (n2 z)#1 (N02 z)#1 (N12 z)#1, l

"
a25

N02 N12 n23
, "

5 a24

N02 N12 n23
, "

10 a23

N02 N12 n23
, "

10 a22

N02 N12 n23
, "

5 a2

N02 N12 n23
, "

1

N02 N12 n23


µs1x3YB4 =
FactorCoefficientList

CoefficientpY1 t2 + (cY1 xY t + z)2 + (cYn1 xY t + n1 z)2 + (cYn2 xY t + n2 z)2

Expand(rY xY t + l z)3 Series(cY1 xY t + z)#1, {xY, 0, 2}

Series(cYn1 xY t + n1 z)#1, {xY, 0, 2} Series(cYn2 xY t + n2 z)#1, {xY, 0, 2},

t, 2, l .. xY^2 / 1

0,
3 1 + n12 + n22 rY2

n1 n2
,

"
1

n12 n22
3 cYn2 n1 + cYn2 n13 + cYn1 n2 " cY1 n1 n2 " cYn1 n12 n2 + cY1 n13 n2 "

cYn2 n1 n22 + cYn1 n23 + cY1 n1 n23 rY,

1

n13 n23
cYn22 n12 + cYn22 n14 + cYn1 cYn2 n1 n2 " cY1 cYn2 n12 n2 " cYn1 cYn2 n13 n2 +

cY1 cYn2 n14 n2 + cYn12 n22 " cY1 cYn1 n1 n22 " cY1 cYn1 n13 n22 + cY12 n14 n22 "

cYn1 cYn2 n1 n23 " cY1 cYn2 n12 n23 + cYn12 n24 + cY1 cYn1 n1 n24 + cY12 n12 n24 + n12 n22 pY1

µs1x3P0B4 = CoefficientListSn0 z2 Expand((a0 + l) z)3 N01#1 N02#1 z#5, l


a03 Sn0

N01 N02
,
3 a02 Sn0

N01 N02
,
3 a0 Sn0

N01 N02
,

Sn0

N01 N02


µs1x3P1B4 =

CoefficientList#Sn1 z2 Expand((a1 + l) z)3 (n1 z)#1 (n1 z)#1 (n1 z)#1 (N01 z)#1 (N12 z)#1,

l

"
a13 Sn1

N01 n13 N12
, "

3 a12 Sn1

N01 n13 N12
, "

3 a1 Sn1

N01 n13 N12
, "

Sn1

N01 n13 N12

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µs1x3P2B4 =

CoefficientList#Sn2 z 2 Expand((a2 + l) z)3 (n2 z)#1 (n2 z)#1 (n2 z)#1 (N02 z)#1 (N12 z)#1,

l

"
a23 Sn2

N02 N12 n23
, "

3 a22 Sn2

N02 N12 n23
, "

3 a2 Sn2

N02 N12 n23
, "

Sn2

N02 N12 n23


µx5YB4 + µx5P0B4 + µx5P1B4 + µx5P2B4


a05

N01 N02
"

a15

N01 n13 N12
"

a25

N02 N12 n23
,

5 a04

N01 N02
"

5 a14

N01 n13 N12
"

5 a24

N02 N12 n23
,

10 a03

N01 N02
"

10 a13

N01 n13 N12
"

10 a23

N02 N12 n23
,

10 a02

N01 N02
"

10 a12

N01 n13 N12
"

10 a22

N02 N12 n23
+
10 rY2

n1 n2
,

5 a0

N01 N02
"

5 a1

N01 n13 N12
"

5 a2

N02 N12 n23
"
5 (cYn2 n1 + cYn1 n2 + cY1 n1 n2) rY

n12 n22
,

1

N01 N02
"

1

N01 n13 N12
"

1

N02 N12 n23
+

cYn22 n12 + cYn1 cYn2 n1 n2 + cY1 cYn2 n12 n2 + cYn12 n22 + cY1 cYn1 n1 n22 + cY12 n12 n22

n13 n23


µs1x3YB4 + µs1x3P0B4 + µs1x3P1B4 + µs1x3P2B4


a03 Sn0

N01 N02
"

a13 Sn1

N01 n13 N12
"

a23 Sn2

N02 N12 n23
,

3 1 + n12 + n22 rY2

n1 n2
+
3 a02 Sn0

N01 N02
"

3 a12 Sn1

N01 n13 N12
"

3 a22 Sn2

N02 N12 n23
,

"
1

n12 n22
3 cYn2 n1 + cYn2 n13 + cYn1 n2 " cY1 n1 n2 " cYn1 n12 n2 + cY1 n13 n2 "

cYn2 n1 n22 + cYn1 n23 + cY1 n1 n23 rY +
3 a0 Sn0

N01 N02
"

3 a1 Sn1

N01 n13 N12
"

3 a2 Sn2

N02 N12 n23
,

1

n13 n23
cYn22 n12 + cYn22 n14 + cYn1 cYn2 n1 n2 " cY1 cYn2 n12 n2 " cYn1 cYn2 n13 n2 +

cY1 cYn2 n14 n2 + cYn12 n22 " cY1 cYn1 n1 n22 " cY1 cYn1 n13 n22 + cY12 n14 n22 "
cYn1 cYn2 n1 n23 " cY1 cYn2 n12 n23 + cYn12 n24 + cY1 cYn1 n1 n24 +

cY12 n12 n24 + n12 n22 pY1 +
Sn0

N01 N02
"

Sn1

N01 n13 N12
"

Sn2

N02 N12 n23

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FactorSolve

d 4
a05

N01 N02
#

a15

N01 n13 N12
#

a25

N02 N12 n23
,

0 4
5 a04

N01 N02
#

5 a14

N01 n13 N12
#

5 a24

N02 N12 n23
,

0 4
10 a03

N01 N02
#

10 a13

N01 n13 N12
#

10 a23

N02 N12 n23
,

0 4
10 a02

N01 N02
#

10 a12

N01 n13 N12
#

10 a22

N02 N12 n23
+
10 rY2

n1 n2
,

0 4
5 a0

N01 N02
#

5 a1

N01 n13 N12
#

5 a2

N02 N12 n23
#
5 (cYn2 n1 + cYn1 n2 + cY1 n1 n2) rY

n12 n22
,

0 4
1

N01 N02
#

1

N01 n13 N12
#

1

N02 N12 n23
+

cYn22 n12 + cYn1 cYn2 n1 n2 + cY1 cYn2 n12 n2 + cYn12 n22 + cY1 cYn1 n1 n22 + cY12 n12 n22

n13 n23
,

p d 4
a03 Sn0

N01 N02
#

a13 Sn1

N01 n13 N12
#

a23 Sn2

N02 N12 n23
,

0 4
3 1 + n12 + n22 rY2

n1 n2
+
3 a02 Sn0

N01 N02
#

3 a12 Sn1

N01 n13 N12
#

3 a22 Sn2

N02 N12 n23
,

0 4

#
1

n12 n22

3 cYn2 n1 + cYn2 n13 + cYn1 n2 # cY1 n1 n2 # cYn1 n12 n2 + cY1 n13 n2 # cYn2 n1 n22 +

cYn1 n23 + cY1 n1 n23 rY +
3 a0 Sn0

N01 N02
#

3 a1 Sn1

N01 n13 N12
#

3 a2 Sn2

N02 N12 n23
,

0 4
1

n13 n23
cYn22 n12 + cYn22 n14 + cYn1 cYn2 n1 n2 # cY1 cYn2 n12 n2 # cYn1 cYn2 n13 n2 +

cY1 cYn2 n14 n2 + cYn12 n22 # cY1 cYn1 n1 n22 # cY1 cYn1 n13 n22 + cY12 n14 n22 #
cYn1 cYn2 n1 n23 # cY1 cYn2 n12 n23 + cYn12 n24 + cY1 cYn1 n1 n24 + cY12 n12 n24 +

n12 n22 pY1 +
Sn0

N01 N02
#

Sn1

N01 n13 N12
#

Sn2

N02 N12 n23
,

pY1 4 3, (""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.13
"""""""""""""""""""""""""""""")

0 4 #
3 a12

n13
+
3 rY2

n1
, 0 4 #

3 a1

n13
#
3 cYn1 rY

n12
, 0 4 #

1

n13
+
cYn12

n13
,

0 4 #
3 a22

n23
+
3 rY2

n2
, 0 4 #

3 a2

n23
#
3 cYn2 rY

n22
, 0 4 #

1

n23
+
cYn22

n23

, {p, d, n1, n2, N01, N02, N12, cY1, cYn1, cYn2, Sn0, Sn1, Sn2, pY1}

p ,
5 a02 + rY2

a02 rY2
, d , "a0 rY4, n1 , "

a1

rY
, n2 , "

a2

rY
,

N01 , "
a0 (a0 " a1)

rY2
, N02 ,

a0 (a0 " a2)

rY2
, N12 , "

(a1 " a2) rY

a02
,

cY1 , "
rY

a0
, cYn1 , 1, cYn2 , 1, Sn0 ,

5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
,

Sn1 ,
4 a02 a12 " 2 a02 a1 a2 + a02 a22 + a02 rY2 " 2 a0 a1 rY2 + a12 rY2

a02 rY2
,

Sn2 ,
a02 a12 " 2 a02 a1 a2 + 4 a02 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a02 rY2
, pY1 , 3,
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p ,
5 a02 + rY2

a02 rY2
, d , "a0 rY4, n1 , "

a1

rY
, n2 , "

a2

rY
, N01 ,

a0 (a0 " a1)

rY2
, N02 , "

a0 (a0 " a2)

rY2
,

N12 ,
(a1 " a2) rY

a02
, cY1 , "

rY

a0
, cYn1 , 1, cYn2 , 1, Sn0 ,

5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
,

Sn1 ,
4 a02 a12 " 2 a02 a1 a2 + a02 a22 + a02 rY2 " 2 a0 a1 rY2 + a12 rY2

a02 rY2
,

Sn2 ,
a02 a12 " 2 a02 a1 a2 + 4 a02 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a02 rY2
, pY1 , 3,

p ,
5 a02 + rY2

a02 rY2
, d , a0 rY4, n1 , "

a1

rY
, n2 ,

a2

rY
, N01 ,

a0 (a0 " a1)

rY2
,

N02 ,
a0 (a0 " a2)

rY2
, N12 , "

(a1 " a2) rY

a02
, cY1 , "

rY

a0
,

cYn1 , 1, cYn2 , "1, Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
,

Sn1 ,
4 a02 a12 " 2 a02 a1 a2 + a02 a22 + a02 rY2 " 2 a0 a1 rY2 + a12 rY2

a02 rY2
,

Sn2 ,
a02 a12 " 2 a02 a1 a2 + 4 a02 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a02 rY2
, pY1 , 3,

p ,
5 a02 + rY2

a02 rY2
, d , a0 rY4, n1 , "

a1

rY
, n2 ,

a2

rY
, N01 , "

a0 (a0 " a1)

rY2
,

N02 , "
a0 (a0 " a2)

rY2
, N12 ,

(a1 " a2) rY

a02
, cY1 , "

rY

a0
,

cYn1 , 1, cYn2 , "1, Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
,

Sn1 ,
4 a02 a12 " 2 a02 a1 a2 + a02 a22 + a02 rY2 " 2 a0 a1 rY2 + a12 rY2

a02 rY2
,

Sn2 ,
a02 a12 " 2 a02 a1 a2 + 4 a02 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a02 rY2
, pY1 , 3,

p ,
5 a02 + rY2

a02 rY2
, d , a0 rY4, n1 ,

a1

rY
, n2 , "

a2

rY
, N01 , "

a0 (a0 " a1)

rY2
,

N02 , "
a0 (a0 " a2)

rY2
, N12 , "

(a1 " a2) rY

a02
, cY1 , "

rY

a0
,

cYn1 , "1, cYn2 , 1, Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
,

Sn1 ,
4 a02 a12 " 2 a02 a1 a2 + a02 a22 + a02 rY2 " 2 a0 a1 rY2 + a12 rY2

a02 rY2
,

Sn2 ,
a02 a12 " 2 a02 a1 a2 + 4 a02 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a02 rY2
, pY1 , 3,

p ,
5 a02 + rY2

a02 rY2
, d , a0 rY4, n1 ,

a1

rY
, n2 , "

a2

rY
, N01 ,

a0 (a0 " a1)

rY2
,

N02 ,
a0 (a0 " a2)

rY2
, N12 ,

(a1 " a2) rY

a02
, cY1 , "

rY

a0
,

cYn1 , "1, cYn2 , 1, Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
,

Sn1 ,
4 a02 a12 " 2 a02 a1 a2 + a02 a22 + a02 rY2 " 2 a0 a1 rY2 + a12 rY2

a02 rY2
,

Sn2 ,
a02 a12 " 2 a02 a1 a2 + 4 a02 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a02 rY2
, pY1 , 3,

p ,
5 a02 + rY2

a02 rY2
, d , "a0 rY4, n1 ,

a1

rY
, n2 ,

a2

rY
, N01 ,

a0 (a0 " a1)

rY2
,

N02 , "
a0 (a0 " a2)

rY2
, N12 , "

(a1 " a2) rY

a02
, cY1 , "

rY

a0
,

, , ,
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cYn1 , "1, cYn2 , "1, Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
,

Sn1 ,
4 a02 a12 " 2 a02 a1 a2 + a02 a22 + a02 rY2 " 2 a0 a1 rY2 + a12 rY2

a02 rY2
,

Sn2 ,
a02 a12 " 2 a02 a1 a2 + 4 a02 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a02 rY2
, pY1 , 3,

p ,
5 a02 + rY2

a02 rY2
, d , "a0 rY4, n1 ,

a1

rY
, n2 ,

a2

rY
, N01 , "

a0 (a0 " a1)

rY2
,

N02 ,
a0 (a0 " a2)

rY2
, N12 ,

(a1 " a2) rY

a02
, cY1 , "

rY

a0
, cYn1 , "1,

cYn2 , "1, Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
,

Sn1 ,
4 a02 a12 " 2 a02 a1 a2 + a02 a22 + a02 rY2 " 2 a0 a1 rY2 + a12 rY2

a02 rY2
,

Sn2 ,
a02 a12 " 2 a02 a1 a2 + 4 a02 a22 + a02 rY2 " 2 a0 a2 rY2 + a22 rY2

a02 rY2
, pY1 , 3

Computations for Lemma 6.20.
Case B.5 where there exists Ni6 s.t. Fix(Ni) = Y4 ⋃ Pi for 
every Pi.

(""""""""""""""""""""""""""""""
NOTATIONS
rY xY denotes the restriction of x to Y
ai denotes the Hopf weight at Pi
Nij denotes the product of the normal weights shared between Pi and Pj
Sni is the sum of the square of the normal weights at Pi
cYni xY denotes the first Chern class of the normal bundle of Y in the
direction of Ni
µx5YB5 denotes the local datum of x5 at Y
µx5PiB5 denotes the local datum of x5 at Pi
µs1x3YB5 denotes the local datum of p1(X)x3 at Y
µs1x3PiB5 denotes the local datum of p1(X)x3 at Pi

We use the variable t to extract the coefficient of order 2 of xY. We
then evaluate xY2 to 1.
The orientation of the point P0 is 1 while those from P1 and P2 are #

1. This explains the signs at their local datum
Once evaluated, we extract all the coefficients in l into a list.
"""""""""""""""""""""""""""""")

µx5YB5 =
FactorCoefficientList

CoefficientExpand(rY xY t + l z)5 Series(cYn0 xY t + n0 z)#1, {xY, 0, 2}

Series(cYn1 xY t + n1 z)#1, {xY, 0, 2} Series(cYn2 xY t + n2 z)#1, {xY, 0, 2},

t, 2, l .. xY^2 / 1

0, 0, 0,
10 rY2

n0 n1 n2
, "

5 (cYn2 n0 n1 + cYn1 n0 n2 + cYn0 n1 n2) rY

n02 n12 n22
,

1

n03 n13 n23
cYn22 n02 n12 + cYn1 cYn2 n02 n1 n2 +

cYn0 cYn2 n0 n12 n2 + cYn12 n02 n22 + cYn0 cYn1 n0 n1 n22 + cYn02 n12 n22
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µx5P0B5 = CoefficientListExpand((a0 + l) z)5 (n0 z)#1 (n0 z)#1 (n0 z)#1 (N01 z)#1 (N02 z)#1,

l


a05

n03 N01 N02
,

5 a04

n03 N01 N02
,

10 a03

n03 N01 N02
,

10 a02

n03 N01 N02
,

5 a0

n03 N01 N02
,

1

n03 N01 N02


µx5P1B5 =

CoefficientList#Expand((a1 + l) z)5 (n1 z)#1 (n1 z)#1 (n1 z)#1 (N01 z)#1 (N12 z)#1, l

"
a15

N01 n13 N12
, "

5 a14

N01 n13 N12
, "

10 a13

N01 n13 N12
, "

10 a12

N01 n13 N12
, "

5 a1

N01 n13 N12
, "

1

N01 n13 N12


µx5P2B5 =

CoefficientList#Expand((a2 + l) z)5 (n2 z)#1 (n2 z)#1 (n2 z)#1 (N02 z)#1 (N12 z)#1, l

"
a25

N02 N12 n23
, "

5 a24

N02 N12 n23
, "

10 a23

N02 N12 n23
, "

10 a22

N02 N12 n23
, "

5 a2

N02 N12 n23
, "

1

N02 N12 n23


µs1x3YB5 =
FactorCoefficientList

CoefficientpY1 t2 + (cYn0 xY t + n0 z)2 + (cYn1 xY t + n1 z)2 + (cYn2 xY t + n2 z)2

Expand(rY xY t + l z)3 Series(cYn0 xY t + n0 z)#1, {xY, 0, 2}

Series(cYn1 xY t + n1 z)#1, {xY, 0, 2} Series(cYn2 xY t + n2 z)#1, {xY, 0, 2},

t, 2, l .. xY^2 / 1

0,
3 n02 + n12 + n22 rY2

n0 n1 n2
,

"
1

n02 n12 n22
3 cYn2 n03 n1 + cYn2 n0 n13 + cYn1 n03 n2 " cYn0 n02 n1 n2 "

cYn1 n0 n12 n2 + cYn0 n13 n2 " cYn2 n0 n1 n22 + cYn1 n0 n23 + cYn0 n1 n23 rY,

1

n03 n13 n23
cYn22 n04 n12 + cYn22 n02 n14 + cYn1 cYn2 n04 n1 n2 " cYn0 cYn2 n03 n12 n2 "

cYn1 cYn2 n02 n13 n2 + cYn0 cYn2 n0 n14 n2 + cYn12 n04 n22 " cYn0 cYn1 n03 n1 n22 "
cYn0 cYn1 n0 n13 n22 + cYn02 n14 n22 " cYn1 cYn2 n02 n1 n23 " cYn0 cYn2 n0 n12 n23 +

cYn12 n02 n24 + cYn0 cYn1 n0 n1 n24 + cYn02 n12 n24 + n02 n12 n22 pY1

µs1x3P0B5 =

CoefficientListSn0 z2 Expand((a0 + l) z)3 (n0 z)#1 (n0 z)#1 (n0 z)#1 (N01 z)#1 (N02 z)#1,

l


a03 Sn0

n03 N01 N02
,

3 a02 Sn0

n03 N01 N02
,

3 a0 Sn0

n03 N01 N02
,

Sn0

n03 N01 N02


µs1x3P1B5 =

CoefficientList#Sn1 z2 Expand((a1 + l) z)3 (n1 z)#1 (n1 z)#1 (n1 z)#1 (N01 z)#1 (N12 z)#1,

l

"
a13 Sn1

N01 n13 N12
, "

3 a12 Sn1

N01 n13 N12
, "

3 a1 Sn1

N01 n13 N12
, "

Sn1

N01 n13 N12


µs1x3P2B5 =

CoefficientList#Sn2 z 2 Expand((a2 + l) z)3 (n2 z)#1 (n2 z)#1 (n2 z)#1 (N02 z)#1 (N12 z)#1,

l

"
a23 Sn2

N02 N12 n23
, "

3 a22 Sn2

N02 N12 n23
, "

3 a2 Sn2

N02 N12 n23
, "

Sn2

N02 N12 n23

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µx5YB5 + µx5P0B5 + µx5P1B5 + µx5P2B5


a05

n03 N01 N02
"

a15

N01 n13 N12
"

a25

N02 N12 n23
,

5 a04

n03 N01 N02
"

5 a14

N01 n13 N12
"

5 a24

N02 N12 n23
,

10 a03

n03 N01 N02
"

10 a13

N01 n13 N12
"

10 a23

N02 N12 n23
,

10 a02

n03 N01 N02
"

10 a12

N01 n13 N12
"

10 a22

N02 N12 n23
+

10 rY2

n0 n1 n2
,

5 a0

n03 N01 N02
"

5 a1

N01 n13 N12
"

5 a2

N02 N12 n23
"
5 (cYn2 n0 n1 + cYn1 n0 n2 + cYn0 n1 n2) rY

n02 n12 n22
,

1

n03 N01 N02
"

1

N01 n13 N12
"

1

N02 N12 n23
+

1

n03 n13 n23
cYn22 n02 n12 + cYn1 cYn2 n02 n1 n2 +

cYn0 cYn2 n0 n12 n2 + cYn12 n02 n22 + cYn0 cYn1 n0 n1 n22 + cYn02 n12 n22

µs1x3YB5 + µs1x3P0B5 + µs1x3P1B5 + µs1x3P2B5


a03 Sn0

n03 N01 N02
"

a13 Sn1

N01 n13 N12
"

a23 Sn2

N02 N12 n23
,

3 n02 + n12 + n22 rY2

n0 n1 n2
+

3 a02 Sn0

n03 N01 N02
"

3 a12 Sn1

N01 n13 N12
"

3 a22 Sn2

N02 N12 n23
,

"
1

n02 n12 n22
3 cYn2 n03 n1 + cYn2 n0 n13 + cYn1 n03 n2 " cYn0 n02 n1 n2 " cYn1 n0 n12 n2 +

cYn0 n13 n2 " cYn2 n0 n1 n22 + cYn1 n0 n23 + cYn0 n1 n23 rY +
3 a0 Sn0

n03 N01 N02
"

3 a1 Sn1

N01 n13 N12
"

3 a2 Sn2

N02 N12 n23
,

1

n03 n13 n23
cYn22 n04 n12 + cYn22 n02 n14 + cYn1 cYn2 n04 n1 n2 "

cYn0 cYn2 n03 n12 n2 " cYn1 cYn2 n02 n13 n2 + cYn0 cYn2 n0 n14 n2 + cYn12 n04 n22 "
cYn0 cYn1 n03 n1 n22 " cYn0 cYn1 n0 n13 n22 + cYn02 n14 n22 " cYn1 cYn2 n02 n1 n23 "

cYn0 cYn2 n0 n12 n23 + cYn12 n02 n24 + cYn0 cYn1 n0 n1 n24 + cYn02 n12 n24 + n02 n12 n22 pY1 +

Sn0

n03 N01 N02
"

Sn1

N01 n13 N12
"

Sn2

N02 N12 n23

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FactorSolve

d 4
a05

n03 N01 N02
#

a15

N01 n13 N12
#

a25

N02 N12 n23
,

0 4
5 a04

n03 N01 N02
#

5 a14

N01 n13 N12
#

5 a24

N02 N12 n23
,

0 4
10 a03

n03 N01 N02
#

10 a13

N01 n13 N12
#

10 a23

N02 N12 n23
,

0 4
10 a02

n03 N01 N02
#

10 a12

N01 n13 N12
#

10 a22

N02 N12 n23
+

10 rY2

n0 n1 n2
,

0 4
5 a0

n03 N01 N02
#

5 a1

N01 n13 N12
#

5 a2

N02 N12 n23
#
5 (cYn2 n0 n1 + cYn1 n0 n2 + cYn0 n1 n2) rY

n02 n12 n22
,

0 4
1

n03 N01 N02
#

1

N01 n13 N12
#

1

N02 N12 n23
+

1

n03 n13 n23

cYn22 n02 n12 + cYn1 cYn2 n02 n1 n2 + cYn0 cYn2 n0 n12 n2 + cYn12 n02 n22 +

cYn0 cYn1 n0 n1 n22 + cYn02 n12 n22,

p d 4
a03 Sn0

n03 N01 N02
#

a13 Sn1

N01 n13 N12
#

a23 Sn2

N02 N12 n23
,

0 4
3 n02 + n12 + n22 rY2

n0 n1 n2
+

3 a02 Sn0

n03 N01 N02
#

3 a12 Sn1

N01 n13 N12
#

3 a22 Sn2

N02 N12 n23
,

0 4

#
1

n02 n12 n22

3 cYn2 n03 n1 + cYn2 n0 n13 + cYn1 n03 n2 # cYn0 n02 n1 n2 # cYn1 n0 n12 n2 +

cYn0 n13 n2 # cYn2 n0 n1 n22 + cYn1 n0 n23 + cYn0 n1 n23 rY +
3 a0 Sn0

n03 N01 N02
#

3 a1 Sn1

N01 n13 N12
#

3 a2 Sn2

N02 N12 n23
,

0 4
1

n03 n13 n23
cYn22 n04 n12 + cYn22 n02 n14 + cYn1 cYn2 n04 n1 n2 # cYn0 cYn2 n03 n12 n2 #

cYn1 cYn2 n02 n13 n2 + cYn0 cYn2 n0 n14 n2 + cYn12 n04 n22 # cYn0 cYn1 n03 n1 n22 #
cYn0 cYn1 n0 n13 n22 + cYn02 n14 n22 # cYn1 cYn2 n02 n1 n23 # cYn0 cYn2 n0 n12 n23 +
cYn12 n02 n24 + cYn0 cYn1 n0 n1 n24 + cYn02 n12 n24 + n02 n12 n22 pY1 +

Sn0

n03 N01 N02
#

Sn1

N01 n13 N12
#

Sn2

N02 N12 n23
,

pY1 4 3,
(""""""""""""""""""""""""""""""
The following equations are given by Lemma 6.13
"""""""""""""""""""""""""""""")

0 4 #
3 a02

n03
+
3 rY2

n0
, 0 4 #

3 a0

n03
#
3 cYn0 rY

n02
, 0 4 #

1

n03
+
cYn02

n03
,

0 4 #
3 a12

n13
+
3 rY2

n1
, 0 4 #

3 a1

n13
#
3 cYn1 rY

n12
, 0 4 #

1

n13
+
cYn12

n13
,

0 4 #
3 a22

n23
+
3 rY2

n2
, 0 4 #

3 a2

n23
#
3 cYn2 rY

n22
, 0 4 #

1

n23
+
cYn22

n23

, {p, d, n0, n1, n2, N01, N02, N12, cYn0, cYn1, cYn2, pY1, Sn0, Sn1, Sn2}

p ,
6

rY2
, d , rY5, n0 , "

a0

rY
, n1 , "

a1

rY
, n2 , "

a2

rY
,

N01 ,
a0 " a1

rY
, N02 , "

a0 " a2

rY
, N12 , "

a1 " a2

rY
, cYn0 , 1, cYn1 , 1,

, , ,
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cYn2 , 1, pY1 , 3, Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
,

Sn1 ,
a02 " 2 a0 a1 + 5 a12 " 2 a1 a2 + a22

rY2
, Sn2 ,

a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
,

p ,
6

rY2
, d , rY5, n0 , "

a0

rY
, n1 , "

a1

rY
, n2 , "

a2

rY
, N01 , "

a0 " a1

rY
,

N02 ,
a0 " a2

rY
, N12 ,

a1 " a2

rY
, cYn0 , 1, cYn1 , 1, cYn2 , 1, pY1 , 3,

Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
, Sn1 ,

a02 " 2 a0 a1 + 5 a12 " 2 a1 a2 + a22

rY2
,

Sn2 ,
a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
, p ,

6

rY2
, d , "rY5, n0 , "

a0

rY
,

n1 , "
a1

rY
, n2 ,

a2

rY
, N01 ,

a0 " a1

rY
, N02 ,

a0 " a2

rY
, N12 ,

a1 " a2

rY
, cYn0 , 1,

cYn1 , 1, cYn2 , "1, pY1 , 3, Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
,

Sn1 ,
a02 " 2 a0 a1 + 5 a12 " 2 a1 a2 + a22

rY2
, Sn2 ,

a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
,

p ,
6

rY2
, d , "rY5, n0 , "

a0

rY
, n1 , "

a1

rY
, n2 ,

a2

rY
, N01 , "

a0 " a1

rY
,

N02 , "
a0 " a2

rY
, N12 , "

a1 " a2

rY
, cYn0 , 1, cYn1 , 1, cYn2 , "1, pY1 , 3,

Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
, Sn1 ,

a02 " 2 a0 a1 + 5 a12 " 2 a1 a2 + a22

rY2
,

Sn2 ,
a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
, p ,

6

rY2
, d , "rY5, n0 , "

a0

rY
,

n1 ,
a1

rY
, n2 , "

a2

rY
, N01 ,

a0 " a1

rY
, N02 ,

a0 " a2

rY
, N12 , "

a1 " a2

rY
, cYn0 , 1,

cYn1 , "1, cYn2 , 1, pY1 , 3, Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
,

Sn1 ,
a02 " 2 a0 a1 + 5 a12 " 2 a1 a2 + a22

rY2
, Sn2 ,

a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
,

p ,
6

rY2
, d , "rY5, n0 , "

a0

rY
, n1 ,

a1

rY
, n2 , "

a2

rY
, N01 , "

a0 " a1

rY
,

N02 , "
a0 " a2

rY
, N12 ,

a1 " a2

rY
, cYn0 , 1, cYn1 , "1, cYn2 , 1, pY1 , 3,

Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
, Sn1 ,

a02 " 2 a0 a1 + 5 a12 " 2 a1 a2 + a22

rY2
,

Sn2 ,
a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
, p ,

6

rY2
, d , rY5, n0 , "

a0

rY
,

n1 ,
a1

rY
, n2 ,

a2

rY
, N01 ,

a0 " a1

rY
, N02 , "

a0 " a2

rY
, N12 ,

a1 " a2

rY
, cYn0 , 1,

cYn1 , "1, cYn2 , "1, pY1 , 3, Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
,

Sn1 ,
a02 " 2 a0 a1 + 5 a12 " 2 a1 a2 + a22

rY2
, Sn2 ,

a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
,

p ,
6

rY2
, d , rY5, n0 , "

a0

rY
, n1 ,

a1

rY
, n2 ,

a2

rY
, N01 , "

a0 " a1

rY
,

N02 ,
a0 " a2

rY
, N12 , "

a1 " a2

rY
, cYn0 , 1, cYn1 , "1, cYn2 , "1, pY1 , 3,

Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
, Sn1 ,

a02 " 2 a0 a1 + 5 a12 " 2 a1 a2 + a22

rY2
,

Sn2 ,
a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
, p ,

6

rY2
, d , "rY5, n0 ,

a0

rY
,

, , , , , ,
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n1 , "
a1

rY
, n2 , "

a2

rY
, N01 ,

a0 " a1

rY
, N02 , "

a0 " a2

rY
, N12 ,

a1 " a2

rY
, cYn0 , "1,

cYn1 , 1, cYn2 , 1, pY1 , 3, Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
,

Sn1 ,
a02 " 2 a0 a1 + 5 a12 " 2 a1 a2 + a22

rY2
, Sn2 ,

a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
,

p ,
6

rY2
, d , "rY5, n0 ,

a0

rY
, n1 , "

a1

rY
, n2 , "

a2

rY
, N01 , "

a0 " a1

rY
,

N02 ,
a0 " a2

rY
, N12 , "

a1 " a2

rY
, cYn0 , "1, cYn1 , 1, cYn2 , 1, pY1 , 3,

Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
, Sn1 ,

a02 " 2 a0 a1 + 5 a12 " 2 a1 a2 + a22

rY2
,

Sn2 ,
a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
, p ,

6

rY2
, d , rY5, n0 ,

a0

rY
,

n1 , "
a1

rY
, n2 ,

a2

rY
, N01 ,

a0 " a1

rY
, N02 ,

a0 " a2

rY
, N12 , "

a1 " a2

rY
, cYn0 , "1,

cYn1 , 1, cYn2 , "1, pY1 , 3, Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
,

Sn1 ,
a02 " 2 a0 a1 + 5 a12 " 2 a1 a2 + a22

rY2
, Sn2 ,

a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
,

p ,
6

rY2
, d , rY5, n0 ,

a0

rY
, n1 , "

a1

rY
, n2 ,

a2

rY
, N01 , "

a0 " a1

rY
,

N02 , "
a0 " a2

rY
, N12 ,

a1 " a2

rY
, cYn0 , "1, cYn1 , 1,

cYn2 , "1, pY1 , 3, Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
,

Sn1 ,
a02 " 2 a0 a1 + 5 a12 " 2 a1 a2 + a22

rY2
, Sn2 ,

a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
,

p ,
6

rY2
, d , rY5, n0 ,

a0

rY
, n1 ,

a1

rY
, n2 , "

a2

rY
, N01 ,

a0 " a1

rY
, N02 ,

a0 " a2

rY
, N12 ,

a1 " a2

rY
,

cYn0 , "1, cYn1 , "1, cYn2 , 1, pY1 , 3, Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
,

Sn1 ,
a02 " 2 a0 a1 + 5 a12 " 2 a1 a2 + a22

rY2
, Sn2 ,

a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
,

p ,
6

rY2
, d , rY5, n0 ,

a0

rY
, n1 ,

a1

rY
, n2 , "

a2

rY
, N01 , "

a0 " a1

rY
,

N02 , "
a0 " a2

rY
, N12 , "

a1 " a2

rY
, cYn0 , "1, cYn1 , "1,

cYn2 , 1, pY1 , 3, Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
,

Sn1 ,
a02 " 2 a0 a1 + 5 a12 " 2 a1 a2 + a22

rY2
, Sn2 ,

a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
,

p ,
6

rY2
, d , "rY5, n0 ,

a0

rY
, n1 ,

a1

rY
, n2 ,

a2

rY
, N01 ,

a0 " a1

rY
, N02 , "

a0 " a2

rY
,

N12 , "
a1 " a2

rY
, cYn0 , "1, cYn1 , "1, cYn2 , "1, pY1 , 3,

Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
, Sn1 ,

a02 " 2 a0 a1 + 5 a12 " 2 a1 a2 + a22

rY2
,

Sn2 ,
a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2
, p ,

6

rY2
, d , "rY5, n0 ,

a0

rY
,

n1 ,
a1

rY
, n2 ,

a2

rY
, N01 , "

a0 " a1

rY
, N02 ,

a0 " a2

rY
, N12 ,

a1 " a2

rY
, cYn0 , "1,

cYn1 , "1, cYn2 , "1, pY1 , 3, Sn0 ,
5 a02 " 2 a0 a1 + a12 " 2 a0 a2 + a22

rY2
,

, 
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Sn1 ,
a02 " 2 a0 a1 + 5 a12 " 2 a1 a2 + a22

rY2
, Sn2 ,

a02 + a12 " 2 a0 a2 " 2 a1 a2 + 5 a22

rY2


Computations for Lemma 6.21.
Case C. where the action is semi-free around Y.

(""""""""""""""""""""""""""""""
NOTATIONS
rY xY denotes the restriction of x to Y
ai denotes the Hopf weight at Pi
Nij denotes the product of the normal weights shared between Pi and Pj
Sni is the sum of the square of the normal weights at Pi
cYj xYj denotes the j#th Chern class of the normal bundle of Y in the
remaining directions
µx5YC denotes the local datum of x5 at Y
µx5PiC denotes the local datum of x5 at Pi
µs1x3YC denotes the local datum of p1(X)x3 at Y
µs1x3PiC denotes the local datum of p1(X)x3 at Pi

We use the variable t to extract the coefficient of order 2 of xY. We
then evaluate xY2 to 1.
The orientation of the point P0 is 1 while those from P1 and P2 are #

1. This explains the signs at their local datum
Once evaluated, we extract all the coefficients in l into a list.
"""""""""""""""""""""""""""""")

µx5YC =
FactorCoefficientList

CoefficientExpand(rY xY t + l z)5

SeriescY2 xY2 t2 z + cY1 xY t z2 + z3#1, {xY, 0, 2}, t, 2, l .. xY^2 / 1

0, 0, 0, 10 rY2, "5 cY1 rY, cY12 " cY2

µx5P0C = CoefficientListCoefficientExpand((a0 + l) z)5 N01#1 N02#1 z#5, t, 0, l


a05

N01 N02
,

5 a04

N01 N02
,

10 a03

N01 N02
,

10 a02

N01 N02
,

5 a0

N01 N02
,

1

N01 N02


µx5P1C = CoefficientListCoefficient#Expand((a1 + l) z)5 N01#1 N12#1 z#5, t, 0, l

"
a15

N01 N12
, "

5 a14

N01 N12
, "

10 a13

N01 N12
, "

10 a12

N01 N12
, "

5 a1

N01 N12
, "

1

N01 N12


µx5P2C = CoefficientListCoefficient#Expand((a2 + l) z)5 N02#1 N12#1 z#5, t, 0, l

"
a25

N02 N12
, "

5 a24

N02 N12
, "

10 a23

N02 N12
, "

10 a22

N02 N12
, "

5 a2

N02 N12
, "

1

N02 N12


SymmetricReductionExpand(yY1 t + z)2 + (yY2 t + z)2, {yY1, yY2}, cY1 xY, cY2 xY2

cY12 t2 xY2 " 2 cY2 t2 xY2 + 2 cY1 t xY z + 2 z2, 0
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µs1x3YC =
FactorCoefficientList

CoefficientpY1 t2 + cY12 t2 xY2 # 2 cY2 t2 xY2 + 2 cY1 t xY z + 3 z2

Expand(rY xY t + l z)3 SeriescY2 xY2 t2 z + cY1 xY t z2 + z3#1, {xY, 0, 2}, t, 2,

l .. xY2 / 1

0, 9 rY2, "3 cY1 rY, 2 cY12 " 5 cY2 + pY1

µs1x3P0C =

SimplifyCoefficientListCoefficientSn0 z2 Expand((a0 + l) z)3 N01#1 N02#1 z#5, t, 0,

l


a03 Sn0

N01 N02
,
3 a02 Sn0

N01 N02
,
3 a0 Sn0

N01 N02
,

Sn0

N01 N02


µs1x3P1C =

SimplifyCoefficientListCoefficient#Sn1 z2 Expand((a1 + l) z)3 N01#1 N12#1 z#5,

t, 0, l

"
a13 Sn1

N01 N12
, "

3 a12 Sn1

N01 N12
, "

3 a1 Sn1

N01 N12
, "

Sn1

N01 N12


µs1x3P2C =

SimplifyCoefficientListCoefficient#Sn2 z2 Expand((a2 + l) z)3 N02#1 N12#1 z#5,

t, 0, l

"
a23 Sn2

N02 N12
, "

3 a22 Sn2

N02 N12
, "

3 a2 Sn2

N02 N12
, "

Sn2

N02 N12


µx5YC + µx5P0C + µx5P1C + µx5P2C


a05

N01 N02
"

a15

N01 N12
"

a25

N02 N12
,

5 a04

N01 N02
"

5 a14

N01 N12
"

5 a24

N02 N12
,

10 a03

N01 N02
"

10 a13

N01 N12
"

10 a23

N02 N12
,

10 a02

N01 N02
"

10 a12

N01 N12
"

10 a22

N02 N12
+ 10 rY2,

5 a0

N01 N02
"

5 a1

N01 N12
"

5 a2

N02 N12
" 5 cY1 rY, cY12 " cY2 +

1

N01 N02
"

1

N01 N12
"

1

N02 N12


µs1x3YC + µs1x3P0C + µs1x3P1C + µs1x3P2C


a03 Sn0

N01 N02
"
a13 Sn1

N01 N12
"
a23 Sn2

N02 N12
, 9 rY2 +

3 a02 Sn0

N01 N02
"
3 a12 Sn1

N01 N12
"
3 a22 Sn2

N02 N12
,

"3 cY1 rY +
3 a0 Sn0

N01 N02
"
3 a1 Sn1

N01 N12
"
3 a2 Sn2

N02 N12
, 2 cY12 " 5 cY2 + pY1 +

Sn0

N01 N02
"

Sn1

N01 N12
"

Sn2

N02 N12

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Solve

d 4
a05

N01 N02
#

a15

N01 N12
#

a25

N02 N12
,

0 4
5 a04

N01 N02
#

5 a14

N01 N12
#

5 a24

N02 N12
,

0 4
10 a03

N01 N02
#

10 a13

N01 N12
#

10 a23

N02 N12
,

0 4
10 a02

N01 N02
#

10 a12

N01 N12
#

10 a22

N02 N12
+ 10 rY2

, {d, N01, N02, N12}

d , "a0 a1 a2 rY2, N01 , "
a0 (a0 " a1) a1

a22 rY
, N02 ,

a0 (a0 " a2) a2

a12 rY
, N12 ,

a1 (a1 " a2) a2

a02 rY
,

d , "a0 a1 a2 rY2, N01 ,
a0 (a0 " a1) a1

a22 rY
, N02 , "

a0 (a0 " a2) a2

a12 rY
, N12 , "

a1 (a1 " a2) a2

a02 rY

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Solve

d 4
a05

N01 N02
#

a15

N01 N12
#

a25

N02 N12
,

0 4
5 a04

N01 N02
#

5 a14

N01 N12
#

5 a24

N02 N12
,

0 4
10 a03

N01 N02
#

10 a13

N01 N12
#

10 a23

N02 N12
,

0 4
10 a02

N01 N02
#

10 a12

N01 N12
#

10 a22

N02 N12
+ 10 rY2,

0 4
5 a0

N01 N02
#

5 a1

N01 N12
#

5 a2

N02 N12
# 5 cY1 rY,

0 4 cY12 # cY2 +
1

N01 N02
#

1

N01 N12
#

1

N02 N12
,

p d 4
a03 Sn0

N01 N02
#
a13 Sn1

N01 N12
#
a23 Sn2

N02 N12
,

0 4 9 rY2 +
3 a02 Sn0

N01 N02
#
3 a12 Sn1

N01 N12
#
3 a22 Sn2

N02 N12
,

0 4 #3 cY1 rY +
3 a0 Sn0

N01 N02
#
3 a1 Sn1

N01 N12
#
3 a2 Sn2

N02 N12
,

0 4 2 cY12 # 5 cY2 + pY1 +
Sn0

N01 N02
#

Sn1

N01 N12
#

Sn2

N02 N12
,

pY1 4 3

, {p, d, N01, N02, N12, cY1, cY2, pY1, Sn0, Sn1, Sn2}

p ,
3 a02 a12 a22 + a02 a12 rY2 + a02 a22 rY2 + a12 a22 rY2

a02 a12 a22 rY2
, d , "a0 a1 a2 rY2,

N01 , "
a0 (a0 " a1) a1

a22 rY
, N02 ,

a0 (a0 " a2) a2

a12 rY
, N12 ,

a1 (a1 " a2) a2

a02 rY
,

cY1 ,
"a0 a1 rY " a0 a2 rY " a1 a2 rY

a0 a1 a2
, cY2 ,

(a0 + a1 + a2) rY2

a0 a1 a2
, pY1 , 3,

Sn0 ,
3 a02 a12 a22 + a02 a12 rY2 " 2 a0 a12 a2 rY2 + a02 a22 rY2 " 2 a0 a1 a22 rY2 + 2 a12 a22 rY2

a12 a22 rY2
,

Sn1 ,
3 a02 a12 a22 + a02 a12 rY2 " 2 a02 a1 a2 rY2 + 2 a02 a22 rY2 " 2 a0 a1 a22 rY2 + a12 a22 rY2

a02 a22 rY2
,

Sn2 ,
3 a02 a12 a22 + 2 a02 a12 rY2 " 2 a02 a1 a2 rY2 " 2 a0 a12 a2 rY2 + a02 a22 rY2 + a12 a22 rY2

a02 a12 rY2
,

p ,
3 a02 a12 a22 + a02 a12 rY2 + a02 a22 rY2 + a12 a22 rY2

a02 a12 a22 rY2
, d , "a0 a1 a2 rY2,

N01 ,
a0 (a0 " a1) a1

a22 rY
, N02 , "

a0 (a0 " a2) a2

a12 rY
, N12 , "

a1 (a1 " a2) a2

a02 rY
,

cY1 ,
"a0 a1 rY " a0 a2 rY " a1 a2 rY

a0 a1 a2
, cY2 ,

(a0 + a1 + a2) rY2

a0 a1 a2
, pY1 , 3,

Sn0 ,
3 a02 a12 a22 + a02 a12 rY2 " 2 a0 a12 a2 rY2 + a02 a22 rY2 " 2 a0 a1 a22 rY2 + 2 a12 a22 rY2

a12 a22 rY2
,

Sn1 ,
3 a02 a12 a22 + a02 a12 rY2 " 2 a02 a1 a2 rY2 + 2 a02 a22 rY2 " 2 a0 a1 a22 rY2 + a12 a22 rY2

a02 a22 rY2
,

Sn2 ,
3 a02 a12 a22 + 2 a02 a12 rY2 " 2 a02 a1 a2 rY2 " 2 a0 a12 a2 rY2 + a02 a22 rY2 + a12 a22 rY2

a02 a12 rY2

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